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)
9 ABSTRACT. The Szeg6 limit theorem by Fedele and Gebert for matrices of the type identity minus
H Hankel matrix is proved for the special case 1 — %HN,a where Hy q is the N x N-Hilbert matrix, ot > L
— and 8 € C. The proof uses operator theoretic tools and a reduction to the classical Kac—Akhiezer theorem
" for the Carleman operator. Thereby, the validity of the theorem for this special Hankel matrix can be
12 extended from |B| < 1to B € C\]1,eo[. The bound on the correction term is improved to O(1) instead of
13 o(In(N)) for B € C\ [1,00[. The limit case 8 = 1 is derived directly from the asymptotics for general f3.
14
15 1. Introduction

© The Hilbert matrix appeared recently in the investigation of several problems such as Anderson’s
e orthogonality catastrophe for Fermi gases [3], [7] and the spectral statistics of random matrices [4]. In
— particular, all those problems led to some sort of Szeg6 limit theorem for determinants. Subsequently,
0 Fedele and Gebert [2] proved a Szegd limit theorem for det(1 — %HN) with a general N X N Hankel
5, matrix Hy and a parameter € C, || < L.

,,  Here, we give an alternative proof for the special case when Hy is the Hilbert matrix. The proof uses
o Operator theoretic methods. A key ingredient is Wouk’s integral formula (3) for the operator logarithm
—— instead of the usual Taylor series. Thereby, the restriction |B| < 1 can be replaced by the much weaker
55 B ¢ [1,e0[ and the correction term is improved to O(1) instead of o(In(N)) as in [2]. The limit case
o B = 1is directly deduced from the asymptotics for general 3’s by use of a simple product formula, see
— (6), which eventually is a consequence of the third binomial formula.

27
s To be more precise, we consider the general Hilbert matrix

oo 1

» a=(—12)  Nenaso
30 ’ Jtk+o/ jk=0,. N-1

1 and obtain a Szeg® limit theorem for det(1 — %HMO‘) with o > 1. The case 0 < & < 1 is not treated

%2 herein since it would cause additional technical difficulties. The first main result of the paper is the
33 following, see Theorem 4.5.

34
,s Theorem 1.1. Let N €N, ot > 3 and B € C\ [1,o0[. Then, the Hilbert matrix Hy ¢ satisfies

36 1

il det(1 — ECHN’(X) = exp[iln(N)y(ﬁ) +O(1)]as N — o0
37

38 with the coefficient

ag 1 1

39 2

el = — |arcosh(— -.

° Y(B) = larcosh(~B)*+ 5

41 2020 Mathematics Subject Classification. 4TB35, 15A15.
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Here, arcosh is the principal branch on the cut plane C\ |—co, —1].

Note that y(f) is given in a different but equivalent form in [2], see (38).

The special determinant in Theorem 1.1 appeared in the study of the free Fermi gas in a magnetic
* field [7]. The transition probability between the ground states of a system of N free fermions in an
° interval of length L with and without a magnetic field is given by a certain N x N determinant Zy ;. In
°_ the so-called thermodynamic limit, N,L — oo with the particle density N/L = p > 0 kept fixed, this

7 . .
— determinant satisfies

% In(Zn 1) = In(det(1 — BKy)) + O(1).

10 The N x N matrix Ky is explicitly given [7, p. 12] and does not depend on the magnetic field, which
;; enters only through the parameter . In order to determine the asymptotics of Zy 1 we, thus, would
1> have to prove a Szeg0 limit theorem related to Ky which is somewhat tricky due to the complicated
13 structure of Ky. However, the asymptotically dominant part turns out to be given by the Hilbert matrix
12 Hn.o with o0 = % (there is a slightly different notation in [7] concerning &). The O(1) term in the
15 asymptotic formula for Zy 1 is due to so-called finite size effects caused by the electrons having been
16 confined to an interval of finite length. The precise nature of these finite size effects is of physical
17 interest in its own right. Therefore, it is desirable that the correction terms in the Szegd limit theorems
1 are as small as possible, ideally O(1).

19 The proof of Theorem 1.1 consists of two parts. In the first part, we relate the determinant of the
oo Hilbert matrix Hy ¢ to the Fredholm determinant of an integral operator Gy o on a Hilbert space,
>; Lemma 3.1,

22 det(1 — gHNﬂ) =det(1 — ﬁGN,a)-

1
2
3

23
r The idea here is, essentially, to write the matrix entries of Hy ¢ as Laplace transforms

1 o ;
2 — :/ e_(1+a)xdx, j€eNp, a>0.
26 Jjta
27 'We then show, Proposition 3.5, that
28
29 det(]l — EGN,a) = det(]l — EP[Q7N+Q]KP[Q7N+Q])AN(I3).

a1 -, Here P, ; denotes the orthogonal projection corresponding to the characteristic function |, ) of the

., interval [a,b] and K is the Carleman operator

Ko)w) = [ —~o0)dy

35 The so-called perturbation determinant Ay (f3), cf. (9), can be shown to satisfy

36

p In(An(B)) = O(1) as N — oo.

95 Here is where Wouk’s integral formula (3) is used, see (10).

39 In the second part, we transform the Carleman operator K unitarily to a convolution operator K,
40 Lemma 4.2. Since the projection P[ N+ has to be transformed accordingly N becomes ng (N).
41 Finally, we apply a general version of the classical Kac—Akhiezer theorem, Proposition 4.1, to Ko

42 thereby completing the proof.
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If we had used the Taylor series of the logarithm as in [2] we would have to work with

In(det(1 - iHNﬂ)) _ i ig;tr(Hl’\‘w).

However, the infinite series restricts the result to those B for which the series converges, namely

1Bl < 1.

The second main result concerns the limit case B = 1, see Theorem 5.8.

[~lo|ofs]e]r]~

® Theorem 1.2. Let o > % Then,
9

0 1 1

10 ln(det(]l—EHNﬂ)) = Eln(N)y(l)—i—o(ln(N)) as N — oo
11

12 with y(1) = —3.

13

12« Thekey idea of the proof is to write, Lemma 2.1,

15 1 °° 1 m

— _— = det(1+ (=Hy ¢)?

