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difference sequence of a log-convex sequence

Yu-Xin Gu* and Feng-Zhen Zhaot

April 4, 2023

Abstract. Let {z,}n>0 be a log-convex sequence with 2,41 — z, > 0 for n > 0. In this
paper, we mainly give several sufficient conditions for the log-balancedness of {z,+1 — 2p }n>0,
where {z,},>0 satisfies a three-term (four-term) recurrence. Then, we apply these results
to a series of combinatorial numbers such as Motzkin numbers, middle trinomial coefficients

numbers, the Fine numbers, and so on.
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1 Introduction

We first recall some definitions related to the log-behavior of positive sequences. A positive
sequence {2, }n>0 is said to be log-convez (log-concave) if 22 < z,_12p41 (22 > 2p_12n41) for
all n > 1. A log-convex sequence {2y, }n>0 is said to be log-balanced if {Z;},,>0 is log-concave

(Dosli¢ [2] gave this definition). It is clear that a sequence {z, }n>0 is log-convex (log-concave)

Zntll >0 is nondecreasing (nonincreasing) and a log-

if and only if its quotient sequence { =

Zn+1 > Zn+42
n+1l)zn, — (n+2)zn4+

Log-behavior is an important source of inequalities. In particular, since log-balancedness

convex sequence {zy}n>0 is log-balanced if and only if ( - for each n > 0.
involves log-convexity and log-concavity, it can help us find more inequalities. In addition,
log-balanced sequences can provide important examples in white noise distribution theory
(see Asai et al. [1] for more details). Hence the log-balancedness of sequences deserves to
be studied. For the investigation of log-balancedness, see Dogli¢ [2], Dosli¢ [3], Zhang and
Zhao [9], and Liu and Zhao [7] for instance. For a log-convex sequence {zy}n>0, where

Zn+1 — zZn > 0 for each n > 0, Zhao [12] investigated the log-convexity of {zn+1 — 2n }n>0,
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where {2y }n>0 satisfies a three-term recurrence. In this paper, we are interested in the log-
balancedness of {z,11 — 2n}n>0. In Section 2, we mainly give several sufficient conditions
for the log-balancedness of {z,+1 — zn }n>0, Where {2z, },>0 satisfies a three-term (four-term)

recurrence. In Section 3, we apply these results to a series of combinatorial numbers.

2 Several sufficient conditions for the log-balancedness of the
difference sequence of a log-convex sequence

The following lemma will be used.

Lemma 2.1 [11] If the sequences {n}n>0 and {yn}tn>0 are both log-balanced, then so is

their binomial convolution

n
n
Zn:2<k>xkynkv 7’1,:0,1,2,'--

k=0

Now we give several sufficient conditions for the log-balancedness of the difference sequence

of a log-convex sequence.

Theorem 2.1 Suppose that {z,}n>0 is a log-balanced sequence. Let u, = > j_, (Z) zi. Then

{tn+1 — Un}n>0 is also log-balanced.

Proof. It is clear that u; — ug = z1. For n > 1, by using ("H) = (Z) + (k 1) (k>1),w

have

n n
n n
Up41l — Up = § <k__1>zk4-zn+1== E <k>2k+L
k=1

k=0
In order to prove that the sequence {zp11}r>0 is log-balanced, we only need to show that

{(kf}fﬁ}kzo is decreasing. It is evident that

Zk42 _ Zhy2 kA2
(l{? + 1)Zk+1 (k + 2)Zk+1 k + ].

Since {zx }r>0 is log-balanced, {kf;iti

}i>0 is decreasing. It follows from Lemma 2.1 that {u,41—up tn>0

}e>0 is decreasing. On the other hand, {kJrl He>o is

decreasing. Then {ﬁ

is log-balanced.

