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Abstract

This paper examines the coefficient problems for the class of semigroup generators, a topic in complex
dynamics that has recently been studied in context of geometric function theory. Further, sharp bounds
of coefficient functional such as second order Hankel determinant, third order Toeplitz and Hermitian-
Toeplitz determinants are derived. Additionally, the sharp growth estimates and the bounds of difference
of successive coefficients are determined, which are used to prove the Bohr and the Bohr- Rogosinski
phenomenon for the class of semigroup generators.
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1 Introduction

Let H be the class of holomorphic functions in the unit disk D = {z € C: |z| < 1} and A C H containing
functions of the form

f(2) :z—l—Zanz". (1.1)

By B, we denote the class of holomorphic self mappings from D to D. A family {u;(2)},>0 C B is called a one
parameter continuous semigroup if (i) limy_,out(2) = 2, (i)urys(z) = ue(z) o us(2), and (iil) limy, s ue(2) =
us(z) for each z € D hold.
Berkson and Porta [3] showed that each one parameter semigroup is locally differentiable in parameter
t > 0 and moreover, if
oz —ug(z)

which is a holomorphic function, then wu;(z) is the solution of the the Cauchy problem

Out(z)
ot

+ fue(2)) =0, wo(z) =z

The function f is called the holomorphic generator of semigroup {u:(z)} C B. The class of all holomorphic
generators is denoted by G. Also, note that each element of {u;(z)} generated by f € G is univalent function
while f is not necessarily univalent [14]. Various properties of generators and semigroup generated by them
are discussed in [3| [6] 13| 16} [14] 39]. Berkson and Porta [3] proved:

Theorem 1.1. The following assertions are equivalent:
(a) f€G:;
(b) f(2) = (2 — 0)(1 — 20)p(z) with some 0 € D and p € H, Re(p(z)) > 0.
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The point 0 € D := {z € C: |z| < 1} is called the Denjoy—Wolff point of the semigroup generated by f.
By Denjoy-Wolff theorem [39] for continuous semigroup, if any element of the semigroup generated by f is
neither an elliptic automorphism of I nor the identity map for at least one ¢ € [0, c0), then there is a unique
point o € D such that lim; . u(t,2) = o uniformly, for each z € D. We denote the class of holomorphic
generators with Denjoy-Wolff point o by G[o]. For o = 0, we obtain the following subclass

Gl0] ={f€G:f(z) = 2zp(2), Rep(z) = 0}.

Bracci et al. [7] considered the class Gy = G[0]N.A. In the study of non-autonomous problem such as Loewner
theory, the class Gy plays a significant role [8, [I2]. Various subclasses of Gy with parameter such that R is
the smallest one were recently studied (also called filtration), where

R={fe€A:Ref'(z) >0}
is the class of functions with bounded turning (see [7, [16, 40]). In particular, for 8 € [0,1], the class

Ag = {feA:Re <ﬂf(;)+(15)f'(z)> >o} (1.2)

is a subclass of Gy. In [7], the authors proved that Ag, C Ag, € Go for 0 < 1 < B2 < 1 and whenever

f € .A,g, . 5
£(2) / 1 1-
> dt.
Re V4 - 0 1 + tl_B

Clearly, when 8 = 0, the class Ag reduces to the class R. Elin et al. [I5] solved the radii problems for
the class Ag. They found the radii r € (0,1) for f € Ag such that f(rz)/r belong to the class of starlike
functions, denoted by S&*, and some other subclasses of starlike functions. This problem arises from the fact
that neither §* C Ag nor Ag C S*. Generalizing this work, Giri and Kumar [I8] obtained r such that
f(rz)/r belong to a unified subclass of starlike functions S*(p), where ¢ is a univalent function mapping
the unit disk in certain specific domain in the right half plane.

For the class Ag, coefficient problems, growth estimates and others were still open. In this paper, we
focus on these problems. We find the bound of n'" Taylor series coefficient of f € Az and certain coefficient
functionals such as second Hankel determinant, third order Toeplitz and Hermitian Toeplitz determinant,
and Zalcman functional. Later, Bohr and Bohr-Rogosinski phenomenon with growth estimates are also
discussed for the same class.