6 det( — %HN,(X) ng) ( (71' Nﬂ) )

17
;s and use, at least formally, the asymptotics of each factor from Corollary 4.6. The corollary itself

;o follows easily from Theorem 4.5 with the aid of the roots of unity. This idea can be made rigorous
oo yielding, however, only a lower bound for the desired asymptotics, Proposition 5.8. Fortunately, since
o1 HN,a 1s a non-negative operator an upper bound, Proposition 5.1, follows immediately from

- 1 B
o det(1— _Hy,q) < det(1——Hya), p <1,

24 and Theorem 4.5.
25 The limit case f = 1 was (for a special @) also treated in [4, Thm. 1.4]. The method used therein

26 relied on the explicit diagonalization of the infinite Hilbert matrix.
27

28 2. Determinants

29
0 For a trace class operator A : .77 — ¢ on a separable Hilbert space .7#’ one can define the Fredholm

31 determinant det(1 —A). One way to do this is via the trace
2 (1) In(det(1 —A)) =tr[ln(1 —A)]

33
s+ With the principal branch of the logarithm

35 1
3E(Z) ln(l—z):—z/o

%" The operator logarithm on the right-hand side is given by Wouk’s integral formula [15]
38

— 1
2 (3) ln(]l—A):—/ A(1—rA) " dr
40 0
41 which is valid whenever the spectrum o (A) of A satisfies 6(A) N [1,eo[ = 0. For alternative definitions
42 and further properties see e.g. [13, XIII]. Standard estimates for trace class operators A,B : & —

1
1—r7

7€ C\[1,00.
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1 are (see [13, Lemma 4, p. 323])

2@ |det(1—A)| < el4lh

3

P®) |det(1 —A)—det(1—B)| < ||[A—B|: exp[HAHl +||Blli + 1}.

5 Another estimate, which is of special importance herein (see Section 5), is based upon the infinite
6 product

7

8 (6) H1+x ,XxER, x| <1,

9

10 more precisely on the version for determinant.
11
1> Lemma 2.1. Let A: 7 — J be a trace class operator with ||A|| < 1. Then,

13 I

=7 B
s (D det(1 = A)
15
16 Where the infinite product converges absolutely. Furthermore,

= [ det(1+4*")
m=0

i 1 M m > m

18 (8) m < Hdet(]]. +A2 )CXP|: Z HAZ H1:|, MGNO
E m=0 m=M+1

23 Proof. We start off from the analogon of (6)

3 : e sea

22 = m det(1+A~), MeN.

- det(1—A)  det(1—A2")

ZZ By (4), (5), and Holder’s inequality for the trace norm
25

% ]Hdet (1+47") ‘< [T (1 41"l

27 m=0

2E and

= [det(n =A%) — 1] < A" Al exp 47" Al +1].

5; Using the assumption [|A| < 1 we deduce

% ' im RN, | H det(144%") ﬁ det(1+A%").
il det(1 —A) M—eodet(1 —A2") o

34
35 This is (7). Finally, write

% 1 M T om
37 ——— = []det(1+A47") det(1+A°)
s det(]l _A> ng) m=11:/1I +1

3E and apply (4) to the second factor. This shows (8). (]
40

o The determinants of two trace class operators A and B are related via the perturbation determinant A

42 (9) det(1 —A) = det(1 — B)A, A:=det(1 — (1—A) ' (B—A))
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as long as the operator 1 — A is invertible. Wouk’s formula (3) yields

1
2 I
5 (10) ln(A):—tr[(B—A)/O (1—rA—(1—r)B) " dr].
4
E 3. Hilbert matrix and Carleman operator
% The Hilbert matrix is
811 HN(X:(;) o> 0.
9 ' j+k+o/ jk=0,. .N-1

1% Tt is well-known that as an operator Hy q : CN — CN it satisfies
11

| =

2 (12) 0 < Hy o for a > 0and Hy o < 71 for ot >
13

14 in the sense of quadratic forms. We will not treat the case 0 < o < % and, thus, do not need the

15 corresponding norm. With the aid of the Laplace transform

16
e 1 =

17 —_— :/ e e *dx, j €Ny, a >0,

5 Jta 0

19 we obtain a Hankel integral operator with, essentially, the same spectrum as Hy .

;i Lemma 3.1. Let & > 0 and N € N. Define the Hankel integral operator Gy o : L*(RT) — L*>(R™"),

z% (GN.a®)(x / Gn.a(x+Y)9(y)dy, x e RY,
ZZ with kernel function

Z% N & ~Nx
— Gna(x) =e 2 j;)e =e 2 m(l—e ).
Z% Then, o (Hy,o) \ {0} = 6(Gn,a) \ {0}. In particular, = |Hy -

:E Proof. With the functions

™ ej € L*(R") e~(x)—efjx7%x €N

32 Y ) €j\X) = ) J 05

33 we define the operators A : L>(R*) — CN and B: CN¥ — L*(R™), ¢ = (co,...,cn—1)s
34

s (A(p)j:/omej(x)(p(x)dx,j:O,...,N chej ), xERT.

36

37
.5 Itis easily checked that Hy o = AB: C" — CV. On the other hand, BA : L*(R") — L*(R"),

e W= LW [ et [ o) X e )i = Grap)s

41

42 since ej(x)ej(y) = ej(x+y). Now, 6(AB)\ {0} = 6(BA) \ {0} which completes the proof. O
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We extract the asymptotically relevant part of the operator Gy . This gives rise to orthogonal
projections generated by characteristic functions. Throughout, we will use the notation

(13) g LX) = L2(X), (P @)(x) = Xjap) ()@ (x)

E where x, ;| is the characteristic function of the interval la,b] and X may be R or R

1
2
3
4

6
— Lemma 3.2. Let Eq, : L*(R") — L*(R™) be the integral operator with kernel function
8 (14) Eq(x,y) = e *07%),

9

10 Then Eq, o > 0, is bounded with ||Eq|| < /7. Moreover, Eq P nEq, O > 0, is a trace class operator
11 on L*(R*) with

12 . 1
E(IS) ||EOCP[0,N]E05||1 = *ln(

2
% The difference

; DN = GN7a _EaP[O/N]E;;

E is trace class with |Dy|| < Cq < oo for all N € N.

18
. Proof. We use a generalized version of the Schur test (see [5, Thm. 5.2]) with test functions p(x) =

o _ 1 .
- q(x) = NS Then, by standard computations

2N+ o

).

21 o e N i
_x(y+7)7d = ¢ 2 <\/>7 0
e y e ~ T ,x> .
22 A ﬁ ﬁ ﬁ

23
-4 Likewise,

e > 1 a > 1 1

2 — e 0+ gx < / —e Vdx=+\n—,y>0.
2 /0 VX 0 VX NG

27 This implies Eq is bounded with the given estimate for the norm.

28 In order to show the trace class property we start from the simple formula
29

= N
30 1—e™ :x/ e ¥ dt
31 0
3> and rewrite the kernel function Gy o
33 X N N 3 N
- a ez a a exx
G —e Y — / x’dt:/ X gt p e T [—— —1/ .
il Malx)=e 2sinh(%) Jo ¢ o ¢ te [ZSlnh(%) ] o °

35
3E The first term gives rise to the Hankel operator G~N,a with kernel function
37

N a
38 GN,a(x):/ e+ gy
. 0

39
40 We write this as follows (cf. (14))

41 ~ N o N o o N
o Cralety) = [ e 6D ar— [t Do toSrar — |7 Eg(xn)Ealyur)dr
0 0 0

26 Apr 2023 09:26:02 PDT
220725-0Otte Version 2 - Submitted to Rocky Mountain J. Math.



Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION

A SZEGO LIMIT THEOREM RELATED TO THE HILBERT MATRIX 7

which implies Gy o = EqPo N Eg- Since, obviously, Eq Py Eg > 0 we obtain

1

o prN N
EoPo viE:| = tr(EgPo vES) = ~20+3) dyd :/ dy = =1
|EaPoEall = w(EaPonE) = [ [ ydr= [ o dy= 3 In

The remaining difference is the Hankel operator Dy with kernel function
a erx N elx )

D =e 2 ————— 1 / Hdt = [ —— 1 / —dt.

