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ABSTRACT. This paper is devoted to the study of the Cauchy problem of the 3D non-
resistive MHD system with a velocity damping term \u|B71u. We prove that the solution
of this system with 1 < g < % is globally well-posed if the initial data is axisymmetric and
the swirl component of the velocity and the magnetic vorticity vanish. It should be pointed
out that we develop the technique about the local-in-space estimate for solutions and the
special axisymmetric initial data can be arbitrarily large.
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1. INTRODUCTION

In this paper, we consider the following 3D non-resistive MHD system with nonlinear
damping

Ou+u-Vu+ VP —Au+ |ulfflu=0-Vb, (t,z) € Rt x R3,
Ob+u-Vb—b-Vu=0,

divu = divb = 0,

(u,b)|t=0 = (uo,bo), =z € R3.

Here u and b denote the velocity and the magnetic field respectively. P is the scalar pressure.
The term |u|?~'u with 3 > 1 is called as damping term, which comes from the resistance to
the motion of the flow. It describes various physical phenomena such as porous media flow,
drag or friction effects, and some dissipative mechanisms. For more physical explanations
about (1.1), see [3, 4, 18] and references therein.

Before proceeding, let us introduce the definition of the axisymmetric vector fields. We
call a vector field f is axisymmetric if it has the form:

f(t,@) = [T (tr,2)er + fO(tr,2)eq + f2(t,7, 2)es,
where © = (21, 29, 2), r = /2] + 23 and

X1 X9
€r ( ror )a €9 ( ) )7 €z ( y Yy )

(1.1)

We say f? is the swirl component and f is axisymmetric without swirl if ¢ = 0.

When the damping term is absent, the system (1.1) reduces to the non-resistive MHD
equations. About the well-posedness of non-resistive MHD equations, Fefferman et al. showed
the local-in-time existence of strong solutions with the initial data (ug,bo) € H*(R"), s > §
(n = 2,3) in [8], and (ug,bg) € H*'T(R") x H*(R"), s > % (n =2,3),0 <e < 1lin

* Corresponding author.
1School of Sciences, Xi’an University of Technology, Xi’an 710054, China.
2School of Mathematics and Statistics, Yulin University, Yulin 719000, China.
3School of Mathematics and Data Science, Shaanxi University of Science and Technology, Xi’an 710021,
China.
E-mail address: zylimath@163.com (Z. Li); liup252@163.com (P. Liu); jlzhang2020@163.com (J. Zhang).
1

12 Oct 2023 17:29:31 PDT
230730-LiZhouyu Version 2 - Submitted to Rocky Mountain J. Math.



2 GLOBAL REGULARITY FOR THE 3D AXISYMMETRIC MHD SYSTEM WITH NONLINEAR DAMPING

[9]. However, the global regularity problem remains unsolved. Thus there are many works
devoted to the study of solutions with the geometric structure axisymmetric. Lei in [11] gave
an important result that he proved the non-resistive MHD equations exist a unique global
solution if the initial data satisfies u§ = bfy = b3, (ug, by) € H*(R?) and % € L>™(R3). Later
on, the initial data regularity was weakened to (ug, by) € H*(R%)x H?(R3) and Y2 ¢ L2(R?)
by Ai and Li in [2]. Other interesting results on the non-resistive MHD equations can be
found in [6, 13, 15, 16, 17, 20].

If the magnetic field b = 0, (1.1) is reduced to the incompressible damped Navier-Stokes
equations. Such system was studied firstly by Cai and Jiu in [5], they obtained the existence
of a global weak solution for any 8 > 1 and global strong solutions for any 8 > % Moreover,
the strong solution is unique for any % < B < 5. In [22], Zhou showed the strong solution
exists globally for § > 3 and established the regularity criteria for any 1 < 8 < 3. Later on,
Zhong in [21] proved the global well-posedness of strong solution for 1 < 8 < 3 under some
smallness condition. It should be pointed out that the good effect of the damping becomes
weaker in the case 1 < § < 3. Until now, the global well-posedness of the 3D damped
Navier-Stokes system with large initial data for 1 < 8 < 3 is still unsolved. Recently, under
axisymmetric without swirl assumptions, Yu in [19] established the global well-posedness of
the damped Navier-Stokes system for 1 < § < % with large initial data.

