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FAMILIES OF (3,3)-SPLIT JACOBIANS

MARTIN DJUKANOVIC

ABSTRACT. We analyze curves of genus two that admit a morphism of degree three to an
elliptic curve and we give formulas for the Igusa—Clebsch invariants and for plane models of
curves of genus two whose Jacobians are (3,3)-isogenous to the product of two given elliptic
curves from the Hesse pencil.

1. Introduction

If C'is a curve of genus two that is equipped with a (maximal) covering ¢: C'— E of degree n,
where F is an elliptic curve, then there exists an elliptic curve E’ such that the Jacobian Jac(C)
of C is isogenous to £ x E’ via an isogeny of degree n?. Such a Jacobian is said to be (n,n)-split.
The classical treatment of cases n < 4 can be found in e.g. [2, 3, 5, 18, 20]. A modern treatment
can be found in e.g. [6, 8, 15, 16, 21, 22, 23, 24, 29], dealing with various cases with n < 11.
The problem of finding the curve E’, given the map ¢, was considered in [22]. Explicit examples
appear in [6, 22, 29] for n = 3, which is the case that is the topic of this paper. In the first
three sections, we review known results and offer corrections and clarifications. Specifically,
we correct [29] regarding the number of isomorphism classes of curves with degree-3 coverings
with “special” ramification (Proposition 3.4), thus vindicating [22]. We show subtleties in the
approach of [22] when dealing with curves C' with additional involutions. In §3.3 we describe
in detail the cases in which C' has additional involutions and the cases in which E and E’ are
twists. In the remaining sections, we consider a similar problem: given elliptic curves E and E’,
find a curve C' of genus two such that Jac(C) is (3,3)-isogenous to E x E’. Algorithms for
constructing such curves can be found in [6, 7]. We go a step further and give parametrizations
of the Igusa—Clebsch invariants and of an affine plane model of C' in terms of two parameters
that define a pair of elliptic curves from the Hesse pencil (Theorem 5.6). This can be seen
as an analogue of the results in [9]. The Hesse pencil is a natural family of elliptic curves to
consider when analyzing this problem because it minimizes the number of parameters required

, to describe the modular invariants of C' and allows for a simple description of the 3-torsion and

a fixed level-3-structure. Grobner bases computations and interpolations were performed using
the computational algebra system MAGMA [4]. Some details regarding this will be omitted, but
the reader can find the code used in [14].

2010 Mathematics Subject Classification. 14H40, 14H45, 14H52, (11G10).
Key words and phrases. split Jacobian, isogeny, elliptic curve, Igusa invariants, Hesse pencil.
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1 Notation and convention. Throughout the paper, K denotes a field of characteristic
> char(K) # 2 and K denotes an algebraic closure of K. Unless otherwise specified, all va-
3 rieties are projective and defined over K and isomorphism classes and automorphism groups
4 refer to isomorphisms and automorphisms over K. The affine and the projective space of
5 dimension n are denoted by A™ and P", respectively. By a covering map (or simply covering)
6 we mean a finite, surjective, separable morphism. Given a divisor D on a K-variety, we denote
7 by [D] its linear equivalence class and we denote by L(D) the K-vector space of global sections
g of the invertible sheaf (D) associated to D. Given a commutative ring R and polynomials
o F,G € R|x], the resultant of F' and G is denoted by Res,(F,G) and the discriminant of F is
10 denoted by Disc,(F'). The Igusa—Clebsch invariants of a curve of genus two are the invariants
11w A, B', C', D', defined in [25, p. 319]. The Igusa invariants are the invariants Jo, Jy, Jg, J3, J10,
12 defined in [25, p. 324]. By the corresponding absolute invariants we mean the values

13
" o Jy T3 J3de . Jads . Jads
_Z j5 = 7,]10 .

- 1= 5 2 5 3 5 4 7
15 J J10 J J10 J J10 J J10

Throughout the paper, we will rely on various explicit computations of Grébner bases and

I eliminations ideals. A good introductory text on these techniques is [12]. We will also rely on
8 the following well known result and its generalization to the projective line and homogeneous

19 .
—~_ polynomials.
20

E Lemma 1.1. Let k be a field, let k be an algebraic closure of k, let A1 denote the affine line
2 over k, let P(x),Q(x), F(x),G(x) € klx] with ged(F(z), G(z)) =1, let f(z) = F(x)/G(z) € k(x),
2 gnd let D € Div(Al) denote the divisor that is the zero locus of P(x). Then the following hold:

% (1) The polynomials P(z) and Q(x) have a common root in k if and only if Res.(P(z), Q(z)) =0.
o (2) The polynomial P(x) has a multiple root in k if and only if Disc,(P(x)) = 0.

- (3) The divisor f.(D) is the zero locus of Resy(yG(x) — F(x), P(z)).

. (4) The divisor f*(f«(D)) is the zero locus of Resz(F(y)G(x) — F(x)G(y), P(x)).

?»  The polynomials in statements () and (4) of Lemma 1.1 are interpreted as elements of k[y][z]

% 5o that the resultants are elements of k[y]. Analogous statements that hold for homogeneous

31 polynomials, rational maps f: P! — P! and divisors on P! can be obtained by homogenization.

32

2% 2. A curve of genus two covering a curve of genus one

£ We begin with an overview of the setup, following [22]. Let C' be a curve of genus two, defined
36 over K and equipped with a covering ¢: C'— E of degree n, where I is a curve of genus
37 one. The curve C' is hyperelliptic since the linear system defined by its canonical divisor K¢
38 defines a 2-to-1 map to P!, by Riemann-Roch. Let ¢ denote the hyperelliptic involution on C.
39 For a WeierstraB point W € C(K), one can define the Abel-Jacobi map e: C' < Jac(C'), given
40 by P [P—W], and embed C into its Jacobian. The induced isomorphism E = Jac(E), given
41 by P [P—¢(WW)], endows E with the structure of an elliptic curve. The morphism ¢: C' — E
42 induces a group morphism ¢, : Jac(C') — E so that ¢, oc = ¢. We therefore have the following
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commutative diagram:

1
Z C —=— Jac(CO)

3

0 J# J#-

5 E —=— Jac(E)

° (Over K (W), the curve F is elliptic so ¢ factors through Jac(C'), by the Albanese property.)
" Since eo1=[~1] o and the group morphism ¢, commutes with [—1], it follows that there is an

® involution on E, also defined over K, that is respected by ¢. We denote this involution by ¢ as

2 well. Since ¢ respects the involutions of C' and E, it induces a map f: C /t— E/u such that the

10 . .
= following diagram commutes:
11

— C == C/

12

0 O
" E "% E/,

15
16 Here mc and mp denote the canonical maps.

% 2.1. Ramification analysis. Kuhn [22] analyzed the ramification of the map f. We recall
o the main results. The map m¢ has six geometric ramification points, whereas mg has four,
o by Riemann—Hurwitz. These are, of course, the points fixed by the corresponding involutions.
v Let W7,...,Wg denote the ramification points of m¢, i.e. the Weierstrafl points, and let T1,...,7T}
— denote the ramification points of 7g. Let wi,...,wg and t1,...,t4 denote their respective
22

— images under the corresponding canonical maps ¢ and 7g. It is clear from the above that
2— {o(W3)} C{T;} and {f(w;)} € {t;}. By Riemann-Hurwitz, the ramification divisor of ¢ is of
- the form R+ ¢(R) for some point R € C(K), meaning that ¢ either ramifies at two double points
% OF at one triple, Weierstrafl point. We distinguish two cases — either the ramification of ¢ occurs
- above one of the T} or it does not. These are referred to as the “special” case and the “generic”
S5 case, respectively. In the generic case, the map ng o ¢ = f ome is doubly ramified at each of
— the 4n points that he above the t;. Since ¢ ramifies at six double points, we conclude that f is
; doubly ramified at (4n 6) = 2n 3 points that lie above the ¢;, none of which is any of the w;.
— By Riemann— Hurvvltz, f has ramification degree 2n — 2, which means that f is also doubly
W ramified at a point that does not lie above the ¢;. In the special case, all of the ramification of f
L, oceurs above the t; and we distinguish two cases — either ¢ ramifies at a Weierstrafl point or it
" does not. Suppose that W}, is a triple ramification point of ¢. Then there are 4n — 3 double
. ramification points of 7 o ¢ above the t;. Accounting for the five Weierstrafl points at which ¢
— does not ramify, we conclude that f is doubly ramified at (4n 3 —5) = 2n—4 points above
- the t;, none of which is any of the w;, and triply ramified at wg. Note that this special case
- cannot occur if char(K) = 3 because then ¢ cannot be wildly ramified. Suppose instead that ¢
o ramifies at two distinct points R and ¢(R) above some Ty. Then f is ramified away from the wj,
o at 2n—5 double points above the t; and at the quadruple point 7¢(R) that is above tj.

E Lemma 2.1. If n is odd (respectively even) then each of the fibres f~1(t;) contains an odd
a2 (respectively even) number of the w;.
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1 Proof. As f is separable, every fibre of f contains n points, counting with multiplicity. Since all
» points in f _1(tj) other than the w; have multiplicity two, the parity of the number of the w; in
"3 these fibres must match the parity of n. See also the lemma in [22, §1] or Lemma 2.1 in [16]. O

% Corollary 2.2. One of the points T; is K-rational and therefore E is an elliptic curve over K.
5

"6 Proof. The ramification of the map f is restricted by Lemma 2.1 and forces the K-rationality of
~, the point t € {t1,...,t4} with a unique number of the w; in f~1(t). The corresponding point 7'
"5 such that mg(T") =t is therefore also K-rational. Details can be found in [22, pp. 44-45]. O

2 2.2, Mazimal coverings. From now on we will focus on covering maps ¢: C — FE that are
o maximal, which is to say that they do not factor through a non-trivial isogeny over K. Such
™ covering maps are also called minimal [21] or optimal [22]; our choice of name is consistent with
% [28, Ch.VI §3]. Maximal coverings come in pairs, as the following result shows (see e.g. [16, 22]).

14 Lemma 2.3. Let C be a curve of genus two and let ¢1: C — E1 be a maximal covering of
15 degree n of an elliptic curve Ey. Then, after extending the base field if necessary, there exists
16 an elliptic curve Es, a mazximal covering ¢o: C — Fo of degree n, and a polarized isogeny
17 @ B x Ey — Jac(C) whose kernel Ker(p) is canonically isomorphic to Fy[n] and Es[n]. Here
18 the abelian surfaces E1 x Eo and Jac(C) are equipped with the usual principal polarizations.

9 Proof. The covering map ¢; induces an embedding ¢1*: Ey — Jac(C), with respect to an
2 isomorphism FEj & Jac(E7). The elliptic curve Fs is given as Ker(¢y.) C Jac(C), which is
2L connected because ¢ is maximal. Let ¢: C' < Jac(C) be an embedding, not necessarily defined
2 over K. Recalling that Jacobians are (canonically) self-dual, let n: Jac(C') — Eo denote the

% map dual to the inclusion Ey — Jac(C'). The covering map ¢o: C' — Es is then obtained as the

2% composition noe. The isogeny ¢: E1 x By — Jac(C) is given by ¢ = ¢1* 4+ ¢2* and its kernel
*_is the image of E;[n] under the embedding ¢}: E; — Jac(C) for i € {1,2}, which induces a
% canonical isomorphism a: Ej[n] == E3[n]. The dual isogeny is ¢V = (¢1,,¢2,) and we have

2" oY o =[n]. For details, see the Lemma in [22, §2] or [16, §1] or Lemma 1.6 in [13]. O
28
5o Definition. With the assumptions of Lemma 2.3, we say that the principally polarized abelian

30 surfaces Jac(C') and Ej x Ey are (n,n)-isogenous. The Jacobian Jac(C') is said to be (n,n)-split,
5, while the elliptic curves Eq and Es, considered as subgroups of Jac(C'), are said to be glued
3, along the n-torsion. We say that E7 and ¢1 are complementary to Eo and ¢9, respectively. The
33 induced maps f;: C/t — E;/[—1] are also referred to as complementary.

34 Remark. Constructions in Lemma 2.3 depend on the choice of the embedding : C' < Jac(C),
3> which need not be K-rational.

5, In the following two subsections we recall additional results regarding the distribution of the
55 Weierstraf points of C' in the fibres of two complementary coverings (see [22, §§4-5] and [16, §2]).
2 These results allow one to determine a complementary covering from a given one, in principle.

