PURELY PERIODIC ROSEN CONTINUED FRACTIONS

M. JELLALI

ABSTRACT. In this paper, we consider the two Hecke groups G4 and Gg
generated by the transformations (S,T) defined by S(z) = z + Ay and
T(z) = —1/z where Ay, = 2cos(w/m) with m € {4,6}. We give a full
characterization of purely periodic Rosen continued fractions over G4 and
Gg. Finally, we end by finding a family of examples of purely periodic
Rosen expansions of period length two and some related examples.

1. INTRODUCTION

In 1954, a new class of continued fractions was introduced By D. Rosen
[3] closely associated with the Hecke groups G,,. The Hecke groups are the
set of linear fractional transformations (S,T) defined by S(z) = z + A, and
T(z) = —1/z where A, = 2cos(m/m) with m > 3. For a fixed m > 3, a \p,-
continued fraction noted A, cf is an expression of the form:
€1

1 >\m +
T2 )\m + .

with ¢, = +1,r9g € Z and r; € Z™.
The A\,cf of any real number is given by a nearest multiple of A,,- algorithm.
More precisely, any real number « can be written as follows: o = roA,,, + €1 Ry
where 7 is a nearest multiple of A, to o, ¢ = £1, 0 < R; < A,/2, and
ro can be obtained by the so-called nearest integer function {-} as follows:
ro = {a/Anm}, then apply the algorithm to 1/R; and continue the expansion.
In [1], Galois proved that a real quadratic number x > 1 of the form a +
bV/d where a,b € Z and § € N has purely periodic simple continued fraction
expansion if and only if its conjugate Z = a —bV/§ € (—1,0). So, it was natural
to ask whether similar results can be proven with Rosen continued fractions
over the two Hecke groups G4 and G¢ whose underlying fields are the quadratic
extensions of Q, that are, Q(v/2) and Q(v/3) respectively.
In [5], the authors showed that all units of Z(v/D) have purely periodic Rosen

T0Am + €2 = [TO)\m7€1/T1)‘m762/T2)‘m7'"]7
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continued fractions where D is a squarefree integer. Note that the results of
[5] concern only the units in the ring Z[v/D]. In this paper, we are interested
especially with elements of Z[\,,];m € {4,6} whose Rosen continued fractions
are purely periodic despite they are not necessary units.

The main purpose of this paper is to give a characterization of elements
whose A,cf is purely periodic over the two Hecke groups G4 and Gg.
So, our paper is organized as follows. In Section 2, we define some basic
notions and give some preliminary results. The main results of this paper,
those of Section 3, are devoted to describe purely periodic Rosen continued
fractions over G4 and Gg. Finally, in Section 4, the length of such purely
periodic elements is discussed with concrete examples.

2. PRELIMINARIES

Let m = 4 or 6, then A\, = V2 or V3 respectively. From a nearest integer
algorithm, we can conclude that every real number « can be written as follows
€1

a=T1Am + & = [roAm, €1/T1Am, €2/T2 A, -],

1 )\m +
ToAm + .
with ¢, = +1,70 € Z and r; € ZT.
We recall that the n'" convergent p,/q,, obtained by truncating the \,cf

of « after exactly n steps, is given by:

pn/Qn = [TO)\ma €1/"“1)\ma ceey en/rn/\m]a

where (pn)n>—1 and (g,)n>—1 are two sequences of real numbers defined by
the following recurrence relations:

p—1=1;po =0;p, = Tn)\mpnfl + eppPn—2;n > 1,
-1 =090 = 1;qn = rnAm@n-1 + €nqn_2;n > 1.
So, it follows that:

PnGn—-1 — gnPn—-1 = (_1)n—1€162 €.

We may also prove by simple induction that for every convergent p,, /gy, exactly
one of p,,q, is in Z, the other is in A,,Z. More precisely, if p, € Z, then
Pnt1 € ML, qn € MZ and qny1 € Z; Vn > 0. Also from the definition of p,
and ¢,, we may easily remark that (g,),>1 is an increasing sequence of real
numbers and by a simple induction we may show that

pn/pn—l = [Tn)\m;€n/rn—1Am7~--761/T0)\m]- (*)

10 Feb 2023 08:49:47 PST
220925-jellali Version 4 - Submitted to Rocky Mountain J. Math.



PURELY PERIODIC ROSEN CONTINUED FRACTIONS 3

By a periodic Rosen continued fraction, we mean any Rosen continued fraction
which is eventually periodic, more precisely A, cf(a) is eventually periodic if
and only if ds € N, such that:

