DIVISIBILITY OF CERTAIN SUMS INVOLVING CENTRAL
¢-BINOMIAL COEFFICIENTS

YIFAN CHEN AND XTAOXIA WANG*

ABSTRACT. In this paper, we shall give a generalization of Ni and Pan’s g-congruence,
originally conjectured by Guo, on certain sums involving central g-binomial coefficients.

1. INTRODUCTION

In [12], Ramanujan obtained 17 curious convergent series concerning 1/7. Actually,
there are a number of similar representations for 1/7 which are not listed in [12] as well.
For example, the identity

00 3

5ty -
k=0

was first proved by Bauer [1] in 1859. Nowadays, Ramanujan-type series for 1/7 has
been developed greatly, partly because they play an important role in fast algorithms
for computing decimal digits of w. Recently, Guillera [8] gave a new method to prove
Ramanujan-type series.

In the last few years, the truncated Ramanujan-type series attracted many researchers’
attentions. Van Hamme [13] conjectured 13 congruences on truncated Ramanujan-type
series, such as

2 4k 1 (2K
S B () =0 oy (12)
k=0
where p is an odd prime. Now all of the 13 conjectures by Van Hamme have been confirmed
by different methods. Some history of the development of Van Hamme’s conjectures can
be found in [5,8,15,19], and we refer the reader to [9,11, 14, 16-18,20] for some other
interesting g-congruences.

Recently, Ni and Pan [10] proved the following extension of (1.2): for any integers n
and r withn > 2 and r > 1,

:Z;:(élk; +1) (2:)7“(_4)r(n—k—1) —0 (mod 2 (2:) ) )

2010 Mathematics Subject Classification. Primary 11B65; Secondary 05A10, 05A30.
Key words and phrases. congruences; g-congruences; ¢g-binomial coefficients; cyclotomic polynomials.
This work is supported by Natural Science Foundation of Shanghai (22ZR1424100).

1

6 Apr 2023 19:18:53 PDT
221114-Wang-3 Version 2 - Submitted to Rocky Mountain J. Math.



2 YIFAN CHEN AND XTAOXIA WANG*

They also gave a g-analogue of (1.3): for any integers n and r with n > 2 and r > 2,
modulo (1 + ¢"1)?—2[n] [2”_1},

n—1
n—1 r

kk;2 +(r—2)k 2k2 1_k+1 4r—2

[k +1]\° (=" @)y %1 =0, (1.4)

k=0

n—1 2r

1 2k

- (r—2)k Ak 1 k1. \4r = 1.5
g o k] = (15)

which were originally conjectured by Guo [4, Conjecture 5.4]. Here, the g-binomial coef-
ficient is defined as

(4;9)n 0<k<n:

{Z}:[ZL: éq;Q)k(q;Q)n—k’ -

otherwise,

9

with the g-shifted factorial (a;q)o = 1, (a;q)n = (1 —a)(1 —aq)--- (1 —aq" ') forn € Z*
and [n] = [n], =14 ¢+ -+ +¢" " is the g-integer.
Recently, Guo and Wang [7] proved the following generalizations of (1.4) and (1.5): for

any integers n, r and s with n > 2, 7 > 1 and s > 0, modulo (1 + ¢*"~2)2=2[n] 2 [*""/'] 2
n—1 ) 2 2r—1
Z(_l)kq% +(2r—4s—4)k[4k + 1]25[4]6 + 1}(12 |: k:| (—q2k+2;q )47" 2 = =0,
2

k=0 q

n—1 2r
1 2k
E (2r—4s—4)k 2s L 2k+2, 4r
1+q2n72k:0q [4k+1] [4k+1]q2|:k:|q2( q 7Q)nk 1_0‘

Motivated by the work just mentioned, we shall establish another different generaliza-
tions of (1.4) and (1.5) as follows.

