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1 Introduction

This paper deals with the problem of at least one positive periodic solution for the generalized Lennard-

Jones potential with indefinite weights

MO g0

: (1.1)

where p and p are two positive constants, h and g € L'(R/TZ), and T is a positive constant. In eq. (1.1),

the sign of the functions h(t) and g(t) are allowed to change. This means that the singularity associated

with A0 _ 9@

xh

at z = 0 is an indefinite type.
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The Lennard-Jones potential [15] is a very well-known empirical model in molecular dynamics to
model the interaction potential between a pair of electrically neutral molecules or atoms. Its generalized

expression is

Vin() = Fo = T
On the right end of the equation, it presents two different terms. The first term describes the short-
range repulsive force caused by overlapping electron orbitals (the so-called Pauli repulsion), while the
second term models the long-range attractive force (van der Waals force). Thus, the generalized Lennard-
Jones potential can be seen as differential equation (1.1) with attractive-repulsive singularities, see [1,16].
Furthermore in a different physical setting, positive periodic solutions of eq. (1.1) is equivalent to a similar
breathing period controlled by the scattering length in a Bose-Einstein condensed state (the mathematical
model is a nonlinear Schrédinger equation with cubic terms, see [18] for details). A third potential area
of application is pulse propagation in nonlinear fibers, as described in [19, Section 5.4].

By this reason, this problem has been examined by many scholars before and several papers have
given sufficient conditions for the existence of positive periodic solutions of eq. (1.1), see for instance
[2,5-8,11-13,17,19] and the reference therein. First, Hakl and Torres paved the way for solving such
formal problems in [11]. Chu et al. [7] in 2016 then further spread the results of [11] and proved in their
Theorem 4.3 that eq. (1.1) had at least one twist periodic solution. The proof of [7] and [11] is based on
the method of lower and upper functions and h and g € L!'(R/TZ) are positive. Later in [13], Hakl and
Zamora in 2017 investigated the existence of positive periodic solutions for a special form eq. (1.1) (i.e.,

Emden-Fowler equation)

= hit) (1.2)

where h € L*(R/TZ) and p > 1. After that, this attribute was extended by Godoy and Zamora in [8].
They obtained the existence of positive periodic solutions of eq. (1.2) if 0 < p < 1. We also note that
the proofs of [8] and [13] rely on a direct application of Leray-Schauder degree theory.

Originally motivated by the pioneer papers [7,8,11,13], the objective of this paper is to consider eq.
(1.1) in a unified way and then to derive new sufficient conditions when h(t) and g(t) are of indefinite sign.
The main tools are Krasnoselskii’s-Guo fixed point theorem and the positivity of the associated Green
function. Moreover, based on the sign of functions hA(t) and g¢(t), we discuss eq. (1.1) in the following
two cases:

(i) the case of sign-constant h € L*(R/TZ) and sign-changing g € L'(R/TZ) (in section 3);
(ii) the case of sign-changing h € L'(R/TZ) and sign-changing g € L'(R/TZ) (in section 4).

Finally, we finish the introduction with a statement. In this paper, since the functions h and g are

Lebesgue integrable, i.e., they may be equal to infinity in some points or even undefined on some set of

zero measure. Therefore, the solutions of eq. (1.1) are understood in a Carathéodory sense, and and all
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the equalities and inequalities in this paper are understood almost everywhere.

2 Preliminaries

We can now start by introducing the Krasnoselskii’s-Guo fixed point theorem [10, P. 94], which will be

used in the proofs of many of the theorems below.

Lemma 2.1. Let X be a Banach space and IC be a cone in X. Assume that 0y and Qo are open subsets
of X with 0 € Qq, Q, C Q. Let
d: KN (52\91) — K

be a completely continuous operator such that one of the following conditions holds:
(i) ||@x|| > ||z|| for x € KNOQ and ||Px| < ||z| for x € KN ONs;
(i) | x| < ||z| for x € KNOQ and ||Px| > ||z| for x € K N ONys.