Theorem 2.2 Assume that {z,}n>0 is a log-balanced sequence. Forn > 0, let x, = Z’Zl If

Tp >n+1 forn >0 and {zn+1 — 2ntn>0 is log-convex, {zn+1 — 2nfn>0 is log-balanced.
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Proof. Forn >0, let y, = 22225 Then we have
41—z

xn($n+1 - 1) and Yn _ mn(wnJrl - 1)
xp — 1 n+l (z,—1)(n+1)

Yn =

In order to prove that {z,+1 — 2p}n>0 is log-balanced, we need to show that {ny—ﬁl}nzo is

decreasing. It is obvious that

Tny1 —1  Tppp—1 (n+2)xpt1 — (n+ Do — 1

n+1 n+2 (n+1)(n+2)
Since {2y, }n>0 is log-balanced, x"J:Ql > a;:f; Then we get
n+ 2)?
n+2)zp41 — (n+Dzpre—1 > (n+3)xn+2 —(n+1)apso—1
Tpgo2 —N —3
n—+3

Due to z,, > n+1 for n > 0, we obtain (n+2)z,+1 — (n+1)xy12—1 > 0. Then {x”nﬁ;l >0

is decreasing. On the other hand, {77 },>0 is decreasing. Hence {1 }n>0 is decreasing. B

Theorem 2.3 Assume that {z,}n>0 s a log-convezr sequence and satisfies the recurrence
Znt1 = Rpzn — Spzn-1, n2>1, (21)

where R, > 1,8, >0, and R, — S, —1 > 0 for each n > 1. Forn > 0, let x,, = 2L,

Zn

If there exists a nonnegative integer ng such that x,, > 1, the sequences {R"“_l}nzn0 and

n+1
Rps1-1-8 : . ,
{7 tazng are decreasing, and {znt1 — Zntn>ng 18 log-convex, {znt1 — zn}n>n, 18

log-balanced.

Proof. For n >0, let y, = =221 4 follows from (2.1) that

Zn41—2n
Znt1 —2n = (Rn — 1)(zn — 2n—1) + (R — 1 — Sp)zp—1, n>1

For n > ng, we have

Ryv1—1-541

Yn = RnJrl -1+ )
n— 1
Yn _ R, —1 Ry —1— Sn+1 ) 1
n+1 n+1 n+1 Tp— 1
Since {zp }n>0 is log-convex and x,, > 1, { 1}n>n0 is decreasing. Noting that {~ 1}n>n0,
{le“::l 1) g, and {R’L*zlflls”“}n>no are decreasmg, we have that { 2%}y, is decreasmg

On the other hand, the sequence {z, 41 — 2ptn>n, is log-convex. Thus {z,4+1 — 2ptn>n, I8

log-balanced. [ |
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Theorem 2.4 Suppose that {zp}n>0 is a log-convexr sequence and satisfies the recurrence
Zn+l = ann + Snzn—la n > 17

where R, > 1 and S, > 0 for each n > 1. Forn > 0, let x, = Z;l% If there exists a

Ryy1—1
n+1

{Zn41 — 2Zntn>n 18 log-convez, {zpt1 — Zntn>n, 15 log-balanced.

S. .
Fnzno and {755 bn>n, are decreasing, and

nonnegative integer ng such that xn, > 1, {

The proof of Theorem 2.4 is similar to that of Theorem 2.3 and is omitted here.
Theorem 2.5 Suppose that {zp}n>0 is a log-convexr sequence and satisfies the recurrence
Zn+1 = ann - Snzn—la n > 17

where R, > 1 and S,, > R, — 1 forn > 1. Forn >0, let x, = ZZ—:I Assume that N is a
nonnegative integer. Forn > N, @, > xp > Yy > 1. Forn > N, put

(n+1)(Sny2 — Rny2 +1)
“nt+1 — 1

Qn == (n + Q)Rn+1 - (TL -+ 1)R7’L+2 -1 +

(n42)(Sn41 — Rny1 +1)
71% -1 ‘

If there exists a nonnegative integer Ny > N such that {zp+1 — 2zn}n>nN, 15 log-conver and

Q, >0 forn > Ny, {znt1 — Zn}n>nN, is log-balanced.

Proof. Forn > N, let y, = 2= Then y,, = Ry1 — 1 — Sns1=Bns1+1 (n > N). Now

Zn4+1—2n Tn—1

we prove that {-#},> N, is decreasing. It is evident that

(14 2)(Sn41 — Rny1 +1)

(042 — 0+ Dyss = (n+2)Rust — (n+ 1) Rugs — 1 - —
(n+1)(Snsa — Rpyo + 1)
+
Tn4+1 — 1

(7 + 1)(Snso — Rugo +1)

> (n+2)Rps1— (n+ DRy — 1+

(Pn—l—l_l
_ (n+2)(Sny1 — Rny1 +1)
wn_l
> 0.

