Classifications of infinite direct sums of Banach spaces with
applications to Fourier analysis on compact groups

Hojjatollah Samea

ABSTRACT. In this paper, the notion of a direct sum of a family of Banach
spaces is introduced and studied. Necessary and sufficient conditions are found
that a Banach space can be regarded, in a unique way, as a direct sum of a
family of its closed subspaces. A class of direct sums of Banach spaces, that
many of the direct sums are in the form of a closed subspace of a member of
this class, is introduced. As an application, the direct sums of trigonometric
polynomials on a compact group G are introduced and classified. Furthermore,
among other results, it is proved that the spaces C(G) and LP(G) (1 < p < o0)
are direct sums of trigonometric polynomials and can be regarded as closed
subspaces of the members of that class of direct sums of Banach spaces intro-
duced in this paper.

INTRODUCTION AND PRELIMINARIES

The organization of this paper is as follows. In Section 1, the notion of a direct
sum of Banach spaces is introduced, and a number of properties of this notion are
given along with some examples. The following notations are needed. Let I be
a nonempty index set, and (X;);e; a family of Banach spaces. The product of
(Xi)ier is denoted by [],.; X;, and consists of all ¢ = (;)ie; for which z; € X;
(i € I). For each j € I, the j’th canonical projection 7; : [[;.; X; — X is defined
by 7;(x) = r;, where ¢t = (2;)ier € [[;c; Xi and r; = x;. The algebraic direct sum
D;cr Xi of (Xy)ier is defined as the set of all r € J],.; X; such that r; = 0 for all
but finitely many i € I. If j € I, then the appropriate copy of » € X in @, X; is
denoted by 27, and defined by (z7); = x and (27); = 0 for i # j. The j’th canonical
injection ¢ : X; = @,.; X; is defined by ¢;(z) = 27 (z € X;). In the beginning of
this section, a direct sum of Banach spaces (X;)ier is defined as a subsapce of the
product of (X;);cr that contains the appropriate copy of each x € X; (i € I), and
under some norm is a Banach space with continuous coordinates m; (i € I). The
notion of direct sums of Banach spaces is also defined in Definition 2.1 of [7] for a
countable family of Banach spaces, which in this paper is defined in a more general
and comprehensive way for an arbitrary family of Banach spaces. This notion
extends the notion of BK-space (which is, for example, studied in [2], and with the
literature of this paper is a direct sum of countable copies of C), and the notions of
the ¢,-direct sums of (X;);cr (1 < p < 00). Recall that £,(X;);er (or simply £,(I),
where X; = C for all i € I, and ¢, if furthermore I = N) is the set of all r € [[,; X;
for which 7, ; [[t:||P < oo for 1 < p < oo, and sup;¢; [|r;]| < oo for p = co. At
the final of this section the concept of an internal direct sum is introduced. The
Banach space X is called an internal direct sum of a family (X;);cs of it’s closed
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2 H. Samea

subspaces, if there exists a unique linear map P : X — [],.; X; that isometrically
maps X onto a direct sum of (X;);er, and Pz; = 2t for each i € I and x; € X;. It
is proved that X is an internal direct sum of (X;);c7, if and only if, the linear span
of U;erX; is dense in X and for each i € I, there exists a bounded projection p;
on X (i.e. a bounded linear map that p? = p;) with p;(X) = X; (i € I) such that
the family (p;)icr is separating (i.e. N;esker p; = 0) and mutually orthogonal (i.e.
pipj = 0, where 7,j € I and i # j).

In Section 2 a wide class of direct sums of Banach spaces is introduced. In this
paper, for each finite subset F' of I, let Pp := ,pntom;, i.e. for eachy € [[;c; Xi,
(Prr); = 1; for i € F, otherwise (Prr); = 0. It is proved that if T' is a family of
functions v from J[,.; X; to a Banach space X such that ||[v(x)|| = ||v(Pr,z)l|, for
a finite subset F, of I and each ¢ € [],.; X;, then under some conditions, b(I") :=
{r € [Lier Xi : sup,er [[7(x)]] < oo}, and be(I') in the case that I' is a net, is defined
as the set of all ¢ € b(I") such that lim,cr 7(r) exists, are direct sum of (X;);er. It is
shown that many of the known direct sums of Banach spaces are closed subspaces
of a direct sum of the form b(T"). As an example of these direct sums, for a Banach
sapce X and a family of nonzero elements e = (e;);c; of X, the concept of the
(X, e)-direct sum of (X;)ier, that consisting of all ¢ € [],.; X; for which the series
> icr llxilles is unconditionally partially bounded (i.e. suppez || >, p |lxilles]| < oo,
where F is the family of all finite subsets of I) is introduced. Finally, an example
of a direct sum of Banach spaces that is not a closed subspace of a direct sum of
the form b(T") is given.