)\mf’r<a) = |:r0)\m761/r1>\m7--~7€s/Ts)\m7€s+1/T5+1Am7~-~76n/rn)\m§€ I}

where ¢; = £1. In this case, the expression [rsi1Am, ..., €n/TnAm; €] will be
called the period of the A,,cf of @. And when the period begins with the first
term 7o of the Rosen continued fraction of a, we say that this Rosen continued
fraction is purely periodic which will be noted as follows:

= [ToAm, €1/T1 A\m, - -+, €s/TsAm, €] -

For more details one can see [3], [4], [2] and [6]. Let us consider the following
sets:

a+ b,

QAm) ={ ;a,be€Z and c € Z*}

and
Z[Am]) = {a+ bA\pm;a,b € Z}.

For given o € Z[\,,], @ = a + b\, where a,b € Z, we denote by @ = a — b\,
its conjugate.

Let P be the set of positive non-square rational integers and S be the set of
square integers.
In [6], the authors defined the following set:

R,, = {a € R, o? € Z[\,]; « is hyperbolic fixed point of G,,},

where m = 4 or 6 and proved that hyperbolic fixed points of G4 and G¢ are ex-
actly periodic ones except for those elements having the period of [2,1------ ,1]
corresponding to the cusps which are parabolic fixed points of Hecke groups
G4 and Gg ( see [6]). Schmidt and Sheingorn [6] showed that for each of G4
and Gg, the periodic Rosen continued fraction expansions other than those of
exactly one period are in 1-1 correspondence with the fixed points of hyperbolic
elements of the group. In particular, the authors showed that

Ry = (2" + A Z) [ J{AmvD | pe PH VD | p€ (P \ALS)}

It follows from this that all elements of R,, have periodic A,,cf. From this
full characterization of the real numbers which have periodic Rosen continued
fraction expansions given in [6], we aim to determine in the cases G4 and Gg
exactly which values correspond to the purely periodic Rosen continued fraction
expansions.
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3. MAIN RESULTS

Recall that for m = 4, \,, = v/2 and for m = 6, \,, = v/3, so we will consider
the two Hecke groups G4 and Gg.
VD

In [4], the authors showed that for every m > 4, if el > 2/ Ay with C, D €

D
Z[Am), then —— cannot have purely periodic Rosen continued fraction expan-

sion. Following the same technical argument as in [4], we state the following
result.

Proposition 3.1. Let o € R,,, greater than 2/\,,. If

ac{AnyD [pePH VP | pe P\ ALS)}
then a is not purely periodic.

Proof. Suppose that the A,,cf(a) is purely periodic, then

a = [T'O)\ma€l/7'1>\ma~~~76n/7"n/\m76:| )
= [rodms €1/T1Am, -« €n/TnAm, €/a] .
Let now pn/Gn = [ToAm, €1/T1Ams - - -, €n/TnAm] be the nt" convergent of «, it

follows that:
a= QPn, + €Pn—1

B Ofn + €@n-1 ’
and then « verifies the following equation
OdZQn + (€Qn—1 - pn)a — €Pn—-1 = 0.

Since &« € {Any/p | P € PYU{yP | p € (P \ A4S)}, then o ¢ Q(Ay,) but
a? € Z[\,,], immediately we get

{ €dn—1 = Pn,
2 €Pn—1
o = .

an
So, a? = Pnot  Pnot _ Pooi (e = 1) and from (x), we get Pn > Am/2,
an qn—1 Pn Pn—1
which implies that a? < 2/\,,. And since 2/),, > 0, then o < 2/, which is
absurd . O

Theorem 3.2. Let a € R, greater than 2/\,.
a is purely periodic if and only if o € {Z* + M\ Z} and @ € (=X, /2, A /2) .

Proof. Suppose that « is purely periodic, then it is periodic. From the last

proposition all elements of {A\n/p \ p € PYU{yP \ p € (P \ A2,S)} cannot
be purely periodic and since « € R, it then follows that o € {Z* + \,,Z}.

Our next goal is to prove that @ € (—Ay, /2, A\, /2) . Since « is purely periodic,
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then it is a root of f(x) = 2%¢,, + (€¢n_1 — pn)T — epn_1 = 0. Let now o* be the
second root of f. When checking for f(\,,/2) and f(—\.,/2), we remark that
they are of opposite signs which implies that o* is in (—=A.,/2, A\, /2) . Since «
is a root of f, it then follows that

a?qy + (6qn—1 — pp)a — €pp—1 = 0.