In 1914, Bohr [5] proved that, if w(z) = Y07 jc,2™ € B, then Y 7 |e,|r™ < 1 for all z € D with
|z| = r < 1/3. The constant 1/3 is known as Bohr radius and it can not be improved. Different generalizations
of the Bohr inequality are taken into consideration [42, [30]. We say that, the class Az satisfies the Bohr
phenomenon if there exists 7, such that

2+ "Janl[z[™ < d(£(0),0f(D))

holds in |z| = r < rp, where Of(D) is the boundary of image domain of D under f and d denotes the
Euclidean distance between f(0) and Jf (D).

Muhanna [35] showed that the Bohr phenomenon holds for the class of univalent functions and the class
of convex functions, when |z| = r < 3 —2y/2 and |z| = r < 1/3 respectively. We refer to the survey article
[34] for further details on this topic. There is also the concept of Rogosinski radius along with the Bohr
radius, although a little is known about Rogosinski radius in comparison to Bohr radius [20, 25 B8]. It says
that, if w(z) = >, ¢,2" € B, then

N-1
Sleallel" <1 (N eN)
n=0

16 May 2023 21:05:37 PDT
230516-Kumar-2 Version 1 - Submitted to Rocky Mountain J. Math.



in the disk |z|] = r < 1/2. The radius 1/2 is called the Rogosinski radius. Kayumov et al. [21] considered
the following expression, called Bohr-Rogosinski sum,

Ry(2) = 1)+ D lanllz”
n=N

and found the radius ry such that Rfv(z) < 1lin |z| = r < ry for the Cesdro operators on the space of
bounded analytic functions. The largest such ry is called the Bohr-Rogosinski radius. Here, we say that:

Definition 1.2. The class A satisfies the Bohr-Rogosinski phenomenon if there exist ry such that

[FGE™+ D lanllz" < d(£(0),0f(R)), m,NeN

n=N
holds in |z| =7 < ry.

Section [5]is devoted to find the r, and ry for the class Ag.

For f(2) = 2+ or,anz" € A, the m' Hankel, Toeplitz and Hermitian Toeplitz determinant for m > 1
and n > 0 are respectively given by

an Ani1 0 Gpim—1
Hamp=|
an—i-.m,—l an;—m : an+2.m.—2
an Gnt1 C Optme1
Tamp)=| e (13)
an+'rnfl an+.7n72 : Cl’n
an (nt1 Cor Upmet
Toalp)=| 0T (1.4)
dn+'mfl an+'rn72 . a.n

where a,, = a,. Toeplitz matrices have constant entries along their diagonals, while Hankel matrices have
constant entries along their reverse diagonals. In particular,

Ha(n)(f) = anani2 — agyy, T3(1)(f) =1 - 2a3 + 2a3a3 — a3

and T51(f) = 1 — 2|az|* + 2 Re(a3as) — |as|?. Finding the sharp bound of |H2(2)(f)| for the class S and its
subclasses has always been the focus of many researchers. Although, investigations concerning Toeplitz and
Hermitian Toeplitz are recently introduced in [2, 1], a summary of some of the more significant results is
given in [4I]. For more work in this direction (see [24] 23| 27, 19, [36]).

In 1999, Ma [31] proposed a conjecture for f(z) =2+ >, a,2" € S that
‘Jm,n| = ‘anam - an+m—1| < (m - 1)(” - 1)'

He proved this conjecture for the class of starlike functions and univalent functions with real coefficients. It is
also called generalized Zalcman conjecture as it generalizes the Zalcman conjecture |a2 — ag,—1| < (2n —1)2
for f € S. Recently, bound of |J 3| are obtained for various subclasses of A [, [10]. In section 2| and [3| we
obtain the sharp bound of |H2(2)(f)], |T5(1)(f)| and |J2,3(f)| for f € Ag.
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2 Hankel Determinant and Zalcman Functional

Theorem 2.1. If f € Ag is of the form , then

|an| < (2.1)

2
n—Bn—1)°
Further, this inequality is sharp for each n.

