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Abstract

In this paper, we discuss some properties for the polynomials LY?(z) including integral
representations, orthogonal condition, Rodrigues formula, recurrence relation and fractional
differential equation.
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1 Introduction and Preliminaries

Prabhakar and Suman [1] introduced the polynomials Ly () and defined as,

k

L8 (z) = Lot A+D) §= : (En)iw 1)
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where (-); denotes the Pochhammer symbol and n € NU {0}, o, 8 € C, R(«v) > 0, R(8) > —1. For
a = 1, this reduces to the generalized Laguerre polynomial (Rainville [2]),

1+ B)pat
Zk.n_ T (12)
Jatav and Shukla [3] represented (1.1) as,
r 1 —
LB (z) = @“”Z'BJF)IRO{ _n a, B+ 1;w]. (1.3)

and also obtained the following generating function of (1.1) as,
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Desai and Shukla [4, 5] defined the ,R,(71, 72; z) function as,
1,82, 5 &
pRq(T1, 72 2) :qu[Clé’”.’C’; 71,7'2;2]
i;i (€)k - - - (§p)m 2™ (1.5)
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m=0
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where p,g € NU{0} and 7,75 € C, R(m1), R(m2), R(&),R({;) > 0; for any ¢ = 1,2,...,p and
j=1,2,...,q. Whenno ¢; (j =1,2,---,q) is zero or a negative integer, the series (1.5) is defined.
The series (1.5) terminates to polynomial in z if any numerator parameter &; (i = 1,2,...,p) is a
zero or negative integer.

The series (1.5) having the following convergence conditions:

(). If R(m1) > p — q, the series converges for all finite values of z.
(ii). If ®(m) = p — ¢ — 1, the series converges for all |z| < 1 and diverges for |z| > 1.

(iii). When R(71) = p — g — 1 and |z| = 1, the series can converges on condition depending on the
parameters. If (1) = p — ¢ — 1, the series is absolutely convergent on the circle |z| = 1 if

q p
Y G- & | >0
j=1 i—1

The confluent hypergeometric function is defined (Rainville [2]) as,

1F1 5 C) mly (16)
m= 0
in which ¢ # 0 or a negative integer and the series is convergent for all finite z.
The Pochhammer symbol is denoted by ()., and defined (Rainville [2]) for p € C as,
(p)mzf(p-i—m):{p(p+1)(p+2)...(p—l—m—1) (m € N) (L)
L'(p) 1 (m =0, p#0).
The Beta function is defined (Rainville [2]) as,
[(o)l !
B(o,v) = ]m = /0 W 1 = W) dw,  (R(o) > 0,R(v) > 0). (1.8)

In this investigation, we need to recall the following result due to Lavoie and Trottier [6],

oo (7 (9 G R o

where x,n € C with £(x) > 0 and (n) >0

2 Main Results

In this section, integral representations, Rodrigues formula, recurrence relation, fractional differen-
tial equation and orthogonal condition for the polynomials (1.1) are established.
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2.1 Integral Representations

Theorem 2.1. Let o, 5 € C with R(a) > 0, N(S) > —1 and V¥ > 0. Then the following integral
representation formula holds true:

/01 91 (1 — 9)28+1 (1 - g)m_l <1 - z)BLiﬁ (u(l — )% (1 - Z)a) v

2«
B <§> F(a)l“(az‘—kﬂ—i-l)lRo[ - a,a+5+1;u]. (2.1)

Proof. The left-hand side of (2.1) is denoted by =; and using (1.1), further inverting the order of
summation and integration, we get

k

[1]

lan+5+1) —n)RU
n! Z k‘F(ak: +8+1)

x / PO — )R (] = 1- d
0 3 4 ’

on employing the integral formula (1.9), we obtain the following expression:

2\ T(@)T(an+ B +1) o (—n)puk
1_<3> n! kzz()k!l“(ak+a+ﬁ+1)’

on solving the above result by using (1.5), this leads to the desired result (2.1). This completes the
proof of Theorem 2.1. I

1=

[1]

On putting o = 1 in (2.1), in view of (1.6), one can easily obtain the following corollary.

Corollary 2.1. Let 5 € C with ®(8) > —1 and 9 > 0. Then the following integral representation
formula holds true:

/01(1 — )2+ (1 - §> (1 — Z)BLQ [uu — )2 <1 — Z)] dv
_ <§)21mlﬂ {/3:'2 u} (2.2)

Theorem 2.2. Let a, ,w € C such that R(«) > 0, R(w) > 0 and R(S) > —1. Then the following
integral representation formula holds true:

o, B Flon+B+w+1) (! o -
L) = HEE TN (s |

a, B+ l;xuo‘] du. (2.3)

Proof. The left-hand side of (2.3) is denoted by Z9, using (1.5) and inverting the order of summation
and integration, we get

_F(an+6+w+1 b okts w1
2= T (w Zk' ak+ﬁ+1) (/“ (1= p)= dp

_F(an—i—ﬂ—i—w—i—l

[1]

Zk'F ak—i—ﬂ—i—w—l—l)
on further simplification the above result by using (1.1), this yields the desired result. O
3
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On putting o =1 in (2.3), in view of (1.6), we obtain the following corollary.