Then ® has a fized point in KN (Q2\Q1).

The second important tool in the proof process is the concept of Green function. In what follows,
we recall two lemmas about Green function and can be noted in [14, Lemmas 2.1-2.5]. Against this

background, the usual structural mechanism of the Green functions is described in [3,4].

Lemma 2.2. If N > 0 is such that N # %Tﬂ for any natural number k, then for any f € LY(R/TZ) the
equation

2"+ N2z = f(t)
admits a unique T-periodic solution, which can be written as follows

T
x(t) = G1(t,s)f(s)ds,

0

where the Green’s function G1(t,s) has the following form

cosN(t—s— L)

, 0<s<t<T,
Gt 5) 2Nsin¥ -
yS) =
' cosN(t—s+ L)
—~7 > 0<t<s<T.
2N sin =5~

Moreover, if N < &, then G1(t,s) > 0 for any (t,s) € [0,T] x [0,T] and fOT G1(t,s)N?ds = 1.
Lemma 2.3. If N > 0, then for any f € L*(R/TZ) the equation
—2 + N%z = f(t)
admits a unique T-periodic solution, which can be written as follows
T
o) = [ Galt.s)1(s)ds,
0
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where the Green’s function Ga(t,s) has the following form

exp(—N(s—t)) +exp(N(s—t—T))
2N (1 —exp(—NT)) ’
exp(—N(s—t+T)) +exp(N(s—1t))
2N (1 —exp(—NT)) ’ -

GQ (t, S) =

Moreover, Ga(t,s) > 0 for any (t,s) € [0,T] x [0,T] and fOT Ga(t,s)N?ds = 1.

Define
1 NT 1
A= min, Gills) = gpeot 5 Bu= max, G s) = SN g AT
NT
exp(—=5-) 1+ exp(—NT)

Ay = Gyt 2 By = Gt (21)
2i= iy Golhs) = S ooy D2 02085, Cobs) = SN T ep(CNT))

A A
g1 .= Bl, g9 = BQ'

It is evident that 0 < A; < By and 0 < o1 <1 from N < 7,0 < Ay < By and 0 < 02 < 1. Define
Ki={zeCr: miﬂ{{lm(t) > oillzl|},  i=1, 2,
te

where Cp := {z € C(R,R) : z(t+T) = x(¢t), for all ¢ € R} with norm ||z| := I%lgéql‘(t)‘ It is easily
verified that K1 and Ky are cones in Cr.

Finally, for a given periodic function g(t), we denote

+ R — R : = 1 g
5 () = max{0.g(0)}. g7 ()= —min0.9(0)}. 7= 7 [ gt

3 The case of sign-constant h € L'(R/T7Z)

In this section, we used the Krasnoselskii’s-Guo fixed point theorem to prove the existence of a positive
periodic solution for eq. (1.1) in the case where h € L'(R/TZ) is a sign-constant function and g €
YR/TZ) is a sign-changing function. According to the sign of the function h, we study the following

two cases.

3.1 h(t)>0for a.e. t€[0,7] and h > 0

Case 1 p>p

Theorem 3.1. Let h(t) > 0 for a.e. t € [0,T], h >0, and g € L*(R/TZ) be a sign-changing function.

Assume that there exists 0 < N < % such that

14p

P _ _ 1 g+ oo | T

g- < o’i+“g+ and h > oS (” N! > 7 (3.1)
1 1

where ||g7 ||oo = ess sup{gT(t) : t € [0,T]}.
If p > u, then there exists at least one positive periodic solution to eq. (1.1).
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Proof. Writing eq. (1.1) as
ht) 9@

xP xh

"+ N?x = + N2z, (3.2)

a T-periodic solution of eq. (3.2) is just a fixed point of the map ® : Cr — Cr defined by

= [ i) (2 - 20 ) as, (33)

xH(s)

and we know that G (¢,s) > 0 for all (¢,s) € [0,T] x [0,T] from Lemma 2.2.