E 2.2.1. Maximal coverings of odd degree. Let ¢1: C — E7 be a maximal covering of odd degree n.
41 Let m: By — P! be the canonical map, let T; be the geometric ramification points of 7, and
42 let t; =m(T}). It follows from Lemma 2.1 that there is a unique ramification point of 7y, say T4,
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1 such that exactly three of the Weierstrafl points W; map to it under ¢;. Moreover, there is exactly
> one W; above each point in {T7,7T%,73}. We index the points so that Wy, Wy, W3 lie above Tj.
3 Since ¢q is a K-rational map and the fibre above T} is the unique fibre containing three Weierstra$3
4 points, this fibre is fixed by the absolute Galois action and therefore the divisor Wy + Wy + W3
5 is K-rational. Consequently, so is Wy + W5+ Ws. The point Ty is also K-rational, as the
6 image of {W7, W, W3}. Analogous statements hold for the points w; and ¢;. Thus we conclude
7 that the curve C' admits an affine plane model y? = P(2)Q(x), where P(x),Q(z) € K[z] are
g cubics whose roots are {wi,wy, w3} and {w4,ws,we}, respectively. Since the class of the
9 canonical divisor Ko ~ 2W; is K-rational, so is the class of the divisor W7 — W5+ W3. Note
10 that this divisor class equals [W; — W; +Wy] for {i,j,k} = {1,2,3} or {4,5,k} = {4,5,6}. Since
11 Wh—Ws+Ws is a divisor of degree one that is fixed by the hyperelliptic involution, it follows
12 that ¢1 induces a canonical K-rational embedding C' — Jac(C'), given by
3(2.1) 8(P)=[P—W1+W2—W3],

14

o which is compatible with the isomorphism FE; = Jac(E1), given by P~ [P —Ty|, and the

o involutions. We summarize with the following two lemmas from [22].
E Lemma 2.4. There is a canonical and K -rational choice for the complementary map ¢2: C' — Eo
18 and the induced map fa: C/t — Ea/[—1].

% Lemma 2.5. The roles of the divisors W1 +Wao+ W3 and W4+ W5+ Ws are exchanged between
o canonically complementary coverings ¢1 and ¢2, which is to say that ¢1, (W1 + Wa+W3) =30,
E and ¢1,(Wa+ W5+ Ws) = E1[2]\ {O1} implies ¢, (Wa+ W5+ Ws) =302, and hence also
— o, (W1 +Wo+W3) = E3[2]\{O2}, where O and Oa are the identity elements on Ey and Es,

23 3
v respectively.

g Proof. 1t is readily seen that if F1[2](K) = {O1,T1,T5,T3} then

> {01 ([T5 = O1])}j=1.23 = {e(Wh) ha=a5.6 = {Wa = W], [Wa = We], [W5 — Wel}-
S5 Since @9 is defined as the composition C'— Jac(C) — Jac(C')/E, we have ¢o(W},) = Oz for
2 Kk €{4,5,6} and the claim follows. An alternative proof can be found in [22, §4]. O

30 2.2.2. Maximal coverings of even degree. Even though our focus is coverings of degree three,
31 we include the analogue of Lemma 2.5 for maximal coverings of even degree, both for the sake
32 of completeness and because coverings of degree two will play an important role later on, due to

33 the subtleties involved when dealing with genus-2 curves with additional involutions.

34
o Lemma 2.6. Let ¢1: C'— Ey and ¢2: C'— Ea be complementary maximal coverings of even

o degree n. Then both ¢1 and ¢o have three fibres such that each one contains exactly two Weier-
- straf8 points. Moreover, if three fibres of ¢1 respectively contain {Wy1,Wa}, {Ws, Wy}, {Ws, Ws}
— then the same is true of ¢o, which is to say that same pairs of Weierstrafl points appear in the
. fibres of both coverings.

E Proof. The proof follows the argument of [22, §5]. We consider E; and E3 as subgroups of Jac(C),
41 embedded via ¢1* and ¢2*, respectively. Both elliptic curves contain four (geometric) points
42 of Jac(C')[2], namely the identity O and three points of order two, of the form [IW; — W;] for
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1 some i,j € {1,...,6}. These three points are the same for both curves because Fj[n| and Fs[n]
> coincide in Jac(C') by Lemma 2.3 and n is even. By indexing the W; accordingly, we suppose
3 that one of the three points is [W; — Wy|. If [W) —Wy] is another point of E1[2] then by
4 factoring ¢ as C' < Jac(C') — Jac(C')/E2, where the embedding is given by P — [P — W], we
5 conclude that gbl_l(O) contains exactly three Weierstraf3 points, namely Wy, Wa, Wy, which
6 contradicts Lemma 2.1. This implies that the three points of order two of E1[2] and Es[2]
7 in Jac(C) are [Wy —Wa], [Ws—Wy], and [W5 — W], after indexing the W; accordingly. By
s factoring the coverings as C' < Jac(C) — Jac(C)/E; and C < Jac(C) — Jac(C')/Es, using the
o embeddings P — [P —W;], we conclude that both coverings have three fibres that respectively
10 contain {Wl,Wz}, {W37W4}, and {W5,W6}. O

11 Corollary 2.7. A curve of genus two has a (2,2)-split Jacobian if and only if it admits an
2 dnwolution that is not hyperelliptic. Such a curve admits an affine plane model of the form

13
w (2.2) C: y? = ax® +bat + ca® + d,

15 for some a,b,c,d € K such that ad(b?c? — 4ac® — 4b3d + 18abed — 27a%d?) # 0. On this model the
16 additional involution is given by (x,y) = (—x,y), while (v,y) — (z%,y) and (v,y) — (1/2%,y/2>)
17 are complementary coverings of degree two to elliptic curves defined by Ey: y? = ax®+br?+cx+d
15 and Eo: y? = da® + ca?® + bx + a, respectively.

19 Proof. Let us first suppose that C' admits complementary coverings ¢ and ¢2 of degree two.
20 After applying suitable isomorphisms, we can assume that the maps f;: C'//t — F; /i ramify
2L above 0 and oo, and we can also assume f1(r) = 2. By Lemma 2.6, this implies fo(z) = 1/22,
22 up to multiplication by a non-zero constant. After indexing the points w1, ..., wg accordingly, we
2 have f;!(t;) = {#w;} for j € {1,2,3}, which means that C' admits an affine plane model of the
24 form y? = a(x? —t1)(2? —t3)(2? —t3), i.e. of the form (2.2). Now let us suppose that the curve C
2> admits a non-hyperelliptic involution over K. Then there exists an affine plane model of C' on
26 which the involution is given by (z,vy) — (u(z),v(x)y), where u(z) = (ux +v)/(wz —u) for some
27 u,v,w € K such that u?+vw is non-zero and a square in K. A K-rational fractional linear
28 transformation p(x) exists that satisfies —p(x) = p(p(x)) and therefore induces an isomorphism
2% to an affine plane model of C' on which the involution is given by (z,y) — (—x,y). Such a model
30 is of the form (2.2). That curves of genus two with additional involutions admit such a model
31 was first shown by Bolza [1]. O
32

Curves of genus two with a (2,2)-split Jacobian are classically known; they can be traced to
the work of Legendre and Jacobi [20] on hyperelliptic integrals.

33

34

% 3. Covering maps of degree three

i In this section we deal with the case n =3. Our goal is to describe the genus-2 curves C'
38 with a (3,3)-split Jacobian and the corresponding elliptic curves that are complementary
39 in Jac(C), up to isomorphisms. To that end, we will use the canonical embedding (2.1) and
40 apply Lemmas 2.1 and 2.5. The corresponding restrictions on the maps f;: C'/t — E;/[—1] will
41 lead to a parametrization of the family of such curves C' and the corresponding elliptic curves E,

42 and Eo. We will make repeated use of Lemma 1.1 in this section.
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FIGURE 3.1. Ramification of the map fi in the generic case.

-
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=

1

o 3.1. Generic coverings. The main results in this subsection appear in [22] without proof,

s but here we give the derivation in detail. Let ¢1: C'— E; be a generic covering of degree 3.

= Then the map f is doubly ramified at a K-rational point that is not in any of the fibres f1~ L(t)).

o Let us denote the image of this point under f; by tp. Since #g and t4 are K-rational, we may

o and do assume that tg =0, t4 = 0o, and f17(0) =2-(0) +(cc). In other words, we assume that

o the ramification of f is as depicted in Figure 3.1, where the unramified points above t1,... 4

s are the w; (depicted are the ramification indices of the points in the fibres of f; above the ¢;).

o That is, we assume that, up to multiplication by a non-zero constant,

20 xz

. hz) =5~

22 _
5; where P(z) = 2%+ az?+bx+ ¢ € K[z] is the polynomial that has wi,ws, w3 € K as its roots.

>, The w; are pairwise distinct and none of them equals zero. This can be expressed as

® Resg(z, P(x)) =c#0,
26

o Disc,(P(x)) = a?b* — 4b® — 4a3c 4 18abc — 27¢* # 0.

27

* The pullback of the divisor t; +t2 +t3 corresponds to the roots of D(x)2Q(z), where D(x)
2 and Q(x) are cubic polynomials in K[z|. Furthermore, the roots of D(x) are the ramification
L points distinct from 0, and the roots of Q(z) are wy,ws, wg. Since

31
2 Lﬁ($)__x(x3—bx—20)
33 de 7 P(x)?

3 and the roots of the numerator correspond precisely to the doubly ramified points of f;, we can

* take D(z) = 2% — bz — 2c. The ramification points are again pairwise distinct, so we must have
36
; (3.1) Disc, (D(z)) = 4(b% — 27¢%) # 0.

~— From this we can calculate the nonic polynomial D(x)2Q(x) whose roots correspond to the
J divisor f1* o f1,(d1 +da+ds), where the d; are the roots of D(x). In particular, we have the
" following equality, up to multiplication by a non-zero constant:

42 Resy(2?P(y) —y* P(x), D(y)) = D(2)*Q(x).
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1 This resultant is easily found to be
2 c(x® —ba — 2¢)?(4ea® + 022 4 2bex + ¢2),
3
~, so we can take Q(z) = 4ead 4+ b?2? 4 2bex + 2. Tt follows that, up to twists, the curve C' admits
E an affine plane model given by
6 (3.2) y? = P(2)Q(x) = (2° + ax® 4 ba + ¢) (4ea® + b2 x? + 2bex + ¢2).
% The discriminant of (3.2) is 4096¢'2 (b3 — 27¢?)(a?b? — 4b3 — 4a3c+ 18abc — 27¢2)? # 0. Note that
o the point (a,b,c) defines the same isomorphism class of C' as (a),bA?,cA3) for all A € K\ {0} so
o We can also think of it as the point [a: b: ¢] in the weighted projective space P(1,2,3).
0 By Lemma 2.5, we may assume that the corresponding complementary map is given by
o fol) = (z+d)*(z+e)
13 2 dexd 4+ b222 + 2bex + 2

14 for some d,e € K, provided that co is not a zero of fo. To determine d and e, we apply
15 the procedure used to obtain Q(z) from f; to the map fo. In doing so, we must ultimately
16 obtain a cubic polynomial R(x) that is a multiple of P(z), by Lemma 2.5. Working over
17 the field K (a,b,c,d,e), we can compute the polynomial R(x) and perform Euclidean division
18 on P(z) and R(z). By the argument above, the remainder must equal zero, which defines three
19 polynomial equations over the ring K|a,b,c,d,e]. More details can be found in [13], where the
20 computations are performed over K (a,b,c)[d,e]. The argument here is only slightly different.
21 Let I C K[z,a,b,c,d,e] denote the ideal generated by

z 1—2-P(0)-Q(—d)-Q(—e) - Discy(P(x)) - Discy (Q(x))

23
5, and the coefficients of the remainder obtained by dividing R(z) by P(z). Eliminating the

o5 variable z and computing the primary decomposition of the corresponding elimination ideal gives
2 two prime ideals. Among the generators of the first ideal we find the following two equations:

27 bd—3c=0, acd—4ace+b*e—be+3ede=0.

28
o We therefore take

20 2 3_4 2 2. 2
0 (3.3) fala) = B+ 30° (B —dabe + 9)a + PPe — 3ac”)
3 dexd + b222 + 2bcx + 2

32 For b=0 (resp. b3 —4abc+9¢ = 0) we have that oo is a double (resp. simple) zero of f2, so no
33 cases are omitted. The map fo has a triple zero if and only if 203 — 9abc + 27¢? = 0; this case is
34 treated in §3.2. The second ideal in the decomposition is of a lower dimension and does not
35 yield any cases that are not already covered by (3.3). Indeed, eliminating the variables d and e
36 from this ideal yields the equation (3.20), which corresponds to a family of curves described
37 in §3.3.2.

38 Now we have the information required to determine the modular invariants of E7 and E. An
30 affine plane model for 7 can be determined, up to twists, by requiring that the set of branch
40 points of the canonical map 7y is {t1,t2,t3,00}, i.e. 0o and the image under f; of the three roots
41 of Q(z). Likewise, an affine plane model for Ey can be determined, up to twists, by requiring
42 that the canonical map mo: Fo — P! ramifies above co and the image under fo of the three roots
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1 of P(z). The corresponding cubic polynomials can be obtained from Res, (zP(y) —y?,Q(y))
2 and Resy(zQ(y) — (y+d)?(y+e¢), P(y)). The j-invariants of the two elliptic curves can then be
3 obtained from these cubics by direct computation. This yields the following two expressions
4 that appear in [22, §6]:

o (B 16(a2b* +216a%bc® — 126abPc + 126° — 972ac3 + 405622
% 3.4) JE) = (b3 — 27¢2)3(a2b? — 4aBc 1 18abe — L% — 27¢2)?2 ,
o (E2) = 256(a” — 30)°

E P 4adc+ 18abc — 4b3 — 27¢2°

10 One consequence of these formulas is the following.
11

1> Proposition 3.1. If char(K) & {3,5,7} then there are exactly two isomorphism classes (over K )
13 of curves C' such that at least one of the complementary 3-to-1 covering maps C — E1 and
1 C — Ey is generic and j(Ey) = j(E2) = j € {0,1728}. If char(K) = 3 then there is a one-
15 dimensional family of isomorphism classes of such C. If char(K) =15 (respectively char(K)=7)
16 then there is only one isomorphism class of such C, with j =0 (respectively j =1728). In all
17 cases mentioned, both coverings are generic.