Proof. Let f € Ag is given by (1.1)), then we have

)

B +(1=8)2f'(2) =p(z) (z€D),

where p(z) = 14 Y07 | ppz™ such that Rep(z) > 0 is a member of the Carathéodory class P. Upon
comparing the coefficients of same powers on either side with the series expansion of f and p yields

(n - (’I’L - 1)6)an = Pn-1 (22)

for n =2,3,4,---, which gives the needed bound of |a,,| using the Carathéodory coefficient bounds |p,| < 2
(see [12]). The function f : D — C defined by

f(z):z(—1+2<2F1[1,1_15,3:?,4»:z+§:2n_(s_1)ﬁz" (2.3)

satisfies the condition Re (Bf(z)/z +(1- B)f’(z)) > 0, hence f is a member of Ag, where o F} denotes the
Gauss hypergeometric function. Equality in lb occurs for f , which proves the sharpness of the bound.

Corollary 2.2. If f € Ag, then for any real 1 > 0

4 4u

S e CE R e M (S TR

The bound is sharp.

Proof. Since |anani2 — paZ 4| < |an||ant2| + plans1|>. The bound simply follows from (2.1)). To see the
sharpness, consider

filz) == (—1 +2 (2F1 [1, ﬁ, f‘é,mD) . mz (2.4)

n=2

It can be easily seen that fi(z) satisfy (1.2, thus f; € Ag.
For u = 1, Corollary [2.2 gives the following sharp bound:

Corollary 2.3. If f € Ag is of the form , then

4((2n? = 1)B% — (4n* +4n - 2)B + 2n* + 4n + 1)
n—=(mn-1)B)(n+2—(n+1)B)(n+1—-np)?

[Ha(n)(f)] <

For n = 2 and 3, the following sharp bound of second order Hankel determinant follows:

Corollary 2.4. If f € Az is of the form , then

4(78% — 228 4 17)
(4-3B)(3—28)2(2—B)’

4(178% — 4683 + 31)

RIS 5 a =586 - 28)

[Hs(2)(f)] <
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Theorem 2.5. If f € Ag is of the form , then

2

[J23(f) < 1-35

The bound is sharp.

Proof. Let f € Ag is given by (1.1)), then from ({2.2), we have
p1p2 b3

J — |asas — aq| = - . 2.5
| J2,5(f)| = |azas — ad] G-23)(2—F) 1-37 (2.5)
For p(z) =1+ > .2 pnz™ € P, Libera et al. [29] proved that
2p0 = pr + (4 — p?),
P2 = D1 ( pT) (2.6)

Aps = pi + 2op1 (4 — pi) — 2°pr(4 — p¥) + 22(1 — [2[*) (4 - p}),
where |z| <1 and |z| < 1. Substituting these values of ps and ps in (2.5, we obtain

(e L) pls
4\262-78+6 38-4) (2—-0)(3—28)(4-30)
T A e o e Bl 9
1(1—35) 2(4—35)
Since the class P is rotationally invariant and it is an easy exercise to check that the class Ag is also
rotationally invariant, therefore, without losing generality, we can take p; = p € [0,2]. Now, applying the
triangle inequality with |z| = p, we obtain

|J2,3(f)\ =

p3 2 1 p(4_p2)(1 —5)2p 4_p2
Pl <252 7816 35— 4) 2—3)(3-28)4—38) " 24— 3B)
o(p(A—p)  (4-1p°) )\ _
! <44Wﬁ_2u3m>—“F@m)

To determine the maximum value of F(p, p), first we find out the stationary points, given by the roots of
OF/0p = 0 and 0F/0p = 0, where

OF (p,p) _ 3p*(r?(26% — 78+ 6) +4r(1 — 8)* + 282 — B — 2) N ( r? 1 )
' A(—2+ B)(—3 +2B)(—4 + 3P) P\a—35  1-38
r2 4r(1 — B)?

"I T @B -292-p)

aF(p,p)%<p(4pz) 4+p2) p(4—p*)(1—p)?
o \a@=3p) "2-38)) T U-3mG-202-B)

A simple calculation shows that for p € [0,2] and r € [0, 1], the stationary point is (0,0) and
(82F 0’F  O’F ) 4(8 — 118 +45?%)
(p,p)=(0,0)

op® 9p  Opdp = (3_20722—B)2(4—35)) >0 forall g8el0,1].