Now we define two open sets
Q:i={zeCp:|z||<ri} and Q:={xeCr:|=z| < R:i}.

Note that ® is well-defined in the set 1 N (Q22\€;), and it is a completely continuous operator by a
standard application of Ascoli-Arzela Theorem.

By (3.1), the positive constants 1 and R; can be fixed such that

Ry >r = (ATh) ™ > — lg™ o
g1 N2

Step 1. We assert that ®(K; N (Q2\Q1)) C K. In fact, for any = € K1 N (Q2\Q1), we have
o1ry < x(t) < Ry, forall teR.

1
. + T+u .
Since r1 > U% (%) , we arrive at

ht) — g(t) 2y D) gt () gm() | o
prrry R SR U Ry ey vy a7y SR A)
gt 2,
zi(t) + Nald) (3.4)
g™ |lso 2
(o )# TN o)
>0,
for all t € R. Tt follows from (3.4) that
. . r h(s) 9(s) 2
Igé_lﬂgl(‘l).’l?)(t) =min ; G1(t,s) ( o) 2 (s) +N x(s)) ds

o [ (0 )

>0 max / G (t < ()) ;Iffg)+N2x(s)) ds

>0 || Pz

Therefore, we get that ®(K; N (Q2\Q1)) C K.
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Step 2. We demonstrate that
|Px|| < [lz|, for z e KinoNe. (3.5)
In fact, for any x € K1 N 08y, it is evident that ||z|| = R; and
o1Ry <z(t) < Ry, forallteR.

It follows from (2.1) and fOT G1(t,s)N?ds =1 that

h(s) — g(s) 2
Gi(t - N d
o0 (G55 - g + et
h(s) g*(s) , g7(5) o2
G1(t — N d
[ onten (G35 - S + Sy + 90
B Th  ATgt BiTg—
- R
7(0’1R1)p le + (0’1R1)“ T
SRlv
where (f;lgf)p — A}%T,fgj + (Elgg) < 0 holds, i.e.,
Bih — Dy _
O_lp < (Angr - 1u )R’l) a
1 1
for sufficiently large Ry and A;gt > Bu— 9" from g~ < oy g¥. This implies that (3.5) holds.

Step 3. Let us demonstrate that
|Dx|| > ||z||, for =€ KiNoQy. (3.6)
Since = € K1 N 9O, we know that ||z|| = r1 and
o1 <z(t) <r;, forallteR.

As can be seen from (2.1) and (3.4), we conclude that

0=, 00 (355~ 55+ 5 + o) o

h(s)
>/0 Gl(, ) ds

r(s)

A Th
>—F5— =T
1

since r; = (AlTE)ﬁ from definition of r;. Hence, (3.6) holds.
It follows from Lemma 2.1 that ® has a fixed point x € K1 N (Q22\Q1). Obviously, the fixed point is a

positive periodic solution of eq. (1.1) satisfying x € [o171, R1]. O

Remark 3.1. In the respect of (2.1), it is major to note that A; and oy are functions of N and T. In
fact, the sufficient condition (3.1) has an explicit (but rather cumbersome) expression as

14p
— NT\ — o 2Nsin(8) (gt T
— A4p [ 2V T 2 oo
g~ < cos < 5 >g and h> Tcos?tr (AL) ( N2 ) : (3.7)
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It is obvious that N plays an important role regarding (3.7). It is natural to wonder whether we

can give an optimal N such that (3.7) holds. Taking 7' =7, p = 2 and g = 1, and let F(N) :=
sin( &= 3

% (#)2, G(N) = cos? (8F). It is easy to verify that F,;, == min{F(N): N € (0,1)} and

Gaz = max{G(N): N € (0,1)} are optimal value about (3.7). To facilitate the consideration of F(N)

and G(N), we give the following figure

1000

800

600

w ]
400 04f
200 02f
Fouin (0.429, 42,397
° . 0 . .
0 02 04 06 08 1 0 02 04 06 08 1
N N
(a) (b)

Figure 1: (a) The motion profile of F(N), Fiin = 42.397 and N = 0.429. (b) G(N) is monotonically

decreasing about N.

