Existence results of a nonlinear fractional integral equation via measure of

noncompactness

Monkhum Khilak?, Saifur Rahman®¢, Bipan Hazarika®*

“Department of Mathematics, Jawaharlal Nehru College Pasighat, East Siang-791103,
Arunachal Pradesh, India

®Department of Mathematics, Jamia Millia Islamia University, Jamia Nagar, Okhla,

New Delhi, Delhi 110025, India

“Department of Mathematics, Rajiv Gandhi University, Rono Hills, Doimukh-791112,

Arunachal Pradesh, India
IDepartment of Mathematics, Gauhati University, Guwahati-781014, Assam, India
Email: *monkhum.khilak@rgu.ac.in; ’saifur.rahman@rgu.ac.in; “*bh_rgu@yahoo.co.in;

4*bh_gu@gauhati.ac.in

ABSTRACT. In this paper, we generalize the Darbo’s fixed point theorem via measure of non-
compactness. Moreover, the existence result of nonlinear fractional integral equation has been
studied, and proposed some concrete examples thereof.

Key Words: Measure of noncompactness; fractional integral equations; fixed point theorem.
MSC subject classification No: 45G10; 45P05; 47TH10.

1. INTRODUCTION AND BASIC RESULTS

The theory of measure of noncompactness(MNC) has various applications especially in the
study of nonlinear analysis, fixed point theory, optimizations, integral equations, differential
equations and many more. In the year 1930, Kuratowski provided the first description of it.
Gohberg et al. [13], Sadovskii [26], and Geobel [12] proposed the Hausdorff’s measure of noncom-
pactness. One can refer [4] for more details of MNC. The concept of MNC was used by Darbo
[7] and he developed the famous Darbo fixed point theorem which generalize the Schauder
fixed point theorem. Since then many researcher generalized the Darbo fixed point theorem
and present their applications in verifying the existence solution for a class of fractional integral
equations, integral equation, differential equation, hybrid differential equation in Banach spaces,
see [6, 8, 9, 10, 16, 15, 22, 27, 29].

The integral equations is helpful in modelling and defining real life problems in the field
of physics, biology and economics. Many authour have extensively studied and contributed
in solving equations involving integral and differential equations with the help of fixed point
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theory and measure of noncompactness. Arab et al. [3] introduced a new p contraction to
generalized Darbo’s fixed point theorem and verified the result on functional integral equation.
Algahtani et al. [2] studied the solvability of volterra type fractional equation by using hybrid
type contraction in metric space and also merged several known fixed point theorems. Recently
Haque et al. [14] generalized the Darbo’s fixed point theorem and investigate the solvability of
infinite system of integral equation of fractional order integral equations. Which enthused us
to study fractional integral equation and in this paper we checked the solvability of fractional
integral equation (3.1).

At the outset we will familiarize the reader with the notations that will be use in this paper.
Let Ry denote the set [0,00) and N denotes the set of all natural number. Let (E,|| . ||) be
a Banach space and C be a nonempty subset of E. C and conC are also used to represent
the closure and convex closure of C| respectively. Further Mg is the family of nonempty and
bounded subset of F, while N denotes its subfamily of all relatively compact sets.

Definition 1.1. [4] A function v : Mg — Ry is called a measure of noncompactness in the
space E if it satisfies the following conditions:
(i) the family kerv = {Q1 € Mg : v (Q1) = 0} is nonempty and ker v C Ng;

(i) @1 C Q2 = v (Q1) <v(Q2);

(iii) v (Q1) =v(Q1);
(iv) v (conQ1) = v (Q1);
(V) v(AQ1 + (1 = A) Q2) < Av(Q1) + (1 = A) v (Q2) for A € [0,1];
(vi) if Qn € ME, Qn = Qn, Qni1 C Qy forn=1,2,3,... and nh_)rgoy(Qn) =0, then Oﬁ Qn

n=1
1S nonempty.
In addition to the above conditions, if v satisfies the following conditions then, v is said to
be sublinear
(i) v(AQ1) = |Mr(Q1) for A € R.
(i) v(@Q1 + Q2) < v(Q1) + v(Q2).