This implies that {ny—fl}nz N, is decreasing. Hence the sequence {zp41 — 2n}n>nN, is log-

balanced. [ ]
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Theorem 2.6 Assume that {z,}n>0 s a log-convezr sequence satisfying the recurrence
Zn+1 = Qnzn + Ryzn—1 + Spzn—2, n>2, (22)

where Qn >0, Ry, >0, Sy, >0, and Qi1+ Ryp1—12> 0 forn > 2. Forn >0, let x, = “2*.

Suppose that
On < op < p, n >Ny,

where N1 is an integer with N1 > 0 and ¢, > 1 for n > Ny. For n > N1 + 1, define

= Rn -1 Sn n Rn -1
An = Qn+2_Qn+1+ Q +2+ +2 + 42 B Q +1_|_ 11
Pt — 1 en(Pnt1 — 1) bn — 1
.S W
QZ)nfl(d)n - 1)’
2 n Rn —1 2 Sn
T, = (n+2)Qn+1—(n+1)Qn+2_1+(n+ )(Qnt1+ Rnya )+ (n+ 2)Sps1
on—1 Qpnfl(@n — 1)
_ (n+1)(Qni2 + Ryyp2 — 1) B (n+1)Sp42
Ont1—1 Pn(Pnt1 — 1)

(i) If there exists an integer No > Nj + 1 such that A, > 0 for n > Na, the sequence

{zZn41 — 2ntn>nN, is log-convex.
(ii) If there exists an integer N3 > Ny + 1 such that A, > 0 and Y,, > 0 for n > N3, the

sequence {Zn4+1 — Zntn>N;y 1S log-balanced.

Proof. For n > Ny, let y,, = 228272+l Tt is clear that y,, = Mtll_l) We first give the

Zn+1—2n Tn
proof of (i). In order to prove that the sequence {zp4+1 — 2 }n>n, is log-convex, we only need

to show that {y,}n>n, is increasing. It follows from (2.2) that

R, Shn
Tp = Qn + +

, n>2. (2.3)
Tn—1 Tpn—1Tn—2

By applying (2.3), we derive

Qny1+ Ry —1 n Snt1

> Nj. 24
Ty — 1 Tp_1(Tn — 1)’ = (2:4)

yn:Qn+1_1+

It follows from (2.4) that
Qny2 + Rny2 — 1 n Snt2

Ynt+1 —Yn = Qni2— Qni1+
Tpe1 — 1 :En(xn+1 - 1)
QR -1 S
Tp —1 Tp_1(Tn — 1)

Since ¢, < xp < @, for n > Ny,
Qni2 + Rpi2 — 1 n Sn+2

Yntl — Yn = Qn—i—? - Qn—i—l +

Yn+1 — 1 ‘Pn(¢n+l - 1)
Qnt1 + Rpg1 — 1 Snt1
_ — n>N +1
¢n -1 ¢n71(¢n - 1) ( ! )

= A,.
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It follows from A,, > 0 (n > Na) that {y,}n>n, is increasing. Now we complete the proof of

(ii). It is evident that the log-convex sequence {2zp4+1 — 2p }n>nN, is log-balanced if and only if
(n+2)yn — (n+ Dynt1 =0 (n = N3).
By means of (2.4) and ¢, < x, < ¢y, (n > Np), we get
(n+2)y, — (n+ Dypt1 > Yp, n>N+ 1.