For the case of (1.1) with magnetic resistivity, in the periodic domain, Titi and Trabelsi
in [18] investigated the existence of global weak solutions for any § > 1 and well-posedness
of global smooth solutions for any 5 > 4.

Inspired by [2, 18, 19], the main purpose of this paper is to establish the global well-
posedness for the non-resistive MHD system with nonlinear damping corresponding to large
axisymmetric data. Our result reads as follows.

Theorem 1.1. Assume that ug and by are two axisymmetric divergence free vector fields with
6

ud = by = b3 = 0. Let (uo,bp) € H*(R3) and b70 € L>®(R3). Then there exists a unique global

solution (u,b) to system (1.1) with 1 < 8 < I satisfying

u € L®(0,T; H*(R*) N L*(0, T; H*(R?)),
be 170, T; H2(RY)),
for any 0 < T < 0.

Remark 1.1. (i). Ifb =0, (1.1) is reduced to the incompressible Navier-Stokes equations

with damping in R3. Our result can be regarded as a generalisation a result proved by Yu in

[19].

(ii). We emphasize that the L>(0,T; L*>(R3)) N L>°(0,T; H'(R?)) estimate of %0 can not be

directly obtain due to the appearance of the velocity damping term. Thus, we need to assume
6

the condition bTO € L°(R3), which is only used in (3.9).

(iii). It should be noted that we only prove the global regularity when 1 < 3 < % For the case

ofg < B < 3, since the nonlinearity of |u|f8*1u is much stronger, it is not enough to control

the monlinear term only by the dissipative term. In the future, we will further study how to

use the good effect of |u|?~1u to obtain the global regularity with % < B <3.

Let us now explain the scheme of the proof. The proof of the main result deeply depends
on the special structure of the system (1.1) in axisymmetric case whose the swirl component
of velocity and magnetic vorticity are trivial. First, we need to get the L°°(0,T; L?(R?)) N
L>(0,T; H'(R?)) estimate of (“’79, w?). Motivated by [19], we develop the local-in-space
estimate for solutions to deal with nonlinear terms due to the appearance of the magnetic field,
for more details see Proposition 3.2 below. Next, we derive the L'(0,T; L°°(R?)) estimate
of Vu by using the maximal regularity result of the heat flow, then the L>(0,7; L5(R3))
estimate of Vb follow, see Proposition 3.3 below. Finally, based on those preparations, the
H? estimate of the solution can be established by deeply using commutator estimates.
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GLOBAL REGULARITY FOR THE 3D AXISYMMETRIC MHD SYSTEM WITH NONLINEAR DAMPING 3

The remainder of the paper is organized as follows. In Section 2, we introduce the system
(1.1) in cylindrical coordinates and state some useful facts. Section 3 is devoted to proving
Theorem 1.1.

Throughout the paper, we shall use the notation [ -dz for [5;-dx and ||| z» for ||- | Lr (m3)-
In addition, we denote Vj, := (01, 02) and the letter C' to denote a generic positive constant,
which may vary from line to line.

2. PRELIMINARIES

At the beginning, we introduce the system (1.1) in cylindrical coordinates and some useful
facts. Considering the system does not have the swirl component for velocity field and
magnetic vorticity. This means solution of the form:

u(t,x) =u"(t,r,2)e, + u?(t,r, z)e,,
b(t,z) = b0(t, 7, 2)eq,
P(t,x) = P(t,r, 2).
Similar to the local existence and uniqueness result for the 3D incompressible Navier-Stokes

equations in [12], see also [21], it is not difficult to have the following local well-posedness
result for the system (1.1).

Lemma 2.1. Let (ug,by) € H?(R3) be azisymmetric divergence free vector fields. Then there
exists T > 0 and a unique solution (u,b) to the system (1.1) with > 1 such that

u e L®(0,T; H*(R%)) N L*(0, T; H*(R?)),

be L™(0,T; H*(R?)).