Definition 1.2. [4, 17] For a bounded subset D of a metric space X the Kuratowski measure of

noncompactness is defined as
n
a (D) :inf{s >0:DC UDi’ diam (D;) < e for i =1,2,3,...,n;n € N}.
i=1
Then the function « is known as Kuratowski’s MNC.

Definition 1.3. [5] For a bounded subset D of a metric space Q the Hausdorff measure of

noncompactness x(D) is defined as

x(D) —inf{€> 0:DcC ﬂA({i,ﬂ),{i €EQ,m;<e1 Sign;nEN}.

i=1
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Here A(¢;,7;) denotes the open ball whose center is at & and of radius ;.

Theorem 1.4. [1] There is at least one fized point for every continuous mapping T : D — D in
a nonempty, convex, and compact subset D of the Banach space E.

Definition 1.5. [7] Consider D to be a nonempty, bounded, closed, and convex subset of the
Banach space E. If for a continuous mapping T : D — D, a constant k € [0,1) exists such that

v(TQ) < rkv(Q), QE D
Then T has a fixed point.

Definition 1.6. Let T be the set of continuous and increasing functions of each variables F
from Ry xRy to Ry such that

lim F(zp,ym) =0« lim z, = lim y, =0.
m—00 m—00 m—00

Definition 1.7. Let Tg be the set of functions b: Ry x Ry — [0,1). Also, let Ty be the set of

functions ¢ : Ry — Ry which is continuous and increasing.

Example 1.8. Consider the function b(9,9) = |9 — 9| VI, € (n,n + 1), where n € R,.. Then
beTpg.

2. NEW RESULTS

Theorem 2.1. Let B be a nonempty bounded, conver and closed subset of a Banach space E
and T : B — B is a continuous function such that

FTQ,(vTQ)) < b(vQ, o(vQ)) F(vQ, pvQ),

where () is a nonempty subset of B, FeTp, beTs, ¢ € Ty and v is an arbitrary MNC. Then
T has at least one fized point.

Proof. First we construct a sequence (@), where @1 = @ and Qp+1 = con(TQ,) for n > 1.
Then T7Q1 = TQ C Q = Q1,Q2 = con(TQ1) C Q = Q1 and proceeding in same way we get

Q12022032 - 20Qn2Qn12 ...,
If there exists 7 € N such that v(Q;) = 0 then the theorem is proved. Let v(Q,) > 0, Vn € N,
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then the sequence {r@,} is nonnegative, decreasing and bounded below sequence.

F(vQn+1,¢(vQn+1)) = F(veonT Qp, ¢pv(conTQr))
= F(vTQn, 6(vTQr))
< b(vQn, d(vQn))F(vQn, ¢(vQn))
< b(VQn, ¢(vQn))b(VQn—1,9(¥Qn-1))F (vQn-1, 9(vQn-1))

< ( [TeaQ: ¢(VQi))> F(vQ1, ¢(vQ1)).
i=1

The above inequality suggest that
ILm F(wQn, p(vQy)) = 0.

By the definition of F' we conclude that li_>m (vQr) = 0. Now Q,, 2 Qpn+1 and by the definition
n oo

[o¢]
of v it is proved that Qs = [ Qn is nonempty, convex and closed subset of @) and also under

n=
T, Qo is invariant. So applying Schauder’s theorem we get that T has atleast one fixed point
in Qoo € Q. O

Corollary 2.2. Let T : 2 — Q be a continous operator. Let F' € Trp,b € T and also ¢ : Ry —
Ry such that

FTQ, 6(vTQ)) < kF(vQ, 6(vQ).
Then T has a fixed point.

Proof. Putting b(vQ, ¢(vQ)) = k € [0,1) in Theorem 2.1 then we get the desired result. O

Corollary 2.3. Let T : Q — Q be a continous operator. Let ' € Tp, b € Tg and also
¢ : Ry — Ry such that

vI'Q +¢(v1Q) < K(vQ + ¢(vQ))
Then T has a fixed point

Proof. Putting F(x,y) = x + y in the the Corollary 2.2, we get the desired result O
Remark 2.4. Putting ¢(¢) = 0 in the Corollary 2.3 we get Darbo’s fixed point theorem

Theorem 2.5. Let T : Q2 — Q be a continuous operator. Also F € Tp, b€ Tp, ¢ € Ty, and if
diam(T2) > 0 implies that

F(diam(TQ), ¢(diamTQ)) < b(diamS, p(diam))F(diamS, ¢(diam(2)).