W) =e [2sinh(g) I e [2sinh(g) If, e

2
— In order to show that Dy is in the trace class we use Howland’s criterion [6, Thm. 2.1], which also
— gives a bound on the trace norm. To this end, we need the derivative
10

1 l—e ™ —xe* X N+%
11 -
n D;\,(x):{ (R [1_ex—1}x}/a e Mdt.

12

oo |[~|o|als|w|n]=

2

3 Via the elementary estimates

14

— X l—e* -

—Xe

15 0< —1<x,0<—————<1f >0
o Sloex =HUS (1—e )2 — orr="
17 we obtain .

18 / 2 Nt2 —xt 1 _a,
e DL ()] < (14 )/X e dr < (x4 ~)e .

19 2 X

20 Then, Howland’s criterion shows that Dy 1s in the trace class with
21

1 1
22 ||DN|hs/ X U |D§v()’)\2dy} dxs/ X U (Y +2+ ) @dy| dx=:C.
23 0 X 0 X y

24 Elementary estimates show that Cy < oo for & > 0. Note that C, does not depend on N. Il

2 We relate Eq P n)E¢ to the Carleman operator K : L*(RY) — L*(RY),

26

. < 1

27 (16 Ko)(x) = / dy, x e R*.

(16) (Kp)()= [ 00)dy

29 Itis well-known that K is self-adjoint and satisfies (see [12, Theorem 8.14] for the operator norm)
2% (17) 0<K<n.

32 We define the translation operator

33 a a

o — %) f > 2

3 (18) To: I2(RY) = 2RY), (Ta@)(x) = $F~2) forx=5, 3
- 0 for0<x< 3
3E Its pseudo inverse is given by

37 o

- T, :L*(RY) = P(RY), (TS 0)(x) = @(x+ 7):x20.

3E That is to say,
2 (19) Pa o ToTy =P
4 [5.o[f 00 [500["

g We move the o from the integral operator to the projection.
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1 Lemma 3.3. Let @ > 0 and N € N. The operator EqPq nEg and the Carleman operator K, cf. (14)
2 and (16), satisfy

=0 o (EaPonEq) \ {0} = (P yiojKPg y.ig)) \ {0}
E Proof. We know that

5 0(EaPonEq) \ {0} = 0(EgEaPon)) \ {0}

7 The product E; E is a quasi-Carleman operator

8

— it a a 1

° E*E,)(x, :/ —+ Pyt 0+ P gy —
H ( o a)(x y) 0 e € X+y+(x
11 By using Ty (cf. (18))

12 N 1

13 E}EyP, = EEE— d

% (EqEaPon @) (%) /0 x+y+a<P(Y) y

— N+S ] a

15 — - —2d

e e TR

= 1
e :/0 m%[%N%](Ta(P)(y)dy

e = (T3 KPig . )Ta®) (%),
;1 In operator form this reads

22 EqEaPon =Ty KPg vy g Ta

ZE which implies

- O(ExEaPon) \ 10} = 0(KPg i TaTd )\ {0} = 0(KPlg vy )\ (0.

25 Here we used (19). This implies (20). O
z% In order to use the perturbation determinant (9) we need a certain inverse.

2E Lemma 3.4. Let o > 5. Furthermore, let B € C\ [1,00[, s € [0,1], and N € N. Then, the operator

:2 I[ - BAN7(Z(S>’

Z; Anals) = ;((1 —5)EqPonEy+5Gn.a),

33 s invertible with

fa 1 for Re(B) <0,

- 10— BAv.a() ' < { g for0O<Re(B) <1,
37 % for Im(B) # 0.

38
o5 Proof. We use the Lax-Milgram theorem to show invertibility of 1 — BAn.«(s) and to prove the

— estimates for the norm of the inverse. Note that Lemmas 3.2 and 3.1 along with (12) imply 0 <
41 Av.a(s) < 1in the sense of quadratic forms. Furthermore,

42 Re(1 — BAn«(s)) =1 —Re(B)An als).
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Hence, for Re(f) <0

1
B Re(L—BA als)) > 1
2 andfor0 <Re(B) < 1
4
5 Re(1 —BAy«(s)) > (1 —Re(p))1 with 1 —Re(f) > 0,
5 which yield the first two cases. In the third case, surely 8 # 0. Hence,
7
— 1
8 1—BANa(s) = B(51—Avn.als))
B
9
10 and
il 1 B
m Im(—=1—Ayg(s)) = -5 1.
12 B * BI?
13 This implies that the inverse exists and is bounded with
14 2
" _ o1 - 1 1B
15 11—~ BANa(s) 7l = 5l (G L= Ana(s) ™ < 1o :
. ’ Bl B ¢ B[ [Tm(B)]
17 This completes the proof. O

'8 The asymptotics of the determinant under study is given by the corresponding determinant of the
9 Carleman operator.
20

21 Proposition 3.5. Let o > 0 and N € N. The operator Pg y,¢|KPg ¢ L*(RY) — L*(RY), cf

22 (16), is in the trace class. Furthermore, if & > % and B € C\ [1,0],
23

24 det(1 — ﬁ_HN,a) = det(1 — ip[g7N+g]KP[g‘,N+g])AN(/3)

25
-5 Where the perturbation determinant can be bounded as

% exp[—C(B)[BIIDwI[1] < [An(B)| < exp[C(B)IBI[|Dwl[1]

29 With 0 < C(B) < oo independent of N, cf. Lemmas 3.4 and 3.2.

30 Proof. The trace class property follows immediately from Lemmas 3.3 and 3.2. We apply the formula

81 (9) for the perturbation determinant to the operator (cf. Lemma 3.2)
32

33 Gn,a = EaPonEq+ Dy

34 thereby obtaining

35

36 det(]l — EL'GN’OC) = det(]l — iEOCP[O,N]E();)AN(ﬁ)'

87 Using the formula (10) for the perturbation determinant we write this as
38

39 An(B) = exp {—i/oltr{ []l—AN,a(S)]lDN}dS]

40
zz with Ay o (s) from Lemma 3.4. Finally, we bound the trace by the trace norm and use Lemma 3.4 to
42 estimate the norm of the inverse. This completes the proof. 0J
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1 4. Szego limit theorem

“ In order to handle the complex parameter 3 we formulate an abstract Szegé theorem for normal
% operators based upon [10] and [1].