® Proof. If we suppose that char(K) = 3 then from (3.4) we find that j(E;) = j(E2) = 0 if and
2 only if a =0 (and bc # 0), which defines a one-dimensional family of curves C. This family will
2 be revisited in §3.3.1, specifically (3.19). Let us suppose instead that char(K) # 3. Equating
2 both expressions in (3.4) with zero and solving for a,b, ¢ leads to the two isomorphism classes
> of C defined by [a:b:¢]=[0:0:1] and [a:b: ] = [6:12:10], unless char(K) = 5, in which case
2 the latter point defines a singular curve. Equating the expressions in (3.4) with 1728 leads to the
**_two isomorphism classes defined by [a:b:¢] = [3:343y/—=3) : 1£3/—3], unless char(K) =7,
% in which case exactly one of the two points defines a singular curve. In all cases listed, we
* have 2b3 — 9abc+ 27¢% # 0, so both coverings are generic by (3.3) and the comments below it.
=~ These isomorphism classes are treated in Examples 3.2, 3.3, and 5.8-5.10. O
28

. :

w39 oo = (1@ L @), oaw) = (hla), @),

32

33 where f/(x) = % fi(x). Then ¢1 and ¢9 are of degree three and their images are respectively
5. the elliptic curves

» Er: y* = Aya® —2(ab® — 6a%c 4 9be)a® + (b2 — 12ac)x +4c,

36

* +189b*c? — 972ab?c? + 729a*c* + 729bct)x — ¢(2b — 9abe + 27¢*)?,

E where A = a?b? — 4b3 — 4a3c + 18abc — 27¢? and Ay = b® —27¢%. In many examples throughout
41 the paper, the maps defined by (3.5) will be composed with isomorphisms of elliptic curves in
42 order to simplify the models of £y and Fj.

27
20 The curves Ey and Es can also be computed. Consider the morphisms C' — A? given by

Y
3 " bx+3c
37 Ey: Aoy? = 23 + (ab® — 270%c + 54ac®)x® + (b7 — 18ab®c + 54a’b>c?
39
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1 Remark. Our choices of ramification points and parametrizations in this section are the same
> as those made by Kuhn [22]. However, in terms of elegance and simplicity, the parametrization
3 given in [6] is arguably superior. This is particularly evident when it comes to explicitly writing
4 down models of the elliptic curves.

% Example 3.2. Suppose that char(K) # 3 and consider the genus-2 curve defined by the affine
- plane model

o C:y? = (23 +1)(da® +1).

o

9 The curve C admits complementary 3-to-1 covering maps
10

11 _ 3a2 (173 —2)y _ 3z (813 — Ly
e (3.6) gz51(x,y) = <—x3+1» ($3+1)2> ) ¢2($;y) - <_4x3+1’ (41,34_1)2) )

2 whose images are elliptic curves, respectively defined by affine plane models

14

15 Er:y? = a3 +4,

o Eo:y?=a3+1.

17

15 Note that j(F;) = j(Fs) =0. The map ¢; ramifies at (0,41), while the map ¢o ramifies at +oo.
19 The ramification points lie above rational order-3 points of the corresponding elliptic curves;
20 these are the points (0,42) and (0,41), respectively. In particular, the ramification does not
21 occur above 2-torsion points. The two elliptic curves are isomorphic over K (q), where ¢ € K
2 is such that ¢ = 4; an isomorphism e: Ey % E is given by e(z,y) = (qz,2y). The curve C
23 admits an additional automorphism of order two over K (¢), i.e. an involution that is not
24 the hyperelliptic one. One such automorphism is n(z,y) = (1/(¢x), —y/(223)). Note that

g (1 0m = € o 2, meaning that each of the coverings is induced by its complementary covering and

26 an involution of C'. Over K (q), the curve C also admits a pair of complementary coverings of
27 degree two. Indeed, after applying the isomorphism (z,y) — ((2x —q)/(22 +q), 32y/(2z + q)?),
28 we obtain a new model for €', namely

29

o C: —2y? = (2% —92% 4+ 32 — 3) (2 + 922 + 32 +3) = 2% — 752 — 4522 - 9,

g on which the involution 7 is given by (z,) = (=2, —y). The morphisms 1 (z,y) = (—222,4y)
32 and vo(z,y) = (18/22, 36y/x3) are complementary degree-2 coverings from C' to elliptic curves
33

2 Er:y? =23 +15022 — 180z + 72,

3 Eo: y? = 23+ 9022 + 27002 — 648,

36
57 respectively. These two elliptic curves are 9-isogenous over K and their modular invariants

35 are j(EI) = —12288000 and j(Eg) =0. H: r e K is such that 72 = —3 then F; and Fs are
30 3-isogenous over K (r), while Ey, Fy, and E2 are isomorphic over K(q,r).

% Example 3.3. Suppose that char(K) & {3,5} and consider the genus-2 curve defined by
4

42 C': y? = (2% 4622 + 122 +10) (102> 4 362 4 602 4 25).
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The curve C admits complementary 3-to-1 coverings

or(e) = [ 322 (23— 122 —20)y
WY =\ T 3602+ 120+ 107 (23 + 622+ 120+ 10)2 )

bo(.y) = 32z +5)2(Tr+10)  27(4423 + 12022 + 1500 + 125)y
20U =\ 10203 £ 3622+ 600+ 25" (10231 3622+ 60z +25)2 )

whose images are 3-isogenous elliptic curves, respectively given by
Eq:y? = 2% +122% + 482 + 10,
Eo: y? = 23 — 3622 + 4322 — 270,

-
[Blefe]~ofo]s]e]n]-

11
1» with j(E7) = j(F2) =0. Both maps ramify above the points with = 0, which are not of order

13 two. Just as in the previous example, up to isomorphism of elliptic curves over a suitable
12 field extension of K, the two complementary coverings can be obtained from one another by
15 pre-composing with an involution of C', namely

5(2w+5) | 375¢/=3y
Tw+10 " (Tz+10)3 )

16

2 37) (.9 > (

18
10 The involution (3.7) induces a pair of complementary degree-2 coverings over K (v/—3) to elliptic

20 curves By and Eg such that J(Ey) =j(F9) = —12288000. Furthermore, there exist isomorphisms
51 B1 =5 Ey and By = Ey and a 3-isogeny E1 — Ej, all defined over K (1/—3).

Z 3.2. Special coverings. In this subsection we will deal with the cases in which at least one

0 of the maps f; is special, i.e. it has a triple ramification point above the branch locus of 7;
- (the other special case mentioned in §2.1 cannot occur for coverings of degree three). For the
5, Femainder of the subsection, we assume that char(K’) # 3.

—  Let us first suppose that fi is generic and fs is special. By the reasoning in §3.1, we may

27

- and do assume that

* 2 3
29 _ x B (bx +3c)
(38 hiw) = fa(x) = dexd +b2x2 4 2bcx + 2’

20 (bx 4 3¢)(9cz? + 2b2x + 3be)’
31 where be(b® —27¢%) # 0, so that a twist of C' admits an affine plane model given by
32
& (3.9) y? = (bx +3¢)(9ea? + 2%z + 3bc) (dea® + b2a? + 2bea 4 ¢2).

£ The discriminant of (3.9) is 2359296bc1¢ (63 —27¢%)10 £ 0 and the maps given in (3.5) are degree-3

35 coverings of elliptic curves defined by

= By 9by? = 4A3%23 1+ 12A222 — 3(503 + 108z + 4,

il Eo: % = ca® +2A2% — 27 Acx,

39

20 where A =03 —27¢2. The j-invariants of E; and Ej are easily found to be
4 64b° 64(4b3 —27¢2)3

- (3.10 i(Eq) = —— i(Fo) =
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FAMILIES OF (3,3)-SPLIT JACOBIANS 12
1 Note that j(Fs) is uniquely determined by j(F7) because we have F(j(E1), j(F2)) =0, where
2 (3.11) F(X,Y)= (X —432)3 - 729XY.
3
4 Let us now suppose that f; and fo are both special. Without loss of generality, we can assume
0 . 1
5 fﬁ(m)-—-gaj;ZEEngy fo(x) = @)’
7
s
2
10

Q(x) = (a* — 4b)x> — 2abz* — 3b°x.

E Applying the method to fa, to re-obtain the denominator of fi, we conclude that z? +ax+b
12 divides the polynomial

% 3(a2 — 4b)222 — dab(a® — 4b)z — 1662 (a® — 3b).

E Dividing the latter by the former gives the remainder —a(3a? — 8b)(a? — 4b)x — a®b(3a® — 8b).
16 Given that a® —4b# 0 and b # 0, the remainder is identically zero if and only if @ = 0 or b = 3a?/8.

17 For a = 0 we obtain

18 3 1

0 o=y PO= e
= J(BE1) = j(Ey) = 1728.

20
21

22 For b=3a?/8 we obtain
23 3

— T 1

% hiz) = 8x2 4+ 8ax + 3a?’ falz) = 3213 + 48ax2 + 27a2x’
% : , 873722816 26.92393

al Ey) = j(Ey) = — S .

- J(En) = j(E2) 59049 310

28 This shows that there are exactly two pairs of isomorphism classes of Ey and E3 such that
29 two covering maps C' — Ej; of degree three have a triple ramification point and such that the
30 fibre with three Weierstrafl points of one covering has no points in common with the fibre with
31 three Weierstrafl points of the other covering. However, only the case j(£1) = j(FE2) = 1728
32 corresponds to a pair of complementary curves and coverings in the sense of Definition 2.2. This
33 case is described in Example 3.5. In the other case we have £y = F5 = E and one special covering
34 is obtained from the other one by pre-composing with an automorphism of C'. These two special
35 coverings are not complementary because they are the only degree-3 maps C'— E and both can
36 be obtained as complements of a generic degree-3 covering C'— E’, where E’ is an elliptic curve
37 such that j(E) # j(E’). Indeed, a complementary pair of curves with j(E3) = —873722816,/59049
38 and a special covering C'— E» is obtained by putting ¢® = 9b? in (3.8)(3.10), which yields a
39 generic covering C'— Ey with j(FEy) =64/9. This is expounded in Examples 3.6 and 5.11.

40 We therefore conclude that there is a unique isomorphism class of C' whose complementary
41 degree-3 coverings are both special. There have been conflicting claims in the literature about
42 the number of these special cases (cf. [22, 29]) and we hope that our detailed exposition settles
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1 the matter — the statement in [22, §6] is correct. The following proposition contains a summary
5 analysis of the special cases, which are treated in detail in Examples 3.5-3.9.

= Proposition 3.4. Let C be a curve of genus two that covers elliptic curves Ey1 and Fo via
— complementary degree-3 covering maps ¢1 and ¢2, respectively. Then the following hold:

(1) If o1 and ¢2 are both special then j(E1) = j(E9) = 1728.

(2) If ¢1 is generic and j(Ey) € {0,1728} then ¢o is also generic.

(3) Suppose that ¢1 is generic and ¢g is special. Then j(Eq) = (j(E1) —432)3/(7295(E1)).
In particular, we have j(E2) =0 if and only if j(E1) =432 and we have j(E9) = 1728 if
and only if j(Ey) = —216. Moreover, if j(E1) = j(FE2) = j then j = (297 £81y/—15)/2.

=
ol | [ N |lOo |0 | P>

o Proof. Claim (1) follows from the discussion above — the isomorphism class of C' that is a triple

2 cover of j(E;) = —873722816/59049 is excluded because its complement is generic. Claim (2)

Y follows from Proposition 3.1, while claim (3) follows from (3.10) and (3.11). O

14

E Remark. The j-invariant pairs that are given in [29] can be obtained as the points of intersection
16 of the curves F(X,Y) =0 and F(Y,X) =0, where F'(X,Y’) is defined by (3.11). However, these
17 points do not correspond to the j-invariant pairs of elliptic curves whose 3-to-1 coverings
18 by a curve of genus two are both special because (3.11) is obtained under the assumption
19 that one of the coverings is generic. For example, we have F (1728,1728) = 0. However,
20 setting j(FEp) = j(E2) = 1728 in (3.10) forces b3 —27¢% = 0, which implies that the sextic in (3.9)
21 has discriminant zero, so (3.9) does not define a curve of genus two in this case.

22
s Example 3.5. Let C be the genus-2 curve defined by the affine plane model

2 y? = w(x? +1) (422 + 3).