Thus F(p, p) attains either maximum or minimum at (p, p) = (0,0). Since, we have

82F) -1 (62F> —4
< =<0, (= = <0 forall Belo0,1].
( op? 0,0) 4 — 34 Op? (0,0) 4—343

Therefore, F(p, p) attain its maximum value at (p, p) = (0,0), which is 2/(4 — 35).
Now, to prove the sharpness of the bound, consider the function fg : D — C given by

_1—|—z3
1 =23

If fo(z) = 2+ 3.°°, a,2", then as = az = 0 and ay = 2/(4 — 3), thus |Jo3(f)| = 2/(4 — 38).

af” (- a)f(e) (27)
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3 Toeplitz and Hermitian-Toeplitz Determinant

Theorem 3.1. If f € Ag is of the form , then

. 1 1
(i) [T2.n(f)] < 4<(n_ﬁ(n_ 1))2 + (n+1 —nﬂ)Q)’

484 — 2883 + 10182 — 1963 + 140

The bounds are sharp.
Proof. From (|1.3)), it follows that
Ton ()] = lay, — ap ] < lanl® + |anial*.
Using the bound of |a,| from (2.1)), required bound of |T5,,(f)| follows directly and equality case holds for
the function f; given by |D
Now we proceed for |T31(f)|. Again from (1.3]), we have
| T5,1(f)] = 1 - 203 + 2a3a5 — a3| < 1+ 2|az|* + |as||as — 243]. (3.1)

By (2.2),
! 2(3-28) ,
3-8 =7

Applying the well known result |py — up?| < 4 — 2 for p > 1 (see [32]), we obtain
8 2
@—p7 3-25

Using this bound of |az — 2a3| and the bounds of |as|, |az| from (2.1)) in (3.1, required bound of |T5 1 (f)|
follows. Sharpness of the bound of |15 1(f)| follows from the function f.

Remark 3.1. The bounds of [T, (f)| and |T51(f)| for the class R follow from Theorem when 8 =0 [2]
Theorem 2.12].

Theorem 3.2. If f € Ag is of the form , then

AP — 2807 +376% —4B -4 1 yio _ 5 4
T5.(f) < (3-2822-p72 7~ et (3-2)

|az — 2a3| =

las — 2a§| <

. 10—+/10
1 0<p< 0D,
The bounds are sharp.

Proof. For f(2) =2+ ) .-, an2" € Ag, Theorem [2.1| yields

2
las] < 3 and |az| <

2
3-23
Hence |az| € [0,2] and |ag| € [0,2] for 8 € [0,1]. From (L.4), we have
T5,1(f) =1+ 2Re(a3as) — 2las|* — |as|*
<1+ 2|az*|as| — 2laz|? — |as|* =: g(as)),

where g(z) = 1 + 2|az|*x — 2|az|? — 22 with @ = |ag| € [0,2]. Since ¢’(z) = 0 at zg := |az|? and g"(xg) < 0,
therefore g(x) attains its maximum value at 2 = x¢, whenever |az|? belongs to the range of =, that means
lag]? < 2. Thus

T51(f) < g(Jazl*) = (lazf” — 1)
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<1 when |a2|2§2,
=1 when 0<f8<2-V2.

Now, the other case, when |az|? does not lie in the range of z, that is |as|? > 2 or 2 — /2 < 8 < 1, then

73s(0) < maxoto) = o 5=55)

4 4 4a3
3-28)2 3-28
4p% — 2833 +375% — 48 — 4

- (3-28)2(2-p)?

Using all these above arguments, we obtain

=1—2a2—

Ts1(f) < L, 0 <8< Bo;
3,10 ) = 4p*-283°+378°—48—4
(3—2B)2(2—p)2 ) 60 < /8 < 17

where By = (10 — v/10)/9 is the root of the equation 982 — 203 + 10 = 0.

The sharpness of the bound follows from f(z) = z when 0 < 8 < (10 —+/10)/9.

(10 = v/10)/9 < B < 1, equality in (3.2) holds for the function f given in (2.3).

Remark 3.2. For § =0 in Theorem we obtain T3 1(f) < 1 for f € R [23, Example 2.4].

