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Abstract. In this paper, the uniqueness of the kernel and the continuity of the
scattering function for inverse discrete Sturm-Liouville problem with quadratic
eigenparameter dependent boundary condition is studied by finding the main
equation. Also, on the basis of the continuity of the scattering function an
appropriate formula of the Levinson type has been derived.

1. Introduction

In Quantum Mechanics, Geo-Physics and Engineering ([1-8]), there has been
considerable study of inverse scattering theory for differential equations. To study
inverse problems, there has been considerable use of Fourier Analysis ([9-15]).
The nonhomogeneous boundary value problem (BVP){

−y′′ + q(x)y − λ2y = f(x) , 0 ≤ x <∞ ,

y
′
(0)− hy(0) = 0

(1.1)

has been considered in [16], where q and f are complex valued functions, h ∈ C
and λ is a spectral parameter. The authors of [16] have investigated the eigenvalues
and spectral singularities of the BVP (1.1) using the boundary uniqueness theorems
of analytic functions, and they have also proved that the finiteness of numbers
and multiplicities of the eigenvalues and spectral singularities of the BVP (1.1).
Furthermore, spectral and scattering analysis of some difference equations with
principal functions have been investigated in [17-26]. Examining the properties of
scattering data by using potential function is called a direct problem for scattering
theory. On the other hand, the inverse scattering problem deals with obtaining
the potential function according to the scattering data and kernel function. In this
sense, the inverse scattering theory has been considered in [27]. Also, some inverse
Sturm-Liouville scattering problems with uniqueness of the solution and continuity
of scattering function have been studied in [28-37].
Spectral theory of Sturm-Liouville problems with a spectral parameter occurs not

only in differential equation but also in boundary conditions. The study of spectral
theory plays an important role in many physical and technical studies such as heat
conduction problems, vibrating string problems, and some problems in mechanical
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engineering ([38-40]). Many researchers have studied the inverse scattering theory
for the Sturm-Liouville operators with eigenparameter in boundary condition, or
the Sturm-Liouville difference equations with eigenparameter independent bound-
ary condition. Nevertheless the absence of a study for an inverse discrete Sturm-
Liouville problem involving a quadratic spectral parameter dependent boundary
condition stands out as a deficiency that motivated us to do this study. We begin
description of our problem and its solution from the next paragraph.
Let Lλ denote the discrete operator of the BVP in `2 (N) given by

an−1yn−1 + bnyn + anyn+1 = λyn, n ∈ N = {1, 2, . . .} , (1.2)

(γ0 + γ1λ+ γ2λ
2)y1 + (β0 + β1λ+ β2λ

2)y0 = 0 (1.3)

for λ = 2 cos z where {an}n∈N, {bn}n∈N are real sequences, an 6= 0 for all n ∈ N0 =
N∪ {0} with a0 > 0. Also, γi, βi ∈ R+ ∪ {0} for i = 0, 1, 2 with γmβn − βmγn > 0
where (m,n) ∈ N × N0 and n < m ≤ 2. Eq. (1.2) can be expressed in the
Sturm-Liouville form

∇(an∆yn) + hnyn = λyn, n ∈ N,
where ∆ and ∇ are respectively forward and backward difference operators with
hn = an−1 + an + bn.
This paper is designed to study the inverse scattering theory of discrete operator

Lλ which has quadratic spectral parameter in the boundary condition according to
the continuity of the scattering function, main equation, and Levinson type formula
under the condition

∞∑
n=1

n (|1− an|+ |bn|) <∞. (1.4)

The contribution of our study to the inverse scattering theory of difference equations
is in finding the solution of the inverse problem uniquely when the spectral para-
meter in the discrete Dirac system is also in the boundary conditions at quadratic
form.
In this paper we will use many of the notations and concepts used in our paper

[41], but for the sake of completeness, we will mention them for our readers.