25
26 Then C admits complementary 3-to-1 coverings

27 :I:2 x?’ xwz
~ qsl(x,y):(x( 1 (4 +1)y>7 @(x’y):(él da( +3)y>7

422 +3)" 22 (422 +3)? 241" (22+41)2

29

30 whose images are respectively the elliptic curves defined by the affine plane models

31
o E1:y2::l:3+x,

33 Eo: y? = 234+ 108x.

** We have j(E1) = j(Ey) = 1728. Moreover, oo is a triple ramification point for ¢; and (0,0) is a

*_triple ramification point for ¢o. Both points lie above (0,0), which is a point of order two on

* hoth Fy and Ey. In fact, over a field extension of K that contains an element g such that ¢* = 3/4,

> the two complementary coverings can be obtained from one another by pre-composing with

*_ the involution of C' given by (z,y) — (¢2/z, ¢*y/2?). This involution induces complementary

39 .
— coverings of degree two, for example

40

41 _ (z—q)? 8y xT,y) = e+ o) il
o Y1(z,y) = ((x—%q)2’($-%q)3> » Wa(zy) = ((x——q)Q’(x‘—Q)3>7
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whose images are respectively the elliptic curves given by
Er: (6g—7¢%)y? = (z — 1) (2% — (386 — 448¢°%)z + 1),
Ey: (73 —6q)y? = (z — 1) (2% — (386 — 448¢°)z +1).

1
2
3
n
~° The two elliptic curves are twists and their j-invariant is j(E1) = j(Es) = 76771008 — 88660992¢>.
° Tetie K be such that i2 = —1. The curves C, E1, Ey all admit an automorphism over K (i),
T given by (z,y) — (—x,iy). Additionally, over the field K(g,i), we have the following. The
& elliptic curves E; and Es are isomorphic. The curve C' admits another involution, namely
% (z,y) — (—¢*/z, iq3y/x?), that induces another pair of coverings. For example,

u Xl@,y)_((z—i(ﬂz 4<1+z’>y>’ m(ag,y)_((“iq)z 4(1—z'>y>7

12 (z+iq)? (z+iq)3 (v —ig)?’ (v —iq)?

% are complementary 2-to-1 coverings whose image is the elliptic curve
5 E' 2(6q+7¢%)y? = (x —1)(2? — (386 +448¢%)z + 1),

16

o whose j-invariant is j(E’) = 76771008 + 88660992¢. Moreover, E' is 2-isogenous to Eq and Es.

E Example 3.6. Let C be the genus-2 curve defined by the affine model
19

o y? = x(22° + 42 +3) (322 + 4z +2).

21 Then C' admits 3-to-1 coverings
22

a ¢1:C_>E17 ((E,y)'—><

24

25

26 é1: C — Fi, (x,y)|—><x(

1823 18z (32% + 8z +6)y
32 +4x+2"  (3x2+4x+2)2 )’

27
28 where F: y? = z(2? + 442+ 486). We have j(E;) = —873722816/59049. Note that ¢; = ¢y o1,
20 where 17 € Aut(C) is given by n(x,y) = (1/x, y/x3). Both covering maps ramify only above (0,0),
30 which is a 2-torsion point, and send disjoint sets of three Weierstrafl points to oo, i.e. the
31 identity point. However, as already mentioned, these two coverings are not complementary. The
32 curve C also admits a pair of generic 3-to-1 coverings to an elliptic curve which is not in the

33 isomorphism class of F;. For example, we can take
34

18 18(62% +8x +3)y
202 +4x+43)" 22222 +42+3)? )’

. 203 4422 452 +2 220 +1)(22%2 + 1)y

35 C—F

o ¢2: = By, (x,y)H( r(202+4x+3) T 2?2222 +4x+3)2 )’

i N 203 + 502 4dx —2 2(x+2) (22 +2)y
C—F —

38 ¥2 2 (7y) ( 322 +4r+2 (322 +4x+2)2 )’

39
E where Ey: y? = 23 — 22 +2+3 and j(E2) = 64/9. We note that b2 = 9 on and that ¢; and ¢
41 are complementary, as are ¢1 and ¢2. The covering ¢ ramifies at the two points with z = —3/2,
42 whereas the covering ¢o ramifies at the two points with @ = —2/3. If char(K) =0 then the
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ramification occurs above points of infinite order. The involution 7 induces complementary
coverings of degree two from C' to the same two elliptic curves. The corresponding maps are

8lx 8ly
r—1)2" (x—1)3 )’

p1: C — Fy, (fv,y)r—><(

2 1
p2: C' — Eo, (xvy)'—><—m e J :

(z+1)? 7 (z+1)3

[ [~ o fo]s]e]m]-

9 The curves Fj and FEy are 5-isogenous and, up to composition with [—1], the restriction of
10 the isogeny to the 3-torsion yields the isomorphism F;[3] =~ F3[3] from Lemma 2.3. This
11 is elaborated in §5, where this example is revisited (see Example 5.11). Note that this ex-
12 ample demonstrates that the converse of Lemma 2.5 is false, in the sense that coverings that
13 exchange P(x) and Q(z) need not be complementary. This is just one such example from a
14 one-dimensional family that is discussed in §3.3.2.

15
. Example 3.7. Let C be the genus-2 curve defined by the affine model

i 2 = (z+42)(2? + 2+ 1)(82° + 922 + 122+ 4).
18

19 Then the morphisms

20

. PR I — S
; 1\r,Y)= (x+2)(x2+x+1)’(x+2)2(x2+x+1)2 7
23 ba(zy) (x+2)3 (r42)(132% +42 +4)y
x pr—
2 POD T\ BB F 002+ 120+ 4" (RaP 4922+ 120+ 4)% )

25
g are complementary 3-to-1 coverings of elliptic curves that are respectively defined by the affine
27 plane models E: y? = 2 +62% + 21z + 8 and Ey: y* = 23 — 322 4+ 3z. We have j(F)) = 432
28 and j(FEs) =0.

29
2 Example 3.8. Let C' be the genus-2 curve defined by the affine model

S y? = (z—2)(z+1)(2z — 1)(162° + 922 — 122+ 4).
32

g Then the morphisms
34

— y) = (_ 922 (223 4+ 3z —4)y ) 7

% i, (x=2)(z+1)(2x—1)" (x—2)%(z+1)%(2z—1)2

3 ) _< 2(x —2)3 2(:17—2)(596—1—2)(7:6—2)3;),

* O2(, 16234922 — 122 +4" (16234922 — 122+ 4)2

39
E are complementary 3-to-1 coverings of elliptic curves that are respectively defined by the affine
41 plane models Fy: y? = 23+ 622 + 92 +8 and Fy: y? = 23+ 922 + 182z. We have j(F;) = —216
42 and j([Fo) =1728.
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Example 3.9. Let K = K(q) with ¢ = —15 and consider the following polynomials in K[z]:
P(z) = 42° 4 (9 — 15)2? — (24¢ + 24)z + 256,
Q(z) = 642> + (18¢ — 126)22 — (192¢ + 192)x + 1024,
R(z) = 23+ (6¢+6)x — 128,
S(x) = (6g—19)z® — (54q+ 138)x? + (24¢ + 168)z 4 96¢ — 352.
Let C be the genus-2 curve defined by the affine model y? = P(2)Q(x). Then the morphisms
18 —30q)z? 8R(x 16(x —2+42¢)% 32S(x
o= <( o P<(x>)2y> el ( oae Q(i)gy> |
11

,, are complementary degree-3 coverings of elliptic curves

-
[Blefe]~ofo]s]e]n]-

3 Ey:y? =23 41222 + (3¢ 4 57)x + 64,

1 Ey: y? = 2%+ (3¢—9)2? — (15¢+9)z,
15

o respectively. An isomorphism Ey = Fj is given by (z,y) — (z+7—¢, y) and the j-invariant

- of the two curves is j(E1) = j(F2) = $(297+81q).

18 3.3. Complementary coverings of isogenous curves. The curves C' in Examples 3.2-3.6
19 have an additional automorphism of order two that induces a complementary degree-3 covering.
20 In this section we describe such curves in full generality. We also describe the curves C' with
21 complementary degree-3 coverings to two elliptic curves that are twists of each other. Plane
22 models of the corresponding elliptic curves and formulas for the isogenies between them are
23 omitted here, but can be found in [14]. Curves of genus two with additional involutions and
24 a (3,3)-split Jacobian have already appeared in [30], but the analysis therein is erroneous.!

— 3.3.1. Families of complementary coverings of twists. It is worth asking for which curves C'
S, we have j(E1) = j(E2). If we equate the two j-invariants in (3.4) we obtain equations in the
a weighted projective space P(1,2,3). Let us first suppose that char(K) # 3. Then the said

S5 equations define a union of two curves of genus zero, namely:

30 (3.1 1: 4a°b°c—108a"c” —a“b” + 108a“b“c” — bdab™c+ + c” =0,
3.12 Xy 4aPb3c— 10833 — a?b® 4 108a2b%c? — 5dab e+ 8b% + 2703 = 0

> (3.1 1: 16a°b” — a’b°c”+11664a°c* — a’b’c+ a’b“c® —8la

31 (3.13 V1 16a50° — 864452 664a5c* — 32400 c + 87484°h%c® — 81a*b”

32

o +14580a"b" ¢ — 1574640 be* — 864a’b°c — 215784a°6°¢® + 78732a%c?
3 + 3240268 4 30618a%0° 2 + 21257640 b*c* — 5832ab” ¢ — 314928ab* >

® — 6377292abc® + 3790865 ¢ + 25587903 ¢* + 85030568 = 0.
36

;- The two curves have five distinct (geometric) points of intersection. Two intersection points,
35 hamely [1:0:0] and [3:3: 1], are singularities on both curves and do not define genus-2 curves.

50 Another intersection point is [6: 12 : 10], which defines the isomorphism class from Example 3.3

40 IThe j-invariants of the elliptic curves covered 2-to-1 are incorrect, it is wrongly claimed that there are only

41 finitely many cases defined over Q (up to isomorphism), and the isomorphism class of y2 =42° +72% + 3z is
42 omitted.
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1 and is singular on the second curve. Let w € K denote a primitive third root of unity. Then the
2 remaining two points of intersection of Xy and Y; are [3: 6+ 6w*! : 4—1—6wi1] These two points
3 define isomorphism classes of C' for which j(E;) = j(E2) = 1728 (see also Example 5.10).

Both X; and )); are birational to P!, after extending K if necessary in the case of the latter.
One example of a birational map P! --» X is

(3 14) t [3(t+1)(t+3) - 48(t+ 1)t% : 64(3t + 1)t3].

Accordmgly, let t € K be such that (3t +1)(#? —6t —3) # 0 and let ¢ € K be such that
— ¢*> =t?—6t — 3. Let C be the hyperelliptic curve defined by the affine plane model y? = P(2)Q(z),

o Where

1 P(z) = 4tz® +3(t +1)(t +3)2? + 12t(t + 1)z + 4¢(3t + 1),

= Q(x) =4(3t+1)2> +9(t +1)%2% +6(t + 1) (3t + 1)z + (3t +1)%

13

1, This is a curve defined by (3.2), such that [a: b: ¢| is the image of ¢ under the map (3.14). The

15 curve C admits a degree-3 covering ¢: C'— E, where E is the elliptic curve defined by

16 t2(t+1)(2t2 49t +3
li E:y* =2 +3t(t+1)2% — (—;2)—(6th +3)

S]]

- r+t3(3t+1),

E with j-invariant
19

: 27(t—3)3(t+1)>
20 (3.15) J(E)= ( 23( ) .
21

5, The curve C' admits an automorphism 7 of order two, defined over K(g), such that ¢pon: C'— E

s 18 complementary to ¢. One such automorphism is given by

2 () = (_ (3t+1)((t+ 1)z +3t+1) (3t+1)3¢3y )

25 42t + 1)z 4 (3t+1)(t+1)" (42t +1D)z+ Bt +1)(t+1))3

25

2— A K-rational complementary covering ¢: C' — E, where E is a twist of E, can be obtained
5 by composing with (z,y) — (z,qy). By Corollary 2.7, the curve C' also admits complementary
o degree-2 coverings to a pair of elliptic curves, say Eq and Fa, all defined over K (g). Furthermore,
o, the elliptic curves Ey and Ej are 3-isogenous to £ over K(q). Setting s = (3+¢+1t)/(3—q—1),
oS0 that t = —(s2—s+1)/(s+1) and ¢ = (s> +25—2)/(s+1), we have

2 J(By) = | 275%(95° +8)° i(By) = ~ 3(s—2)3(s* — 785 + 845 — 80)?
33 s3+1 (s+1)%(s2—s+1)

34 The j-invariant of E becomes

35 _ 2753(s3 —8)3

36 JE)=——"35 "3

. (s34+1)3
3 Tf 3(s2+25—2) is a square in K(s) then E is isomorphic over K(s) to the projective plane
¥ _ curve defined by the equation 22 + 33 + 23 + 3szyz = 0, while C' is isomorphic over K(s) to the

3 hyperelliptic curve defined by the affine plane model

40

E (3 16) 3(352 —4s —+ 2)y2 — (S + 1)41,6 o 3(684 o 5683 +84S2 79 —|—25)x4
N +9(9s* — 1253 + 65% 4+ 45 —5)22 — 9.
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1 The relevance of this fact will become apparent in §5, particularly Theorem 5.6. Note that
"> we have t? — 6t — 3 # 0 by assumption, which implies 524 2s—2 # 0. For s> +2s—2 =0, i.e.
3 for s = —1++/3, equation (3.16) defines a curve of genus two that is in the isomorphism class
T of the curve considered in Example 3.5, which admits two complementary coverings of degree

B 5 three that both have special ramification.