Then T has a fized point.
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Proof. Consider the function o(Q2) = diam(2), where diam(Q2) = sup{|| w — w ||;w,w € O},
then ¢ is a MNC on the space E in the sense of Definition 1.1. By the same argument as given
in [11, Proposition 3.2], the Theorem 2.1 insured a closed convex and nonempty subset of 2
which is invariant under 7" such that diam(£2s) = 0. Then we infer that the set {0 contains a
single element.

If possible there exist two elements say (1, (2 and let Q = {1, (2}
Here diam(§2) = diam(7Q?) =|| {1 — ¢2 ||> 0. Then

F(diamTQ, ¢(diamT0Q)) < b(diamS), ¢(diamQ))F(diamS, p(diamS)).
This implies that b(diam, ¢(diam2)) > 1, which is a contradiction. Hence (; = (s. O

Corollary 2.6. Let T': Q — € be an operator. If there exist F € Tr, b € Tp and ¢ € Ty such
that || Tw — T'w ||> 0 implies that

F(|Tw-Tw ||, ¢(| Tw = Tw [))) <b(| w — @ [l o(| w = @ ) F(l| @ — @ ||, ¢(l| w — @ [])).
Then T has a fixed point.
Proof. 1f diam(T) > 0 then

F(sup |Tw—Tw |, sup ¢(|| Tw—Tw [))

w,weN w,wE
= SupQF(II Tw—Tw |, (| Tw —Tw |))
w,we
< sup b(|lw—m [[,¢o(lw—m [N)F(|w—-= |, ¢(l w—= )

<b(sup [[w—w |, ¢( sup [|w—w[))F(sup [|w—w ¢ sup [|w—mw])).

w, e w,ww e w,we) w,we)

Thus we get that if diam(7°Q?) > 0 then
F(diam(TQ), p(diamTQ)) < b(diam, ¢(diamQ))F (diamS, p(diamS?)).
Thus by Theorem 2.5, T has a fixed point. U

Theorem 2.7. If E is a Banach space and C' is a closed convex subset of E. Let Ty and Ty be
two operators on C such that

(1) (M +T)CcC, vecd.
2) There exist F' € Tr, b € Tp and ¢ € Ty such that | Tiw — Tiw ||> 0 implies that
¢

F(l w - ||, ¢(| Tiw —=Tw |)) <b(|w - |, o(| w =@ N F([| w — @ [|, (]| w = []))

(3) T3 is a continuous and compact operator.

Then T'=T1 4+ 15 : C — C has a fized point.
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Proof. Suppose @ C E with a(Q) > 0, where « is the Kuratowski’s MNC. Then corresponding
to every n € N, Q1,Q2,...,Qy are all bounded sets such that @ C |J;; Q; and diam(Q;) <
a(Q) + % If o(T1Q) > 0 and since T1(Q) C |J;—; T1(Q1) then there exist i €{1,2,3,...,n} such
that a(71Q) < diamT7(Q;).

Then

F(a(ThQ), ¢(aT1Q) < F(diamT1Q;, ¢(aTh1Q;))
< b(diam@Q;, ¢(diamQ);)) F (diamQ;, ¢(diam(Q);))

(0@ + Lota(@) + ) F(alQ) + 1. 6(a(@) + )

n

IN

as n — o0 we get

F(a(T1Q), ¢(aT1Q)) < b(a(Q), ¢(a(Q))) F(aQ, ¢(aQ)).
Using assumption (3) and by using the definition of «

F(a(TQ), ¢(aTQ)) = F(a(Th + 12)Q, ¢(a(Th + 12)Q))
F(aTiQ + o12Q, ¢(aT1Q + aT2Q))
F(aTiQ, ¢(aT1Q))
< b(aQ, ¢(aQ))F(aQ, ¢(aQ)).
Thus T has a fixed point. O

IN

3. APPLICATIONS

In this section we will deal with the existence of the solution of the equation (3.1). Let
(E,]| . ||) be a Banach space and C(I, F) be the collection of continuous fuction from I — F,
where 7,5 >0 1 = [0, D]. Let 9(¢) € C(I, E) and consider the fractional integral equation