Noting that A,, > 0 and Y,, > 0 for n > N3, we have that (n + 2)y, — (n 4+ 1)yn+1 > 0 for
n > Nj. |

Theorem 2.7 Assume that {z,}n>0 s a log-convezr sequence satisfying the recurrence
Zn+l = Qnzn + Rpzn_1 — Spzpn—2, n2>2,

where Qn >0, R, > 0,5, >0, and Qui1+Rpi1—1>0 forn >2. Forn >0, let z, = Z’;%

Suppose that
angan(Pn, n > Ny,

where Ny is an integer with N1 > 0 and ¢, > 1 forn > Ni. Forn > Ny + 1, define

Qni2+Rp2—1 Snio Qn+1+ Rpt1— 1
Q, = n+2 — &nt1 + - -
Q 2 Q i Pn+1 — 1 (¢n+1 - 1)¢n (bn -1
Sn+1
e,
(on — Dpn-1
(n + 2)<Qn+1 + Rn+1 — 1) (n + 2)Sn+1
P, = N+2)Qni1—(n+1)Qpio—1+ —
( )Qn+1 — ( )Qn+2 o 1 R
o (n + 1)(Qn+2 + Rn+2 - 1) (n + 1)Sn+2
¢n+1 -1 (‘Pn+1 - 1)<pn

(i) If there exists an integer No > Nj + 1 such that Q, > 0 for n > Na, the sequence

{zZn41 — 2n}tn>nN, is log-convex.
(ii) If there exists an integer N3 > Ny + 1 such that Q, > 0 and ®, > 0 for n > Nj, the

sequence {Zn4+1 — Zntn>Ny 1S log-balanced.

The proof of Theorem 2.7 is similar to that of Theorem 2.6 and is omitted here.

3 Log-balancedness for the difference sequence of a log-convex
sequence

We apply the results of Theorems 2.2-2.7 to a series of sequences in this section.
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Example 3.1 Let {an}n>1 denote the sequence of counting directed column-convex polyomi-
noes of height n. The value of a, is equal to the number of outcomes to a race with n
contestants in which there is at most one tie (of at least two contestants). The sequence

{an}n>1 is Sloane’s A007808 and satisfies the recurrence
an = (n+2)ap—1 — (n—1)ap—2, n >3, (3.1)

where a1 =1 and ay = 3. Some values of {ap}n>1 are as follows:

n|l 2 3 4 5 6 7 8 9

an |1 3 13 69 431 3103 25341 231689 2345851

Dosli¢ [2] proved that {an}n>1 is log-balanced. Now we discuss the log-balancedness of

{an—l-l - an}nZl-
Corollary 3.1 For the sequence {an}n>1 of satisfying (3.1), {an+1 — an}tn>1 is log-balanced.

Proof. For n > 1, put z, = a;‘—:l Dosli¢ [2] showed that n +2 < z, < n+ 3 for
n > 1. Zhao [12] showed that {an4+1 — an }n>1 is log-convex. It follows from Theorem 2.2 that

{an+1 — an}n>1 is log-balanced.

Example 3.2 Let h,, denote the number of the set of all tree-like polyhexes with n+1 hexagon-
s (see Harary and Read [5]). The value of hy, is also the number of lattice paths, from (0,0)
to (2n,0) with steps (1,1), (1,—1) and (2,0), never falling below the x-azxis and with no peaks

at odd level. The sequence {hy}n>0 is Sloane’s A002212 and satisfies the following recurrence
(n+1)hy, =302n—1)hp—1 —5(n —2)hp—2, n>2,

where hg = h1 =1 and hy = 3. Some values of {hy}n>0 are as follows:

nfO1 2 3 4 5 6 7 8 9

hp, |1 1 3 10 36 137 543 2219 9285 39587

Now we discuss the log-balancedness of {hyp41 — hp}n>1.

Corollary 3.2 For the sequence {hp}n>0 counting tree-like polyhexes, {hp+1 — hp}n>1 is

log-balanced.
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Proof. For n >0, set z, = hzil. It is obvious that

3(2n + 1) 5(n— 1) 6 B + 6
=3, R,=——-—+ S=—— R,—5,—-1= R —1= .
Tl s n nt2 n nt2 n n nt2 n+1 n+3

Rpy1—1 Ryt1—Snt1-1
We note that {n+7+11}n21 = {%}nzl and {Hni_,_lﬂ}nzl = {m}nzl are

both decreasing. Liu and Wang [6] proved that the sequence {hy},>0 is log-convex and
Zhao [12] showed that {hp4+1 — hp}n>1 is also log-convex. It follows from Theorem 2.3 that

the sequence {h, 41 — hp}n>1 is log-balanced.