Corollary 2.2. Let B,w € C such that R(w) > 0 and R(B) > —1. Then the following integral
representation formula holds true:

oy LB+@m+ntl) ! o —n;

2.2 Rodrigues Formula

Theorem 2.3. Let a, f € C with R(a) > 0 and R(B) > —1. Then the following Rodrigues formula
holds true:

a,ﬁ—i—l;x—z} . (2.5)

- 2=

PT(an+B+1) d B+1
By L B+n
Ly () = nl(B+1), dzm [Z 1Fo [ —

Proof. From (1.4) and employing the Taylor’s theorem [7], we get

(6+ 1)71 a,B _ 1 / —(B+1) /B+ 1 . wt | —n—1
F(an—}—ﬁ—Fl)Ln (QZ)— o C(l t) 1Ro _ a,/3+1,t_1_t dt,

where C being a closed contour surrounding at t = 0 and lying within the disk [¢| < 1. On setting
z = £ we get

)
“Pr(an + B +1) ZB+n B+1
afipy — T

L0 = e o ol

a,5+1;x—z]dz,

where C’ is a circle |z — x| = r of small radius . Now by Cauchy’s integral theorem [7], this yields
the desired result (2.5). O

Remark 2.1. For a =1 in (2.5), this reduces to the Rodrigues formula for the generalized Laguerre
polynomial [2],
-8,z dm
L) = -2 (P e ™). (2.6)

n!  dz"

2.3 Recurrence Relation
Theorem 2.4. Let o, € C with R(a) > 0 and R(B) > —1. Then the following differential
recurrence relation holds true:

al'lan+B+1) _.p
I'lan—a+B+1) !

eDL%P(2%) = anL%P (%) — (). (2.7)

Proof. From the right hand side of (2.7), we get

alllan+B8+4+1) a5, 4
F(an—a—i—ﬂ—Fl)L”_l(x )

= al“(?z;;;i-lﬁ)!-k 2 i(_l)k [( Z ) - ( nk_ 1 ﬂ F(Oékgf;—i-l)

k=0
zI'lan+ 6+ 1 —n)(ak)zok—1
( '5 ) kz (—n)k(ak)

anL®P (z®) —

(n) —~ El(ak + B+ 1)
= xDLYP (2%).
This completes the proof of the result (2.7). O
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Remark 2.2. For a =1 in (2.7), this reduces to the differential recurrence relation for generalized
Laguerre polynomials [2],

wDLE(x) = nLi(x) — (8 +n)Li, (). (2.8)

2.4 Fractional Differential Equation

Theorem 2.5. Let o, f € C with R(a) > 0, R(B) > —1. Then the following fractional differential
equation holds true:

D [P ttpras (xa)] — 2PPEDLYP (2%) 4 nax’ LOP () = 0. (2.9)

Proof. From (2.7), one can write

afay_ ol(an+B+1) = k[ n—1 ok
eDL @) = — kﬂ(l) k=1 )T(ak+pB+1) (2.10)

Now on multiplying both side by ¢ and then apply the operator D%, where D = %, this gets

Dlan+ B +1) < n—1 po(k=1)+8
Do ,6’+1DLa,,8 ay| — 1 k
v n( )] (n—1)! kZ:O< . Dok —a+B+1)

_ al(an+ B +1)2? i, n—1 zok
T (n—1)! §:“Dk< k )ka+6+n

k=0
_ al(an+ B+ 1)af B
- T(an—a+p3+1) "

(). (2.11)

From (2.7) and (2.11), further simplification by removing LZ[BI (z%), this yields the fractional dif-
ferential equation of order o + 1 (2.9) for polynomials (1.1). O

Remark 2.3. For a = 1 in (2.9), this reduces to the differential equation for the generalized
Laguerre polynomial [2].

eD?LP(x) 4+ (1 + B — z)DLE (x) + nL: (z) = 0. (2.12)

2.5 Orthogonality

Theorem 2.6. If the polynomials LeP (z) form a simple set of real polynomials and weight function
2Pe™® > 0 over interval 0 < x < oo, then necessary and sufficient condition that the set L%’ﬁ(m‘) to
be orthogonal with respect to weight function xPe™* over the interval 0 < x < oo is that

Flan+54+1) o

5mn ’

/ 2Pe Lo (2% ™ dr = (2.13)

0 n!

0, ifm=0,1,2,...n—1

where o, f € C, R(a) > 0,R(B) > —1 cmd&mn:{;‘éo7 if m=n.

Proof. From the left-hand side of (2.13), we obtain

> 5 Tlan+B+1) ¢ (—n)k </w >
B :):Loz,ﬁ N M (o — x ak+ﬁ+md
/0 xPe T Ly (xY)x™dx . kZOF(ozk:—f—ﬁ—l—l)k‘! ; e 'x x
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_ Tlan+B8+1) -

(—n)sl(ak + B+m+1)

n! — I(ak + 8+ 1)k!
_ F(an + 6 + 1) . k n m(, ak+B+m _ d
i — kzzo(—l) I D™(y ) ,  where D = a

y=1

In which y®**+#+™ has been inserted for convenience and will be removed later by replacing y = 1

[2].

& I 1
/ xﬂe_xLﬁ’ﬁ(x“)xmdx = —(om +|ﬁ +1)
0 n:

= Tt IED [pmiyremyq -y

:F(an+ﬁ+1)5,

TL‘ mn?

D) Y (- ( L )y’f] )

k=0

y=1

/ 0, ifm=0,1,2,...n—1
where 5mn:{7é0 if m=n

Which is zero for m = 0,1,2,---n — 1 and non zero for m = n. We consider Lﬁ’ﬁ(:ca) to observe
the othoganality for different values of «, (0 < o < 1). For ae = 1, (2.13) reduces to the orthogonal
condition for the generalized Laguerre polynomial [2]. O

Concluding Remark

In this paper, we established integral representations, Rodrigues formula, recurrence relation and
fractional differential equation. We used the technique discussed by Rainville [2] to obtained or-
thogonal condition for polynomials LYP (z) . These established results may play significant role in
mathematical physics, classical analysis, quantum mechanics, fractional calculus and engineering
mathematics.
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