By Figure 1, we can get that N = 0.429 may be an optimal point to (3.7). Furthermore, it is easy to
construct explicit examples. For instance, from the above analysis, taking T'= 7, N = %, p=2, u=1

and the functions

h(t) = cos 2t + 120,

and

2mcos2t, te -7, %],

g(t) =

cos 2t, te [z, 3
Then, we give
1 [T — 1 [% — 1 [F 1 n
h=—= [ (cos2t+120)dt =120, gt = = 2w cos2tdt =2, g~ = —— cos2tdt = —, ||g7 ||eo = 2.

T 0 T 7% T % m

Furthermore, we have

— 1 i (NT\ — 2N sin 2L gt oo\ T
g~ = — <cos ( 5 )9 =1 and h=120> Tcos2+P(NT) e ~ 113.437.

The above computations show that (3.7) holds and the eq. (1.1) admits at least one positive m-periodic

solution.

Case 2 p<p

Theorem 3.1 requires that p > u. In what follows, the existence of a positive periodic solution for eq.

(1.1) is investigated under the condition of p < p.
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Theorem 3.2. Let h(t) > 0 for a.e. t € [0,T], h >0, and g € L*(R/TZ) be a sign-changing function.

Assume that there exists 0 < N < % such that

1

hol' ™"

1 1
1 + e 1+p—r nw=p .

g~ <o, Mgt and — <|g !m) < (g 9 < (A1Th)ﬁ.
g1 N

If p < w, then there exists at least one positive periodic solution to eq. (1.1).

Proof. Define
Qa:={o € Cr: o] <ra) and Qu:={oeCr: || < Ra}.

By (3.8), the positive constants ro and Rs can be fixed such that

1

1+# ¥ _ n=r + ™

R g g9 197 |l o !

Ry = (A1 Th)T+ —_ .
2= (A4iTh) p>< hal > >T2>01< N2

(3.8)

By an analogous reasoning as in Step 1 of Theorem 3.1, we get that ®(KC; N (Q24\Q3) C K1, here ® is

defined in (3.3).
Next, we demonstrate that

|Px|| < ||z||, for z e KiNoQs.

In fact, for any z € K1 N 9Q3, we see that ||x|| = ry and
o1re < z(t) <7y, forallteR.

As can be seen from (2.1) and fOT G1(t,s)N?ds = 1 that

(@2)(t) = /TG1< >(h(5> _ 9O N, <>) ds

xP(s)  aH(s

)

50 50 v
/G1 (xp<s> () an(s) T ”)d
< BlTh Ang+ Bng

“(o172)P - rh (o11rg)*

§T27

gt 9= .
where B1Lh Aqu + Bila— < () holds, i.e.,

(o172)P (o1r2)r —
,Bih —  Big—
r2 21z < <Alg+ — 713 )
01 o

1
— — T _g=\ p
because g~ < oiJr“gﬂL and o < (ﬂ) . This implies that (3.9) holds.

w—p
hoy

Finally, we demonstrate that
[@z|| > ||z||, for x € Ky N oQy.
Since z € K1 N OQy, it is evident that ||z|| = Re and
o1Ry < x(t) < Ry, forallteR.
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According to (2.1) and (3.4), we arrive at

/ Chlt,s (h(s) () o+ 9(53 +N2x(s)> ds

xP(s) (s)  z(s
/ Gi(t,s xP((Ss)) ds
_Aij“h ~ Ry
since Ry = (AlTE)lJITv from definition of Ry. Hence, (3.10) holds. The proof is completed. O

Remark 3.2. Sufficient condition (3.8) can be written explicitly as

1 1 _
NT 1 ”g+||oo IHu 1+u( )ng _97 roP Th NT 1+p
— 14+p +
g~ < cos < 5 )g and cos(NQT) ( 2 < p— p(NT) < IN cot 5 .