From the uniqueness of solutions, we see that ug = by = b§ = 0 implies W= =00=0

for all later time. Thus, in this case, (1.1) can be written into the following
du” + (w0 + uFd)u" + ulf " + 0. P = (A — H)u" — @,
Ou® + (u" 0y + u*0,)u® + \u|f3*1uz + 0,P = Au?,
ab? + (u"d, + ud, )b = w2V
oru” + “% + 0,u* = 0.

(2.1)

Notice that the vorticity of the swirl free axisymmetric velocity is given by
w=Vxu=uwley=(0.u" — du)ey
and satisfying

1 1
dw? +u -Vl — Al + —Qwe e T Y]
r r

(2-2) (b6)2
+ (B = D|uf3 (W) 0.u" + v du* — u P’ — (uy)?0u”) = -0, .
r
Moreover, we introduce two new quantities I' := “’79 and II := g. It follows from (2.1) and

(2.2) that (I',II) obeys the following system:
Ol +u- VL — (A+ 29,)L + [u|?~IT + (8 — 1) |ul?~3(u?)?T + 9,112
(2.3) +(B = Dl ((u)?0:(%) = (u?)?0:(%) — 2u"w?0, () = 3(%)%u?) =0,

In order to obtain the L>°(0, T; L?(R?)) estimate for "JTG, we need the following two lemmas.

Lemma 2.2 ([12]). Let u be a smooth azisymmetric vector field with u € L>(0,T; H*(R?))N
L%(0,T; H*(R?)) and w = wey its curl. Then
(i). T“;—i and — 851,9 belong to L?(0,T; L*(R3)) for all € > 0.

rl—c¢
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4 GLOBAL REGULARITY FOR THE 3D AXISYMMETRIC MHD SYSTEM WITH NONLINEAR DAMPING
.. 0 0

(ii). Let g1(n) = [Z2,(0°|47) (1, 2) dz and ga(n) = [Zo (0’| %5 1?) (0, 2) dz. Then g1 and g

are bounded for any 6 € (0,2).

Lemma 2.3 ([12]). For any € > 0, there holds lim [ B P (n,z)dz = 0.

n—0+ 0087“7)15

3. PROOF OF THEOREM 1.1

In this section, we will give some a priori estimates and then complete the proof of Theorem
1.1. We first give the basic L? estimate of (u,b), which does not need the axisymmetric
assumption.

Proposition 3.1. Suppose 1 < 8 < L. Let (u,b) be the smooth solution of (1.1) with
(ug,bo) € L?. Then we have for any t € RT,

t t
()22 + [B(E)]12 + /0 IVu()|2 dr + /0 / fu(r) P dadr < [luol2a + o 2.

Proof. Taking the L? inner product of the first and second equations of (1.1) with « and b
respectively, integrating over R? and adding up, we obtain

1d
3 35 (1Ol + BOIE) + 1 9ulfs + [ dz =0,

Integrating on time yields the desired result. O
Next, we intend to give some estimates for II, T' and w’.

Proposition 3.2. Suppose 1 < g < % Let (u,b) be the smooth solution of (1.1) with
(ug,bg) € H*(R3?) and g € L>®(R?), which satisfy the conditions of Theorem 1.1. Then there

holds
(3.) M@l < Mo, ¥2 < p < o0,
T
(3.2) L@+ [ IVl <c.
0
and
T w@
(33) 1+ [ (19O + 1201 ) a<c.
0

o
Here the constant C' depends on T, ||uol| g2, ||bol| g2 and Hb7°|]Loo.

Proof. Since 1I satisfies the homogeneous transport equation, then we can get by standard
process that

ITL(#)[| e < [To|rr, V2 < p < oo,

which along with the maximum principle gives rise to the inequality (3.1).