Example 3.3 Let {M,},>0 denote the Motzkin sequence. The value of M, is the number
of lattice paths from (0,0) to (n,n), with steps (0,2), (2,0) and (1,1), never rising above the
line y = x. The Motzkin sequence {My}n>0 is Sloane’s A001006 and satisfies the following

recurrence

2n+3 3n
M, = M M, _ >1
n+1 n+3 n+n+3 n—1, n-1

where My = My =1 and My = 2. Some values of { M, },>0 are as follows:

n (01 2 3 4 5 6 7 8 9

M,|1 1 2 4 9 21 51 127 323 835

Now we investigate the log-balancedness of { M, 11 — M, }n>3.

Corollary 3.3 For the Motzkin sequence { My }n>0, {Mn+1 — My }n>3 is log-balanced.

Proof. For n >0, let z, = Mﬁzl. It is evident that

Com+43 . 3n Ren—1_ 1 Spy 3
" n437 n+3’ n+1 n+4+4 n+1 n+4

n =

We note that {Rj;jrlf 11,53 and {i’ff }n>3 are monotonic decreasing and x3 > 1. Doglié [2]
proved that {M,},>0 is log-balanced and Zhao [12] showed that {M,+1 — My }n>3 is log-
convex. It follows from Theorem 2.4 that the sequence {M; 1 — My }n>3 is log-balanced.

Example 3.4 Let {T,,},>0 denote the sequence of middle trinomial coefficients. The coeffi-
cient of ™ in (1 4+ x + x2)" is T,,. The sequence {T,,}n>0 is Sloane’s A002426 and satisfies

the following recurrence

(n+1)Th41=02n+ 1T, +3nTh—1, n>1, (3.2)
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where Ty = 1 and Ty = 1. The value of T,, is equal to the number of lattice paths from (0,0)
to (n,0) using steps (1,0), (1,1), and (1,—1). One can find more information of {Ty}n>0

in [8]. Some values of {T,,}n>0 are as follows:

n|0O1 2 3 4 5 6 7 8 9 10

T, |1 1 3 7 19 51 141 393 1107 3139 8953

Dosli¢ [4] proved that the sequence {Ty}n>a is log-convex. The sequence {Tp+1 — Tyln>1 is
Sloane’s A025178. One can find more properties of {Tn+1 — Ty }n>1 in [8]. Now we discuss
the log-balancedness of {Tn+1 — Tntn>1-

Corollary 3.4 For the sequence of middle trinomial coefficients {Tp}n>0, {Tn+1 — Tn}n>5

1s log-balanced.

Proof. Forn >0, let z), = Tgﬂ—:l and y, = % (n>1). It follows from (3.2) that

_2n+1 3n

= > 1. 3.3
on n+1+(n+1)xn_1’ " (3:3)

We first prove by induction that

Op—1 <, <0,, n>05,

_ V162 48n+33 .
where 6, = 2nt3+ 2%275548"*33. By computation, we have 0;_1 < xp < 6 for 5 < k < 8.

Assume that ;1 < xp < 0 for k > 8. It follows from (3.3) and 01 < xp < 0 (k > 8) that
2k+3  3(k+1)
-0, = -0
A k+2 | (k+2z, F
2k +3 n 3(k+1)
— k+2  (k+2)0
= 0 (k>28)

— Vk

and

2%k+3  3(k+1)
k+2 " (k+2)a,
2%k+3  3(k+1)
k+2 @ (k+2)0,,

2k +3  (k+1)(V16k2+16k +1—2k—1) 2k +5+ /16k2 + 80k + 97
k+2 2k(k + 2) a 2(k +3)

1
= [2k3+(2k+3)\/16k2+16k+1

2%(k +2)(k + 3)

Tpt1 — Opp1 = +1

+(k% + 2K) <\/16k2 + 16k + 1 — \/16k2 + 80k + 97)] .