For )y there is a birational map P! --» Y1 over K(w), for example 3(t) = [p1(t) : p2(t) : p3(t)],

o

7 where

B p1(t) = —3w(t? —wt — 3w?) (12 — 6t — 3),
= (3.17) pa(t) = 48t2(t2+3wt W) (12— 6t — 3),
u p3(t) = 6413 (t% + 3t — 3)(t2 — 6t — 3)2.
2

2 For all t € K such that t(t? 4+ 3t —3)(t2 — 6t — 3) (1 + (w? — 1)t +3w?) # 0, a genus-2 curve C
2 defined by (3.2) with [a:b:c] = [p1(t) : p2(t) : p3(t)] admits complementary degree-3 coverings
% to a pair of isomorphic elliptic curves E; and Fs, all defined over K (w), such that

o3 3
“(318) () = () = AT

18 Computing the absolute invariants of C', we find that they are K-rational so if w ¢ K then C
19 might or might not admit a model over K (see [11, 25]). Note that (3.18) matches (3.15) and
20 that it is invariant under ¢ — —3/t. Moreover, 3(—3/t) is obtained from j(t) by replacing w
21 by w?, so any two curves that are respectively defined by 3(t) and 3(—3/t) are twists of each
22 other.

23 Ifi € K is such that 2 = —1 then we have a birational map P! --» ) over K (i), for example

s [—6H((2+30)2 — 6+ 93) 1 it (£2 + Ait + 3) (12 + 6t — 3)% : 42(3t% + 2t — 9) (12 + 6t — 3)7).

25

26 The corresponding genus-2 curve admits complementary degree-3 coverings of elliptic curves E;
27 and Ey whose j-invariant is j(E1) = j(Eq) = 1728(% — 6t — 3)3(t2+6t — 3) ~3. Similarly, replacing ¢
28 by —3/t corresponds to replacing i by —i.

20 Curves defined by the points of Vi do not have complementary coverings that are obtained
30 from one another by composing with an involution, except for the three points of intersection
31 with &;. Indeed, using Lemma 1.1, one can show that for [a:b: ] € Y1 (K)\ &1 (K) there are

32 no fractional linear transformations that send the roots of P(z) to the roots of Q(x) and vice

33 versa, with the exception of two isomorphism classes, namely those of the curves?

% Clzy2zx6+3x4—6x2—8,

o Ca: y? =820 — 204025 — 22442* — 584023 — 423022 — 4014z — 837.

37 Tt is easily verified that the involutions do not induce a complementary covering for both of
38 these exceptional cases.
39 Now let us suppose that char(K) = 3. Equating the j-invariants in (3.4), and assuming b # 0

%0 because the curve C' is not of genus two if b =0, we obtain equations that define the following
a1

42 21t char(K) = 19 then the second isomorphism class is that of Ca: y? = z° — 23 4 4.
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two curves of genus zero:
X1 ade—a?h? -3 =0,
Vi:a=0.
A birational map P! --» &7 is given by ¢+ [t :t:t+1]. We find that for every t € K such

that t(t+1) # 0, the model (3.2) with (a,b,c) = (t,t,t+1) defines a genus-2 curve that admits a
non-hyperelliptic involution given by

(t+1)z  (t+1)3y
(z,9) = ((x—t—l)’ (x—t—1)3>'

11 By applying a suitable isomorphism to this model, we obtain a twist of the genus-2 curve

= O y? =284 t(t+ 1)zt + 3t + 1)2% + 262,

-
[Blefe|~ofo]s]e]m]-

14 The curve C admits a degree-3 map to an elliptic curve E whose modular invariant is J(E) =13
15 A complementary degree-3 map can be obtained by pre-composing a given one with an involution
16 of C, given by (z,y) — (—z,%y). The curve C also admits a pair of complementary covering
17 maps of degree two to elliptic curves F; and Fa whose j-invariants are j(E1) =t and j(Ey) =t°.
18 There exist a separable 3-isogeny E — F; and an inseparable 3-isogeny E — Es.

19 The family defined by ) behaves differently in characteristic 3. One obvious map P! --» )
20 is given by ¢+ [0:¢:1]. Thus for every t € K\ {0} we have a genus-2 curve that is defined by
21 the affine plane model

% (3.19) C:y2 =28+ 225+ (B - 1)’ +1

22 and admits a pair of complementary coverings of degree three to the supersingular elliptic
2 curves Er: y? =23 +tx+1 and Ey: y? = 23—tz + 1, whose j-invariant is j(E;) = j(FEs) = 0.
26 The curve C' does not have additional involutions.

% Remark. For a generic pair of elliptic curves F; and Es over K, there are twelve pairwise
o distinct isomorphism classes of C' such that Jac(C') is (3,3)-isogenous to Fy x FEy. The exceptions
Lo e elliptic curves that are 2-isogenous or have a large automorphism group. If the two elliptic
|, curves are geometrically isomorphic then there are generically nine pairwise distinct isomorphism
o classes of such C, with the same exceptions. This is explained in §§4-5 of the paper (see
o Corollary 5.7). The analysis above gives insight into the reasons behind the three “missing”
" isomorphism classes — six of the twelve curves come as three pairs of twists.

£ 3.3.2. Families of complementary coverings of isogenous curves. In this subsection we describe
36 two additional families of curves of genus two that have a (3,3)-split Jacobian and additional
37 involutions. Using Lemma 1.1, we can impose on the variables a,b, ¢ the condition of existence of
38 a fractional linear transformation p(z) € K (z) of order two that permutes the roots of P(z)Q(x).
39 Since p(z) is an involution, we have pu(z) = (ux +v)/(wz —u) for some u,v,w € K such that
20 u?+vw # 0. The condition that y(z) permutes the roots of P(z)Q() is equivalent to P(z)Q(x)
a1 dividing Resy((wy —u)z — (uy +v), P(y)Q(y)). Imposing u? +vw # 0 and Discy(P(z)Q(z)) # 0
42 and eliminating the variables u,v,w from the resulting equations, we obtain an equation in a,b,c
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1 that defines a union of three curves of genus zero, with an exception that is explained further
> below. These three curves include Xi, defined by (3.12), and

2 (3.20) Xs: 403 + a?b° — 284202 — 18abc + 468abc® + 853 % — 2160¢* = 0,
4

~ (3.21) Ay 128a°¢% 4 32a°08¢ — 1280a°b°c® +11168a°b*¢® — 16a*b10 + 320a*b"

6 —10864a*b*c* + 3740400 bc® + 54a’b? ¢ + 24624a°0°c® — 781106a°6%c°

L +2092500ac” 4 81a?b't — 16535a268¢% + 443087ab° ¢t — 1503225420
8

o +2250ab'%¢ — 69300ab” ¢ + 274410ab*c® — 1215000abc” — 324b2

10 +169290°¢? — 33318705 ¢* + 3459375635 — 11390625¢% = 0.

11

., A birational map P!

--+ X5 is given by
13 (3.22) ts [—(t—4) (2 4+1) 20 +2)(#+1) - 2(2 +1)%.

M After applying a suitable isomorphism to the model (3.2) with [a: b: ¢] defined by (3.22), we

 obtain the following. If t € K is such that (2t —11)(t?+1) # 0 then the genus-2 curve given by
16

7 (3.23) C:y? =ab — (42 — 12t = 5)a* + (8t2 + 72t — 13)2* — (2t — 11)?

18

admits complementary covering maps of degree three to a pair of elliptic curves £ and FEs
19

whose modular invariants are
20

20 , 64(t%2 — 6t +4)3
21 J(Ey) = ( )

64(t2 + 114t +124)3
= 2t—11 '
22

3 Moreover, there exists a separable 5-isogeny Ej — E5 and the involution (z,y) — (—z,y) of C
-, induces complementary covering maps of degree two from C to the same pair of elliptic curves.
. For t =1 we obtain the curve y? = 2%+ 132* 4 6722 — 81, which is a twist of the curve from
26 Dxample 3.6.

>, The exception mentioned above occurs if char(/) = 5. In that case (3.20) defines a union of
,s two curves, one of which admits the parametrization given by (3.22), while the other is defined
2 by a =0, which can be parametrized by ¢+ [0:¢:1]. After applying a suitable isomorphism
3, to the corresponding model of C'; we obtain the following family of curves. Let t € K be such
5, that t34+3+#0. Then the hyperelliptic curve given by

32 (3.24) C:y? = a0+ 2% (3t + 1)a? — (13 4+ 3)2
= admits complementary covering maps, of degree two and of degree three, to elliptic curves F

34 . . .
. and Fo whose modular invariants are given by

36 , 3ttP _ 3t

; ](El)_t15+37 j(EZ)_t3+3'

g If t £ 0 then there exists a separable 5-isogeny F1 — Fo. If t =0 then £ and Fs are isomorphic to
39 the elliptic curve y? = 23 +1, which is supersingular. The isomorphism class of the corresponding
20 curve C: y? = 2%+ 1 is omitted by the family defined by (3.23) if char(K) = 5. All other curves
41 defined by (3.24) are isomorphic to a curve defined by (3.23) in characteristic 5. Indeed, if ¢ # 0
22 then (3.24) is isomorphic to the element of (3.23) defined by the parameter 2(t3 +2) /(3 + 3).
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1 A birational map P! — Ay is given by
= ts [—32t1 =813 4 20t 44t + 1 : 4t (412 + Tt 4+ 1) - 82 (4% 4 3t +1)].
3
4 After applying a suitable isomorphism to the corresponding model defined by (3.2), we obtain
5 the following family of curves. Let t € K be such that ¢(t? —1)(4t2 +3t+1) # 0. Then
o C:y?=((t+1)222—2) - (4ta®> = 1) - (t—1)a> =t —1)
7
s is a curve of genus two that admits complementary covering maps of degree three to 8-isogenous
o elliptic curves Ey and Fy whose modular invariants are given by
o . A(t* 4 6013 4 1342 + 60t 4 1)3 16(16t* — 16t2+1)3
i J(Er) = -

- t(t—1)8(t+1)2 ) = e T

13 The involution (z,y) — (—2,y) of C induces complementary covering maps C' — E; and C' — E
14 of degree two, where F; and FEy are elliptic curves whose modular invariants are

i .<~)_16(t4+14t2+1)3 ( )_256(t4—t2+1)3
o V= mg—ae+r s T T Ee— 02+ 0

E Furthermore, there exist 2-isogenies Fq — El, Ey — E27 and Ey — Fs.
19

20 4. Gluing two elliptic curves along the n-torsion

% In the previous section we started with a maximal covering C' — E7 of degree n and constructed
5 @ complementary curve Fy. In the remaining sections we adopt a different approach. We
— start with two elliptic curves F1, s and aim to construct a curve of genus two whose Jacobian
— is (n,n)-isogenous to E] x Fs via an isogeny whose kernel is prescribed. This approach can be
. found in [16]. We begin by recalling useful definitions and results.

- Let A be an abelian variety over K and let A\: A — AY be a polarization. Suppose that m € N
S5 Is coprime to char(K') and such that Ker(\) C A[m]. Let

29 em: Alm](K) x A [m](K) = pim,

30
o denote the Weil pairing. Then we can associate to A a skew-symmetric pairing

32 ex: Ker(A) x Ker(A) = pm,

33

5, that is defined for every pair (P,Q) of geometric points as e)(P, Q) = em(P,A(R)), where R is

5 such that [m]R = Q. This does not depend on R or m (see [26, §16]).

36 Lemma 4.1. Let p: A— B be an isogeny whose degree is coprime to char(K) and let \: A— A

37 be a polarization induced by a line bundle .. Then the following are equivalent:

. (1) There exists a line bundle .# on B such that £ = o*(#), inducing a polarization
% N:B— B,
4

—  (2) Ker(p) C Ker(\) and ey is trivial on Ker(p) x Ker(y).

a1
g Proof. See Proposition 16.8 in [26] or Theorem 2 and its Corollary in [27, §23]. O
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1 Corollary 4.2. Let ¢1: C' — Eq be a mazimal covering of an elliptic curve by a curve of genus
2 two, such that deg(¢1) =n is coprime to char(K). Let Es be a complementary elliptic curve
3 and let a: Ey[n] == Es[n] be the induced canonical isomorphism, as in Lemma 2.3. Then «
4 inverts the Weil pairing, i.e.

(4.1) en(P,Q) = en (a(P),a(Q)) "

for all P,Q € Eq[n](K).

5

Lemma 4.1 provides a criterion for deciding when a polarization descends through an isogeny.
In view of the lemma and its corollary, our starting data are two elliptic curves Fq, E2 and an
isomorphism «:: Fj[n] == Es[n] that is anti-symplectic with respect to the Weil pairing, which

—, s to say that « satisfies (4.1) for all P,Q € E1[n|(K), where n is coprime to char(K).
We assume that 7 x Fs is equipped with the usual principal polarization, given by the divisor

% @:E1X{02}+{01}XE2.