Taking the L? inner product of the first equation of (2.3) with rﬁj—i and integrating by
parts, we infer

1d, w? g2 W ow?
5%”?”%2 + [IV( 1,%)”%2 + (e - Z)Hﬁ”%Q + / Jul® 1\ﬂ\2 dx
0

g w
(3 -1) [y < P —Q/MM /8H2d:z
w

(3.4) . -
— (B - 1)/|u|53 <(UT)282(T) — (Uz)zaz(T) 2u"u* 0, (7) 3( ) ) - dx

12 Oct 2023 17:29:31 PDT
230730-LiZhouyu Version 2 - Submitted to Rocky Mountain J. Math.



GLOBAL REGULARITY FOR THE 3D AXISYMMETRIC MHD SYSTEM WITH NONLINEAR DAMPING 5

where we have used Lemma 2.2 and Lemma 2.3.
In the following, we estimate I; term by term. The term I; is from the convective term, it
follows from Holder’s inequality, Young’s inequality and the Agmon inequality (see [1])

1 1
1£llze < CIVAIIZ V2122

that
0 0
g w w
I1 S 2/ u 7'-1*% 71277%|d$
< g w9 w9
= 5”“\\L“|’7J7,%’\L2”727,%\\L2
< ZH?HB + Cel|Vul[ 2| V7ul 2| ===l 72-
r<T2 r-2
For I,

2 w? 2 w?
I, = /H 0. - dr < (/ —I—/ )H |3217_5| dz := Is; + I9a.
r r<1 r>1 r

From the Hoélder inequality and Young inequality, we get
s [ e < o0, s < O + 5519 1
and )
Bo < [ TP dr < CIIPLa 0] 0 < CITIIL + IV
,
Thus,
I < C|1 7 + *HVwGHLz + 10 HVFHLz

For I3, we recall the following estimate, see Lemma 2.5 of [14],

u” w?
HV7||LP < C(p)HTHLPa V1<p<oo.

This together with Holder’s inequality, Young’s inequality and the interpolation estimate

=3 7
£l 545 = HfHLz va”L2 , Vi<B<g
ensure
h<c [l
L
<1 |u|<1,r>1 [u|>1, r>1
<Cllul7H 2, N0 *|| 7H*|| o+ Cllw’ll2 |0 *||L2 + [l 3|2 10 *||L6HWQHL2
6'
< Clullf> !*HQ . +CHVUHL2”7HL2 +CHUHL4H7HLGH"‘)9”L2

3 =
<CIIUH |F||L2 IIVTIILz "’CHVUHLQHFHLQ"'CH“H22||vu||L2||VF||L2HW0HL2
4(B—1)

HVFHLz +Cllull 5 ITIIZ: + ClIVullz. + ClIT|Z2 + CHUHL2Hvu||L2||w0HL27

- 10
which along with Proposition 3.1 implies that

I3 < *IIVFIILz + Oz + C1+ I 22) I Vul 2.
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6 GLOBAL REGULARITY FOR THE 3D AXISYMMETRIC MHD SYSTEM WITH NONLINEAR DAMPING

Following the same line as the estimate of I3, one can conclude that
1
Ii+ 15 < TOHVFH% +CO|T)Z2 + CA+ [ 72) [ Vull72-

For Ig, recall the following estimate, see (2.3) of [7],

Wl o1
(3-5) ||*||Loo < CH*HLzHV [

This together with Holder’s inequality and Young’s inequality lead to
u o, W

I <C A= 2| ——1d

0 <C [P P e

< cf Y Y e AT
[ul>1,r>1 \u|>1 r<1 lu|<1,r>1 lul<1,r<1 r

u" o w?
<C Jul”~ 1! Hweldw‘JrC w” | —?|=|dx + C ful =2 % \ ?w’|
[u|>1,r>1 lu|>1,r<1 r r lu|<1,r>1
u" o w?
+C ul? 2 — = da
lul<1,r<1 ro.r
4 u” Lol g w? u”
<C ju|3|—[w’| dz + C jul5|—|?|=|dz + C Jul 7t —|w’| da
Ju|>1,r>1 r Ju|>1,r<1 r r Ju|<1,r>1 r
+o0 u” 0 1
+C’/ (/ ]—||—|fdx1dx2)da:3
—o Jul<ir<1 T
r r r 6