Section 3 is devoted to applications to compact groups. The terminologies and
notations of [5] are used here. Let G be a compact group with the dual object 3.
For each o € ¥, select a fixed member U(?) of o with representation space H,.
Recall from [5] that the set of all finite linear combinations of functions of the form
T (Ua(;g)f,m, where £, € H,, is denoted by T,(G). Also, the linear span of
Usen®s(G) is denoted by T(G), and functions in T(G) are called trigonometric
polynomials on G. An internal direct sum of (T, (G))sex is called a direct sums
of trigonometric polynomials on G. In this section direct sums of trigonometric
polynomials are classified. It is shown that the Banach spaces LP(G) (1 < p < o0)
and C(G) are direct sums of trigonometric polynomials, and can be regarded as
direct sums of the form be(T"), that introduced in Section 2.

1. DIRECT SUM OF BANACH SPACES

Throughout this paper, let I be a nonempty index set, and (X;);cr a family of
Banach spaces.

Definition 1.1. A subspace X of [],.; X; that contains €, ; X, is called a direct
sum of (X;)ier, if there exists a complete norm on X with continuous coordinates
(i.e. the restrictions of the projections m; (i € I) to X is continuous).

Proposition 1.2. Let X be a Banach space, P : X — [[;c; Xi a linear map such
that the maps p; :== m; 0P (i € I) are continuous, and X a direct sum of (X;)ier
under the norm ||.||x such that PX C X. Then,

(1) ||zl|p == infiep-1y [|2]|x (x € PX) is a well defined complete norm on PX for
which the projections m;|px (i € I) are continuous;

(i) PX is s direct sum of (X;)ier if and only if for each i € I, X; = p; (N ker p;);

(iii) for some ¢ >0, |t]lx < cllt|lp (r € PX);
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Classifications of infinite direct sums of Banach spaces ... 3

(iv) P: X — X is continuous.

Proof. (i): If x € ker P, then for each i € I, by continuity of p;, m;(Pz) = p;(z) €
pi(ker P) C p;(ker P) = {0}, that implies Pz = 0. Thus ker P is a closed subspace
of the Banach space X, and so % is a Banach space with respect to the quotient
norm ||.|[q. But, the map Py : 25 — PX through Po(z + kerP) = Pz (z € X)
is a bijection. Thus PX is a Banach space with respect to the norm |t]|p :=
P52l = infyep-1, [|7]|x, where r € PX. Now let i € I. Since for each z € X
and y € ker PX, m;(Pz) = piz = pi(z +y), so |7 (Px)|| < ||pi||||PX]p, that implies
m;i|px is continuous.

(ii): Suppose PX is a direct sum of (X;);e;. Let ¢ € I and z; € X;. Since
z! € PX, so there exists x € X such that Pr = 2!, equivalently, p;(x) = x; and
p;(x) =0 (j # ), that implies x; € p; (N;x; kerp;). Thus X; = p; (N;2; kerp;).

Conversely, suppose for each i € I, X; = p; (Njz kerp;). Let i € I and z; € X;.
Since z; € p; (Njzi kerp;), so there exists € Njx, kerp; such that p;(x) = ;.
Thus z¢ = Pz € PX. It follows that @, ; X; C PX, that together (i) implies that
PX is a direct sum of (X;)cr.

(iii): Let (rn)nen be a sequence in PX which |.||p-converges to 0 and ||.|x
converges to a point ¢ € X. For each ¢ € I, by continuity of the maps m;|x and

milpx (by (1)),

mi®) = mi(lllxe — lm g) = lim mi(e) = m(lllp — I g) = m(0) = 0,

and so ¢ = 0. Thus, by Closed graph theorem, the inclusion map ¢ : PX - X :r+—¢
is continuous. It completes the proof.

(iv): Note that for each x € X, by (iii) and (i), ||Pz||x < ¢||Pz||p = ¢|z|; <
cllxllx

The following result, as a direct consequence of the above corollary, shows that
there is no ambiguity to define the norm of direct sums of Banach spaces, and each
direct sum of (X;);cs contains appropriate copies of X;, where i € I.