Theorem 1.1. For any integers n, r, m and l withn > 1, r>2,0<m < 2r —3 and
0<1<n—1, modulo (14 ¢q" 1) =3=m(1 + g"~=1)m[n] [P ]]

n—11’
n—1 2r—2—m 2\14+m 4r— 2
D (r—2) (o) 2k (@) R R G )
Z(_l)kq(k D*+(r—2)(k—1)—2k l[4k,+ 1] S k+l1+m = 07 (16)
— (%) @) (@ )
n—1 2r—1—-my . 1+m . r
1 $ D )2k g g (:¢°); (4 7)ii" (=4 D'y =0. (1.7)
Lt &= (@%@ ™% ) (4 )
Notice that
(¢ @)k _ [2/7{?] 1
(% Lkl (=i
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therefore, (1.6) and (1.7) can be expressed in terms of g-binomial coefficients: modulo
(1 4 qn—l)Zr—3—m(1 + qn—l—l)l—l—m[n] [2n—1:|’

n—1

n—l 2r—2—m 1+m
Y gD +r=2) (b ~2kmi g 4] 2k 2k — 21
q;q k k—1
k=1
< (¢ @)y M (=g Y (T ST =0,
— 2r—1—m 1+m
1 Zq (1=2h=1)+(r=2) (k=) =2kmi [y 4 1] [Zk} Fk - 2[}
A+ Nz )" 4 k k-1
x (q2kz 2H—17 q )H—m( qk l+1’ q)i-&-iﬁl 1( qk 7q)ir k2 12m =

Obviously, (1.4) and (1.5) can be deduced from Theorem 1.1 just by taking [ = 0.
The rest of the paper is arranged as follows. In Section 2, we shall present some useful
preliminaries. The main proof of Theorem 1.1 will be shown in Section 3.

2. PRELIMINARIES

To show the main results, we list some lemmas firstly. The following Lemma 2.1 is a
special case of [10, Lemma 3.2].

Lemma 2.1. Let s, t be non-negative integers and d an odd integer with 0 <t < d — 1.

Then ( 2) L /o ( 2)
G Q) sdrt s\ (¢ 4%
(% ¢®)save 45( )(qQ;q2)t (mod ®4(q).

Here ®,,(q) stands for the n-th cyclotomic polynomial in ¢:

Ou(q)= J] (a—¢)

1<k<n
ged(n,k)=1

with ¢ an n-th primitive root of unity.
We now give some useful notations used earlier by Guo and Wang [7]. For any positive
integer n, let

S(n) ={d>3:dis odd and V _d%J = {%J},

where |z | denotes the greatest integer which does not exceed x. Notice that if d > 2n—1,
the number (d + 1)/2 is greater than n, as a result, d ¢ S(n), therefore, S(n) is a finite
set actually. Let

dn, d>1
d is odd
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It is easy to see that if d | n, then d ¢ S(n), which means the polynomials A, (¢q) and
C,(q) are relatively prime due to the property of cyclotomic polynomial.
We now give the key lemma, which is a generalization of [7, Lemma 2.2].

Lemma 2.2. Let vg(q),v1(q), ... be a sequence of rational functions in q. For any positive
odd integer d, positive integer n and l with 0 <1 <n —1, if vo(q),v1(q), ... satisfies the
following conditions:

(1) vk(q) is ®a(q)-integral for each k > 0, i.e. the denominator of vg(q) is relatively
prime to ®y4(q);

(ii) For any non-negative integers s and t with 0 <t < d — 1,

vsart(q) = us(q)vi(q)  (mod Pa(q)),

where ugs(q) is a Pq(q)-integral rational function only dependent on s;
(i)

(d—1)/2—1

2
Z %vk(q) =0 (mod ®4(q)).
k=l ’ -
Then, for any positive integer n,
(g P
Z mvk(@ =0 (mod A,(¢)Cn(q))- (2.1)
k=l ’ B

Proof. For d € S(n), we can write n = ud + v with (d +1)/2 < v < d — 1. Therefore,
for any n < k <wud+d+1—1, (¢;¢*)x11/(q% ¢*)x_; is divisible by ®@4(q). As a result, we

obtain
n—1
(444t
> oy ()
k=l (q ;4 )k—l
u  d+l—
= — (4 @) sast41
- Z Z stdﬂ(q)
—0 = 454 )sdtt-1
w d+1—1
1 (2s (¢ 4%) 14
= 45 Us 5. oy U =0 (mod ® ,
§4s<8) . ; (@ @) ( a(2))

where the second relation is due to Lemma 2.1, and in the last congruence, we have used
the condition (iii) and the fact that (q;¢?)evi(q)/(¢?; ¢*)i—1 is congruent to 0 modulo
®4(q) for (d+1)/2 —1 <t <d+1— 1. This proves that (2.1) is true modulo A,(q).