2. Preliminaries

Let (1.4) be satisfied for an,bn ∈ R. The Eq. (1.2) has the Jost solution e(z) =
{en(z)} as

en(z) = αne
inz

(
1 +

∞∑
m=1

Anme
imz

)
, n ∈ N0,

for λ = 2 cos z in C+ := {z : z ∈ C, Im z ≥ 0} where αn, Anm are expressed in
terms of {an}n∈N and {bn}n∈N with α1 = a0α0 ([23,24]). We also assume the
following conditions:

lim
n→∞

en(z)e−inz = 1, z ∈ C+ (2.1)

and

|Anm| ≤ c1
∞∑

k=n+[|m2 |]
(|1− ak|+ |bk|) , (2.2)

where c1 > 0 is constant and
[∣∣m
2

∣∣] is the integer part of m
2 . Thus, en(z) is

analytic with respect to z in C+ := {z : z ∈ C, Im z > 0} and continuous on R.
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If ψ̂(λ) =
{
ψ̂n(λ)

}
, n ∈ N0 be another solution of (1.2) which has the initial

conditions

ψ̂0(λ) = −
(
γ0 + γ1λ+ γ2λ

2
)
, ψ̂1(λ) = β0 + β1λ+ β2λ

2,

then
ψ(z) = {ψn(z)} := ψ̂(2 cos z) =

{
ψ̂n(2 cos z)

}
is a 2π periodic entire function ([26]).
Let the semi-strips be defined by B0 := {z ∈ C : z = x+ iy,−π ≤ x ≤ π, y > 0}

and B := B0 ∪ [−π, π]. In (−π, π) \ {0}, the wronskian of e(z) and e(−z) is
W [e(z), e(−z)] = an [en(z)en+1(−z)− en+1(z)en(−z)]

= lim
n→∞

[
an

(
einze−i(n+1)z − ei(n+1)ze−inz

)]
= −2i sin z 6= 0. (2.3)

So, e(z) and e(−z) are fundamental solutions of Lλ where e(−z) is analytic in C−
:= {z : z ∈ C, Im z < 0} and continuous on the real axis. Furthermore, the Jost
function of Lλ can be defined by

F (z) = W [e(z), ψ(z)]

= an

[
ψ̂n+1(2 cos z)en(z)− en+1(z)ψ̂n(2 cos z)

]
= a0

[
ψ̂1(2 cos z)e0(z)− e1(z)ψ̂0(2 cos z)

]
(2.4)

where F is analytic in C+, continuous in C+ and F (z) = F (z+2π). The open form
of F (z) is

F (z) = a0

{[
γ0 + γ1

(
eiz + e−iz

)
+ γ2(2 + e2iz + e−2iz)

]
×
[
α1e

iz

(
1 +

∞∑
m=1

A1me
imz

)]
+
[
β0 + β1

(
eiz + e−iz

)
+ β2(2 + e2iz + e−2iz)

]
×
[
α0

(
1 +

∞∑
m=1

A0me
imz

)]}

= a0

{
α0β2e

−2iz + (α1γ2 + α0β1) e
−iz + α1γ1 + α0 (β0 + 2β2)

+ [α1 (γ0 + 2γ2) + α0β1] e
iz + (α1γ1 + α0β2)e

2iz + α1γ2e
3iz

+

∞∑
m=1

α0β2A0me
i(m−2)z +

∞∑
m=1

(α1γ2A1m + α0β1A0m) ei(m−1)z

+

∞∑
m=1

[α1γ1A1m + α0 (β0 + 2β2)A0m] eimz

+

∞∑
m=1

[α1 (γ0 + 2γ2)A1m + α0β1A0m] ei(m+1)z

+

∞∑
m=1

(α1γ1A1m + α0β2A0m) ei(m+2)z +

∞∑
m=1

α1γ2A1me
i(m+3)z

}
,
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and clearly F (z) = F (−z) in (−π, π) \ {0} because of e(z) = e(−z). When |z| → ∞,
F (z) has the following asymptotic behavior:

F (z) ≈
{

α1β2e
−2iz , β2 6= 0, z ∈ B,

α1 (a0γ2 + β1) , β2 = 0, z ∈ B, , (2.5)

and so F (z) has finite number of zeros in B for

sup
n∈N

eεn
δ

(|1− an|+ |bn|) <∞ (2.6)

where ε > 0 and δ ∈
[
1
2 , 1
]
([26]).

3. The Scattering Function and Main Equation of Lλ

Definition 3.1. For z ∈ (−π, π) \ {0}, the scattering function of Lλ is defined by

S(z) =
F (z)

F (z)
. (3.1)

Using (2.4) and (3.1), it can be easily found that

S(z) = 1 +O(1) ; z ∈ (−π, π) \ {0} , |z| → π

and
S(z) = [S(z)]

−1 , i.e. |S(z)| = 1.

The next theorem uses a different form of F (z) and we show the results that one
can get for this choice of F .