E Proposition 4.1. Let A : 5 — S be a bounded normal operator with
%(21) Re(1) > m, Im(X) € [yo—h,yo + /] for all A € 6(A)

s wherem,yg € Rand 0 < h < L. Furthermore, let P : 7 — € be an orthonormal projection such
‘9 that PAP is trace class. Then, the determinant of the operator PeP : ran(P) — ran(P) satisfies

% (22) det(Pe* P) = exp|tr(PAP) + p(A)]

12 where the correction term p(A) € C satisfies

E 1 e
15

16 Proof. From (19) in [10] follows

m]

el PA(1 — P)||2|| (1 — P)AP]|2.

17

1
18 p(a)] < lNPA(L —P)2| (2 —P)APHz/O tl|(PeP)~" Pl dr.

' From (15) and (16) in [1] we infer
20

= |

21 |(PeAP) P < < 0<1<1,

o2 cos(h)

23 which proves the statement. 0

24

In the special case when A : L?(R) — L?(R) is a convolution operator with even kernel function
s A(x) =A(—x) and P = P_, | the Hilbert-Schmidt norm appearing in Proposition 4.1 can be written
,, after some simple calculations as

28
L RAQ-PLB= [ [ A=) Pdyds
2i (24) ‘x|§n ‘ "Z”
n oo n o
" _ 2/ XA()Pdx+ 2n/ A2 dx + 2/ / A(x+ ) dydx.
o 0 n 0 Jn
32 Tn order to apply the abstract result in Proposition 4.1 to our case, we have to write the operator at hand
B asl— %K = ¢4, In other words we need a logarithm which is no problem here since the Carleman

3 operator K can be diagonalized explicitly by means of the Mellin transform. For our purposes it is

% more convenient to stop halfway and transform it into a convolution operator.

36
57 Lemma 4.2. The operator W, : L>(R*) — L*(R), a € R,

B (25) (Wa0)(s) = V2e 9 (e212), s € R, @ € L2(RY)
39

a0 s unitary. It transforms the Carleman operator K into a convolution operator
1
cosh(x —y)

41
o (20 WKW =Ko, Ko : L*(R) — L*(R), Ko(x—y) =
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-
[Bfefe|~]ofoa]s]o]n]-

27) WaFlg v+ g Wa

and the projection with a = % (In(N+ %) +1n(%))

1. N+7%

)= 44 2)

NIR

:an(x na ?
-ng (Vg (V)] 7

Proof. Cf. [12, Ch. 10, Thm. 2.1] and also [16]. We will use the substitution

x = 62S+2a, d.x — 232s+2a dS.

The unitarity follows from, ¢ € L? (RT),

WaplP =2 [ lp(e2)Pe> 2 ds = [ |p(x)dx = |lp]

11 and the analogous calculation for W;;. For the Carleman operator we obtain

12

22 which reads in operator form
23

% This yields (26). Finally,

g 2s+2ay\ 1
- X[%,N+%](e )—{

. oo = vae™ |

fOI‘%SeZH—MSN—I—%,_

0 otherwise,

o 1
0 62s+2a + y
262t+2a

o(y)dy

=2 /

R 62s+2a + 62t+2a

2
— \/5/]R = €t+a(p(€2t+2a)dl‘

1
- /R cosh(s—1) (Wap) (1) dt
= (KoWa9)(s)

) (eZH—Za) dr

W,K = KoW,.

{0 otherwise.

28
oo The special a yields the formula (27) for the projection.

30 Via the Fourier transform

31
5 (28)

(F9)(@) = 9(@) = = [ e p()dx. g < X(R)

% the convolution operator Ky can be transformed into a multiplication operator

34

% (29)
36

. N 1
F Ko = V21KoQ, Ko(®) = \/E

2 cosh(2F)’

87 Thereby, we can construct the logarithm needed for the Szegd theorem.

38

11

1 foriln(%)—a<s<imln(N+%)-—a,

O

5o Lemma 4.3. Let B € C\ [1,0[ and let the convolution operator Ay : L*(R) — L*(R) be given by its

20 kernel function

41
TG0 Al
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1 Then,

2 B
5(31) &0:1—;1{0.
4 Furthermore, the spectrum & (Ag) of Ao satisfies
% {Re(A) | A € 6(A0)} = [m,M] with M = max{0,In|1 — B},
7 (32) L mi=FE o <Re(B) <P,
i min{0,In|1 — B|} otherwise,

9
1o and
1 1 1 T
il {Im(4) | 4 € 6(40)} = o — ko, o= ya(B), h=la(B)| < 3.
13 ~ T —Re
= =— I — —arctan(——————=)|.
3 a(B) = ~sign(im()) | 3 ~arcan( 2R
'S Proof. To get all the 7’s right note that (31) is, via the Fourier transform (cf. (28)), equivalent to
16
E exp(V2mAg(w)) =1 — i\/ 27Ky ().

18
1 Solving for Ag(@) and using (29) for Ky(®) as well as the inverse Fourier transform prove (30).

o0 The spectrum of Ag is given up to factor through the numerical range of the function Ag

21 B

— o(Ao) = {In(1— )| @ e RYU{0} = {In(1-sB) |0<s < 1}.

22 cosh(%F)

; Using the the principal branch of the logarithm as in (2) yields

25 s 1 ‘B —IBJt
= In(1—sB)=— / dt =— | ———=dt.
. R A BT 7

2Z The imaginary part is
28 v
28 Im(In(1 —sB)) = —Im(ﬁ)/o m‘”-

29

30 The integral vanishes at s = 0 and attains its maximal value at s = 1. For Im(f3) # O we obtain after
31 some standard substitutions

2 = 1 . =
33 m(In(1—B)) = ~Im(B) [~z dr = —sign(m(B) [, ,.,,

dr
— B2 2
|t =B Rel) 1241

34
35 and for the remaining case
36 Im(ln(l—ﬁ)) =0 for Im() =0.

37 s

4 this implies (33). The bound & < 7 is obvious. Since & = 7 would require 1 —Re(f8) < 0 and

3o Im(B) = 0 this cannot occur due to the assumptions on f3.

20 Thereal part is
41 “Re(B) — ||t

= mmm—w»:—A g =l =SBl = f(s)
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For those B’s satisfying
0 <Re(B) < B[
the function f has a single local extremum at s_ € [0, 1], which is a minimum with
Re(B)_, Im(B) _
B B
For any other f3 the extremal values are given by f(0) =0 and f(1) = In|1 — B]|. This proves (32). O

f(s—)=In|1-

[efe|~]ofo]s]e]n]-

We apply Proposition 4.1 to the operator K.

19 Proposition 4.4. Let B € C\ [1,00] and n > 0. Then for Ko from (26),
11

2 (34) det(]l - ﬁp[nn]KOP[nn]) = eXP[z’ﬂ’(ﬁ) +pn]

13

14 Here

15 e B 1 2, 1
o (35) ¥Y(B) = 752/0 In(1— cosh(a)))dw = [arcosh(—pB)] "+ 1
% and the correction term p,, € C satisfies (cf. (30))

19 3 elml

= 0 < sy (Aol 1A )’

% with m from (32), 0 < h < Z from (33), and Ag from (30). || - ||| denotes the L' (R)-Norm.