=
ol | | N[O

16 Let T'y C (Eq X F2)[n] be the graph of « and let ¢: Ey X B9 — (Fy X E2)/T'y be the canonical
17 map, which is clearly an isogeny. We denote the quotient (F1 x Es)/Ty by J.

% Lemma 4.3. The isogeny ¢: F1 X Fo — J induces a principal polarization on J, defined by an
o effective divisor C' € Div(J @ K) such that ¢*(C) is linearly equivalent to n©. If n is odd then
v there exists a unique such C' that is fived by [—1].

22 Proof. See [16, pp. 156-157]. 0
23

o It is a well known result of Weil (see [32, Satz 2| or [17, pp. 86-87]) that any principally
25 polarized abelian surface over K is either a Jacobian or a product of two elliptic curves (with
26 the usual polarizations). Therefore the question of whether or not J is a Jacobian reduces to
27 the question of whether or not the divisor C' is irreducible. The following two lemmas will prove
»g useful.

% Lemma 4.4. The divisor C is irreducible if and only if the divisor D = ¢*(C) is irreducible.
o If C is reducible then E1, Fa, and the two irreducible components of C' are isogenous.

g Proof. See Propositions 1.3 and 1.4 in [16]. O
33

5 Lemma 4.5. If a: Eq[n] == E3[n] is the restriction of an isogeny f: E1 — Eo of degree n—1
35 then C'is reducible.

. Proof. This is a special case of the general reducibility criterion for C', given in [21, §2]. O
37

g 5. Gluing two elliptic curves along the 3-torsion
E In this section we deal with the case n = 3, given two elliptic curves from the Hesse pencil. From
41 now on, unless specified otherwise, we assume that the field K is of characteristic char(K) ¢ {2,3}

g and that it contains a primitive third root of unity that we denote by w.
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5.1. Prerequisites. The one-dimensional family of curves given by
(5.1) Eq: 2%+ 93+ 2% + 3azyz =0,

1
3

3

"4 is called the Hesse pencill. Every a € K defines an elliptic curve E,, except if a® = —1. Throughout
5 this section, we assume that O = [—1:1:0] is the identity element so that the inversion morphism
E is given by [z :y: z] — [y: 2 : 2], the addition morphism is given by
7
8
9
0

([5'31 ‘YL Zl]v [952 ‘Y2 22]) — [y%$222 —ygfﬂlh : fﬂ%y222 —$§y121 : 2%95292 —nglyﬂ

and the duplication morphism is given by [z :y: 2] — [y(2® —23) : 2(23—93) : 2(y> —23)]. We
denote the set of elliptic curves in the Hesse pencil by H. The j-invariant of E, is
— 27a3 (a3 —8)3
2 (5.2) J(Ea) = ———=—3—
13 ¢ (a341)3
1 and j: H — Al is 12-to-1, except above j =0 and j = 1728. In fact, the elements of the set
2—a 2—a 2—a 5 2—aw
) ) w? w ) )
I+a 14+a 1+a 1+ aw

— S(a) = {a, aw, aw?

18 (5.3)

19 2—aw 2—aw 4 2—aw? 2—aw?® 2—aw? ,
— w? w Y Y w? w
20 l4aw " 1+aw " 1+aw? 14+aw?’ 14 aw?

21

5, define isomorphic elliptic curves; the isomorphisms Eq = Eq, and Eq = E_q)/(14q) are

53 Tespectively given by

2 [z y: 2] jwrwy: 2],

25

o [2:y: 2] wrtwy+zwirtwytz oyt

27 The 3-torsion subgroup of every elliptic curve in H is fully K-rational and given by xyz = 0.
28 Therefore the same nine points in P? are the 3-torsion points of every element of H and each of
29 the nine points can be given by homogeneous coordinates that are a permutation of {0,1, —w*},
30 where k € {0,1,2}. In fact, the Hesse pencil is exactly the family of all cubics passing through
31 these nine points.

32 There is a known converse in the form of the following lemma. We include a short direct

33 proof because we have not seen it in the literature.
34
35 Lemma 5.1. Fvery elliptic curve over K with fully K-rational 3-torsion is isomorphic to an

36 element of the Hesse pencil.

" Proof. Let E be an elliptic curve such that #F [3](K) =9 and suppose that it is given by the
g Weierstrafl equation

o F(x,y,2) = -2z + 23 +azxz? +b2° =0,

E where a,b € K and 4a® +27b% # 0. The Hessian of F(z,y,2) is given, up to multiplication by a
42 mon-zero constant, by the polynomial H (x,y,2) = 3zy? + 3ax?z +9bx2% — a®23. The intersection
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1 of FE and the curve defined by H(z,y,z) =0 consists of the nine inflection points of E, which
5 are all K-rational by assumption. Computing the intersection yields the division polynomial

2 (5.4) 32t 4 6ax? +12bx — a?,

which must split completely over K. Suppose that the (necessarily pairwise distinct) roots
of (5.4) are t1,t2,t3,t4 € K. Expanding 3(z —t1)(x —t2)(z —t3)(z — t4) and equating with (5.4)
gives

ty = —t] —to —ts, —2a =12 4 tyto + 13+ tt3 +totz +13,

4 = (tl + t2)(t1 +t3)(t2 —I—tg), CL2 = 3t1tlots (tl +io+ tg).

[ole]~T]o]a]s

10
E Eliminating a and b, and renaming the roots if necessary, we conclude that the point (¢1,t2,t3)
12 satisfies

13 12+ Wil + w3 — 2Pt ty — 2wty ts — 2oty = 0.

2 Tet S1,82,83,84 € K be such that the points of order three on E are given by [t; : +s; : 1].
= Replacing s; by —s; for various i € {1,2,3} if necessary, we may assume $182 +ws183 = w25253.
 Now let

w o (142w)ty + (1 +3w)te — (14 3w?)t3 . (14 2w)(t] —t3)

18 a t3 —to ’ N S1t+ws3 .

% We have t3 # —1 and

o 12

21 =" aut=-3t(t>—8), bub=—-2(t5+20t>-38).

” t1 +wto +w?ts

g Finally, the elliptic curve defined by the Weierstrafl equation
- 4B =348 — 8)a2? — 2(10 4+ 20% —8) 2% = 0
25

2 is isomorphic to the element of H defined by 23+ 3 + 23 + 3tzyz = 0 via the isomorphism
2 [2:y: 2] [3tr— (1+20)y+ 3t +4)2 : 3te+ (1+2w)y+3(t3+4)z : 6(x—3t%2)]. O

28

o Let S=[-1:0:1] and T'=[—w:1:0]. These two points generate F[3] for every elliptic
3 curve E € H. For every E € H we fix the group isomorphism p: E[3] = (Z/3Z)? that is defined

51 by p(S) = (1,0) and p(T") = (0,1). The Weil pairing on F[3] is completely determined by the
3 value e3(S,7) and one can easily find that e3(S,T") = w. For example, using the construction
33 in [31, Ch.III §8], one finds that e3(S,T) = g(P+T)/g(P), where

34 2z 4y + 22y
g= €

. TYz

36 _
—and P € E(K)\ E[3] is a point such that g(P) and g(P+1T') are both non-zero. It follows that

37
the Weil pairing on E[3] is given by

K(E)

38

30 e3(P,Q) = wdet(p(P),p(Q))

40

I and we interpret it as the determinant

2 det: (Z/3Z)* x (Z/3Z)* — Z/3Z.
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1 Since Aut((Z/3Z)?) = GL2(Z/3Z) is a group of order 48, every anti-symplectic isomorphism
2 B4[3] = E»[3] corresponds to one of the 24 elements of the coset [(1) (1)} SLo(Z/3Z). However,
3 since each isomorphism can be composed with [—1], we are left with twelve distinct cases,
4 meaning that there are generically twelve distinct isomorphism classes of principally polarized
5 abelian surfaces that can be obtained by gluing two elliptic curves along the 3-torsion.

6 Before we deal with the general case, we will consider an important example in which gluing
7 two elliptic curves along the 3-torsion does not result in a Jacobian.

8
~, Example 5.2. Let t € K be such that t(t3—1)(8t3+1) #0, let a = —(142t3)/(3t?), and let
o b=(01- 4t3)/(3t). Then the elliptic curves

1 Ey: 2+ + 22+ 3azyz =0,

12

. Ey: x3+y3+z3+3bxyz:0,

14 each have a K-rational point of order two. Indeed, the point T} = [t : ¢ : 1] lies on E;j and the
15 point Ty =[1:1:—2¢] lies on F2. The map f: £y — E», defined by
16

= [x:y:z] = [filz,y,2): fa(z,y,2) : fa(x,y,2)],

17

15 Wwhere

o fila,y,2) = a(=20%° — oy + 122® — yz + 20%22 4 127),
o fal,y,2) = y(=2622% — Pay + 12y* — w2z 4+ 2%z +12°),
2 fa(@,y,2) = tz(z+y+t2)(x+y—2tz),

23 is an isogeny whose kernel is the group of order two generated by T7. The kernel of the dual isogeny

24 fV: Ey — Fy is generated by Th. Restricting f to the 3-torsion, we obtain the isomorphism
® a: E1[3] = E5[3] that corresponds to [(1) 8} € GL2(Z/3Z). By Lemma 4.5, (E1 x Es) /Ty is
ot a Jacobian (with the induced polarization). In fact, it can be shown that it is isomorphic
7 to Ey x Eo as a principally polarized abelian surface, as follows. Let ¢ € End(F; x E3) be
®_ the endomorphism (P, Q) — ([3]P, f(P)—Q). It is readily seen that Ker(¢) =T'y. Let Dy be
2 the image of E1 x {Oa} under (P,Q) — (P, f(P))+ (T1,Ts), let Dy be the image of {Oy} x Es
* under (P,Q)— (—fY(Q), Q)+ (T1,Tz), let F; be the image of Fj x {Oz} under the translation
L (P.Q)— (P,Q)+(T1,Ts), and let Iy be the image of Dy under the involution (P,Q) +— (—P,Q).
2 Then the divisor Dy + Dy is linearly equivalent to 30 and it is the pull-back ¢*(Fy + F»). This
* s verified by direct computation (see also Theorem 5.6 and the discussion preceding it). Since
* Dy 2 Ey = F) and Do = Ey = F as elliptic curves, it follows that (£} x E2) /Ty = Ey X Ey as
% principally polarized abelian surfaces, by the Torelli theorem. We note that a and b satisfy

s (5.5) 3a%b? +a® + % — 3ab+2 =0,

% which is an equation describing a singular affine plane curve of genus zero.
39

20  We will now consider the isomorphism Ej[3] == E»[3] from Example 5.2 in full generality.
41 From now on, we fix o = [(1) 8] All of the constructions that follow are completely analogous
42 and yield identical results if one fixes —ca instead. Let Eq and E» be two elliptic curves in H,
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corresponding to parameters a and b, respectively. Let A and G respectively denote the images
of E1 x Ey and I'y, in P® under the Segre embedding

o: ([r1:y1: 21l (w21 g2 20]) = [T1@2 T 21y2 w122 1 y1T2 T Y1y T Y122 212 21yt 21 2]
The identity element of AisO4=[1:—1:0:—=1:1:0:0:0:0] and the inversion morphism [—1] 4
is given by
(56) [Xl :XQZ-‘-:Xg]f—) [X5:X4:X6:X2:X1:X32X82X7:X9].

Let © =0 (E1 x{02})+0({O1} x E3) and let D denote the effective divisor on A that is linearly
—_equivalent to 30, invariant under [—1]4, and invariant under the translations by the points
1 of G. Let ¢: A— J denote the isogeny with kernel G and let C' = (D). The divisor D can

™ be determined explicitly and it is this fact that will ultimately allow us to determine how C'

2 depends on the curves 4y and Fs.
13

ofw|~]ola|s]w|n]m

E 5.2. The computations. In this subsection we will go over the steps that lead to the Igusa—
15 Clebsch invariants, as well as an affine plane model, of a genus-2 curve whose Jacobian is
16 isomorphic to (B x E3)/T' as a principally polarized abelian surface, if such a curve exists.

17 The first step is computing the ideal I = I(A) that defines A as a variety in P®. This is a

18 relatively simple ideal computation and is omitted here.

19

o Lemma 5.3. Let W denote the union of the set of geometric points of order two on o(E; x {O2})

v and the set of geometric points of order two on o({O1} x F3). Then any hyperplane section

S, on A that is invariant under [—1]4 contains either W or its complement in A[2](K).

g Proof. The two eigenspaces of (5.6) are respectively generated by the sets

24 (5 7) Sl:{X1+X5,X2+X4,X3+X6,X7+X8,Xg},

25 (5.

o Sy ={X1— X5, Xo — Xy, X3 — X, X7— Xg}.

i By adding the corresponding linear forms from (5.7) to I, we find that A[2](K) consists of six
28 points that are in the zero locus of the ideal generated by S; (i.e. the points of W) and ten
20 points that are in the zero locus of the ideal generated by So (the remaining points). Since
30 every linear form that is an eigenvector for [~1]4 is a linear combination of the elements of

31 exactly one of these two sets, the claim follows. O

% Corollary 5.4. The quotient J = A/G is not a Jacobian if and only if D(K) contains exactly
L, one point from the set A2J(K)\W.