Theorem 3.1. Under the condition (1.4),

F (z) = a0
[(
γ0 + 2γ1 cos z + 4γ2 cos2 z

)
e1(z) +

(
β0 + 2β1 cos z + 4β2 cos2 z

)
e0(z)

]
is nonzero in (−π, π) \ {0} .

Proof. Let F (z1) = 0 for any z1 ∈ (−π, π) \ {0}. Since a0 6= 0,

e1(z1) = −β0 + 2β1 cos z1 + 4β2 cos2 z1
γ0 + 2γ1 cos z1 + 4γ2 cos2 z1

e0(z1). (3.2)

By using (2.3), (3.2), cos z1 = cos z1 and e(z1) = e(−z1) for z1 ∈ (−π, π) \ {0}, it is
obtained that 2i sin z1 = 0 but this is a contradiction. �

We use the two lemmas which are mentioned below for to construce the main
equation for Lemma 3.4.

Lemma 3.2. The equation

2i sin zψ(z)

F (z)
= S(z)e(z)− e(−z) (3.3)

is satisfied in (−π, π) \ {0}.

Proof. First of all, it can be written that

ψ(z) = c2e(z) + c3e(−z) (3.4)

for constants c2 and c3. Then,

ψ̂0(2 cos z) = c2e0(z) + c3e0(−z),
ψ̂1(2 cos z) = c2e1(z) + c3e1(−z)
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and

c2 =
F (z)

2i sin z
, c3 = − F (z)

2i sin z
.

So, (3.1) and (3.4) indicates the Eq. (3.3). �

Lemma 3.3. All of the zeros of the Jost function F (z) are simple on the positive
imaginary axis and they lie in B1 := {z ∈ C : z = iτ , τ ≥ 0}.

Proof. Assume that F (z1) = 0 for an arbitrary z1 ∈ B. If λ1 = 2 cos z1, then{
an−1en−1(z1) + bnen(z1) + anen+1(z1) = λ1en(z1)

an−1en−1(z1) + bnen(z1) + anen+1(z1) = λ1en(z1)
.

So, (
λ1 − λ1

)
|en(z1)|2 = an−1

[
en−1(z1)en(z1)− en−1(z1)en(z1)

]
+an

[
en+1(z1)en(z1)− en+1(z1)en(z1)

]
= W

[
en−1(z1), en−1(z1)

]
−W

[
en(z1), en(z1)

]
using the usual definition of the wronskian. Also, (2.1) and (3.2) says that(

λ1 − λ1
) [ ∞∑

n=1

|fn(z1)|2 + a0 |f0(z1)|2 ζ(λ1)

]
= 0

where ζ(λ1) = (γ1β0−γ0β1)+2Reλ1(γ2β0−γ0β2)+|λ1|2(γ2β1−γ1β2)
γ20+2γ0γ1 Reλ1+γ

2
1|λ1|

2+2γ0γ2[(Reλ1)2−(Imλ1)
2]+γ1γ2|λ1|2λ1+γ22|λ1|4

. Thus,

it must be λ1 = 0 and λ1 = λ1, i.e. λ1 = 2 cos z1 ∈ R. Moreover, for z1 =
Re z1 + i Im z1,

2 cos z1 = cos (Re z1)
(
e− Im z1 + eIm z1

)
+ i sin (Re z1)

(
e− Im z1 − eIm z1

)
and hence sin (Re z1)

(
e− Im z1 − eIm z1

)
= 0. It means that, sin (Re z1) = 0 or

e− Im z1 = eIm z1 . From this result and Theorem 3.1, it can be found that Re z1 = 0
or z1 = 0, i.e. z1 ∈ B1.
Additionally, the proof will be completed if it is shown that z1 is simple on the

positive imaginary axis. From (1.2), it is obtained that{
an−1en−1(z1) + bnen(z1) + anen+1(z1) = 2 cos z1en(z1),

an−1e
′
n−1(z1) + bne

′
n(z1) + ane

′
n+1(z1) = −2 sin z1en(z1) + 2 cos z1e

′
n(z1).