ZE Proof. We check the conditions of Proposition 4.1. The second part of (21) follows immediately from
24 (33)since 0 < h < % for B € C\ [1,00[. For the real part the only critical cases in (32) are § = 1 and

ei Re(B) — 1, which is equivalent to B = 1. Since 8 ¢ |1, 0] this cannot occur. Hence, there is an m € R

2% with |m| < co such that the first part in (21) holds true.

2L In order to bound the correction p, term we use (24). Since Ag is the Fourier transform of an

?8 L'-function Ay that is arbitrarily often differentiable and vanishes at infinity appropriately, cf. (30), a

29 simple integration by parts shows

30

1
s [Ap(x)] < —=
- «/ 1+x2

3 For B ¢ ]1,e0] the L'-norms are finite which follows most conveniently from the representation
34

(Aol + 114G 1], x € R.

% Ao(0) =

— dt
36 \/27r/o cosh(4F) —13

37
38

39 2/n il d<12/w ! d</°° x !
—F= ax n —F—= axX = adX = —F
0 o (1+x2)277 = 77y (1+x2)2 77— Ju (14x%)? 1+n?’
1

n. preo 1 oo 1
a1 2// ———d dx<2n/ d
" A S e e A I e i)

and the analogous formula for Allw 0 (). The integrals in (24) become in our case

26 Apr 2023 09:26:02 PDT
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1 Thereby,
é} 1P Ao (L = P )| - [1(T = Py ) A0 P nn!|<*—*WAom<+HA ]
Z Finally, the leading term in (22) is
5 tr(P[fn,n}AOP[fn,n]) = 2nAyp (O)
% Now,
e 1 B 1 1
8 AOZ*/] da)——/ do = — h(— 2, -
? 0( ) 27 Jr n( (0)7[ COSh )) 7.[2 [arcos ( ﬁ)] +4
E where we evaluated the integral via Lemma A.2. This completes the proof. (l

1 . . . . P .
o We summarize our findings by formulating the main result, the Szegé limit theorem for the Hilbert

E matrix.

14 Theorem 4.5. Let o > 1 5 and N € N. Then, the Hilbert matrix Hy o, see (11), satisfies for all
15 BeC\[l,o]

L B

17 (36) det(]l——HNa) _exp[zln( )Y(B)+0(1)] as N — oo

% with the coefficient

— 1 1

20 (37) Y(B) = 5 [arcosh(=B)* + 7.

21
2o Proof. From Proposition 3.5 we know

23

a B B
ot In(det(1 — EHN,O!)) = In(det(1 — EP[_%,NJF%}KP[_%’NJF%])) +0(1)

25 with the Carleman operator K from (16). From Proposition 4.4 we infer

26
— p

27 det(1 =7 Pog v+ g1 KA-g v+ g)) = det(l = g v)ng V) K0Pl g (V)ng ())-
28

29 The Szeg6 theorem for Ky, Proposition 4.4, is

30 In(det(1 —P[_,,%( Jng (V ) KoP—p ng (N )n%(N)])) =2ng(N)y(B)+O(1).

31

5, Combining these formulae and noting

33 1 (N+%\ 1

" n%m:4m<g >=?MM+@D%N%w

. prove the theorem. (|

36
37 Though the result in [2] looks a bit different from ours it is actually the same. For,

T
Z% arcosh(x) = iarccos(x), arccos(x) = 5~ arcsin(x), x € [—1,1].

g These imply
41 1 1 1 1

‘E ?(arcosh(—ﬁ))z—i— 1= _nlz(;r —arcsin(—f))? + - = —?(a.rcsin(ﬁ)2 + marcsin(f))
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1 which yields the asymptotic formula from [2, (1.5)]

% (38) In(det(1 — iHMa)) ~ _217r2 (arcsin(B)]* + marcsin(B)) In(N) as N — oo.

4 By a simple argument based upon the roots of unity we extend our Szegd theorem to even powers of
5 the Hilbert matrix. This will be used for the limit case 8 = 1, which is not covered by Theorem 4.5.

6
— Corollary 4.6. Letm € Nand a > % Then, the Hilbert matrix Hy ¢ satisfies

7
8 1 1
% (39) det(1+ o ) = expl5 In(N) fon +O(1)] as N — oo
E where
1 2 [ 1
— (40 =— | In(l+ —F——=)do.
. @0 Yon =3 /0 21+ o)
B Proof. Let us define
" 2k—1
E nk:W,k:l,...,m,
6 whereby we can factorize the determinant into
17
v 1 m 1. m 1.
18 det(1 + WH,%,’@) = kI:II det(1 + Ee””"‘HN,a) kHI det(1 + e T Hy o)

19 =
2E Note that e £ —1. Therefore, we may apply Theorem 4.5 to each factor in the product which yields
21 for the leading term in the asymptotics

22 2 m oo eircnk m oo e—innk

23 =— In(l1-——)do In(1— dow ;.

23 B =10 {1;1/0 n( cosh(a))) +1§’1/0 n( cosh(a))) }

24
- Here we used the integral representation (35) for the coefficients. In order to rewrite this we note that

o5 for the principal branch of the logarithm

27 In(z) +1In(z) = In(zZ) = 2In(|z|) for all z € C\ {0}

28 S
— which implies
29

=7 2 oo | m 1 ei?”]k d

n=— - ———)|do
Z% on = /0 f [kl—_[m< cosh(a)))
5> and thus (40). Since the product is finite the sum of the O(1) terms in (36) is still O(1) which shows
35 (39). O
33

34

35 5. Limit case

36 We treat the limit case § = 1, which was not covered by Theorem 4.5, by showing that it is the limit,
37 hence the name, of the asymptotics for admissible 8. More precisely, we provide an upper and lower

%8 bound for the asymptotics. The upper bound is straightforward.
39
10 Proposition 5.1. Let ot > % and N € N. Then,

41 . 1
L @D limsup In(det(1 — EHN.,a)) < y(D).

2
N—yoo In (N)
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Proof. Let B < 1. Since Hy o > 0,

1
2 1 B

5 (42) det(1— —Hy.q) < det(L — Hy.q).

4
~ We already know the asymptotics for these B’s from Theorem 4.5
B _ 1 L B

Z llﬁr;ljgp in(V) In(det(1 — EHNJX)) < lwgf (V) In(det(1 — ;HN,a)) =v(B).

% Since this is valid for all B < 1 and, moreover, y() — y(1) as B — 1 we obtain (41) O
10

For the lower bound we employ Lemma 2.1. To this end, we need estimates for tr(Hy ). The
" method parallels that of Section 3 in that we replace the Hilbert matrix by the Carleman operator. For

2 an intermediate step we need the so-called odd’ Hilbert matrix
13

- for jeven,

14 .02 2 i+1
— (43 H_ :/°(Ng) =07 (Ng), H. = (h; 3 yhi=</
. (43) ( 0) ( 0) ( j+k)],k€N0 j {0 for j .