Corollary 1.3. Let X be a direct sum of Banach spaces (X;)icr. Then
(i) all norms that makes the space X into a direct sum of (X;)icr, are equivalent;
(ii) the canonical injections t; : X; — X (i € I) are continuous.

Proof. (i) is a direct consequence of Proposition 1.2(iv).
(ii) is a consequence of Proposition 1.2(iv), and the fact that for each 4,5 € T
with j # 4, m; 0 ¢; is the identity map on X; and 7 0¢; = 0. O

The following result shows that, in general, the product and algebraic direct sum
of a family of Banach spaces are not direct sums of that family.

Proposition 1.4. If there are infinitely many i € I with X; # 0 and X is a direct
sum of Banach spaces (X;)icr, then X # @,;c; Xi, [Lic; Xi-

Proof. Choose a sequence (i,)nen of distinct elements of I with X; # 0. Thus
for each n € N, there exists z;, € X;, with z; # 0. Suppose the norm ||.|| makes

i'n/
Lin (Ziy
lein (@3,
series > | 51, converges to some a € X (by the completeness of X). For each
n € N, the continuity of m;, implies that m;, (a) = s, (xa) # 0, and so a ¢

D;c; Xi- Hence, @,.; X; # X. Now, suppose b is an element of [[,.; X; with

X into a direct sum. If r, := ;” (n € N), then the absolutely convergent

i€l
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4 H. Samea

b, = % (n € N). If b € X, then for each n € N, by continuity of m;_,
n||mi, |l = 16,1l = |7, (0)|] < |7, |l|6]], and so |[b]| > n, that’s a contradiction.

Thus b ¢ X, and so X # [[;c; Xi. O

Remark 1.5. Suppose there are finitely many ¢ € I with X; # 0. It is easy to see
that, if X is a direct sum of Banach spaces (X;)icr, then X = [[,c; Xi = @, Xs
and it is a direct sum under the absolute norm ||t|lco := SUpPj<;<., ||t:i]] (see also
Corollary 1.3(i)). o

Example 1.6. (a) Since coo := €D,,cy C has a countable basis, so by the Baer’s
category theorem it is not a Banach space under any norm. But, there exists a
complete norm on s := CN. To see this, note that dim s = dim ¢; (see for example
Theorem I.1 of [8]). Thus, there exists a vector space isomorphism I : s — /5.
Clearly s with respect to the norm ||t|| := ||[I(z)||1 (z € s) is a Banach space.

(b) If B is a basis for ¢; that contains e,, = (67 )nen (m € N), where 87 is

the Kronecker’s delta symbol, and eq = > ° | 52, then @,.; C with respect to

the norm |laf| := >,z la| (o € @, C) is a Banach space that is isometrically
isomorphic with /1. Since me,(eg) = 1 and Y7 | 5-me,(en) = 0, so the projection

Te, 1S not continuous.

The remainder of this section is devoted to internal direct sum that defined as
the following.

Definition 1.7. Let X be a Banach space, and (X;) a family of its closed subspaces.
Then X is called an internal direct sum of (X;);cr, if there exists a unique linear
map P : X — [[,c; X; that maps X isometrically isomorphic onto a direct sum of
(X:)ier and Px; = 2!, where i € I and z; € X;.

Lemma 1.8. Let X be a Banach space, (X;)ier a family of its closed subspaces,
and Px = (pix)icr (v € X) a linear map from X into [[,.; Xi. The following
assertions are equivalent:

(i) P maps X isometrically isomorphic onto a direct sum of (X;)ic; and Px; =
:r%, where 1 € I and x; € X;;

(ii) (pi)ier is a family of separating mutually orthogonal bounded projections in
X with p;(X) = X; (i € I).

Proof. (1)=-(ii): Let i,j € I. Since the ¢’th projection of PX, that is denoted by
m;, is bounded, so p; = m; o P is bounded. If 7,5 € I and z € X, then p;x € X;, and
so pipj(x) = mi(Pp;(x)) = mi((pjz)’), that follows pip; = 0 (j # i) and p; = p;.
But, if z; € X;, then p;z; = m;(Px;) = mi(z}) = x;, and so p; is a projection onto
X;. Since P is injective and ker P = N;ey ker p;, so Nier ker p; = {0}, ie. (pi)ier is
a separating family.