U 4 1 u w u”
< CII7HL°<>IIUHE§ e[l 2 + C||u||22||7||Loo||7||L2II7IIL3 + CH7IIL2IIw(’IIL2

foo 7 wG 1
+0 [ 1 ol sl gy 4o

9 6' 0
0
< CH*HLzHV HLzHUHLzHVUHLsz Iz + CHuHLzH*HLZHV*HHH*HB + OVl

o
0 I w190 W12 W19 ey
< cnuuinwu 2,r ,invrn L e i||r||Lz||vr||Lz||Vu||Lz +C|[Vull
LA TR AT AR AV
< S IVT 2. + Cllull 21V ulZa T S + Cllul i IT 12 V)35 + CITuls + O A I
We deduce from Proposition 3.1 that
I < 55 IVTIR: + CITIR.(1 + [ Vuls) + €| Va3
Substituting the above estimates into (3.4), we get from (3.1) that
7] 7] 2 0
3l B+ IVl + G = Dl 12
(%

< CelVul | Vulall S 13 + Ol + 519l + 59T

+ CA+ [Vul2)(ITIZ2 + []172) + ClIVullZ..
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GLOBAL REGULARITY FOR THE 3D AXISYMMETRIC MHD SYSTEM WITH NONLINEAR DAMPING 7

Consequently, integrating the above estimate with respect to time from 0 to ¢t with 0 <
t < T, we have

6 T 6

w w
| ll72 + 2/ IV (=272 dt
riT2 0 riT2

Wg 2 r 2 w? 2 4
§C||7017,%||L2+C€ ; [Vul[z2[[V UHL2”EHL2dt‘*‘OHHOHMT

1 4 012 T 2 4 2
0 0 0

T
+0A<Luww;mwﬁﬁwwﬁnw

(3.6)

Noting that

Vb2 = [V |? + |IT?,

and using Sobolev embedding H'(R3) — LP(R?) (2 < p < 6), one has

Iol|ze < C||Vbo| e < Cllbollg2,  V2<p<6.

In addition, we know that | W_G% | < \“’79] + [w?|, then for t > 0,

1
T
w@ 0

w
=2l < 1% + 2

Therefore, combing with Lemma 2.1, we can pass to the limit as € — 0 at the right hand

side of (3.6). Passing ¢ — 0 in (3.6) and by virtue of the Lebesgue dominated theorem, it
leads to

T T
1
I+ [ IVTIR de < Clluole + OT + 7 [ 9t
(3.7) 0 0

T
+C/0 (1 + IVl Z2) (IT)1Z2 + 7 ]1Z2) at.

On the other hand, we multiply the equation (2.2) by w’ and integrate over R? to derive

Ld, g2 02 w? 2 B—1/, 0\2
S+ 190+ 102 + [l )P da
(3.8) =—(B-1) / ]u\ﬁ_?’((ur)?@z;ur + v 0u” —uuFou" — (uz)Q&«uz)wg dx

r b@ 2
—l—/i\wa\de—/@Z(r)wedx.

Thanks to the following well-known Biot-Savart law, for the proof see (3.8) of [2],

pQ
p_lHWHLP7 VI<p<+OO7

IVullr <C
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8 GLOBAL REGULARITY FOR THE 3D AXISYMMETRIC MHD SYSTEM WITH NONLINEAR DAMPING
we get
(B-1) / |ul#=3 (u")?0u" + u u*d.u” — u'u*Opu” — (uz)*0pu”) w? dz
<=1 [ ful ! Vallef| do
< C|lful 1| wHVUHLBHHw@HLM
< CHUHLBHHWGHWH

3(8-1)
6 6
< CHuHmﬂHw HB“ V|| 2
) ) 2(8— 1>(Bﬁ+1>
*HVw 172 + Cllw® 122 lull o3

Applying Hélder’s inequality, Young’s inequality and the interpolation estimate yield
u" g e o
— | da < Cllu[| ol — Nl 2 [|w”[| Lo
T r
r 3 r 3 w@ 0
< Cll I Ve | M= e Vel 2

w? 2 1 02
< Cllull IVl g2l = - I72 + gl!Vw 22

and

0\2
/(b> O, dz
r

1
0 0 0 0
<Clb ||L2||*HL°°||3ZW Iz < CIIT[Z 101172 + glvw 172

(3.9)