9
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Since

V16k2 + 16k + 1 — \/16k2 + 80k +97 < -8,

(2k + 3)\/16k2 + 16k + 1 — 8k* — 18k —3 < 0,

ZTr+1 — Oxr1 < 0 holds for k > 8. Hence we have 0,1 <z, <6, for n > 5. It is clear that

~n+1 4(n+1)

= , n>1
n+2 (n+2)(x,—1)

Yn

In order to prove that {T,,+1 — Ty, }n>5 is log-convex, we need to show that {y,},>5 is in-

creasing. We note that

(n+ 2)2(1'71 - 1) - (n + 1)(n +3)($n+1 _ 1)
— (n+2)% (20— 1) — (n+ 1)(n+3) {ZE N (i;(iz);)?j
n+1 3(n+1) }
n+2 (n+2)9n71

> (14200~ 1) = (0 (0 +3)|

 (2n+3)(V16n2 +16n+1—1)
T on(n+ 1)(n+ 2) (n 25).

Then we derive

(@ = D(@p41 — 1) +4[(n +2)* (20 — 1) — (0 + 1)(n + 3) (241 — 1)]
2(2n +3)(v/16n2 + 16n + 1 — 1)
n(n+1)(n+2)
(V1612 +16n + 1 — 1)[n(v/16n2 4 48n + 33 — 1) — 8(2n + 3)]
dn(n+1)(n+2)

> (an—l - 1)(971 - 1) -

>0 (n>05).
On the other hand,

Yn+1 — YUn
_ (@n = D@ — D) +4[(n +2)* (w0 — 1) — (n+1)(n + 3)(@nt1 — 1)]

m+2)(n+3)(xyp — 1) (xpy1 — 1)

This implies that yp+1 — yn, > 0 for n > 5. Hence {yn}n>5 is increasing. It follows from

Theorem 2.4 that the sequence {T},4+1 — T}, }n>5 is log-balanced. [ |

For the sequence of middle trinomial coefficients {7}, },,>0, we can obtain the following results:

(i) For n > 0, let x,, = T%—:l It follows from (3.3) that

Tn  2n+1 n 3n
n+1 (n+1)2 (n+1)2z, 1

10
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Since {%}nZla {(niiq)g}nzl, and {ﬁl_l}nﬁ are decreasing, {;75 }n>5 is decreasing. This
implies that {7}, },>5 is log-balanced. We note that {7, 75,7} is log-balanced. Hence the
sequence {7}, },>4 is log-balanced.

(ii) Let {gn}n>0 be Sloane’s A007971. For the Motzkin sequence {My}n>0, fint2 = 2M,.
For the sequence of middle trinomial coefficients {71}, }»>0, W = tnt+1 (n > 3). See [§]

for more properties of { i, }rn>0. It is clear that T),41 — T}, = 2nM,,—1 (n > 3). We have that
{nM,,_1}n>5 is log-balanced from Corollary 3.4.

Example 3.5 Let {wy,}n>0 denote the sequence counting walks on cubic lattice. The sequence

{wp}n>0 is Sloane’s A005572 and satisfies the following recurrence
n+2)w, =42n + Dwp—1 — 12(n — Lwp—2, n > 2,

where wo = 1, w1 = 4 and wy = 17. Some values of {wy, }n>0 are as follows:

n|/0O1 2 3 4 5 6 7 8 9

w, |1 4 17 76 354 1704 8421 42508 218318 1137400

Liu and Wang [6] proved that the sequence {wy,}n>0 counting walks on cubic lattice is log-
convex. In particular, Zhao [12] showed that {w,41 — wp}n>0 is also log-convex. Now we

discuss the log-balancedness of {wp4+1 — Wy, }rn>0-

Corollary 3.5 For the sequence {wy}n>0 counting walks on cubic lattice, {wp+1 — Wn }n>0

1s log-balanced.

Proof. For n >0, let z, = “2L. Zhao [12] proved that

wn,

)\nanSAn—l—l? n >3,

where A\, = 67?:39. It is evident that R, = 4(ij_§3) and S, = % We note that

(n41)(Sny2 — Rny2 +1)

Qn = (n+2)Rpp1—(n+1)Rpp2— 1+
)\n+2 -1

(n +2)(Sn1 — Rypg1 + 1)
Ay — 1
% +39n + 68 2513 + 10502 — 130n — 408
(n+4)(n+5)  (n+4)(5n+6)(5n + 16)
3(50n* 4 50503 + 2089n2 + 4094n + 2856)