3.11)

From where it is easy to construct explicit examples. For instance, taking T'= 5, N =10, p=1, p=
and the functions

h(t) = cos 80t + 20,
and

20msin80t, ¢ € [0, g5],

g(t) =

7 sin 80¢, t €[5 1)
Then, we give
_ 1 [0 __ 1 [%0 _ 1 [0
h = T/ (cos 80t+20)dt = 20, gt = T/ 207 sin 80tdt = 20, ¢~ = _T/ mwsin80tdt =1, |lg7 | = 207.

0 0 .

80

Furthermore, we have

NT\ —
g~ =1 < cos'tr <2) gt =~ 19.999,

and

1
1 |9+||oc)1+“_ 1 Efw
cos (&) ( N2 ~ cos (%) <5 ~ 0857

- cos!tH ( )g+ —g- o
hcost—p (NQT)

(et (35) = (oot (3)) 7 =aass

The above computations show that (3.11) holds and the eq. (1.1) admits at least one positive J5-periodic

Il
N
[\
(e}
N o
~HE
8w
0 |
— |3
o[y —
|
—_
v
¢
=)
Ne}
ot
o

solution.

Remark 3.3. It should be emphasised here that the assumption p # p is crucial for the main result of

this paper. The conditions in Theorems 3.1 and 3.2 cannot be applied in the case p = p or, equivalently,
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in the case h = 0. Moreover, when p = u, eq. (1.1) simplifies to the classical generalized Emden-Fowler

equation

g = (3.12)

where f := h(t) — g(t) € L*(R/TZ). The existence of periodic solutions to eq. (3.12) needs to be further
investigated, and the published articles include [8,9,13,20,21].

3.2 h(t)<0forae. tc[0,7] and h <0

Case 1l p>pu

Theorem 3.3. Let h(t) <0 for a.e. t € [0,T], h <0, and g € L*(R/TZ) be a sign-changing function.
Assume that there exists N > 0 such that

1+p

o - 1 g~ lloo \
gt <oyttg=  and || > AoTol™ 2 . (3.13)

If p > u, then there exists at least one positive T-periodic solution to eq. (1.1).
Proof. Writing eq. (1.1) as
— 2" + Nz = _h®) + 9t) + N2z, (3.14)
xP T

a T-periodic solution of eq. (3.14) is just a fixed point of the map ¥ defined by

z)(t) = ' s _ k) 9(s) 22(s) ) ds
()t~ [ Gt )( AN ())d, (3.15)

and we know that Ga(t,s) > 0 for all (t,s) € [0,T] x [0,T] by Lemma 2.3. In this respect, the steps of

+

the proof are the same as in Theorem 3.1. O

Remark 3.4. Sufficient condition (3.13) can be written explicitly as

14+ _ 1+p

e 2o (-5) ) o ) > NOZORCND) (4 expCND)' (g e ) T (g 1

g < N g~ and |h| > T, e .(3.16)
1+exp(—NT) 21+eT (exp (—2F))

In fact, taking T'=mn, N = %, p =2, =1 and the functions

h(t) = sin 2t — 1000,

and

 cos 2t, tel[-%, %)

g(t) =

10mcos2t, te[Z, 3]
Then, we give
_ 1 7 . _ 1 [% _ 1 [F _

= |= Sin — = y, gm = = T COS =1, g =—= T COS = s g oo = TT.
|h| 7 (sin 2¢ — 1000)dt 1000 + T 2tdt = 1 T 10 2tdt =10, g~ || 10
0 - jus

ENE)
IS
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Furthermore, we have

14+p
— 2 exp (——NT) J—
+=1 = 2/ - =5.699
g < (1 +exp(—NT) g

and

1+p

ieon
) ~ 905.291.

|

|h| = 1000 >

N(1 —exp(=NT))(1 + exp(=NT))"*” (Hg_l\oo

2150 (exp (= 55)) """ N
The above computations show that (3.16) holds and the eq. (1.1) admits at least one positive m-periodic
solution.