Then, the last system reveals that

2 sin z1e
2
n(z1) = an−1

[
en−1(z1)e

′
n(z1)− e′n−1(z1)en(z1)

]
+an

[
en+1(z1)e

′
n(z1)− e′n+1(z1)en(z1)

]
and

2 sin z1

k∑
n=1

e2n(z1) = a0 [e0(z1)e
′
1(z1)− e′0(z1)e1(z1)]

+ak
[
ek+1(z1)e

′
k(z1)− e′k+1(z1)ek(z1)

]
. (3.5)

From (2.1) and (3.5),

2 sin z1

∞∑
n=1

e2n(z1) = a0 [e0(z1)e
′
1(z1)− e′0(z1)e1(z1)] (3.6)
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Since

e1(z) =
1

a0 (γ0 + 2γ1 cos z + 4γ2 cos2 z)
F (z)− β0 + 2β1 cos z + 4β2 cos2 z

γ0 + 2γ1 cos z + 4γ2 cos2 z
e0(z)

and F (z1) = 0,

2 sin z1

∞∑
n=1

e2n(z1) =
e0(z1)F

′(z1)

γ0 + 2γ1 cos z + 4γ2 cos2 z

−
[
a0e

2
0(z1)2 sin z1

]
(γ0 + 2γ1 cos z + 4γ2 cos2 z)

2

×{(γ1β0 − β1γ0) + 4 cos z1

× [(γ2β1 − γ1β2) cos z1 + (γ2β0 − β2γ0)]} (3.7)

can be found by using (3.6). Therefore,
∞∑
n=1

e2n(z1)+a0e
2
0(z1)

(γ1β0 − β1γ0) + 4 cos z1 [(γ2β1 − γ1β2) cos z1 + (γ2β0 − β2γ0)]
(γ0 + 2γ1 cos z + 4γ2 cos2 z)

2

=
e0(z1)F

′(z1)

(γ0 + 2γ1 cos z + 4γ2 cos2 z) 2 sin z1
(3.8)

from (3.7). In here, the function en(z1) is real and cos z1 > 0 since z1 is on the
positive imaginary axis. In addition, if e0(z1) = 0 in (3.8), then en(z1) ≡ 0 but this
is not possible. Hence, F ′(z1) 6= 0 because sin z1 6= 0 and the left side of (3.8) is
positive. �
Remark 3.1. It can be easily shown that

1− S(z) ≈ O(1) , |z| → π,

and for this reason, the Fourier transform of 1− S(z) is given by

FS(n) =
1

2π

π∫
−π

[1− S(z)] einzdz. (3.9)

FS(n) belongs to L2 (−π, π) for all n ∈ N0. For the real numbers

m−1k =

∞∑
n=1

e2n(zk) +
a0e

2
0(zk)

(γ0 + 2γ1 cos zk + 4γ2 cos2 zk)
2

×{(γ1β0 − β1γ0) + 4 cos zk

× [(γ2β1 − γ1β2) cos zk + (γ2β0 − β2γ0)]} , (3.10)

we have the following lemma, where zk (k = 1, 2, ..., p) are zeros of the Jost function
F (z) on the positive imaginary axis.

Lemma 3.4. The main equation of Lλ

T (n+N) +An(n+N) +

∞∑
m=1

AnmT (m+ n+N) = 0, n < N (3.11)

is satisfied for the kernel Anm where

T (n) = FS(n) +

p∑
k=1

mke
inzk . (3.12)

26 Jun 2023 20:13:08 PDT
230208-Koprubasi Version 3 - Submitted to Rocky Mountain J. Math.



TURHAN KOPRUBASI(1), R. N. MOHAPATRA(2) 7

Proof. From e(z) and (3.3),

−2i sin zψ(z)

αnF (z)
+ 2i sin (nz) = [1− S(z)] einz +

∞∑
m=1

[1− S(z)]Anme
i(m+n)z

+

∞∑
m=1

Anme
−i(m+n)z −

∞∑
m=1

Anme
i(m+n)z,

and then
−1

αn2π

π∫
−π

2i sin zψ(z)

F (z)
eiNzdz +

1

2π

π∫
−π

2i sin (nz) eiNzdz

=

1

2π

π∫
−π

[1− S(z)] ei(n+N)zdz +
1

2π

∞∑
m=1

π∫
−π

[1− S(z)]Anme
i(m+n+N)zdz

− 1

2π

∞∑
m=1

π∫
−π

Anm

[
ei(m+n+N)z − e−i(m+n+N)z

]
dz.