(i)=(i): Let ¢ € I and x; € X;. Since p;x; = x; and pjx; = 0 for j # i, so
x; € p; (N ker p;). Hence, by Proposition 1.2(ii), PX is a direct sum of (X;);e;s.
But, (pi)ics is a separating family, and so ker? = {0}. Now, by Proposition
1.2(i), ? maps X isometrically isomorphism onto PX that equipped with the norm
Il O

Proposition 1.9. Let X be a Banach space, and (X;);cr a family of its closed
subspaces such that there exists a family (p;)icr of separating mutually orthogonal
bounded projections in X with p;(X) = X; (i € I). Then X is an internal direct sum
of (Xi)ier, if and only if, the linear span of U;c1 X; is dense in X. Furthermore,
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Classifications of infinite direct sums of Banach spaces ... 5

the linear span of U;c1 X; is equal to X, if and only if, there are finitely many i € 1

Proof. Let Pz := (piz)icr (x € X) and Iy ={i € I : X; # 0}.

Suppose the linear span of U;crX; is dense in X. Let Qz = (¢;x)icr (z € X)
be a linear map from X into J],.; X; that maps X isometrically isomorphic onto a
direct sum of (X;);cr and Qx; = ¢, where i € I and z; € X;. Let i,j € I and j # i.
Then, by Lemma 1.8, for each z; € X;, ¢;x; = x; = p;x;, and for each z; € X},
¢ix; = ¢;q;7; =0 = p;pjx; = p;x;. It, together the continuity of p; and ¢; and the
fact that U;c; X; is dense in X, implies ¢; = p;. Hence Q = P. Now, by Lemma 1.8
and Definition 1.7, X is an internal direct sum of (X;);e;.

Conversely, suppose X is an internal direct sum of (X;);es. Firstly, suppose I is
infinite. By Proposition 1.4 there exists a € [],., X; that a ¢ PX. Suppose f € X*
and f(UjerX;) = 0. Let Q = (gi)icr be the map from X into [],.; X; given by
Qx = Pr+f(z)a (z € X). Let 4,5 € I and j # 4. Then, ¢;x = p;z+ f(2)a; (z € X).
Thus, by the properties of f, g; is continuous and ¢;x; = p;x; + f(x;)a; = x; for all
x; € X, that implies ¢; is a bounded projection with ¢;(X) = X;. Also, if z € X,
then g;x € X, and so p;g;x = p;(pjg;x) = 0, that together the fact f(U;erX;) =0,
implies ¢;q;(z) = pi(¢;x) + f(gjx)a; = 0. On the other hand, if z € kerQ, then
Pz + f(x)a = 0. But, a doesn’t belong to the vector space PX, and so Px = 0, that
implies x = 0. By Lemma 1.8 and uniqueness of P, Q = P, and so f = 0. Hence by
Hahn-Banach Theorem, the linear span of U;c;X; is dense in X.

Now, suppose I is finite. Then PX C [[,.; Xi = @,c; Xi, and so by injectivity
of P, X is equal to the linear span of U;c; X;.

Finally, if X is equal to the linear span of U;c; X;, then €, ; X; = PX. But,
PX is a direct sum of (X;);es, so by Proposition 1.4, Iy is finite. O

2. A CLASS OF DIRECT SUMS OF BANACH SPACES

In this section, a class of direct sums of Banach spaces is introduced, which, as
mentioned in the rest of the paper, many direct sums are in the form of a closed
subspace of a member of this class. Recall that (X;);cs is a family of Banach spaces.

Definition 2.1. Let X be a Banach space, and I' a family of functions ~ :
[Lic; Xi — X such that [[v(zx)]] = [[7(Pr,x)|, for a finite subset F, of I and
each ¢ € J[,c; Xi. Then b(T') is defined as the set of all v € J[,.; X; for which
lellr := sup,er [[7(x)]| < oo, and if T' is also a net, then be(I") is defined as the set
of all r € b(T") such that lim,ep y(r) exists.

Theorem 2.2. Let I' be a family of functions v from [],.; Xi into a Banach space
X such that ||y(x)|| = |Y(Pr,x)ll, for a finite subset F, of I and each ¢ € [];c; X;.