16 . . . ..
p— It is more convenient here to work with the projection operator

18
o (44 Py : *(No) — £*(No), (Pvc); = {

20
o1 instead of the finite odd Hilbert matrix.

cj for0<j<N-—1,
0 forj>N+1

~ Lemma 5.2. Let & > . Then, for all m,N € N
24 (45) twlHy o) < 2" ul(PwH-)") < 2" w[PayH").

25
oo Proof. We start with the odd Hilbert matrix

27 2N—1 m

28 tr[(PavH-)"] = Z thl+j1+1

. ]lv]m:()l:l

29

5 N—1 m 1 N—1 m 1
_ = e +

S kl,,,§’mog 2k + 2k 1 +1 klr,,,ZkMH 2k 4+ 142k +1+1
?i 1 N—1 m 1

&3 > -

34 2 ot kit kit

35 1 N

3 > L

p= k=011 ki Tk + o

. 1

% = —tr[Hy |-

:ﬁ 2m N,x

40 Here we used that A, j,,, # 0 only if j; + ji11 is even which is the case when either all of the j; are
41 even or all are odd. This yields the first inequality in (45). The second inequality follows from Pay

g being an orthogonal projection and Hy , = Hy o O
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With the aid of the orthonormal Laguerre functions /;, j € Ny, we define the unitary operator
#6) U LARY) = EMNo). (U); = [ 1(00(dx. €N,
This transforms Py into the projection with Christoffel-Darboux kernel
47) Py = UTIyU*, TIy(x,y) Z I (x

and the odd Hilbert matrix into the Carleman operator [12, pp. 54, 55]
o (48) 2H_ = UKU*, 2 tI'(PNHT) = tI'(HNKm).

ofe|~[ofo]s]o]n]~

11 The kernel function of the Carleman operator has a critical behavior at x = 0 and x = oo, cf. (16).

12 Therefore, we use an appropriate cut-off.

% Lemma 5.3. Let 0 < 8 < L. Then, for all m,N € N

E (49) 2" tl‘[PNHr_n] < 2tr[P[57L]Km] (1 +7 )tl‘[P[5 L]HN] [5 L] =1- P[5 L

6 Proof. We use (48) and decompose the trace
17

. tw(TyK™) = t[Ps [ TInPs K™ + 2Re [P Ty Ps K] + tr[Prs  TInPis 1 K™

19 Since all operators involved are non-negative we can bound the traces through the operator norm
20

2 1 1
s < P K" +2(ur(P5 1 TIv) * (tr(Ps K™)) * + tr(Fi5 1 Tl )"

24 <2t[Ps K"+ (1+ n'")tr(P[éL]HN).

> Here we used the Cauchy—Schwarz inequality for the trace and (17). This proves the lemma.
26

o7 The trace of the Carleman operator can be expressed as a simple integral.

% Lemma 5.4. Let § >0 and N > 0. Then, for allm € N
29

Z:) tr[Ps N5 K" = 2n5(N)7r’"*2/R [coshl(w)]mdw’ ng(N) = iln(N;L 5).

32 Proof. From Lemma 4.2 we immediately infer

Z% tf[P[s N+8] K™ = [Py (3) s (v Ko |-

35 Via the diagonalization .Z Ko.%* = /21Ky, see (28) and (29), we obtain

z% [P s 3. K] = (270) 2 0[Py ) s () T REF ) = (270) T [ F Py ) vy F K-
QE Now, .

: FP s 7 (63) = 52 [ e do

e and thus . o

. Py )05 01 KE] = 3-205(N) (27) /R ko(0)"
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1 This implies
2
3 ulp K" = 2n5(N)(27)"T" / \/E ! mda) 2ng(N)m™ 2 / L
_ =2n - =2n —_—
> [—=ns(N),ng(N)] 20 4 ® |V 2 cosh(Z2) 8 R [cosh(w)]"
5 which proves the lemma. O
6
7 In order to bound the traces of the projection operator in (49) we need pointwise estimates for the
8 Laguerre polynomials. The first one is Szeg6’s inequality, [14, (7.21.3)],
9
10 (50) ILa(x)| <2, x>0, neNy.

11
> The second one is the less known Lewandowski-Szynal inequality [8, Corollary 1], which bounds the

E Laguerre polynomial via the incomplete Gamma function
" e[
E(51) |Ln(x)]§n!/x t"e 'dt, x>0, n e Ny.

17 We will also need the simple formula

18
1o (52) X = / e”!dr,
20

21 whereby one could replace the integral in (51) by the partial sum of the exponential function e*. In
22 particular, (51) is better for large x than (50) but does not converge to (50) for large n and fixed x

23 because of the different exponents.
24
o5 Lemma 5.5. Let 0 > 0. Furthermore, let N € N and L > 0 such that % < % Then,

26

4
27 tr[P[é,L]HN] <S(N+1)+ ﬁfe_%LN.

28 2
29 Proof. First note that P[§ 0= Pio,5] + P o[- Using Szegd’s inequality (50) we obtain
30 3 ) )

31

2 [Po.gTTy] = / Zl 2dx < S(N+1).

33

34 The remaining trace is a bit more difficult. To simplify the calculations, we apply Szeg@’s inequality to

35 one factor in
36

N
37 0 <Tly(x,x) = Zl Z w(x)], x>0
n=0

38

3E and then use the Lewandowski—Szynal inequality (51), x > 0,
40

N
il 0 <TlIy(x,x) <Z /tetdt—e2/ e’ —62/ / sNe S dsdt.
42 nOn nzOn'
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In the last step we used (52). Furthermore,

1
? {e o] x oo

'y N!tr[Py, ooy} :/ e? | sNe S (s—x)dsdx

= L X

A LT [T N —s

5 =e 2 A e2 | (s+L) e *(s—x)dsdx
6 oo

- :e_%LN/ (l—i—i)Ne 2/ e 2xdxds
7 0 L 0

8

2

% For simplicity we bound the x-integral by 4

2 N'tr[Pyp ooTIy] < 4e_%LN/ ¢T3 ds = de™
13 0

" This completes the proof. O
15

16 We combine the preceding estimates to obtain a bound on the trace of the Hilbert matrix.

17
. Lemma 5.6. Let a > % and N,m € N with m > 5. Then,

- (53) (Y y) < C{ = [In(m) + In(N)] + — +

22

(2N)! (mN)ZNe—%mN}

21, .. .
v with some explicitely given constant 0 < C < oo,

EE Proof. Lemmas 5.2 and 5.3 imply
l 1 m 2 m

26
22 We let 6 and L depend on m and N in an appropriate way

28 s 1 I N
— =— —~ L==m
29 (2N +1)m?’ ’

Z% and bound the first term in (54) with the aid of Lemma 5.4 and (62)

32 2 5 3
°c (55 ——tr(Ps K <—— o < ——1 N(2N +1)).
- (55) o r(Ps K= ) < T = 72 oE n(m’N(2N + 1))
34 For the second term follows via Lemma 5.5 (m > 5)

35

> 4 1

36 2t1'(P[J(§7L]H2N) §2(6(2N+1)+1_2N(2N)'L2N€_5>
37 2 L :

:g (56) _ Z(L n 4 1 (mL)ZNei%mN)
39 m? %_% (2N)!