Theorem 3.3. If f € Ag is of the form , then

48 -9
Bt —4B3+282 483 -8

T51(f) >1—
The bound s sharp.

Proof. Let f € Ag, then from (£2.2]), we have

o — P1 n — P2
2= 5 3’ 3= 3 25
Now, by replacing ps in terms of p; using (2.6)), we get
44 .2 2 2
_ p1+pi(4—pi)Re( 2 |p1]
2Re(a3as) = . —las)? = ———,
(a0 =" ame—ar T = e—ap

pi+ (4= p})?I¢I? + 2pT(4 — p?) Re(

2 _
~las] A(3—2p)2

A simple computation yields that

1
(3—-2p)?

P BRI 2R - (2 — B) Rec)

=: g(p1, ¢, Re(()).

T51(f) =1+4

@-p)y? (p%(g — 46 — %) — 8pi(3 — 28)°

However, for

Since the classes Ag and P are rotationally invariant, we can take p = p; € [0,2]. Using Re(¢) > —|(] with

notation |¢| =y, we have g(p1,|¢|,Re{) > ¢1(p,y), where

i <p4<8 48— 57) — 8p(3 — 28)?

1
U RS FECRE)
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—(4-p)2-8)% -2 4-p)(2— 52)1/)-

Also, note that
O91(p.y) _  2(4=p)*y(2 =B +2°(4-p")(2- 5% _
dy 43 —-2p)2(2 - B)?
for all p € [0,2] and B € [0,1]. Hence g1(p,y) is a decreasing function of y with g1(p,y) < g1(p, 1) =: g2(p).
Minimum of go(p) is the lower bound of detT51(f). The equation g5(p) = 0 gives the following critical
points

(28 -8B +17)
(2-5%)

Using the basic calculus rule, it can be easily observed that the function gs(p) attains its minimum value at
p@ as g"(p®) > 0 for all B € [0,1]. Thus

det Ts 1 (f) > g2(p®)) = 1 — (48— 9)/(B* — 45° + 28° + 83 — 8).

p(l) =0, p(2) -+

To show the sharpness consider the function fg € A given by

f3(2) PN TR 1—22
A N i e e o )
For f3(2) = 2 + 300, an 2™, we have
1 228847 1-283
a2_2—ﬂ 2 _ 32 ) 03—2_62

and Ty,1(f3) = 1 — (46 — 9)/(8* — 48° + 25° + 85 — 8).
Remark 3.3. For 8 =0 in Theorem [3.2} we obtain det T51(f) > —1/8 for f € R [23, Example 2.4].

4 Coefficient Difference

Robertson [37] proved that 3|an4+1 — an| < (2n41)|az — 1| for the class of convex functions. Recently, Li and
Sugawa [28] obtained the bound of |a,4+1 — ay| for particular choices of n for the class of convex function
with fixed second coefficient. In this section, we find the the bound of |al,; — a¥| (N € N) depending on
the second coefficient for f € Ag. In fact, it is more convenient to express our result in terms of p; = p,
applying the correspondence

(2—B)az =p1 =p.
To make the results more legible, we define the class Ag(p), p € [-2,2] as follows

Ap(p) ={f € A : f(0) = p}.

Clearly,
U As)cAs and | As(p) # As

—2<p=2 —2<p=2

The following lemmas are used to establish our main results.

Lemma 4.1. [9] If p(z) =1+ Y .,_ | pnz™ € P, then the following estimate holds:

PNy~ PN <2V (/2 2N Re(p)) (N € N).

Equality holds for the function (1+ €*®z)/(1 — e'*z), where a = cos™*(b/2) and Rep; = 2b.
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Lemma 4.2. [26] Fiz ( € D. Ifp(z) =1+ Y07 pp2™ € P, then
2(1 — [¢]") (1 +[¢]* — Re(&p1))
1—[¢]

The bounds are sharp for p(z) = (1+2)/(1 — 2).

€Pn+1 — pal < + 2= &palE]" for [€] < 1.