If

(a) for each v € T, qy(x) :== [[v(@)|| (x € [L;e; Xi) is a seminorm,

(b) for each vy €T andi €I, g,0; (i € I) is lower semicontinuous,
(c) for each i € I and x; € X, ||ti(x;)||r < o0,

(d) for each i € I, there exists c; > 0 such that for each v € [[;c; X, [lul] <
ailltr,
then b(T) is a direct sum of (X;)icr. Furthermore, if T is a net of linear maps, then
be(T) is a closed subspace of b(T'), and is a direct sum of (X;)ier if imyer(you;)(z;)
exists for each i € I and x; € X;.
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6 H. Samea

Proof. By (a), ||.||lr is a seminorm on b(T"). Since by (d), for each ¢ € b(T') and
i eI, |m@)] < ailltllr, so (b(I")].]r) not only is a normed space, but also its
projections are continuous. By (c), @,.; X; C b(I"). Thus, b(T') is a direct sum of
(Xi)ier, provided that the completeness of ||.||r is proved. To see this, firstly note
that by (a) and (b), for each ¢ € I and v € T', g, o ¢; is a lower semicontinuous
seminorm. It, together (c), Banach-Steinhauss Theorem (Theoremll on Page 122
of [9]), and the definition of ||.||r, implies that for some £; > 0, ||e;(x;)||r < Bil|=:|
(x; € X;). Now, suppose (a,)22, is a Cauchy sequence in b(I"). For each i € I,
(mi(ay)),~, is a Cauchy sequence in X; (by the continuity of 7;), and so converges
to some a; € X;. Let a = (a;)jer. Thus, for each v € T' and n € N (note that
dy = (4~ © ,PFw)a

Gy(0n —a) < lim (gy(an —am) +gy(an —a))

m—00

= lim (¢y(0n — ) + ¢, (Pr, (0 — a)))
m—00

< lim (a —a +H vi(mi(a,) — a; )
ol || n mHF i;/ Z( z( ) z) r

<

nlljmoo ||an - amHF + mlgnoo Z /BiHﬂ'i(am) - az”

i€F,,

= lim [jay —am|lr,

m—r o0
and so for each n € N, ||a,, —aljr <lim,, . ||an — ay,|lr. It, together the Cauchy-
ness of (a,)5%,, implies that a € (") and (a,)52; converges to a.

Finally, let T" be a net of linear maps. Suppose (r,)52; is a sequence in be(T") that

converges to some ¢ € b(I"). For € > 0, there exists n. € N such that [|z,,, —z[lr < ie.
Thus, for each 71,7, € T,

7@ =@ < 7@ =@+ @) = v2@)l+ e En) — 0]

< 2l —wlle + 7 (En) = 72(En.)

|,

that together the convergence of (y(xn,))~er, implies that (v(x))er is a Cauchy
net in the Banach space X, and so is convergent (see Proposition 2.1.49 of [10]).
But, r € b(I"), and so ¢ € bc(T"). It follows that be(T") is a closed subspace of
b(T). O

2
| < gﬁ + 71 (@) — v2(En.)

In the rest of this section, let F be the net of all finite subsets of I with the
inclusion order. In the following example, the notion of /,-sums of Banach spaces
is extended.

Example 2.3. (a) Let X be a Banach space, e = (e;);cs be a family of nonzero
elements of X, and I' the family of all functions vr(x) = >, p |@illes (¢ € [];e; X4)s
where ' € F. Clearly, g, o (; is continuous and ¢,,, = ¢y, o Pp. Let ¢ € I. For
each x; € Xy, |[vi(x;)|lr = ||zill|les]|, and for each r € [[;c; Xi, [lrill < ﬁHFHF
Hence by Theorem 2.2, b(T") is a direct sum of (X;);es. In this case, b(T") is called
the (X, e)-direct sum of (X;);er, denoted by (X,e) — ®;c;X;, and the norm ||.||r
denoted by ||.[[(x.e)-

(b) Let e := (67 )icr, where j € I and &/ is the Kronecker’s delta symbol. If
e = (ei)ier, and 1 < p < oo, then (£,(1),e) — D,y Xi = £p(Xi)ier-
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Classifications of infinite direct sums of Banach spaces ... 7

(¢) An unusual example of a (X e)-direct sum of (X;);cs is now given. If e =
(1)ier, then one can prove easily that (C,e) — @,.; Xi = (1(Xi)ier-

(d) Let P = (pr)rer, where pp : [[;c; Xi — €°(X;)ier is given by pr(x) := Prr
for each F' € F and ¢ € [[,c; X;. By Theorem 2.2, be(P) is a direct sum of (X;)ies.
Clearly, r € bc(P), if and only if, (Prr)rer is a Cauchy net in £°°(X;);cs that is
equivalent with {i € I : ||r;]| > €} € F for all € > 0. Recall that in this case, be(P)
is called the co-direct sums of (X;);er, and denoted by co(X;)ier-

Example 2.4. Let X be a Banach space.