H(C) /< ' tu(C,s,9(5)
0

19(C) = f(gaﬁ(C)) + Ty (Cﬁ — 55)1,,y

(3.1)

We consider the following assumptions

(al) f:I x E — E is continuous and there exist F' € Tr,b € Tp and ¢ € Ty, such that

1 £(¢,9(0) = £(¢,e(C) >0
= F([[ £(¢,0(0)) = f(C e(O) s oIl £(¢,9(6)) = F(C5 e(€)) 1)
<b(|9=el, o9 =elNEI=ell, ¢l 9 —el))-

Also let || £(G,9(0)) 1< %1(] 9 ) and 8T = sup{s (| 9 |); 9 € C(I, E)} < o0, where
¥1:Ry > Ry and I = [0, D.

(a2) H is an operator on C'(I, F) which is continuous and there exists an increasing function
§: Ry - R, such that | HI(C) 1< (] 9 |).
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(a3) u : I x I x R — R is continuous function such that u(I x I x xR) C Ry and U =

sup{|u(C, s, 9(s))[; ¢, s € I, u(s) € C1(I)}.

$(E)UDAY
(ad) €hm inf eey < 1

Theorem 3.1. Under the above assumtions (al) — (ad) the equation (3.1) has a solutions in
C(I,E), where I = [0, D]

Proof. Consider the operator on C'(I, E) defined by

HY(Q) [ " ul(,5,9(5))
T9(0) = 1t 90 + g [ s
Let us divide the operator T' into two parts 11 and 15 such that T'= Ty + T, where T19(¢) =
f(¢,9(¢)) and Ty = HI(¢)F19(¢) such that F19(¢) = Fﬁ/ OC %d

Now we will first show that T is well defined on C(I, E). It is very easy to see that T} is
well defined. We will show that T is well defined. Let € > 0 be arbitrary and 9(¢) € C(I, E)
be fixed such that 7 =|| ¥ ||. Also let (1,2 € I, without the loss of generality we can assume

that (2 > (1. Then
1 T29(C2) — Tod(C1)|

1 G2 Sﬂ_lu(C%S)ﬁ(S)) . G Sﬂ_lu(glﬂgvﬁ(s))
- Hﬁ(@)/o Ty Hﬁ(gl)/o Ty

i @ SfB_lu(C%s?Q?(s)) o @ 35—1u(g273’19(3)) ’
< T ‘Hﬁ({g)/o (Cg—sﬁ)lfV ds Hi?((g)/o (C§—55)1*7 ds

1 oB— G oB—
+1H19(C2)/0C s8 IU(CQ,S,ﬁ(S))dS_Hﬁ(Cl)/O sP 1u(<1,8,19(3))d8’

Ly (G2 — 7)1 (¢ — 7)1
1 Gt B (¢y, 5, 9(s)) G B 1u(¢y, 5,9(s))
+ﬂ Hﬁ(gl)/o (Cg—sﬁ)l_V ds—Hz?(Cl)/O (Clﬁ—sﬁ)l—W ds’

1 @ 7 1u(Ca, 5,9(s))
< F‘Hﬁ(@) /1 (C§ Ay ds‘

L HI(G) = HO(G)| /<1 7 Hu(Go,5,9(s) = ulCr, 5,9())]
Iy -
i ; Py s, V(s ! — L S
) [ 0| s~ )
G|l 9 DT | HY(G2) — HY(Q)) || wlu, €) Y|l 9 DT Y
< m(gg_q@)’y_’_ = BF(7+11) 157+ ,BF(’Y+1)[ 2,87_ 16 _(CZB_GB)'Y]

_ HG = HOQ) | w(w,e) oy, YUIINT v oy
BT(y+1) bBT(v+ 1) b

where w(u, ) = sup{|u((a, s,9(s)) — u((1,s,9(s))|;¢1, (2 € 1,9 € [—7,7].
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So by the continuity of H and u we can say that || T59((2) — T29((1) ||[— 0, as (2 — (.
Thus T> € C(1, E).