“° Via some elementary estimates, (55) and (56) imply (53). Il
41

g Now, everything is at hand to prove the complement of Proposition 5.1.
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Proposition 5.7. Ler o > % Then,

o
- (57) - liminfi In(det(1 — ! H ) < §
% N-seo In(N) Nel) =g
E Proof. Since H,%,ma is a non-negative operator the trace norm in (8) equals the trace
i b
1 1 m i 1 m

L (58) ~In(det(1— —Hy.a)) < Z In(det(1+(_Hya)™)) + Y, tr(Hy).
i m=0 m=M+1 T

9

1o We bound the traces via Lemma 5.6 (with M > 4)
1" =] " = 1 v,
2 Y i) <0 Y {5 nim+mnm)]+— 1 +c1 Y m
— m=M+1 m=M+1 22 ey A

13
14 For the first sum

15 = ] | =
59 liminf {7 In(m) +In(N +7}: .
16 (59) N—eo In(N) el 22 [ (m) ( )} m? m:%—i—l 27

17

E The second series requires a bit more reasoning. For sufficiently large M € N,
19

. [T e g / N N

20 N m*Ne 2N < t 2Ny

o (2N)! m:%ﬂ (2N)! M

22 12 _iyy 2N/°° 2t \oN
2 = Z e 2MN (YN i dt
2 avine o M) (I aw) e
24 12 _iyw w [T e

5 §(2N)!Ne 2MY(MN) /0 eMe ' dt

26 1 jeonv _1

e S C273<*) e ZMNMZN

_ Nj 2

2 1 1

29 < C—5exp[(2—2In(2) — M+ 21n(M))N|
29 ¥

30
3T with some constant C; > 0. In the next to last step we used the lower bound from Stirling’s formula.
s2 For M large enough, the argument of the exponential function becomes negative which shows that the
33 expression coverges to zero as N — oo even without the factor In(N). Now, divide (58) by In(N) and
34 use Corollary 4.6 and (59) to deduce

35

— 2 1 M > 1
3% (60) —liminf In(det(1——Hyg)) < Y 1m+Cs —
37 N In(N) ( T ) mz;o m:%ﬂ 22

% with C3 > 0 to adjust for a different factor in (59). Since (60) is true for all (sufficiently large) M € N

¥ we may perform the limit M — o
40

41 imi 2 ! y
42 I%n_}gf n(N) In(cer( ”HMO‘)) B mZ::o "

26 Apr 2023 09:26:02 PDT
220725-0Otte Version 2 - Submitted to Rocky Mountain J. Math.



Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION

A SZEGO LIMIT THEOREM RELATED TO THE HILBERT MATRIX 21

We evaluate the infinite sum by using the explicit form of the ¥;’s in (40)
|

1
% i'yzmzzzi/wln(l—l—l 2,,,)da):22/001n(f'01(1+2,,,)>dco.

- =0 s = Jo [cosh(w)] 7* Jo 0 [cosh(®)]

— Interchanging summation and integration can be justified via Lebesgue’s convergence theorem. With

Y (6) we obtain

7 °° 1 3

: 3 - -

- yzm_— ln( da) ——/ )da)—f.

i 0 1- cosh( COSh ) 4

% In the last step we used Lemma A.3. This yields (57). 0

11 We combine the lower and upper bound.

2 Theorem 5.8. Let o¢ > % Then,

14 In(det(1 — ;HN,Q)) = iln(N)y(l) +o(In(N)) as N — oo
16 with y(1) = —32.

% Proof. From Propositions 5.1 and 5.7 we obtain

e 3 2 1 2 1 3
19 - <1 f——In(det(1— —H, <l In(det(1 — —H, <y(1)=—=
o4 = minf gy n(det (- 2 Hiva)) < limsup g In(det(1 = 2 Hved ) <7D = =3
21 cf. (37). This proves the statement. O

22

23 6. Limit case for oc = 1

% For the special Hilbert matrix with o = 1, cf. (11), there is an alternative way to prove the trace
o estimates (Lemmas 5.2, 5.3, 5.5, 5.6) used in Proposition 5.8 to bound the limit inferior. Starting point
- is a simple estimate for the hyperbolic sine.

2E Lemma 6.1. Let 0 < 6 < % Then, the hyperbolic sine satisfies the estimate

29 y 5
<287 0.
80 sinh(y) V>

31
> Proof. We use Lazarevic’s inequality [9, 3.6.9]

. h p
© cosh(y) < [Sm(y)] L y#0, p>3.
34 y

35 For the proof note that sinh(y)/y > 1 whence one only has to consider the case p = 3. Using
36 cosh(y) > e’ /2 yields the claimed inequality with § = 1/p. O
37

s Wereplace the Hilbert matrix by the Carleman operator.

3E Lemma 6.2. Let NNme Nand 0 < § < l. Then,

40

4 0 <tlHy,] < 2" tr[P sn+5K"]

ﬁg with K the Carleman operator (16).
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Proof. From Lemma 3.1 follows
tr[Hy ;] = tr[Gy ], m € N.
Recall the kernel function (see Lemma 3.1 and the proof of Lemma 3.2)
X N
Gy, (x) = 2smh()2‘)/o e “ds.

With the aid of Lemma 6.1

N N
0<Gyi(x+y) < 26676@”)/ et gg = 25/ ¢~ HO)Y) g — 20 (ExsPo.mEss)(x,y)
0 0

o where E,g is from (14) with a = 26. Since 6 > 0 we may take the trace, Lemma 3.2

4
Slefe|[~lofals]e]|r]-~

12 0 < ulHy ] =[G} 1] < 2" u|(ExsPo mEss)"]

'3 where we used that the kernel functions are (pointwise) non-negative. Via Lemma 3.3
14

5 tr[(ExsPon Ess)"] = tr[(Prs n+5)KPis n45)"] < tr[Pis vy K™
E In the last step we used 0 < Pi5 v, 5) < 1 in the sense of quadratic forms. 0

% We replace the Carleman operator K by the convolution operator Kj.