(a) Let (X;)icr be a family of closed subspaces of X. The space ucs(X;)ier
consists of ¢ € J],; X; for which the series ), ; r; is unconditionally convergent
(i.e. the net (spr)rer is convergent in X, where spr:= ), pr; (F € F)). Ifre
ucs(X;)ier, then there exists Fy € F such that for all F € F, ||spurt — srok| < 1.
But, spr = (srurt — SFt) + spark for all F € F. Hence, suppcr ||srr| <
1+2 icp, lEill < oo. It follows that ucs(X;)icr = be((sr)rer), and so by Theorem
2.2, ucs(X;)ier is a direct sum of (X;);cr under the norm ||g||ues = supper ||srz-

(b) Let (X;)ien be a sequence of closed subspaces of X. The space ¢s(X;);en con-
sists of ¢ € [ ],y X for which the series > oo ¥ is convergent. Clearly, cs(X;);en =
be((si)ien), where s;x := 22:1 t; (i € N), and so by Theorem 2.2, ¢s(X;)en is a
direct sum of (X;);en under the norm ||xf|es := sup;ey ||sit]|-

In the following, an example of a direct sum that can not be expressed as a closed
subspace of a direct sum in the form of b(I") is given.

Example 2.5. Let X be the set of all z € £, for which lim; o0 r(2j_1)2i-1 exists for
alli € N, and Zfil |limjﬁOO F(2j—1)2i1 | < 00. It is easy to see that X is a direct sum
of countable copies of C under the norm [[z]| = [[tllcc + Yoy [imj oo T(2j—1)2i-1 |
(r € X). The space X is not a closed subspace of a direct sum of the form b(T") that
introduced in Definition 2.1. Suppose to the contrary, X is a closed subspace of b(T"),
where I' satisfies the conditions of Definition 2.1. Thus, there exists ¢y, cs > 0 such
that c1]z|lr < |lz]] < ealltllr (z € X). Let m € N, and r(m) is the sequence given by
£(m)gj_1)2i-1 =1, for 1 <i < m and j € N, otherwise t(m)5;_1)9i-1 := 0. Then
for each m € N,

1+m = [t(m)| < c2lle(m)llr = c2sup g (x(m)) = c2 sup ¢y (P, (x(m)))
yel yel
C2 C2
< casup [Pr, (x(m))[[r < —=sup||Pr, (x(m))]| = —,
ver C1 ~el C1

that’s a contradiction.

3. APPLICATIONS TO COMPACT GROUPS

Throughout this section let G be a compact group with the normalized Haar
measure A and the dual object ¥. For each o € ¥, select a fixed member U of
o with representation space H,. Recall that for each o € ¥, d, = dim H, < oo
(Theorem 22.13 of [4]). Thus for each o € ¥, T, (G) is finite dimensional, and so is
a closed subspace of each normed space X that contains T,(G) as a subspace.

Definition 3.1. An internal direct sum of (%,(G)),ex that is also a subspace of
M(G) is called a direct sum of trigonometric polynomials on G.
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For classifying the direct sums of trigonometric polynomials the following defi-
nition is needed.

Definition 3.2. The map ' : M(G) — [[,cx To(G) is defined by Fpu := (Fo 1) oes,
where F, 0 := p * uy and u,(z) := datr(UggU)) (x € G) for all 0 € 3.

By Definition 34.2, Remark 34.3 Lemma 34.1 of [5], it is easy to see that F,u(z) =
dUtr(AUUgEJ)) (r € G), where A, is the o’s Fourier coefficient operator of p that

defined by A, = [, Ui‘z)l du(z). Note that the formal expression ) . Fopu is the
Fourier series of p

Proposition 3.3. Let (X,|.||x) be a Banach space which is also a subspace of
M(G). Then, F maps X isometrically isomorphic onto a direct sum of (T, (G))oes
if and only if £(G) C X and there exists a positive constant ¢ such that ||| < ||yl x
(neX).