Now we will show that T is continuous operator let ¥({) € C(I, E) be fixed. Since H is
continuous operator on C(I, E) so there exists £ > 0 such that

I HO(C) = Ho(Q) < &1, ¥ [ 9(0) — o(¢) [I1< o1

Also

s (¢, s, ?9( ) ¢ sP7lu(¢, s, 0(s))
[F19(¢) — F1o(¢ FW‘/ ds—/o ds

(¢B — sB)L (¢F — sP)t=
B s"Hu(¢,5,9(s)) — u((, s, 0(s))]
Ty / (¢F — sP)t=n o
w(u, £2)DP1
- Br(v+1) 7

where w(u, é2) = sup{|u(¢, s, ) — u(gas, o):¢,sel, | 9(¢) —o(C) ||< da}.
Thus, || Fi9(¢) — Fro(¢) ||< &lae)D2

B (v+1)
Also
1 ¢ sBlu(¢, s,9(s))
F M )
|F19(C)| = F’y (P — sP)1 ds
UDM
< —
B0y +1)

8
Therefore | F19(¢) ||< 511{2-:1

For § = min{dy,ds} and || 9(¢) — o(¢) ||< 6. We have

| T29(C) — T20(C) || =|| HI(O)F19(C) — Ho(¢)To(C) ||
<|| HI(¢) — Hy(C) ||| F19(C) || + [| HI(C) ||| F19(C) — Fro(C) ||
U D V|| 9 || DPYw(u, éy)
BL(vy+1) BT(y+1)

<&

As || 9(¢) — o(¢) ||— 0 implies that €1,w(u,2) — 0, therefore from the above relation we get
that T3 is continuous on C(I, E).
Now we will show that Ty is compact. Let B = {# € C(I, E) : || ¥ ||< 1} be an open ball in

C(I,E). In order to prove Ts is compact, we are required to show that T,B is compact.
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Let 9(¢) € B

I T20(¢) || =l HI(Q)F1I(<) |
<[l HI(C) [|[l F19(C) |
U DB

<YP(| 1 H)m

= M (say).

Thus T5B is uniformly bounded. Let ¢ € B and ¢ > 0 be given. Since HY¥(¢) and F19(¢) are
uniformly continuous so there exist &;(¢),d2(g) > 0 such that for all ¢, € I

(i) 1l G2 = G lI< 8u(e) = || HO(G) = HI(G) [I< ex
(i) | &2 = G [I< 02(e) =l HI(C2) — HI(G) [I< €2
Let 6(¢) = min{é; (), d2(¢), €1, £2}, where &1, e9 depends on e. So for ¢1, ¢ € T and || ()= ||<
4(e) we have
| T9(C2) = TO(C) || =Il HI(C2) F19(G2) — HI(C1)F1d(Gr) ||
<|| HO(C2) — HI(C) | | Fxd(G2) | + | HO(C) || F19(G2) — F1d(G) |

A~

U DB
< 51m + (][ 9 |)e2

<e.
For e1 = % and g9 = m Thus TQ(B) is uniformly bounded and equcontinuous subset
of C(I, E). By Arzeld-Ascoli’s theorem we conclude that T3 is compact.
Let 9,0 € C(I, E) be such that || 719 — Tip ||> 0. Since every continuous functions attains
its maximum on a compact set, there exists ¢ € I such that

0 <[ i = The 1= £(C,9(C) = f(¢ el I -

Now by using assumption (al) and for F' € Tr,b € T and ¢ : Ry — R we have

F( Tvd = Tie ||, o(l Ty — Tie 1)) = F(II £(6,9(C) = f(¢ e(O) I, oIl (¢, 9(0)) = (S, e(9)) 1)
<Oo([[ 9 —ell, o9 —elDF 9 —ell, ¢l 0 —el)

Since by assumption (al)

1709 [|=11 F(Su(Q)) 1< ol 0 1) < M.