Taking into account the Riemann-Lebesgue Theorem and properties of Fourier se-
ries related to Delta function, we can say that

−i
αnπ

π∫
−π

sin zψ(z)eiNz

F (z)
dz = FS(n+N)+An(n+N)+

∞∑
m=1

AnmFS(m+n+N). (3.13)

So, from the Residue Theorem and (3.10), the left side of (3.13) is

−
p∑
k=1

mk

[
ei(n+N)zk

(
1 +

∞∑
m=1

Anme
imzk

)]
because ψ(zk) and e(zk) are linearly dependent with

ψn(zk) = −
(
γ0 + 2γ1 cos zk + 4γ2 cos2 zk

) en(zk)

e0(zk)

since F (zk) = 0. Therefore, the main equation (3.11) is obtained from (3.12). �

The main equation can be formed when the function T (n) is known. Conversely,
the function T (n) and the unknown kernel Anm can be found through the scattering
data set {S(z), (−π ≤ z ≤ π) ; zk; mk, k = 1, 2, ..., p} and (3.12). The uniqueness
of the main equation is considered in the next theorem.

Theorem 3.5. The main equation (3.11) has a unique solution Anm in `1 (N) .

Proof. It needs to be proven that the homogeneous equation

Vn+N +

∞∑
m=1

VmT (m+ n+N) = 0 (3.14)

has only zero solution in `1 (N) for n < N .
Let (3.14) has a nonzero solution. So,

∞∑
N=1

V 2N +

∞∑
N=1

VN

∞∑
m=1

VmT (m+N) = 0
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for n = 0 in (3.14), and

0 =

∞∑
N=1

V 2N +

p∑
k=1

mk

[ ∞∑
m=1

Vme
imzk

]2
+

1

2π

π∫
−π

[1− S(z)]

[ ∞∑
m=1

Vme
imz

]2
dz

is satisfied from (3.9) and (3.12). Also, using Parseval equation of Fourier transfor-
mation

0 =
1

2π

π∫
−π

|Φ(z)|2 dz +

p∑
k=1

mkΦ2(zk) +
1

2π

π∫
−π

[1− S(z)] Φ2(z)dz (3.15)

can be attained where
∞∑
m=1

V 2m = 1
2π

π∫
−π
|Φ(z)|2 dz is Parseval equation of Φ(z) =

∞∑
m=1

Vme
imz. Then the real part of the polar form of (3.15) yields

0 =

p∑
k=1

|mk| |Φ(zk)|2 cos [θ1(zk) + 2θ2(zk)]

+
1

2π

π∫
−π

|Φ(z)|2 + {1 + |1− S(z)| cos [2θ2(z) + θ3(z)]} dz, (3.16)

since argmk = θ1(zk), arg Φ(z) = θ2(z) and arg |1− S(z)| = θ3(z). However, (3.16)
is obtained only

Φ(z) = 0, and so Vm = 0.

Therefore, the main equation (3.11) has a unique solution. �

4. The Levinson Type Formula of Lλ

Since α1 = a0α0 6= 0, the equation

(γ0 + 2γ1 + 4γ2) a0

(
1 +

∞∑
m=1

A1m

)
+ (β0 + 2β1 + 4β2)

(
1 +

∞∑
m=1

A0m

)
= 0

(4.1)
is satisfied by using (2.4) when F (0) = 0.

Lemma 4.1. Let F (0) = 0. If

Dz(q) =

∞∑
N=q

[
eiz
(
γ0 + 2γ1 cos z + 4γ2 cos2 z

)
a0A1N

+
(
β0 + 2β1 cos z + 4β2 cos2 z

)
A0N

]
, (4.2)

then D0(q) belongs to `1 (N) space and it is bounded.

Proof. D0(q) is in `1 (N) providing from (1.4) and (2.2).
If n = 0 and n = 1 in the main equation (3.11), then

T (1 +N) +A1(N+1) +

∞∑
m=1

A1mT (1 +m+N) = 0, (4.3)

T (N) +A0N +

∞∑
m=1

A0mT (m+N) = 0. (4.4)
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Also, the equations

0 = eiz
(
γ0 + 2γ1 cos z + 4γ2 cos2 z

)
a0

×
∞∑

N=q−1

[
T (1 +N) +A1(N+1) +

∞∑
m=1

A1mT (1 +m+N)

]
and

0 =
(
β0 + 2β1 cos z + 4β2 cos2 z

) ∞∑
N=q

[
T (N) +A0N +

∞∑
m=1

A0mT (m+N)

]
can be written from (4.3) and (4.4). By summing the last two equation,

0 = Dz(q) +
[
eiz
(
γ0 + 2γ1 cos z + 4γ2 cos2 z

)
a0

+
(
β0 + 2β1 cos z + 4β2 cos2 z

)] ∞∑
N=q

T (N)

+

∞∑
m=1

∞∑
N=q

[
eiz
(
γ0 + 2γ1 cos z + 4γ2 cos2 z

)
a0A1m

+
(
β0 + 2β1 cos z + 4β2 cos2 z

)
A0m

]
T (m+N).