Case 2 p< pu

Theorem 3.4. Let h(t) < 0 for a.e. t € [0,T], h <0, and g € L*(R/TZ) be a sign-changing function.

Assume that there exists N > 0 such that

1

1 _
_ 1 (el (o =g\ e
¥ 14+p——= d — o 277 A T\h|)T+r. 3.17
gt <oy "gT an Uz( N2 < Rlol < (A2T|h]) ™+ (3.17)

If p < u, then there exists at least one positive periodic solution to eq. (1.1).
Similar to the method of proof in Theorems 3.2, Theorem 3.4 can be obtained.

Remark 3.5. Sufficient condition (3.17) can be written explicitly as

NT 1+p
gT‘< ( 2exp(—2))> gi

1+ exp(—NT
and
2exp(— ML) e __ e G 1
1 Fr——— W— - — _ _1
1+exp<—NT><||g*||oo)m< (Hexp“”)) g7 _( TiRlexp (= 55F) 7
2 exp (- T N2 — [ 2exp(—- NT)\ PP N(1 —exp(—NT)) '
|h| 14+exp(—NT)

Remark 3.6. It is worth mentioning that the cases “g is positive and p > p” and “g is positive and
p < p” are equivalent to the cases “h is negative and p < p and “h is negative and p > u”, respectively.
Also the cases for “g is negative” are equivalent to the cases for “h is positive”. Indeed, it is sufficient to

swap g with h and p with p.

Remark 3.7. Note that in [11], among others, the equation

G0

is considered with h(t) > 0 and g(t) > 0 for a.e. t € [0,7], h > 0, and g > 0. Corollary 3.2 in [11] deals
with the case p < u, while Corollary 3.4 deals with the case p > u. Therefore, Theorems 3.1 and 3.4 are
more general than the corresponding Corollary 3.4 of [11]. Similarly, Theorems 3.2 and 3.3 extend and

improve the corresponding Corollary 3.2 of [11].
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4 The case of sign-changing h € L'(R/T7Z)

In this section, we used the Krasnoselskii’s-Guo fixed point theorem to prove the existence of a positive

periodic solution for eq. (1.1) in the case where h and g € L'(R/TZ) are sign-changing.

4.1 The case p > pu

Theorem 4.1. Let h and g € L'(R/TZ) be sign-changing functions. Assume that there exist 0 < N < %

and « € (0,1) such that

— — T 1 Rl g™l e
— 1+p—F T e} o)
g~ <oy Mgt and ht > A1T01+p max{ anz \@—a)nz . (4.1)
If p > u, then there exists at least one positive periodic solution to eq. (1.1).

Proof. Now we define two open sets
Qs :={z € Cr:|z] <rs} and Q¢:={ze€Cr:|z < Rs}.

By (4.1), the positive constants r3 and R3 can be fixed such that

NI | [ 7 R
R — (A, Th™)T > — A% Moo g Nl ,
3> 13 = (4 ) >01max{( N Aoz

By an analogous reasoning as in Step 1 proof of Theorem 3.1, ®(K1 N (Q6\25) C K is easily verified,
where ® is defined in (3.3).

Next, let us demonstrate that
|Dx|| > ||z||, for =€ KiNoQs. (4.2)
Since x € K1 N 985, we see that ||z| = r3 and

o1rs < z(t) <rs, forallteR.