According to Komatu [22], if p(z) =1+ > .7 ppz™ and ¢(z) =1+ Y .~ ¢,2™ both are the members of
P, then the weighted Hadamard product, f * g, also belongs to P, where

frg= 1+an2qnz".
n=1

Let us define F}(z) = Fj_1 * p(z) for j € N with Fy(z) = p(z), then using the above result, we have F; € P.
Particulary, for N € N, the function

© N
Fnoa(z) =1+ Z %z” eP.
n=1

Replacing p(z) in Lemma by Fn_1, the result is as follows:
Lemma 4.3. Fiz £ €D and N € N. If p(z) =1+ > 00, pp2", then
[€pnys —pn| <
2(1 - Jg") 2V 4 2V g - Re(ep))
1—[¢]
FEquality holds for the function (1+ 2)/(1 — z).
Theorem 4.1. If f € Ag(p), then the following inequalities hold:

+ 2V —&p?| - €] for €] <1,

lanty —ay| <
20" —pM) @0 + 2V 12 —opp) | o 2Vu—opN| g o
— P o BE01),
(0 —wop op (4.1)

2N /2 Z2I-NpN

) lea
g

where 0 = (n — (n — 1)B)N and p = (n +1 —nB)N. Bounds for B € [0,1) is sharp for p = 2 whereas for
B8 =1, bound is sharp for odd N and p = —2.

Proof. For f € Ag(p), from (2.2)), we have

n(n1)5>N N

N| N N _ —pN
(= =09~ = | () o o

From Lemma with ((n — (n—1)8)/((n+1) —nB))"Y =: ¢ bound in (.1) for 8 € [0,1) follows since
¢ € (0,1) whenever 8 € (0,1). For 8 =1 we have £ = 1. Bounds for 8 = 1 are obtained using Lemma [4.1].

To show the sharpness for 8 € [0,1), consider the function f () given in (2.3). As for f, we have

Ia —CL|: 2N (n—(n—l)ﬁ)N_
T = (n =B | (n+1—np)N

which is same as in (4.1)) for p = 2. In case of 8 = 1, for the function f(—z), we have

1

)

2N+1
I T S bk

which coincides with the bounds in (4.1)) for odd N and p = —2.
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For N = 1, Theorem [4.1] yields the following bounds:
Corollary 4.2. If f € Ag(p) is of the form , then

2(0" = p")(0® +p* —opup) | o"2u—op|,

an+l - an| S
24/2 —

g

The class Ag reduces to the class R for § = 0. Let us take corresponding class R(p) = {f € R: f"(0) =
p}. Theorem |4.1] gives the following result for the class R(p) when S = 0.

Corollary 4.3. If f € R(p) is of the form , then the following sharp bounds hold:

200" — p)(2N 1o + 2V — opp™) | o™ 2Np — op™]
(0 — poprtt e

|aﬁ+1 - afLVI <

5 Growth Theorem and Bohr Phenomenon

Theorem 5.1. If f € Ag is of the form , then for |z| <, the following hold:

(i) —@ < Re (f(z)) < @’

z r

(i) —f(—r) < |f(z)] < f(r),

where f(z) 1s given by . All these estimations are sharp.
Proof. (i) Let f € Ag. Consider p(z) = f(z)/z, then we have
Re(p(z) + (1 = B)zp'(2)) > 0.
It can be viewed as p(z) + (1 — 8)zp'(2) < (14 2)/(1 — z). Further, by Hallenbeck and Rusheweyeh [33|

Theorem 3.1b], it follows that
142

1—2’

p(z) < q(2) <

where ¢(z) is convex and best dominant, given by

q(z) = . JEREA FEE P
(1_ﬂ)z(ﬁ) o \1—t

where f(z) is defined in (2.3). Since g(z) is convex and all coefficients are real for 5 € [0,1], therefore image
domain of I under the function ¢(z) is symmetric with respect to real axis and

q(—r) <Re(q(2)) < q(r), |z|=r<1.