Proof. Suppose there exists a positive constant ¢ such that for each p € X, ||u| <
¢/l x. On one hand, by Lemma 34.1(iv) of [5] all Fourier operators of u, is 0
excepts the ¢’s Fourier operator that is equal to I;,. Hence, by Remark 34.3(c)
of [5] and Definition 3.2, (F,)sex is a family of mutually orthogonal projections
with F,(M(G)) = T,(G) (o € X), and also is separating by Remark 34.3(b) of [5].
On the other hand, for each o € ¥, there exists ¢, > 0 such that [|t||x < co |t
for all ¢ € T,(G) (note that T,(G) is finite dimensional, and so all norms on it is
equivalent), so by Theorem 20.12 of [4] for each p € X, ||Fopullx < ol Fopllr <
colluo|l1 ||l < ceolluo |1l x, that implies F, is continuous. Hence by Proposition
1.8, F maps X isometrically isomorphic onto a direct sum of (T, (G))ses-
Conversely, suppose F maps X isometrically isomorphic onto a direct sum of
(25(G))ses- Since for each 0 € ¥, F, = m, o F, where 7, is the o’s projection of
FX, so F, is continuous. Hence by Proposition 1.2(1), ||Fulls = ||ullx (¢ € X).
But, by the first paragraph of the proof, FM(G) is a direct sum of (T,(G))sen
under the norm || Ful| = ||p|| (x € M(G)). Now, by Proposition 1.2(iii) there exists
¢ > 0 such that for each p € X, ||Fu| < ¢||Fulls, and so ||u| < c||pllx. - O

Example 3.4. Let G be an infinite compact group. Then M(G) is infinite di-
mensional, and so by Theorem 4.2 of [1], there exists a complete norm ||.||’ on
M (G) that is not equivalent to ||.||;. Thus by Proposition 3.3, ¥ does not map
X = (M(G), ||.]I") isometrically isomorphic onto a direct sum of (T,(G))sex.

Corollary 3.5. The Banach spaces C(G) and LP(G) (1 < p < o0) are direct sums
of trigonometric polynomials on G.

Proof. For each 1 < p < oo and f € LP(G), ||flli < ||fllp, and T(G) is dense
in C(G) and LP(G) (1 < p < o0) (see for example Page 110 of [3]). By using
Proposition 3.3, Lemma 1.8, and Proposition 1.9, the proof is completed. ([l

In the remainder of this section, it is proved that LP-spaces on G is of the
form b(T') or be(T") that introduced in Definition 2.1. In the proof of the following
proposition, the fact that [|f * ullp, [|x* fll, < [Ifllpllpl for each p € M(G) and
f € LP(G) (Theorem 20.12 of [4]) is used frequently.

Proposition 3.6. Let 1 < p < oo, (hy) be a net in T(G), and H,, := (h?),, where
h% maps t € [[,ex, T (G) to Y cx ha * to € LP(G) for each o If limg [[he * ug —
Us|lp =0, then
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(i) b(Hp) C FLP(G) for 1 < p < oo, and b(Hy) C FM(G).
(ii) if supy ||ha * Ue|lp < 00 (0 € X), then b(H,) and be(H,) are direct sums of

(T6(G))oess
(iii) if sup, |[hall1 < oo, then b(H,) = be(H,) = FLP(G) (1 < p < x0), b(H;) =
FM(G), be(Hy) = FLYG), b(Hw) = FL>®(G), and be(Hs) = FO(G).

Proof. (i): Suppose 1 < p < oo and t € b(H,). Then, (hy,(t))q is a ||.||p-bounded
net in T(G) C LP(G) = L(G)*, where %Jré = 1, and so by Banach-Alaoglu
Theorem, it has a subnet (hj(t))s that weak*-converges to some f € LP(G) =
Li(G)*. Let o € X. By a simple calculation, one can proved that the net (hj(t) *
Uuy)p is weak*-convergent to f *u, = F, f. It, together the facts that (hj(t) * us)s
is a net in the finite dimensional space T,(G) and on a finite dimensional space
all Hausdorff vector topologies are equivalent, implies that (hj(t) * us)s is |.[l,-
convergent to f * u, = F,f. On the other hand, limg ||hg * us — us|l, = 0 and
U * t; = t5. It follows that

F.f = limhZ(t *ugzlimg hg*t,) xuy) =limhg * t,
f 5 5() 3 ((5 n) ) 3 B
nex
= liénhg * (Ug % ty) = lién(hg *Uy) ¥ty = Uy ¥ty = to.