1

1
. h |l \ THP oo T+u
Since r3 > a% max {(” QNHQ ) , ((‘Ea‘)lNz) }, we deduce

h(t)  g() 2, () A () gt (t) g~ () 2
2 N O T ww ) T Y W
O gt
o) o W (43)
—||h_||oo—|-aN2(0'7“)— llg™ Moo +( )NQ(OT)
(0'17"3)’) 173 (0‘17“3)/»1' 173
>0,
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for all t € R. From (2.1) and (4.3), we get

G () ) ) a6 e Y
t)_/o Gl(t,)(z( + +N ())d
)

T ht(s
>/ G1(t,s) () ds
AlTh"‘

7"3

=T3

since r3 = (AlThT)ﬁ from definition of r3. Thus, (4.2) holds.

Finally, we demonstrate that
|Px|| < [lz|, for z e Kin . (4.4)
In fact, for any z € K3 N 09, it is evident that ||z]| = Rs and
o1Rs < z(t) < Rs, forallteR.

As can be seen from (2.1) and fOT G1(t,s)N?ds =1 that

_ /OT Gl(t’s)(hw) o +N2x(8)> N

xP(s)  xH(s)
M () ) ) a6 e Y g
_/0 Gl(t, ) (:EP(S) :L'p(S) IIZP‘(S) + ZE'U’(S) +N ( )) d

.BlThiJr AlThT AngiJr BngT

— — R
" (01R3)P RY RY CA
SRSa
ht A1 Tg+ 9= .
where (Jiig’)p — Alggh 1Tg + (Ijigg)u < 0 holds, i.e.,
hF — o "PhT < (01Tgt —g7) (o1 Rs)"H,
for sufficiently large Rs and g~ < Uiﬂ*gj. This implies that (4.4) holds. The proof is finished. O

From Theorem 4.1, we know that 0 < N < 7. In the following, we give a result similar to Theorem

4.1, in the absence of any restriction on N > 0.

Theorem 4.2. Let h and g € L*(R/TZ) be sign-changing functions. Assume that there exist N > 0 and
B € (0,1) such that

1
— — — 1 [P lso (1197 lloo \ "
t<oi™g= and h~ > max , .
g 2 9 AQTU%+p BN?2 (1—B)N2

If p > u, then there exists at least one positive periodic solution to eq. (1.1).

Writing eq. (1.1) in the form of (3.14). Define the map ¥, where ¥ is introduced in (3.15). The steps

of the proof are the same as in Theorem 4.1.
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Remark 4.1. Notice that in the proof of Theorem 4.1, i.e., while passing through (4.3), the term N2z is
divided into N2z and (1 — o) N2z with a € (0,1) in order to be compared with A~ and g*, respectively.
It is natural to wonder whether we can give an optimal a such that (4.1) holds. Obviously, the optimal

choice of o depends on h and g. In particular, the optimal « is such that

e\ ™ (gl
aN? (1—a)N?2 '

we can obtain that such an « exists and it is unique, provided A~ and gt are not zero function. Similar
to the above analysis, we can find the optimal value of 3, which exists and is unique, provided that AT
and g~ are nonzero functions.
Next, we try to find the specific optimal value o by an example. Taking T =, N = %7 p=2, p=1
and the functions
1407rsin2t, te€[0,%],
sin 2t, tezZ,nl.
and
2mcos2t, te[-%,%],
cos 2t, tels, 3.
Then, we give

— — 1
ht =140, |h =1, ¢gt=2, g ==, g7 =27
T
At this point, the optimal « is such that
1 1
4\3 8T 2
a) \l-a)) °

Based on the software Matlab, we get the optimal value o ~ 0.0303. Further, we have

1+p
NT\ — — 1 [l g™l -
I 1+ _ _ 0o oo ~
g~ =_ <cos “( 5 >g+—1 and ht =140 > TP max{ aN? '\ —a)N? ~ 118.854.

The above computations show that (4.1) holds and the eq. (1.1) admits at least one positive m-periodic

Jun

solution.