Substituting the above estimates into (3.8), we have

d. g2 o 02 w? 2 B—1(, 012
el llze + ZIVeillze + 20— ll72 +2 [l (W) dz

. , 26-D(gt)
< CHUHHHVUHLZH*HLQ + ClIZ o 67172 + Cllw’ | ol 417"

Integrating the above estimate on ¢ yields

5 T T(,UG
0 0
I+ [ mmwéﬁ+2/r7w§ﬁ

T
SCIIUonqﬁrC Sup HUHL2/ = ||L2 dt+c||H0”L°° S Hbe”L?T

0 2(B—1)(B+1)
+c/uwmﬂwmﬂﬂ dt.

From this and (3.7), we get
92 2 T 92 row 2 r 2
s+ T+ [ IVt [ IS dt+ [ VT a

T 2(8-1)(B+1)
SCMﬂ%+CA Q+m%w?ﬁ wa;)mm;+wﬂ@)w+0ﬂ

where we have used Proposition 3.1 and (3.1). Note that 2(5%)(6'3“) <B+lwhenl1<p<i

the Gronwall inequality and Proposition 3.1 allow us to get the desired estimates (3.2) and
(3.3). Hence Proposition 3.2 is proved. O

With the help of the above proposition, we immediately have the following corollary.
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Corollary 3.1. Under the assumptions of Proposition 3.2, there holds

T
(3.10) sup ||Vu(t)||2s + / IV2u(t)||2, dt < C,
0<t<T 0
and
T u”
(3.11) / 1Ol di < ©
0

6
Here the constant C' depends on T, ||ugl g2, ||boll g2 and Hb7°|]Loo.
Proof. We obtain from the Biot-Savart law that
0
0 2 0 w
IVullpz < Cllwllzz,  and  [VZull 2 < O([VeTllzz + = =llz2),

which along with (3.3) leads to the desired estimate (3.10). Using Holder’s inequality and
(3.5) yield

NI

T u'l’ 1 T %
[ 1O < ¢ s el ([ IV 1< e
0 r 0<t<T 0

O

Subsequently, we will establish the L'(0,T; Lip(R?)) estimate for u and L>°(0, T; L5(R?))
estimate for b, which plays the key role in our proof.

Proposition 3.3. Suppose 1 < g < % Let (u,b) be the smooth solution of (1.1) with
6
(ug,by) € H? and b70 € L>®(R?) satisfying the assumptions of Theorem 1.1. Then one has

T
/ IVu(t)]| = i+ sup [VB(0)]l 16 < C.
0 0<t<T

o
where the constant C depends on T, ||uol| g2, ||boll g2 and \|b70HLoo.

1 1
Proof. Firstly, we get from the interpolation estimate || f||z < C|[V f||2,][V2f| 2, and (3.10)
that

T T T
(312) [ Ju®liede <0 [ Va3l Vulfedt <€ sup [Valfe [Vl dr <.
0 0 0<t<T 0

For 2 < p < oo, we multiply the 4% equation in (2.1) by [b°|P~2b? and integrating by parts
to obtain

1d 0 0 u” 0 u”
LI, < © [P d < I
which along with Gronwall’s inequality and (3.11) imply

T
¥l < Cresp ([ 1% N at) <.
Passing p — oo in the above estimate, we have
(3.13) 18%|| > < C, V2 <p<oo.
Moreover, recalling the equation for vorticity w = V X u, one has

dw — Aw = =V x (u-Vu) = V x ([ul’Tu) + V x (b- Vb).

12 Oct 2023 17:29:31 PDT
230730-LiZhouyu Version 2 - Submitted to Rocky Mountain J. Math.
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Applying Holder’s inequality, (3.10) and (3.12) lead to

T 4 T 4 4
Auwvw;ﬁééﬂw&mwﬁﬁ

T 3 T 2
s(/°umﬁmm) (/‘va@4ﬁ)
0 0
1 2
T 3 T 3
go(/ w4 dt) (/ V2|2, dt>
0 0

<C.