Additionally, if

G(z) = eiz
(
γ0 + 2γ1 cos z + 4γ2 cos2 z

)
a0 +

(
β0 + 2β1 cos z + 4β2 cos2 z

)
(4.5)

where G(0) = −D0(1), then

0 = Dz(q) +G(z)T (q) + [G(z) +Dz(1)]

∞∑
N=1

T (q +N)

−
∞∑
N=1

Dz(N + 1)T (q +N),

and so.

D0(q)−
∞∑
m=1

D0(m+ 1)T (q +m) = −G(0)T (q)

by using (4.1) and (4.2). Hence, D0(q) is bounded. �

Theorem 4.2. The scattering function S(z) is continuous on (−π, π) .

Proof. It can be easily said that S(z) is continuous for z ∈ (−π, π) \ {0} from
Theorem 3.1. Moreover,

F (z) = a0α0K(z)

by using (2.4) where

K(z) =
(
β0 + 2β1 cos z + 4β2 cos2 z

)(
1 +

∞∑
m=1

A0me
imz

)

+a0
(
γ0 + 2γ1 cos z + 4γ2 cos2 z

)
eiz

(
1 +

∞∑
m=1

A0me
imz

)
and K(0) = K(0).
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Let F (0) 6= 0. Then K(0) 6= 0 and

S(0) =
F (0)

F (0)
=
α1K(0)

α1K(0)
= 1.

Now, suppose that F (0) = 0. Considering the definition of F (z), (4.2) and (4.5), it
is obtained that

F (z) = α1 [G(z) + J1] (4.6)

where

J1 = Dz(1)

∞∑
m=1

[
eimz − ei(m−1)z

]
−
∞∑
m=1

Dz(m+ 1)
[
eimz − ei(m−1)z

]
= Dz(1) lim

k→∞

k∑
m=1

[
eimz − ei(m−1)z

]
−
∞∑
m=1

Dz(m+ 1)
[
eimz − ei(m−1)z

]
= Dz(1) lim

k→∞
(−1− eikz)−

∞∑
m=1

Dz(m+ 1)
[
eimz − ei(m−1)z

]
. (4.7)

Because G(0) = (γ0 + 2γ1 + 4γ2) a0 + (β0 + 2β1 + 4β2) 6= 0 and G(0) = −D0(1) ∈
R, it can be found that

S(0) =
F (0)

F (0)
=
α1

[
G(0)− 2D0(1)

]
α1 [G(0)− 2D0(1)]

=
3G(0)

3G(0)
= 1

by using (4.6) and (4.7). Thus, S(z) is continuous at z = 0. �

Let F (z) = reiη(z) where η(z) = argF (z). Therefore η(z) is an odd function in
(−π, π) \ {0}, because re−iη(z) = F (z) = F (−z) = reiη(−z), i.e. η(−z) = −η(z).

Theorem 4.3. The Levinson type formula of Lλ

1

2π
{2η0(π) + [ηπ(−π)− ηπ(π)] + [η∞(π)− η∞(−π)]}+ C(β1) = p (4.8)

can be written where

ηR(z) = η(z + iR),

C(β2) =

{
2 ; β2 6= 0
1 ; β2 = 0

and p is the number of zeros of the Jost function F (z) in B0.

Proof. Let r1 > 0 and r2 > 0 be in the neighborhood of 0 and π, respectively. Also,
let r1 < r2 < π and r3 > π > r1 + r2. We consider the following path

Γ+r1,r2,r3 : C−1 ∪ C2 ∪ C−3 ∪ C4 ∪ C+5 ∪ C6 ∪ C−7 ∪ C8
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stated in Figure 4.1, where

C−1 is half circle with radius r1 and center 0,

C2 is line segment oriented the points (r1, 0) to (r2, 0),

C−3 is quarter circle with radius π − r2 and center π,

C4 is line segment oriented the points (π, r2) to
(
π,
√
r23 − π2

)
,

C+5 is piece of half circle inside B with radius r3 and center 0,

C6 is line segment oriented the points
(
−π,

√
r23 − π2

)
to (−π, r2),

C−7 is quarter circle with radius π − r2 and center − π,
C8 is line segment oriented the points (−r2, 0) to (−r1, 0).