On the other hand, for d | n, we assume that u = n/d. Firstly, we need to prove that

n—1 (q, C]2)k+z u—1 d+1-1 (Q‘ q2) e
" ue(q) = A T veare(q mod ®y(q)),
%2; (4% 4%k (@) gi; e (2 2 st +(a) ()

6 Apr 2023 19:18:53 PDT
221114-Wang-3 Version 2 - Submitted to Rocky Mountain J. Math.



DIVISIBILITY OF CERTAIN SUMS INVOLVING CENTRAL ¢-BINOMIAL COEFFICIENTS 5

which is trivial for [ = 0. Now, we should to verify that for 1 <l <n—1andn <k <
n+1l—1,

(¢: ¢°) it
———— =0 (mod P4(q)).
(4% @)k ( (@)
It can be easily seen that the numerator of (¢;¢*)ri1/(¢?; ¢*)r_; must have the factor
(¢;¢*)nt1, and the denominator doesn’t have the factor (¢%; ¢?),. As a result, the reduced
form of (q; ¢*)k+1/(¢% ¢*)k—1 is congruent to 0 modulo ®4(q).
Therefore, we obtain

,_.

u—1 d+1—1

459" )k+1 qq d l
<—+ =3 > )

l(qq i d+tl

n—

i

u 1 /2s d+i1-1 (q q2)t [
) +
= — Usg v =0 (mod ® .
> ) 0 3 (el =0 (mod (o)
This proves that (2.1) is also true modulo C,(q). Now we complete the proof of this
Lemma for the polynomials A, (q) and C,,(q) are relatively prime. OJ

We also need the following result, which is just a simple generalization of Guo and
Schlosser [6, Lemma 3.1].

Lemma 2.3. Let d be a positive odd integer. Then, for any nonnegative integers | and k
with 1 <k < (d—1)/2 -1, we have

) = (—1)( 1)/2’—q(d 1?/atk—dki=l (11 0d & ). 9.9
(4% %) a-1)/2-k-1 ) (0% )i ( a(q)) (2.2)

Proof. Notice that
(@ ¢*)anphrt _ (G@) @y (1—q™7272) (1 ¢"")
(0% @*)@-1/2-k—1 (% @*) @12 (1 —q¢=2+2) (1 —q?2)

<q; qz)(d—l)/2 (1 — q2k+2l_1) cee (1 - ql)q—4kl+k’—l (mod (I)d(Q))
(@% ) @12 (1 —¢*=2) ... (1-¢?) '

Then (2.2) holds due to the fact that

(&) anr _ (v vt mod oy(g))
(@ @)1 ! e

3. PrROOF OF THEOREM 1.1

In order to make the proof of Theorem 1.1 clear, we present the following congruences
firstly.
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Theorem 3.1. For any integers n, r, m and [ withn > 1, r > 2,0 < m < 2r — 3 and
0<1<n-—1, modulo A,(q)Cy(q),

n—1 2r—2—my . 1+m
;Z — 1)k D* =D (k=D —2kmiy g | ] (4; ¢° )2 ~ (49 )k«l—tl 0, (3.1)
m (q q ) r— m(q q ) +m

n—1 r—l—-m/ . m
1 Z 1(1—2k—1)+(r—2) (k—1) 2kml[4k‘ + ] (q q )2 - (Qa q2)11cil = 0 (32>
(@ ¢*)" (@ ¢y @B AT

Proof. Here we only prove (3.1), for the reason that (3.2) can be verified by following the
same steps used in the proof of (3.1).
For any integer k£ > 0, let

2r—2—my . .2\m
(_1)kq(k—l)2+(r—2)(k—l)—2kml[4k+ 1] (44 ) (49 )k+l

(4% 6%)7 " (% ¢?)ii (g 6O
We shall show that the sequence wvy(q),v1(q),... satisfies the requirements (i), (i) and

(ili) of Lemma 2.2.
Note that

ve(q) =

(@ 6")krt = (6 ) (@7 4o
@nfn_z__Fk—2q 1
(0% ¢k k=1 (¢ ai)

it is obviously that for | < k < n — 1, the denominator of (¢;¢*)rs1/((¢% ¢*)k_1(q; ¢*)1)

with the reduced form is always relatively prime to ®4(g). Therefore, for any odd d, the

rational function vg(q) is ®4(q)-integral, since the relation

@w%k:{%} 1
(% k] (~gai
and (—q; q) is relatively prime to ®,4(q).