So T3 is bounded. Finally we will show that there exists # > 0 such that T(BT) C B;, where
By = {0 € C(I,E); || 9 ||< #}. Let if possible suppose there exists £ > 0 such that J¢ € B; such
that || T9¢ ||> £. Then we have

1
lim inf — || TW¢ ||> 1.
£—o0 ¢
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Then,

T || <l £(S,P(O) | + | HO(C) Fe(C) |l
< e || + | HIe(Q) [l 0 (<) |

R UD?Y
9 N
<M+ 9019 D5
R UDPY
<M +y(] € ||)m-
Thus
TDB
hmlnff | TY¢ ||< hmlnf g}ﬁ(ﬁ)(UD 7) <1,

which is a contradiction. Thus from the given above discussion and using Theorem 2.7 we
conclude that T has at least one fixed point O

Example 3.2. Consider the fractional integral equation

_ ool PO (¢ s
90 = e o9+ gra 1 o vﬁfﬁg1+<,+§(u. (3:2)

Proof. Here v = %,B =4 and I =[0,D], D < co. The function f : I x R — R is defined by

f(¢,9(Q)) = 8_1(1;2) cos(|¥(¢)|) is continuous which can be easily seen as follows
—a(C+2)
1(6,0(0)) = 16, 200)] < Sl eos(9) — cos(e)] < 20— .

Also 91(¢) : Ry — R by 41(¢) = cos(¢) with M = 1 such that

—a(¢+2)

ezc%wﬂowgcmw%OD=¢KW@m-

FCHON = e

The operator H on C(I,R) given by HY(¢) = 3(1V+|‘:’; . And if we define ¢({) = § which is

an increasing function then

)] _
< Y2 — g,

- 10()|
|HO(C)| = ‘3(1 + 19O

Now by considering the function F' € Tp by F(x1,12) = 21 + 72, ¢(1) = ¢ 2%z and b € T

—2«

by b(z1,22) = e
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IE (S, D(C)) — (G, e(€)] >0

F(1£(¢,9(¢)) = £(C a(O)s o1 £ (¢, 9(C)) — f(C, 0(E))

= F((I£(¢,9(0)) = £(¢, aO)), eI (¢, 9(C)) = f(¢5 0(0)))
< F(e |9 — ol e *9 — o)

= e 29 — ol + e 9 — g

= e (|9 — ol + €729 — o)

b(|0 = of, ¢(|9 — o)) (|9 — ol,e™**9 — o)

= b(|0 — of, &(|V — o)) F'(|U — o, #(|0 — ol))-

Also u: I x I xR — R is defined as u(¢, s,¥(s)) = %, then U = I

Finally
L BQUDY L VED?
liminf —2>—— = liminf 3
tsoo EPT(y+1) £—o0 36§T(§)
Thus the equation (3.2) satisfies all the assumptions of Theorem 3.1. So we conclude that there

exists a solution for equation (3.2) in C'(I,R). O

=0<1

Example 3.3. Consider the fractional integral equation

sin | p(t)] o()] b8P cos(1+ |u(t)])
2+ ) InB+a)  20(3)el Ol Jo 446 — 56)3/T 1 tosp

Proof. Here v = %, f=6and I =[0,D],D < oo. The function f : I x R — R which is defined

as f(t,u(t)) = (Q:tl;)ll% is continuous, because

p(t) = ds, where a,p > 0. (3.3)

1 1

BT mE o) ) —sin)] < e

[f (&, () = f(E,9()] < = ].

Also 91 : Ry — R, is given by t1(t) = sin(¢) with M = 1 such that

B sin |u(t)| ) _
0] = | | < ) = aae))
The operator H on C(I,R) given by H(u(t)) = % Then
VIn@)

< VO o).

Hu0 = |50

3
where ¥ (t) = @ is increasing function which can be easily seen.

Now by considering the functions F' € T by F(x1,x2) = x1 +x2, ¢(u) = % and b e Ty
by b(z1,z2) = m
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Tndeed if [f(t, u(t)) — f(t, ()| > 0
PG ) = H DL A 0) =1 200D
= P (151000 = SO, g e ) = £t 0000 )
1 1
< F(ln(3 T mE et 79')
1 1
e Tt marayt Y

1 1
" h@B+a) ('“ Mt nEralt T 19)

= b= 9ol = I (= 0 sl =)
= bl — 91 61~ )t — 9] (1~ 9)

Also u: I x I xR — R is defined by u(t, s, u(t)) = CZS\(/?JT’M), then U = 3.

Finally
T DBY D2
lim inf M minf ~——— \/>
N CR S R 54€T(5)
Thus the equation (3.3) satisfies all the assumptions of Theorem 3.1. So we conclude that there
exists a solution for equation (3.3) in C'(I,R). O

0<1.
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