£ Proof. By the previously mentioned theorem of Weil, the divisor C' is either a curve of genus
36 two or a union of two elliptic curves that meet in a 2-torsion point. Since [—1]; induces an
37 involution ¢ on the irreducible components of C', we conclude that C (K) contains exactly six
38 points fixed by ¢ if and only if it is irreducible and that it contains exactly seven points fixed
30 by ¢ if and only if it is reducible. Since deg(¢) is odd, the restriction of ¢ to the 2-torsion is an
40 isomorphism and there is exactly one geometric point of (E; x E2)[2] above each point of C'(K)

41 that is fixed by ¢. Therefore D(K’) contains at most seven 2-torsion points. By Lemma 5.3, D(K)
42 contains at least the order-2 points of o(£q x {O2}) and 0({O1} x E3) and the claim follows. [J
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A fact crucial to our approach is that the translations by the points of A[3] are linear. In
fact, they can be extended to automorphisms of P8, which is a consequence of the fact that A is
embedded into P® via an embedding corresponding to L(30). This can also be shown directly,
using the addition formulas. In particular, the group of translations by the points of G is
generated by the following two automorphisms of P3:

[(X1:Xo:: Xo| = [X5: Xg: Xg: Xg: Xog: X7: Xo: X3: Xy,
[X1:X2:---:X9]l—>[X1:wXQ:w2X3:w2X4:X5:ngsz7:w2X8:X9].

From this we immediately determine that the nine effective divisors that are invariant under the
action of G and linearly equivalent to 3© are the hyperplane sections defined by the following
nine linear forms:

e =
S|l |W|INPHIOlOW| O |N|O | OG>  W|N |

L1 = X1+ X5+ Xo, Lo = w? X3 +wXy+ Xg,

Ly = wX1 +w? X5+ Xo, L7 = Xo+ X6+ X7,

L3 = w? X1 +wX;5 + Xo, Lg = wXo+w?Xg + X7,
- Ly = X3+ X4+ Xs, Lo =w?Xs+wXs+ X7.
Y Ls = wX3+w? Xy + Xg,

19 We note that the divisor D, that is invariant under [—1] 4, is defined by L; =0 and does not
20 contain O 4. Now we can compute the scheme that is the intersection of D and the nine points
2L of A[2](K) that are not 2-torsion points on o(Ey x {O2}) or 0({O1} x E3) and apply Corollary 5.4.
22 Dehomogenizing by setting Xo = 1, taking the corresponding ideal in the ring K[X7,..., Xs,a,b],

2 and eliminating the X; gives

24
= (58) 3a%b* +a® + 0> —3ab+2=0.

g Note that this matches (5.5). This yields the following result, which is a special case of Theorem 3
27 in [21] (cf. Proposition 2.2. and Corollary 2.3 in [16]).

% Proposition 5.5. The principally polarized abelian surface J = A/G is a product of two elliptic
L, Curves if and only if (5.8) holds, i.e. if and only if a: F1[3] = E3[3] is the restriction of
iy 2-1isogeny.

32 Proof. If a,b € K\ {—1,—w,—w?} are such that (5.8) holds then we are precisely in the situation
33 described in Example 5.2, with ¢ = (1 —ab)/(a®> +b), and we have J = Ey x Ey. Suppose
34 that the curves Ey and Eo are 2-isogenous over K and that the isogeny E1 — F» restricts
35 to a: E1[3] =% E[3]. The kernel of the isogeny is generated by a K-rational point of order
36 two. As [—1] is defined on the elements of H by [z :y:z]— [y:x: 2], such a point is of
37 the form [t:¢: 1], where ¢ is a root of p(z) = 223+ 3az? +1 € K[z]. Since p(t) =0, we
38 have p(z) = (z —t)(222 + (3a+2t)z + 2t* + 3at), whence a = —(2t3+1)/(3t?). Since « is the
39 restriction of the 2-isogeny, we must have b = (1—4¢3)/(3t), as in Example 5.2. This is because
40 all other possible values of b are obtained by post-composing the 2-isogeny from the example
41 with an isomorphism to another element of H, which results in a 2-isogeny that does not restrict
42 to a. Thus we have shown that (5.8) holds if and only if « is the restriction of a 2-isogeny. By
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1 the argument in Example 5.2, we have that (5.8) implies that C' is reducible, so that .J is not a
» Jacobian. On the other hand, Corollary 5.4 and the discussion that follows it show that if C' is

3 reducible then C' and D both contain seven points of order two, which implies (5.8). O
* Equation (5.8) can be thought of as the analogue of ®2(j(F1),j(E2)) =0 that is specific to
2 our choice of . Here @5 denotes the classical modular polynomial

% Do(X,V) = X3 4+V3 - X2V 2 +1488(X%Y 4+ XY?) — 162000( X% +Y?)

E +40773375XY + 8748000000(X +Y') — 157464000000000.

9

" The abelian surface J can be found explicitly, in principle, as the quotient of the variety A
o under the group action of G, where G acts by point translation (see Lecture 10 in [19] for
o example). Since ¢* is injective and dimg (L(nC)) = n? for every n € N, we have that the
e subspace L(nD)% = p*(L(nC)) of G-invariants of L(nD) is of dimension n? for every n € N. In
— particular, since .Z(3C') is very ample, by finding nine linearly independent G-invariant elements
. of L(3D), we can obtain ¢ as a map to P8. We can take the nine G-invariant forms L3 for this
o purpose. Unsurprisingly, explicitly computing ¢(A) is not feasible.
—  Let us assume that 3a2b? 4+ a3 +b3 —3ab+2 # 0 so that C is irreducible. It follows that
§ the global sections of .#(2C') define the canonical map x: J — J/[—1], where J/[—1] is a
o Kummer surface in P? (see Proposition 4.23 in [17]). Therefore the four-dimensional G-invariant
. subspace L(2D)% € L(2D) defines the composition 1) = k o ¢. We have that (D) is a conic in P>
v and that the image under ¥ of the 2-torsion points that lie on D consists of six pairwise distinct
— (geometric) points on ¢ (D) that are the branch locus of the canonical 2-to-1 map C' — (D).
ol By finding a K-rational point on the conic 1/(D), we obtain an isomorphism (D) <~ P!, The
» =~ image in P! of the six branch points gives us a sextic that defines a plane model of a hyperelliptic
— curve that is in the isomorphism class of C. We can directly compute the absolute invariants

g from this model. We may take the following four G-invariant forms to define v:

p— Xo X4+ X3 X7+ XXg, XoX3+ XyXg+ X7X5,

2 (5.9) T,
28 X2X8—|—X3X6—|—X4X7, X1—|—X5—|—X9.

a An alternative approach is to compute the curve C' = (D) directly, compute the canonical
— divisor K¢, and then find the image in P! of the six points of J[2](K) that lie on C, under the
— canonical map defined by L(K¢). However, this method is significantly less efficient.

32

o We make an important observation. The absolute invariants of C', as functions of the
v parameters a and b, will have certain symmetries. For example, the abelian surface Fq x Ey is
o isomorphic to Fy x Eq and the isomorphism, which is just a permutation of the homogeneous
{ coordinates, leaves G intact so that (£} x E2)/T', and (Es x E7)/T', give the same absolute
~— invariants. Similarly, the same invariants are obtained if one starts with a pair (E7, Eo) € H?

; defined by parameters (aw,bw?) or (aw?,bw).

39 Remark. Recall that each isomorphism class of elliptic curves has twelve representatives in H,
40 with the exception of the isomorphism classes defined by j-invariants 0 and 1728. It is a natural
41 question to ask which of the corresponding 144 isomorphic pairs (FE1, E2) € H? result in the
42 same isomorphism class of the principally polarized abelian surface (£ x E3)/I'y. It turns out
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1 that the pairs are partitioned into twelve sets of twelve pairs such that in each set all pairs
5 give the same isomorphism class. After taking automorphisms into account, there are twelve
"3 choices for a: E1[3] = E5[3]. All twelve choices can be reduced to the case we are considering
4 by replacing E; and Fj by different elements of #H in their respective isomorphism classes. In
5 fact, given two curves Eq, Fy € H, all isomorphism classes of (E; x E2)/T, that can be obtained
6 by varying a can also be obtained by fixing o and E; and varying Fs in its isomorphism class
7 (or fixing @ and Fs and varying FEj in its isomorphism class). This is made concrete in the
s Appendix. Our choice of « is motivated by the simplicity of the equation (5.8) and the equations
9 defining the divisor D, both avoiding unnecessary primitive third roots of unity.

19 To obtain the absolute invariants of C' as functions of (a,b), the first thing we do is make several

I degree estimates. For example, we can take a and b to be two large integers of comparable height,
2 such as two large consecutive primes. We can also take a to be a large integer and b € {0,1}.
13 This gives us estimates for the degrees of particular monomials that appear in the invariants.
1 Next we notice that the discriminant .J1g, that appears in the denominators, is going to be zero
5 for choices of (a,b) that either do not define a pair of elliptic curves or do not define a quotient .J
1% that is a Jacobian. By factoring the invariants obtained for various choices of a,b € Z and
" combining this information with the degree estimates, we conclude that, up to multiplication by

18 the fifth power of a non-zero constant, Jio equals
19

2 (5.10) 9(a® + 1) (0% + 1) (3a** + a® +-b> — 3ab+2)'2.

21 To obtain the numerators, we use interpolation. We compute the absolute invariants of C'
22 for many choices of (a,b) and multiply them in each case by (5.10). We conclude from the
23 aforementioned symmetries that the numerators are also linear combinations of monomials a"b"
24 such that m =n (mod 3). This significantly reduces the number of non-zero coefficients and
2> makes the computation reasonably fast. Using the bounds we obtained on the degrees and the
26 coefficients, we interpolate over finite fields F, for a suitable set of primes p and then lift the
27 results using the Chinese remainder theorem. The Igusa—Clebsch invariants are then obtained
2% from the Igusa invariants using the formulas in [25].

29 It takes a bit more effort to determine a plane model for C'. Directly computing C' = ¢(D), a
30 curve in P8, in terms of variables a and b seems infeasible in general (but can be done for concrete
31 values of @ and b). However, one can find a suitable automorphism of P® and a projection to P3,
32 such that the composition ¢: P® — P3 is defined over the prime field of characteristic char(K)
33 and does not depend on a and b, and such that C' = @(D) is the intersection of a cubic and a
3% quadric. More concretely, there is a model of C' given by

35
o ~. F(‘rlax27$3) :0
36 (5.11) C: { Clor oy ) = 22,

37
g where deg(F) =3 and deg(G) = 2 and x1,79,73,74 are homogeneous coordinates in P3. The
39 hyperelliptic involution ¢ on C is defined by x4 — —z4. This model is simple enough to be
40 determined in terms of a and b by the same method as the invariants. A plane model of C' can
41 then be obtained from the model in P3 relatively easily, as follows. Let Y = x4, let Z be a linear
42 form in x1,29,x3 that defines the hyperplane section divisor on C that is of the form 3P+ 3¢(P)
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1 for some P € C(K), and let X be a linear form in x1, 29,3 that defines a hyperplane section
5 divisor on C' that is of the form 2P+ 2.(P) +Q +¢(Q) for some Q € C(K)\ {P,+(P)}. Coefficients
3 of Z can be determined (up to multiplication by a non-zero scalar) by substituting Z = 0 into the
4 first equation of (5.11) and equating the discriminants of the resulting cubic and its derivative
5 with zero, thus ensuring that the cubic has a triple root. To find a suitable linear form X, we can
compute the equations defining the divisor P+ ¢(P), which amounts to computing the reduced
subscheme of the intersection of Z =0 and C, and take for X a linear combination of the two
equations that are linear. If we set © = X/Z and y =Y/Z then the image of C under the map
[x1: 29 : 23 : 14] — (2,y) is an affine plane curve of the form 32g(x)? = f(z) with deg(f) =6
and deg(g) < 1. If deg(g) =0, we have a Weierstral equation for C. Otherwise, a Weierstra8
1 equation can be obtained by computing the image of the said curve under (z,y) — (g(x), g(z)y).

12 The image of the composition Ej x Ey = J - J/[—1] defined by the quadratic forms
13 in (5.9) can also be computed using similar methods. This yields the Kummer surface of J as a
14 quartic in P3. We omit the equation here, but it can be found in [14].

15 If 3620+ a4+ b3 —3ab+2 =0, so that D is reducible, we can compute ¢(D) directly, working
16 over the field K (t) and setting a = — (14 2t3)/(3t?) and b= (1 —4t3)/(3t), as in Example 5.2.
17 We find that ©(D) is a union of two elliptic curves in P® that are respectively isomorphic to £}
18 and Es and meet transversally at a point of order two. This implies that the principally polarized
19 abelian surfaces E; x Fy and (E1 x E9) /Ty, are isomorphic, as stated already in Example 5.2.
20  We summarize our results in the following theorem.