By applying Lemma 2.1, we can get that for non-negative integers s and ¢ with 0 <
t<d-—1,

and

. 2r—2—my . m
(1)t g(sd =D+ (=D (sdt=1) =2sd+t)mi [4(sd +1) + 1(q;6*)snri (65 0% sasesa
2r—2—m

(% @) sar: (@) (@)

= V() b)) (wod @0

S

Vsd+t (Q) =

Apparently, (—1)*(* )2r ? /42r=2)s i a ®,4(q)-integral rational function only dependent on

S.
We now start to verify the requirement (iii) of Lemma 2.2, i.e., modulo ®,(q),
(d_l)/Q_l 2r—2—my . 1+m

Z (_1)kq(kfl)%(rf?)(kfl)f%mz[4k+ 1] (43 ¢*)s, (434"t =0. (3.3)
— O e e o T U He
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In fact, by Lemma 2.3, it can be easily shown that, for [ < k < (d—1)/2—1, the k-th and
((d —1)/2 — k)-th terms on the left-hand side of (3.3) cancel each other modulo ®4(q),
because

(qsq2)k+l (Q;qzﬁd—1y2_k+z

Y T = - V(d—1)/2— mod @ .

(q2; q2>k—l g q) (C]2; q2)(d—1)/2—k—l (@-1)/2 k(q> ( d<q>>
This means (3.3) is true. So far, we have finished verifying all of the requirements of
Lemma 2.2. Hence, we access to the conclusion that (3.1) is true modulo A4,(¢)Cy(q). O

Now we begin to prove Theorem 1.1.

Proof of Theorem 1.1. For | < k < n — 2, the g-factorial (—¢**';q),_x_1 contains the
factor 1+ ¢" 1. For k = n — 1, we have

kT [2n -2 o — 3
— = (1 n—1
{k_ _n—l} (144 ){n—Q]’
ok —2] [2n—2-2 o — 32l
— — (1 n—1-—1 )
{k—l_ _n—l—l] (144 >[n—2—l]

Therefore, the left-hand sides of (1.6) and (1.7) are both divisible by (1+¢" ) ~2~™(1+
n—Il—=1\14+m
¢
In what follows, we shall prove that the left-hand sides of (1.6) and (1.7) are both
divisible by [n][*""}]. From Chen and Hou’s [2, Lemma 1] result

n—1

- T oo 2] |15 <[

dEDnyk

and the well known relation

= [ @)

d>1, djn
obviously, we have
2n—1
=A@ ] @@ [ @) (3.4)
dln, d>1, d€D2p—1,n—1
d is even d is even

for 1 < d € Dyp_1,-1 is odd if and only if d € S(n).
By Theorem 3.1, the left-hand sides of (1.6) and (1.7) are congruent to 0 modulo
A, (q)Cn(q). Tt remains to show that (1.6) and (1.7) also hold modulo

II 2o JI @aa):

d\n, d>1 d€D27L71,n71
d is even d is even

For this proof, we refer the reader to Guo and Wang’s similar proof of [7, Theorem 1.1].
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By taking ¢> — ¢ in the equation at the top of page 8 of [7], we obtain

a2 = a0

n—1 n—2

Notice that (1 + ¢"!) is relatively prime to [2n — 1] [27:‘__23], the least common multiple of

(1 +qn—l)2r—2—m(1 +qn—l—l)1+m and [’I’L] [2”«—1} is (1 +qn—l)2r—3—m(1 +qn—l—l)1+m[n] [2ﬂ—1]

n—1 n—1
Now we obtain that (1.6) and (1.7) hold modulo (1+4¢"~1)?=3=m(14¢n==1)1m[p] 2 1]
So we finish proving this theorem. O
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