For any 1 < g < %, we have the following interpolation estimate

1 1—-1
£l zas < CUFILllFI
From this, together with (3.10) and (3.12), we get

T 1 4 T éﬁ
/Hmﬁmmag/uwwﬁ
0 0
r o4 ag
scﬁnw;mmm%ﬁ

4+ (T ig_4
< C sup ||Vu|22/ Jull o * dt
0<t<T 0

4 T % 4-B
<c s 19ulfs ([l ) 7
0<t<T 0
<C.
A routine computation gives rise to
b@ 2
b= &) er = —TtYe,.
r

We apply (3.1) and (3.13) to get
16| 2 < CITL) a6l e < C,

which implies
b-Vbe L0, T; LA(R3)) C L3 (0,T; L*(R®)).

In order to improve the regulairty of the velocity field, we cite the L1 LP-estimates for the
heat flow.

Lemma 3.1 (Lemma 2.8 of [14]). Let us define the operator L by the formula
t
L:f |—>/ V2= £ (s, ) ds.
0

Then L is bounded from L9(0,T; LP(R3)) to L(0,T; LP(R3)) for every T € (0,00] and 1 <
p,q < 00. Besides,

ILf | Lao,r;rr3)) < CllflLago,r;n0®3))-
Based on the above estimates, we obtain from Lemma 3.1 that

Vw € L3(0,T; LA(R3)).
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1 6
Thanks to the interpolation estimate || f||r < C||f||7[|Vf]]. and (3.10), we have
T T 1 6
| IVl de < [ vul Ll de
0 0

1T ]
< C sup HVUHEQ/ IVl . dt
0<t<T 0

1 T 4 14 5
<C swp [Vuls ( / |rwuz4dt) T
0

0<t<T
<C.
On the other hand, a direct calculation shows
1 1 v?
V(;)urb = —ﬁerurb = —ﬁurer ® eg.

And applying the operator V to the b equation of (2.1) yields
u” o b u”
Vb+Vu-Vb+u-VVb— 7Vb—Vu ;69+7H6r®69 =0.

For 2 < p < 6, multiplying the above equation by |Vb|P~2Vb and integrating over R3, we
get

1d u” u” _
L 0l < 0 (19l + 1 e ) IV, +€ (I9lim + 1 e ) 010 901
This leads to
d u” u”
L 19blss < & (I9ulli + 15N ) 19000 + € (A9l + 1 ) 1100,

which along with Gronwall’s inequality implies
T u”
9601 < Coxp [ (IVullm + 1 )
0

T u”
< (1980l + Wl [ (9l 1% i)
<C.
This completes the proof of Proposition 3.3. O

Finally, our task is to establish the H? estimate for (u,b) and then complete the proof of
Theorem 1.1.

Proposition 3.4. Suppose 1 < g < % Let (u,b) be the smooth solution of (1.1) with
()
(ug,bo) € H? and b7° € L>®(R?) satisfying the assumptions of Theorem 1.1. Then there holds

T
sup (ult) + BOI3:) + [ 1Fu@)edt < C.
0<t<T 0

o
where the constant C' depends on T, ||uo| g2, ||boll gz and ||b70HLoo.
Proof. Applying the operator V? to the u and b equations in (1.1), one derives

OV2u+u-VV2u—b-VV2+ VVZIP — AV = —V2(Ju|?~1u) — [V2,u- V]u+ [V2,b- Vb,
V2 +u-VV2h—b-VV2u=—[V2 u-V]b+[V23b-Vu,
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12GLOBAL REGULARITY FOR THE 3D AXISYMMETRIC MHD SYSTEM WITH NONLINEAR DAMPING

where [A, B] := AB — BA denotes the commutator between A and B. Performing the L?
energy estimate of the above system, we have

vy
2dt
= —/VQ(\U|B_IU) -Vudx — /[VQ,U Vu-Viudr + /[V2,b V)b - Vudz

IV2ul[Z2 + [V2BlIZ2) + | VPullZ.