Two cases arise: (¢n,Pn—1 € Z and ¢n_1,Pn € AmZ) or (¢n, Pn—1 € AmZ and
Gn-1,Pn €Z). If ¢, pp—1 € Z and ¢,,—1,pn € AZ, it then follows that:

aQC]n + (_€Qn—1 + pn)a —€pp—1 =0.
Combining the last two equations, we get the following result:

(a+@)(gn(a — @) + €gpn—1 — pn) = 0.

So, @ = —a (which is impossible since @ € Z* + A\, Z) or @ = ZPnt€n1 +a
qn
Since a* is the second root of f, it then follows that a + a* = Pn — €n-1
qn

This proves that o = —a. Finally, we infer from o* € (=\,,/2, A\, /2), that
@ € (—Am/2,\m/2) . (Note that we find a similar result even if ¢,,, pr—1 € A2
and ¢n—1,pn € Z)

Conversely, let @ € {Z*+ X\, Z} and @ € (— A\, /2, A /2) . We aim to prove that
« is purely periodic. Since o € R,,,, then its A, cf is periodic. By a nearest
multiple of A,,- algorithm, one can write

o= oy ="ToAn + a > 2/A;, where 0<1/a; < Ap/2; 19 € N.
aq

€n+1 €n+1 .
Let now «,, = rp A\ + nt ,n > 1. So, ntl = Qay — Ay which leads to:
Ap41 Qp41
€nt1 —
=Qp, + " Am- (%)
Ap41

Let us prove that @, € (—An/2, A\n/2). By induction, we have ag = @ €
(=Am/2, Am/2) . Suppose that &, € (—An/2, \n/2), then from the fact that

€
ntl A + A, We get a1 € (—Am /2, A\ /2).
an+1 e
It follows from (xx), that 7, is a nearest multiple of A, to ntl , which is the
Qp41

key remark to pursue our proof.
« is periodic, then 3i,j € N such that j > ¢ and o; = «, which implies that

€ €
a; = o; and — = L where ¢; = €¢; = €. It then follows that 7,y = r;_; and
Q5 Q
€ €
ri—1+— = rj—1+—, which leads to a;_1 = a;_1. Continuing to reduce indices
Q5 a;
in this way, we eventually obtain «;_; = ap. Hence « is purely periodic. ]
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4. PERIOD LENGTH OF SOME ELEMENTS IN G4 AND Gy

We end this work with an interesting family of examples of purely periodic
expansions of period length two and some related examples.
The next few results follows work in [5] but with non units. Recall that we
mean by units in the ring of integers Z [A,,], all elements w = a + b\, where
a,b € Z and verifying N(w) = ww = F1.
Without loss of generalities, let \,, = Ay = v/2, completely analogous results
hold for A,,, = \¢ = V3.
Let w = 2++/2 = a; +b1v/2 € Z[V/2]. Note that w > 2/\y, © € (—Am/2, A /2)
and for n > 1, by a simple induction, we show that w”t! = a,1 + bpr1V?2
where an+1 = 2(an + by), bny1 = an + 20, and W™ € (—An/2, A0 /2) ;Y > 1.
Note that (by),>1 is a strictly increasing sequence. By induction again, one
can prove that N(w™) = a2 — 2b2 = 2" and b,, > 2";Vn > 1.
Let w™ = a,,+b, \/5, we have to find a nearest multiple of V2 to w™ by technical
approximations as follows :
a2 aZ — 2b2 2mn
5 -2 =1 =
Then, we can conclude that

(ot bnv2 f} (o nV2 + b2
V2 V2
Thanks to our main theorem, all elements of the set {w™, Vn > 1} are purely

periodic.

Proposition 4.1. Let w™ = a, + b,\/2 ( as defined above). If 2"~ | b,, then
Vn > 1, the length of the period of w™ is exactly 2.

Proof.

A

1
2o

} = 2b,.

wtr = anernﬂ,
- 2bn\/§ + an, — bn\/iv
1
an + by /2

2 n
1

(2b,/27)V/2 4 I OnVE

1

(2b,, /2n)f+—

= 2b,V2+
b f

2b,1/2,

(2bn /2”)\f
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Examples
w=2+v2=[22,1/V2].
WP =6+4V2 = [8v2,1/2V2].
wh = 68 + 48v/2 = [96\/5, 1/6@} .

Note that if b, is not a multiple of 2*~!, then the length of the period of w™ is
strictly greater than 2. Cite for example:

w3 =20+ 142 = [28\&, 1/4v/2, —1/3/2,1/14v/2, —1//2,1/3V/2| .
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