21 —
5, Theorem 5.6. Let K be a field of characteristic char(K) ¢ {2,3} and let w € K be a primitive

. third root of unity, not necessarily in K. Let a,b € K be such that (a®+1)(b3+1) #0 and let E,

. and Ey be the elliptic curves given by the models

25 Eu: 34+ + 28 +3azyz =0, Ep: 2 +y3+ 23+ 3bayz =0,

26

S~ with the identity element O =[=1:1:0]. Let A(a,b) denote the principally polarized abelian

S5 Surface Eq x Ey, with the polarization defined by the divisor © = Eq x {O} +{0} x Ej.
Sy Leta: E.[3] == Ep[3] be the isomorphism defined by

30 [<1:0:1]=[-1:0:1], [~w:1:0]— [-w?:1:0],

31

o let T, denote its graph, and let J (a,b) denote the principally polarized abelian surface A(a,b)/Tq,
o with the induced polarization. If 3a2b? + a3+ b3 — 3ab+2 = 0 then J (a,b) is isomorphic to A(a,b)
" and Eq and Ey are 2-isogenous. Otherwise, J(a,b) is isomorphic to the Jacobian of a curve C

v of genus two whose Iqusa—Clebsch invariants are as follows:

=
ol | | N[O | O,

=

3% Io = 72(9a%0° — 30(a"b* + a*b") — 88a°V° + a®b? + a?b® + 54(a®b? + a*1%) 4 65a*b?
% —32(a"b+ab") — 104(a’b% + a?b°) +40(a® + b°%) + 444363 + 100(a*b + ab®)
3 — 68a*b? +16(a” +b*) + 112ab — 20),

40

0 Iy = 36(3a20* + o + b® — 3ab + 2)* (9ab? 4 240403 + 8(a*b + ab*) 4 240a2b>

42 +160(a® + %) +256ab + 320),
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1 I = 72(3a20* + a® + b% — 3ab +2)* (72940 — 3402(a'b® 4 a®p™)
2 + 3045607 + 81(a'265 + a®'2) — 70794(a'%87 + a7b'%) — 201555455
% —2160(a''b +a’b') +60(a'?b? 4 a3b'?) + 106560(a”b° 4 a5b?)

5 — 148932470 — 121608(a'°0* + a*d'?) 4-480(a''v? + a?b'?)

o — 358740(a®b° + a®b®) — 8(a'? +b'?) + 156928(a”b> + a3b?)

% +336444a5b° — 50160(a'%b + ab'®) + 81072(a"b* + o)

B — 462096a°b° — 167112(a%b* + a*b®) + 84224 (a” +1%)

= +455568(a°b 4 a3b%) + 761040a*b* + 181152(a"b+ ab”)

2 —93600(a’b® + a%b°) + 219552(ab + b°) 4 383424403

B +564480(a’b + ab*) + 88512a%b? + 74624(a® 4 b*) + 314112ab — 55040),
14

15 Io = 36864(a® +1)(b° + 1) (3a0% + a® + b — 3ab+2)'2.

— Moreover, the K-isomorphism class of C' is determined by the following:
(1) If a®+ b2 +3ab—1#0 then an affine plane model of C is given by

19 —3dy? = (deya® + c2(a,b)x? + des(a,b)x + d*) (d*a® + deg (b, a)z® + ca (b, a)x + dey),
g where
2 d =3a*b* +a® +b> — 3ab+ 2, ca(a,b) = 9(1 —ab)(a® +b)(2b* — a®b+ 3ab® + 3a> + 1),

= c1 = —3a%b* — 4a® — 403 — 6ab+ 1, ¢3(a,b) = 3(—b* +2a3b — 3a® — 2b).

» (2) Ifa=b=1/2 then C has a model given by y*> = (323 + 622+ 32 +4) (323 — 622 + 32 —4) and
2% if {a,b} = {w/2,w?/2} then C has a model given by y? = x5+ 62* — 3922 +48. These two
27 curves are isomorphic over K(w), but not over K if w ¢ K.

% (3) Ifa+b=1 and a,b+#1/2 then C has a model y*> = A(z)B(x), where

2 Alz) = (a®> —a+1)%23 —6(a—1)(a® + 1)a? +3(a—2)(4a® —a —2)z — 6(a® + 2a — 2),

o B(z) = (a*> —a+1)?2> —6a(a—2)(a®> —a+1)2® —3(a+1)(4a® — Ta+ 1)z — 6(a® —4a+1).
32 (4) If aw+bw? =1 and (a,b) # (w?/2,w/2) then C has a model y?> = A(x)B(x), where

— Az) = 23 — 6w(a® —w)a? 4 3w(4a® — 9w?a® + 4)x — 6w(a® 4 2aw* — 2w) (a+1)(a +w),

35 B(x) = 2 — 6a(aw — 2)2* — 3w(4a® — 3a%w? — 6aw + 1)z — 6w(a+1)(a +w)(a® — 4aw? +w).
— Replacing w by w? gives a model of C' if, instead, aw?®+bw =1 and (a,b) # (w/2,w?/2). O

38 Theorem 5.6 allows us to freely choose elliptic curves F7 and Fs and determine the curves C
39 of genus two whose Jacobian can be obtained by gluing F1 and Fj along the 3-torsion, and do
40 so without computing any Grébner bases, making assumptions about the ramification behaviour
41 of the corresponding covering maps C' — E;, or making assumptions regarding existence of
42 isogenies between F7 and E3. The downside is that we do not necessarily obtain an affine
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1 plane model of C' over the smallest possible field. However, if the field K is perfect then it is
5 possible to obtain such a model from the Igusa invariants, or from the Igusa—Clebsch invariants
3 if char(K) #5 (see [11, 25]). If K is a number field then the work of Bruin, Sijsling, and
"4 Zotine [10] allows one to verify numerically over C that a curve C' as in Theorem 5.6 indeed has
5 a (3,3)-split Jacobian. The theorem also makes it possible to determine the equation satisfied
6 by the Igusa—Clebsch invariants of curves of genus two with a (3,3)-split Jacobian (see [14]).

7 The following corollary to the theorem gives additional context to the families of curves
g discussed in §3.3.1.

9 Corollary 5.7. There are generically nine unique isomorphism classes of Jacobians, as princi-
19 pally polarized abelian surfaces, that can be obtained by gluing along the 3-torsion two elliptic
1 curves that are geometrically isomorphic.

% Proof. With notation as in Theorem 5.6, suppose that j(E,) = j(Ep). Then b is an element
L, of the set & (a), defined by (5.3). Computing for all b € S(a) the Igusa—Clebsch invariants of
= the curve C' whose Jacobian is obtained by gluing F, and FEj, we find that there are nine
— unique isomorphism classes of such C'. In fact, we have the following isomorphisms of principally
o polarized abelian surfaces:

o — ~ — — 2\ ~v —aw? — 2\ ~v —aw?
18 j(a? %w) = j(a7 ?+Z$)’ j(av %w ): j(a’ ?4_332% j(aa %+Z$w ): j(a? ?_FZZ)Q ) O]

Y Remark. Setting a =b=s in Theorem 5.6 results in a curve C' that is isomorphic to (3.16). We
2 also note that the three pairs of isomorphic principally polarized abelian surfaces in Corollary 5.7

2L are Jacobians of curves defined by V) in §3.3.1.
22

23
g Example 5.8. Let a = b= 0 so that £y = E5 = E, where E is the curve 23 + 3 + 23 = 0. Note
25 that j(E) =0. By Theorem 5.6 we have that (£ x E)/I', = Jac(C'), where C' is a genus-2 curve
26 with Igusa—Clebsch invariants [—90 : 720 : —15480 : 144]. These are easily verified to be the

27 invariants of the curve C': y? = (2% 41)(42® 4+ 1) from Example 3.2.

We conclude this section by revisiting some of the examples from §3.

* Example 5.9. By (5.2) there are exactly four elliptic curves F € H with j(E) = 0. Computing

? the Igusa—Clebsch invariants using Theorem 5.6, we conclude that, up to K-isomorphism, there

3 are precisely two distinct ways of gluing two such curves along the 3-torsion, unless char(K) = 5.

31 The curves defined by a =0 and b = 2 yield [12006 : 2250000 : 10139625000 : 316406250000], which

* are the invariants of C': y? = (2% + 622 4 122 4 10) (1023 + 3622 + 60z + 25) from Example 3.3.

33
u Example 5.10. Let a = -1+ /3. If we set b = a then these parameters define F1 = Fo=FE € H
3 With j(£) = 1728 and Theorem 5.6 implies that (£ x E)/T, is principally polarized by a curve

3 of genus two whose Igusa—Clebsch invariants are [774: 9648 : 2763360 : 27648]. These are easily

5, verified to be the invariants of the curve C': y* = z(2% 4 1)(42? + 3) from Example 3.5. If we

35 instead set b= aw™!, we obtain the remaining two isomorphism classes of curves C' of genus two

2 Whose Jacobian is (3,3)-isogenous to E1 x Ey with j(F1) = j(E2) = 1728, unless char(K) =7, in

2o Which case there is only one additional such isomorphism class. The corresponding degree-3
coverings are both generic and the Igusa—Clebsch invariants of C' are

41

w2 [762+822wrt 1 20064 + 3060wE! : —5121464 — 3754864w™! : —2456032 4 1243024w™ ).
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Example 5.11. Let C be the genus-2 curve from Example 3.6, defined by
y? = w(22% + 424 3) (327 + 4z +2).

Then C has Igusa—Clebsch invariants [86 : 13456 : 471968 : 6718464]. As we have seen, Jac(C)
is (3,3)-isogenous to some F; X Fo. We can use Theorem 5.6 to determine the j-invariants of
the elliptic curves Eq and FEja, as follows. Consider the ideal of K[\, a,b,j1,j2] generated by the
equations arising from the following:

(1) the Igusa—Clebsch invariants of C' equal the expressions from Theorem 5.6, up to

multiplication by appropriate powers of A # 0;

(2) the j-invariant j; = j(E) equals j(E,), given by the expression (5.2);

1 (3) the j-invariant jo = j(F2) equals j(Ep), given by the corresponding expression in b.

-
[Blefe]~ofo]s]w]n]-

=

E Eliminating the variables a,b, A from the ideal leaves two equations, namely

13 o 873302912 = 55918260224 .. 873302912

i Rt sooag 2T mziaar 0 TR g =0

15 whence we conclude that {j(E1), j(F2)} = {64/9, —873722816/59049}. After choosing suitable
10 curves Ey,Fy € H that are twists of the elliptic curves from Example 3.6, verifying that the

17 5-isogeny E1 — Eo induces the isomorphism «a: E1[3] =% E»[3] is straightforward.
18

19 A. Appendix

20
51 In §5 we fixed generators S=[—1:0:1] and T'=[—w : 1: 0] of the 3-torsion subgroup for all

5, curves B, € H and we analyzed the gluing of a pair of elliptic curves E,, Ej, € H along the 3-torsion
5, via the isomorphism a: Fg[3] == Ep[3] defined by a(S) = S and «(T") = =T, identified with the
24 element [(1] 8] € GLo(Z/3Z). If &: E4[3] = Ep[3] is some other anti-symplectic isomorphism
25 then gluing the curves E, and Ej via & can be accomplished by composing with an elliptic curve
26 isomorphism 7: Ej = Ej such that nod: E,[3] = E;[3] equals a or [—1] o a. The following
27 table indicates which parameter b € S(b) corresponds to which isomorphism &: E,4[3] = E3[3],
g such that (E, x E})/T's = (£, x Ej) /Ty as principally polarized abelian surfaces:

29

30 10 11 21 01 21 11 01 20 12 01 11 10
; 02 02 01 10 10 10 11 11 11 12 21 12
o 2 2-b | 2—b 2-b, 2 | 2=bw | 2—bw 2—bw, 2 | 2—bw? | 2—bw? 2—bw? 2
2 b bw | bw 156 | 106 | T | Tbw | 170w | TH0w® | T50w? | 10002% | THbe2%

33

34 The corresponding isomorphisms Ej - Ej can be deduced easily from the two isomorphisms
35 given in §5.1. Every abelian surface obtained by gluing along the 3-torsion two elements of H
30 that are respectively isomorphic to E, and Ej, is isomorphic to one of the twelve principally
" polarized abelian surfaces (Eq X E;)/I's. In particular, we have isomorphisms

38
o (A1) (Eo X Ep) [T = (Baw X Ep2) [Ta = (E—a)/(14a) X E—b)/0+b)/Ta

E Isomorphisms between (E, x Ep)/T'y and the remaining nine abelian surfaces can be easily
41 obtained by composition. We make (A.1) explicit in the generic case. Suppose that a,b € K are
22 such that (3a%b? 4 a3 + b3 — 3ab+2) (a3 + b3 + 3ab— 1) # 0 and let C(a,b) denote the hyperelliptic
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1 curve defined in statement (1) of Theorem 5.6. Then an isomorphism C(a,b) = C(aw,bw?) is
> given by (z,y) — (wx,y), while an isomorphism C(a,b) = C((2—a)/(1+a), (2—0)/(1+D)) is

3 given by

: (z,9) = (‘Z;af;?bfac)i’ (dx+;];léb,a))3> ’

6 where

T p(a,b) = 3a3b—a® — b® + 3ab® — 3a* — 3ab—3b+ 1,

% q="T729(142w)(ab—1)3(a®> +b* —ab+a+b+1)3(a+1)°(b+1)°,
10 d =300 +a®+b* — 3ab+ 2.

=
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