3.14
(38:14) —/[V2,u-V]b-Vzbd:c—i—/[VZ,b-V]wV2bda:

5
= Zm.
=1

For 11, we obtain from Hélder’s inequality and Young’s inequality that

I = —/VQ\u\ﬁ1u~V2udm—2/V]u’81VU-V2uda:—/|u]’81V2u~V2udm
:/(V|uyﬁ—1w-v2u+V|u|ﬁ—1u-v3u) dx+2/|u\5—1(v2u-v2u+vu-v3u) dx
—/\u|ﬂlv2u-v2udx
= —/]uﬁ_1V2u~V2udx—/]u\5_1Vu~V?’udm—i—/V]u\fB_lu-V?’udm
+2/|u|ﬁ_1(V2u-V2u—|—Vu-V3u) d:v—/|u|’8_1V2u-V2udx

§/|u]51|VuHV3u| dx+(5—1)/|uyﬁ2|vu|u|\v3uydx
-1
< Cllull =MVl g2 VPl 2

2(8—1 1
< Cllul 72V Vuls + IVl

4
a2 ].
4 - 3,112
< Cllullze + C||Vaull 2" + glIVoullze.
In order to obtain the estimates of I1o-115, we need the following commutator estimate.

Lemma 3.2 (Lemma 2.10 of [10]). Let s > 0 and 1 < p < oo, then there ezists a constant
C > 0 such that

[A°(fg) — fAsg”LP(R?’) <C (va”/:m (R?’)HAs_lg”LW(R?’) + HASfHLPS(R?')HQHLP4(R3)) )

where A% := (—A)% and 1 < py, p3 < 0o satisfying

1 1,1 1,1
S=—d—=—
P P P2 P3P

Thanks to Lemma 3.2 and Holder’s inequality, we have

1L < (|[VZ, w- Vul g2 [VPul 12 < C[Vul| o] Vul[72.

1 1
Applying the interpolation estimate || f||zs < C|[f]|;.[|Vf]|;. and Young’s inequality yield
[LI5] < (I[V2,6- V]b|l 3 [ V2ul| s

1 1
< C|IVb| 16| V20 2V ul| 2, VP 2.

4 4 2 1
< OV 36 IV 3.1Vl 3, + §\|V3U\\%2

4 1
< C|IVblis (IV?0]|72 + IV?ull72) + gHV?’uH%z,
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(L] < ([[V2,u- Vbl 2 (V20 2
< C|[Vull=[IV2b]|Z2 + CV?ul o] V0] 16 ]| V20] 2

1 1
< OVl [[V2b]72 + C|IVb s | V2ul| 2, || VPl 25 V2] 12

< CI[ Va1 V23, + CITbI s (192002, + [Vul2) + éuvi”uniz,
and
15 < V%6 V]ul 12| 92b) 12
< C (IVBllze | V2ull 2 + V2l 2] Vullpee) V2] 2
< ClIVullz= [ VZBlIZ2 + CIVbll o[ Vull 2| V2 2

4 1
< ClIVull <1972 + CIVOl Zs (IV2BI172 + [V2ullZ2) + g VEullZe.
Substituting all the above estimates into (3.14), we deduce

d

= (IV?ulZ2 + V20]72) + [IV2ul|Z:
dt

4 4
< Cllule + ClIVull 2" +C (llVUIILw + ||Vb||,§e> (IV2ullf2 + 1V%0]72) -

Therefore, thanks to Gronwall’s inequality, we get from (3.10), (3.12) and Proposition 3.3
that

T
IV 2u()[25 + [IV25(0) |2 + /0 IV3u(t) 2. dt
T 4
<c (\|v2uo\|%2 T [[V2b|2 + C / (e + V] zmdt)
0

T 4
<exo ([ UFuOll= + 190152 ot
0
<C.
From this, together with Proposition 3.1 and (3.10), this ends the proof of Proposition 3.4. [

Proof of Theorem 1.1. With Proposition 3.4 in hand, we complete the proof of Theorem 1.1
by standard continuity argument for local strong solutions, as in [11]. O
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