Hence, t = Ff € FLP(G). Thus, b(H,) € FLP(G). A similar method yields
b(H;) C FM(G) (note that T(G) C M(G) = LY(G)*).
(ii): Let 0 € ¥ and t, € T,(G). Then,

sup [k * tollp = sup [[ha * (ug * to)llp < sUp [[ha * uolpllts 1 < oo,
[e3% [e3 (03

and t, = Uy ¥ty = limy (hg * Uy) * t, = lim, hy * to, that implies not only ¢, (t,) €
be(H,), but also for each t € [], o5, T (G),

ol = Tm gty =lm|{|> " ha * (b, * uo)

ex
K p

= lim [[hg () * uol,, < fJucllysup [0E (B)lp < [luo 1t -
e}

Hence by using Theorem 2.2, the proof is completed.
(iii): Suppose 1 < p < oo, f € LP(G) and t = Ff. For each € > 0, there exists
te € T(G) such that ||f — tc|l, < €1, where ¢; = S Thali Tt (see also Corollary

3.5). Since for each o € X, sup,, [|ha * Uollp < ||tellpsup, |halli < oo, so by (ii),
be(Hy) is a direct sum of (To(G))oex. But, (us * te)oes € P, ey To(G). Thus
(g * te)pex € be(Hy), and so limy, [|hg * te — t||, = 0. It follows that,

lim |5 (t) = fll, = Tm|[hE(Ff) = fllp = Tm ha « f = fl,

Hm(||ha # f = ha *tellp + [[ha * te = tellp + [[te = fllp)
= Tm(|lha * f = ha * tellp + lIte = fp)

< (supllhall)If = tellp + it = fllp <€

IN

that implies lim, [|hq »(t) — f|l, = 0, and so t € be(H,) C b(H,). It together (i)
implies that b(H,) = be(H,) = FLP(G) (1 < p < 00).

22 Nov 2021 00:12:44 PST
211122-Samea Version 1 - Submitted to Rocky Mountain J. Math.



10 H. Samea

Let p = 1. If u € M(G), then sup, |[hy, (Fp)[| = sup, [|ha*pulli < (supq [[ha 1)l <
0o, and so Fu € b(Hy). Hence by (i), b(H;) = FM(G). Since T(G) is ||.||1-dense in
LY(G), so be(Hy) € FLY(G). Applying a method exactly as the previous paragraph
yields FLY(G) C be(Hy), and so be(Hy) = FLY(G). Exactly the same proof, shows
that b(Hw) = FL™(G), and bc(Hy) = FC(G) (note that T(G) is ||.|lco-dense in
C(Q)). O

Example 3.7. Let T be the multiplicative group of all complex numbers with
absolute value 1. Then, ¥ := {e,, : m € Z}, where e,,(z) = 2™ for m € Z and
z € T. Suppose for each n € N, h,, = D,,, where D,, is the Dirchlet kernel (i.e.
D, =% _ . en). Let H, := (h),en, where 1 < p < co. Clearly, if m € N,n € N,
and n > |m|, then h, * e,, = e,,. Thus, by Proposition 3.6(ii), b(H;) is a direct
sum of (%, (T))mez, and by Proposition 3.6(i), b(H;) C FM(T). But, b(H;) #
FM(T). To see this, note that if b(H;) = FM(T), then FLY(T) C b(H;) and so
sup,en | Dn * fll1 < oo for all f € LY(T). It, together Banach Steinhauss’ Theorem
and the last paragraph on Page 56 of [6], implies that sup,cy [|Dnl|l1 < 0o, that’s
a contradiction (see also Exersice 1 on Page 59 of [6]). By a similar method, it is
shown that b(Hu) is a direct sum of (T, (T))mez, FCO(T) G b(Hu), and b(Hy) &
FL>®(T). Also, by Theorem 1.5 of [6], for each 1 < p < oo, FLP(T) C be(H,) (note
that by Corollary 1.9 of [6], for each f € L'(T) and n € N, h,, ,(Ff) = S, f, where
Sn.f is the n’th partial sum of the Fourier series of f), and so by Proposition 3.6(ii),

b(H,) = be(H,) = FLP(T).

Corollary 3.8. Let X be any of spaces LP(G) (1 < p < o), C(G) and M(G).
Then FX, as a direct sum of (T5(G))ses, is a closed subspace of a direct sum of
the form b(T") that is introduced in Definition 2.1.

Proof. By Theorem 28.53 of [5], there exists a net (hq)q in T(G) such that for each
a, |halli = 1 and lim,, ||k * f — f|l1 = 0, where f € L*(G). Thus, if 0 € X, then
(ha * U¢)o i1s a net in T,(G) that ||.||;-converges to u,, and so ||.||,-converges to
uy for each 1 < p < 0o (note that T,(G) is finite dimensional). Using Proposition
3.6(iii) completes the proof. O
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