As p(z) = f(2)/z < q(z), so required bound of Re(f(z)/z) follows. This completes the first part. Sharpness
of the bounds follow as ¢(z) is the best dominant. (ii) From [7, Lemma 4.10], f € Ag if and only if

f(z) = 2/0 p(tl_ﬁz)dt, (5.1)
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where p € P. Using the well known bound |p(z)| < (1 +7)/(1 — r) of Carathéodory functions, we have

1 1-8 ~
@l <r / Lt 20— fir),

1—rtl=8

Now, we proceed for the lower bound of | f(z)|. After solving the integration in (5.1)) for p(z) = (1+2)/(1—=z),

we get
f(2) = 2(=142H(2)),
where ) 2_p
H(Z)2F1|:171_B7 1_/8’2 .
Thus for z = re®,
[f(2)] = l2(=1+2H(2))| 2 min g(6) (5.2)
€[0,27]

where

) = \/Re(rew(—l + 2H (re®)))? + Im(re??(—1 + 2H (re'?)))?,

Since for different choices of 8 in [0,1), H(z) reduces to different functions. For instance, when 8 = 0, it
becomes —2log(1 — 2)/z and for 8 = 1/2, it reduces to —4(z + log(1 — 2))/22. By a simple calculation, we
find that the function g(@) is decreasing from [0, 7] and increasing from [, 27] for r € (0,1) and 8 € [0, 1).
Hence g(f) attains its minimum value at § = 7. Thus from (5.2), we get

[f(2)] 2 |=r(=1+42H(-r))|
= r(~1+2H(~r) = ~rf(-r),
which completes the proof. Bounds are sharp for the function f (2).

Theorem 5.2. If f € Ag is of the form , then for m € N

(=) + D lanz"| < d(0,0(D))

n=2

in |z| <r*, where r* is the smallest positive root of

™4 f(r) —r+ f(=1) = 0. (5.3)
The radius r* is sharp.

Proof. Let f € Ag, then by Theorem the Euclidean distance between f(0) = 0 and the boundary of
(D) satisfies

4(0,0/(D)) > lim|f ()] = —F(~1).

Let |z| <r. Now using (2.1)) with the above inequality, we have

(™) + Tilanznl <y i (n—ﬁ(2n—1)> o
=™+ f(r

) -
<-f(-1) < (Oaf( ))-

)+ f(—=1). Note that,
t

t I i (r
H(0) = f(-1) < 0 and H(1) = f(1) + f(-=1) > 0 for all 8 € [0,1], therefore by the Intermediate value

which is true in |z| = 7 < r*, where r* is the root of H(r) = r(r™ 1 —1) 4 f

re b

property for continuous functions there must exist a r* € (0,1) such that H(r*) = 0.
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Sharpness holds for the functions f(z) and w(z) = z. Since at z = r*,

> 2
w(z™)| + anz™| = ()" + — ()"
ol D" = ;n_(n_l)?<

Hence the radius is sharp.

For w(z) = z and m = 1, Theorem gives the following Bohr-radius for the class Ag.

Corollary 5.3. If f € Ag, then |z|+Y o lanz™| < d(0,0f(D)) in |z| < 1y, where 1y, is root of f(r)+f(—1) =
0. The radius 7y, is sharp.

For various values of 8 € [0, 1], the root 7 is shown in Figure 1 and Table 1.

Figure 1

Table 1: Radius r* for various choices of

Jé] 0.1 0.2 0.3 0.5 0.7 0.8 0.9
ry 0.267139 0.24766 0.22655 0.178366 0.119726 0.085113 0.0457777

Theorem 5.4. If f € Ag, then

FE™+ Y lanz"| < d(0,0f(D)) (5-4)

k=N

hold for |z| =r < rx, where ry is the root of the equation

Fm) + fr) = fr) + f(=1) =0,

with
0 N =1,
f('r) = r N = 2,
r 4 Z,]nV;Ql ﬁ’l‘n N Z 3
The radius is sharp.
Proof. Suppose f € Ag, then from (1.2)) and Theorem [5.1} we have
oo B o0 2
m k < m n
I+ 3 st < 0+ 3
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holds in |z| = rx, where 7y is the root of

G(r):= f(r™) = f(r) + f(r) + f(=1) =
Since G(O)( 1) < 0 and G(1) = (f(1) — f(1)) + (f(1) + f(—1)) > 0, therefore there exist a ry € (0,1)

such that holds. Note that, for the function f(z) at |z| = ry,
™)+ Z|akz 7“N> )+ i #(TN)TL
= (n—1)g

which proves the sharpness of radius.
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