19 Lemma 6.3. Let 0 < § < % With the convolution operator Ky from Lemma 4.2

20 . . 1. N+§6
21 '[I‘[P[57N+3]K ] = tl‘[P[,mn}KO ], ns (N) = Z In 5
2% Proof. See Lemma 4.2. O

24 Using the diagonalization of the convolution operator Kp, see (29), we express the trace as a simple
25 integral.

z% Lemma 6.4. Let m € N andn > 0. Then,

1

28 tr[P_, 1K) =2 ﬂmfz/ ———do.
oo - Ko') =20 R [cosh(w)]™

30 Proof. Via the diagonalization .# Ko.Z* = /21K, see (28) and (29), we obtain

% [P, Ky = (2m) 2 w[P_,  F Ry F) = (2m) T [ FP_, T RY).

33 Now, —_—

i 9})[_”7”}9\*(%);) = ﬁ/ e ) dg

35 dih —n

~ and thus

63 m 1 n 2% m

a 0[P KY] = 5 -20(27) /R Ro(0)" da.

%% This implies

39

o m—2 T 1 " 1

40 tr[P_, 1Ko =2n(2m T/ \| 7 —7as | do=2 71""*2/761(0
o 1‘[ [—n,n] 0] n(2m) R[ 2 Cosh<71'2(1)):| n R [cosh()]"™

42 which proves the lemma. 0J
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We give now a new proof of Proposition 5.7. We formulate only the relevant part.

1

% Proposition 6.5. The special Hilbert matrix Hy 1, cf. (11), satisfies

4 L. 2

. — — — < m,

B h]\r,nJQf (V) In (det(]l HN 1 Z 0%
6

— Proof. We start from (58) but use now Lemmas 6.2 through 6.4. These imply (we only need even
exponents)

2ns(N) 1 1 1 _N+3&
e u[H] < T8 22“5/761@ 0<8<, ng(N)=~1
2 Al < = & [cosh(e)]% © Sz V) =g =5

" which can be further estimated with the aid of (62)

12

T 1 2ng(N) 2
13 —tr[HY, | < 28 k>2.
I 2k I'[ N,l] — 2 k—17 el

> 1In order to compensate the exponentially growing prefactor we choose & = %,
16

17 1 ooy 1610 1 1

_.
=[5]ee ]|~

' Now we can estimate the infinite sum in (58)
20

oy = 1 16 > 1 1 1

2 tr[Hy 1] < ——In(( 2"
2i m:%—i-l ﬂ’- m %—H 2m= ! 4 2m-1

23 1

v In(2) +In(N+ —)}

Zi

26 <(C —|—C2 In(N+1) .
27 m;M \% 2m— Z Vv m—

2E This yields the analogue of (60)
29

2 1
30 —liminf ——In(det(1 — —H, < m—+C

5 ity e ) < YO F

%2 Letting M — o we obtain the statement. 0
33

al Appendix A. Integrals

35
3¢ Lemma A.l. Let m € N. Then,

37 — m—1 2

87 1 4 [(m—1)!]
61 Ly, = ———— ,

s (61 ? /Rcosh 2 Hl k+1 2m—1)!

39

40 which can be estimated

s 2

v (62) D2 < ﬁ7 meN
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Proof. We note %tanh(x) = 1/cosh(x)? and integrate by parts

o

2 1 1

o Do = d

3 2m+2 /R [cosh(x)]2" [cosh(x)2

% _ [ 1 i sinh(x)]>o T om / sinh();) : sinh(x) i
. [cosh(x)]>™ cosh(x) | __, R [cosh(x)]?"+1 cosh(x)
7 [cosh(x 1

— =2m dx—2 —————dx

8 / [cosh(x 2m+2 m/ [cosh(x)]¥m+2

i = ZmIQm - 2m12m+2.

% We solve for I,,1, to obtain the recursion formula

o 2m

12 I

o 2mt) T 1

14 which immediately yields

15 by =2 [ o2 =2~

; 2(m+1) — P 2k+1 - a k—f—%

17 since I = 2. This implies (61). In order to derive the bound we use the inequality between the

18 geometric and arithmetic mean
19

2 D 1) = , Vm f\/ml—lx/m—lx/;n 2 ff\f<2 \/ﬁl 2
21 m+z m—y m—3 1+ +3 0 Vm
22 This proves (62). O

2 The following integral is a special case of an integral that appeared in the study of the ground state
o5 energy of the free Fermi gas [11]. We evaluate it here for the sake of completeness.

26 Lemma A.2. Let B € C\ [1,c0[. Then,

- _ [T B 1 n?
= (63 1(B) = /0 In(1— (b= g larcosh (=B +

;{ Here, arcosh is the principal branch on the cut plane C\ | —eo, —1].

- Proof First of all, we transform the integral into a form that can be treated by standard methods. To
33 this end, we write f(x) = cosh(x) — 1 for short. Note that f(0) =0, f(co) = oo, and f’(x) > 0 for x > 0.

= Therefore,

?i —1 d, .

35 x=f (y>7 dx = Iy(f ()’))dya

%6 is a well-defined substitution. Hence,

87 oo B . d

38 I :/lnl— a’x:/lnl———_l dy.

39
40 An integration by parts yields

41 1 1 | 1 _
A 1B)=—8 | gy Od= [ gl 0y
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1 The integral is of the type
2
i

1B)= [ r0s0)dy, g0)=17'0)

*_ where the rational function r does not have poles in [0,oo0[. Such integrals can be evaluated by standard

°_ methods if one finds a function / with a certain jump at [0, 00[. In our case

°
7 1 2

— h(z) == —— h(—z—1)]".

0 (2) = — 7 larcosh(—z—1)]

2 Then, via the residue theorem

10

E I(B) =2mi Z res(r(z)h(z))

12 2€C\[0,00]

e : Z res _ [arcosh( 1)]2] : Z res [ : [arcosh( 1)]?

s _ 1 i ! N

% 2 clow| LET1-B 2 e L2

— 1 1

16 = _[arcosh(— )] — = [arcosh(0)]?

17 2 2

18 which yields (63). O

19
20 The method used to prove the preceding lemma does not work in the case § = 1. One could use a
21 continuity argument to cover this case as well. Instead, we transform the integral into a well-known
22 integral.

23
o, LemmaA.3. Let B =1in Lemma A.2. Then,

25 oo 2
= 1 3n
64 ()= In(l1-——)dx=——.
26 (64) (1) /0 n( cosh(x)) * 8
27
2E Proof. Despite the singularity at x = 0 the integral is well-defined since the logarithm x — In(x) is
29 integrable a x = 0. We integrate by parts and use some standard formulae for the hyperbolic functions
30

31 1(1):_/ X sinh(x) .

- o cosh(x)— 1 cosh(x)

33 B /°° X (cosh(x) + 1) sinh(x)
34 ~Jo [cosh(x)]2—1 cosh(x)

35 =X = X

= = — dx — ——d
36 /0 sinh(x) * /0 sinh(x) cosh(x) *
37 3 [

— = X

38 2 Jo sinh(x)

39
— . . 2 . .

40 The latter integral is well-known and has the value Z-. It can be evaluated via Cauchy’s integral
41 theorem and an appropriate integration contour. A possible choice is the rectangle with vertices £R
42 and &R + iz with a small half circle at iz cut out. O
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