The Jost function F (z) is analytic inside the curve Γ+r1,r2,r3 and continuous on
the boundary of it. Moreover, Γ+r1,r2,r3 does not include the zeros of F (z). By using
the argument principle, it can be found that

p =
1

2π
ΛΓ+r1,r2,r3 argF (z) =

1

2π
ΛΓ+r1,r2,r3η(z)

=
1

2π
ΛC−1 η(z) +

1

2π
ΛC−3 η(z) +

1

2π
ΛC+5 η(z) +

1

2π
ΛC−7 η(z)

+
1

2π
Λ (C4 ∪ C6) η(z) +

1

2π
Λ (C2 ∪ C8) η(z) (4.9)

where ΛΓ is the argument change on Γ. From (2.5), it is obtained that

argF (z) = η(z) =

{
−2 Re z ; β2 6= 0
−Re z ; β2 = 0

,
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and for the last equality,

C(β2) =
1

2π
lim
r3→∞

ΛC+5 η(z)

=
1

2π
lim
r3→∞

{
−2 (−π − π) ; β2 6= 0
− (−π − π) ; β2 = 0

=
1

2π

{
4π ; β2 6= 0
2π ; β2 = 0

=

{
2 ; β2 6= 0
1 ; β2 = 0

. (4.10)

On the other hand, it can be written that

F (z) ≈
{

F (0) ; F (0) 6= 0
3α1 [(γ0 + 2γ1 + 4γ2) a0 + (β0 + 2β1 + 4β2)] ; F (0) = 0

from (4.6) and (4.7) for z ∈ B and |z| → 0. For this reason,

1

2π
lim
r1→∞

ΛC−1 η(z) =

{
0 ; F (z) 6= 0
0 ; F (z) = 0

= 0. (4.11)

In addition,

F (z) = F (π) ; |z| → π

and then
1

2π
lim
r2→π

Λ
(
C−3 ∪ C−7

)
η(z) =

1

2π
(0 + 0) = 0. (4.12)

Finally,

1

2π
lim
r2→π
r3→∞

Λ (C4 ∪ C6) η(z) =
1

2π
lim
r2→π
r3→∞

{[
η

(
π + i

√
r23 − π2

)
− η(π + ir2)

]
+

[
η(−π + ir2)− η

(
−π + i

√
r23 − π2

)]}
=

1

2π
{[η (π + i∞)− η (−π + i∞)]

+ [η((−1 + i)π)− η((1 + i)π)]}

=
1

2π
{[η∞(π)− η∞(−π)]

+ [ηπ(−π)− ηπ(π)]} (4.13)

and

1

2π
lim
r1→0
r2→π

Λ (C8 ∪ C2) η(z) =
1

2π
lim
r1→0
r2→π

{[η(−r1)− η(−r2)] + [η(r2)− η(r1)]}

=
1

π
η(π)

=
1

π
η0(π) (4.14)

because η(−π) = −η(π). Thus, we reach to (4.8) from (4.9)-(4.14). �
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Let a0 6= c4
(2β1−β0−4β2)
(γ0−2γ1+4γ2)

and

S(π) =


1 ; F (π) 6= 0

F ′(π)
F ′(π) ; F (π) = 0

where c4 =
1+

∞∑
m=1

(1−m)A0m(−1)m

∞∑
m=1

mA1m(−1)m
and S(π) = S(−π) since F (π) = F (−π). There-

fore, the scattering function S(z) is also continuous in {−π, π} and the following
corollary can be obtained:

Corollary 4.4. Under the condition (2.6),
1

4πi
{2S0(π) + [Sπ(−π)− Sπ(π)] + [S∞(π)− S∞(−π)]} = C(β2)− p (4.15)

is another representation of the Levinson type formula of Lλ where

SR(z) = lnS(z + iR).

Proof. From the definition of F (z), it is clear that

S(z) =
F (z)

F (z)
=
re−iη(z)

reiη(z)
= e−2iη(z).

So,

η(z) = − lnS(z)

2i
(4.16)

and then (4.15) is obtained by using Theorem 4.3 and (4.16). �
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