4.2 The case p < p

Theorem 4.3. Let h and g € L*(R/TZ) be sign-changing functions. Assume that there exist 0 < N < o
and o € (0,1) such that

1 1

1
— — 1 A" [[oe \ TF7 [ R o1yt — g~ e THT\ T
— 1+p - F d 1 AiTht)T+e.
g~ <oy "gr an . max { ( N2 @ N2 < 0 Ji‘“’h—)aﬁ*_” < (A )Tte

(4.5)

If p < w, then there exists at least one positive periodic solution to eq. (1.1).
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Proof. Define
Qp:={r€Crfaf <ri} and Os:={reCr:|| < Ra}.

By (4.5), the positive constants r4 and R4 can be fixed such that

+)

I4+u uip 1 — ﬁ +
T 9 -9~ 12" lloo 9™ llso
Ry = (A;Tht)™+ — - = _ 0 T
4 ( 1 ) p><(h+—ai+ph ) ot ﬂ) >r4>01max{< alN? ’ (1—a

By an analogous reasoning as in Steps of Theorem 4.1, we get that ®(K; N (Qs\Q7) C K1, where ®

is defined in (3.3).
Next, we demonstrate that

|Px|| < ||z||, for z € KiNoQs.
Since x € Iy N 087, it is evident that |z| = r4 and
o1rg < z(t) <ry, forallteR.

As can be seen from (4.3) and fOT Gi(t s =1 that

;)N
/ Gi(t,s (hs) 9(s) +N2x(s)> ds

P(s)  xk(s)
ht(s) h=(s) g*(s) g7 (s) 2
= Gyt - N d
/o (09 (Gt~ ote) ~ gy * gy V) b
B\Tht ATh- A Tgt BiTg-
- - T
“(ora)?  (o1r4)? rh (orr
<ry,
ht h— gt g— .
where f; ﬁf; — éﬁf’)ﬂ - Alﬁ,}g + (Jillig),‘, < 0 holds, i.e.,
_, [ Bih* — —  Big—
g ( (lfp - Alh_> < (x‘thr - ;#)
1 1
- L
because g- < 01+#g+ and 14 < (%)l ”. This implies that (4.6) holds.

Finally, we demonstrate that
|Px|| > [|z|, for z € Kinofs.
Since = € K1 N 90, it is evident that ||z|| = R4 and
o1Ry <z(t) < Ry, forallteR.

According to (2.1) and (4.3), we arrive at

/ Gt s ( +((5) ) gte) o () +N2x(s)) ds
)

s) xzP(s)  axt(s)  xzH(s)

>/ Gi(t,s) xp(j) ds

AlTh+
- Rp -

since Ry = (AlThT)ﬁ from definition of R4. Hence, (4.7) holds. The proof is completed.
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By Theorems 4.2 and 4.3, we can derive the following conclusion.

Theorem 4.4. Let h and g € L*(R/TZ) be sign-changing functions. Assume that there exist N > 0 and
B € (0,1) such that

1 1 _ — 1
= = ! 12 loo T g~ llee ) *F* oy —gt " e
< oiPg= and — max (7 R — < — < (ATh—)T+r
9529 o2 { BN2 (1-pB)N? (h= — o3P h)ok (A7)

If p < p, then there exists at least one positive periodic solution to eq. (1.1).

Remark 4.2. It is worth to mention that the cases A~ = 0 and AT = 0 can be treated as a limit cases
with « = 0 and 8 = 0, respectively. In such a way one can naturally get the results of Section 3 from
those established for the general cases in Section 4. That is, when o = 0, we have that h~ = 0, one can
naturally derive the result of Theorems 3.1 and 3.2 from Theorems 4.1 and 4.3, respectively. Similarly,
when 8 = 0, we have that h™ = 0, it is evident that Theorems 4.2 and 4.4 are generalized versions of

Theorems 3.3 and 3.4, respectively.
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