= D5 n+6Gnr1e) 0 (=3

It follows from Theorem 2.5 that the sequence {wy,+1 —wy, }n>3 is log-balanced. On the other

hand, {wg4+1 — wk }o<k<a is log-balanced. Hence {wy 11 — wy }n>0 is log-balanced. [ |
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Example 3.6 Let g, count the number of undirected 2-reqular labeled graphs. The sequence

{gn}tn>0 is Sloane’s A001205 and satisfies the following recurrence

n
gn+1 = NGgn + (2)gn—27 n > 2, (34)

where go = 1 and g1 = g2 = 0. Some values of {gn}n>0 are as follows:

n|{0 1 2 3 4 5 6 7 8 9 10 11

g |1 0 0 1 3 12 70 465 3507 30016 286884 3026655

Zhao [10] proved that {gy}n>3 is log-convex. Now we discuss the log-behavior of {gn4+1 —

gn}n22-

Corollary 3.6 For the sequence of counting the number of undirected 2-regular labeled graphs

{9ntn=3, {gn+1 = gntn>2 is log-convex and {gni1 — gn}n>4 is log-balanced.

Proof. For n > 3, let z, = 979‘—:1. It follows from (3.4) that

n 1
= R — > 5, 3.5
. n+(2>$ n> (3.5)

We first prove by induction that

1 1 1
n+§§xn§n+§+g, n > 6. (3.6)
We observe that k—i—%gcckgk—i-%—i-%forngSlO. Assumethatk+%§xk§k+%+%
for k > 10. By applying (3.5), we have

P31 (k1) 1
Tht1 2 B 2 2 xkxk,l’
3 1 11 E1\ 1
S PR .
Tkt 2 kt1 2 k:—|—1+< p )mkmk_l

Sincek—%§xk_1§k—%+%<kandk+

3 1 (k+1\ 1
k-2 > _Z -
Thtl 2 = 2*(2 >w+nk
>

= 0 (k>10),
31 11 k+1 1
—k-—s——— < —Z-———+ —
Thtt 2 k+1 — 2 k+1 ( 2)(h+pw—;)
k
N
2(k+ 1) (k + 5)(k — 3)
< 0 (k>10).
12
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Hence we have (3.6). Now we discuss the log-convexity of {gn+1 — gn}n>2 by Theorem 2.6.
It is clear that

n 1 1 1
Q”:n7 Rn:(), S”_<)’ ‘Pn:n+*+5, ¢n:n+§7

2 2
n+1 ("2%) n ("3)
An = T4 Tyt le I ol (nolg
ntstoar (tgt+y)nt+s+ag) n—3 (n—j)
n+2 n nn+1) n®—3n%—-3n+3
> 2 - - = 0 (n>7
Z 2450 ) nol 2mo12 - miDmonz -0 27
and
T, = _1q (2t (n+2)("3") (n+1)?  (n+1)("3?)
L KT W PR RES VU RS 1~ 12
n—g+y; M—5+g)n—5+3) n+3 (n+3)
o422t -2 2n —n*(n+(n+2)  6(n+1)°
N 2n2 —n + 2 (2n2 —3n+3)2n2 —n+2) (2n+1)2
2n3—i—2n2—|—n—2+n(n+1)(n+2)_6(n—|—1)3 (n>8)
2n? —n+2 2n2 —n+2 (2n +1)2

_ 2n* 4 5n® —21n? — 35n — 14 -0
N (2n?2 —n+2)(2n+1)2 '

It follows from Theorem 2.6 that the sequence {gn+1 — gn}n>s is log-balanced. On the other
hand, we find that {gx+1 — gk }e<k<g is log-convex and {gr+1 — gk }a<k<g is log-balanced.

Hence {gn+1 — gn}n>2 is log-convex and {gn+1 — gn tn>4 is log-balanced. [ |

Example 3.7 Let G,, stand for the number of graphs on the vertex set [n] = {1,2,--- ,n},
whose every component is a cycle. The sequence {Gp}n>0 is Sloane’s A002135 and satisfies

the following recurrence
Gpi1=(n+1)G, — (Z) Gp_2, n>2, (3.7)

where Go =1, G1 =1, and G2 = 2. Some values of {Gp}n>0 are as follows:

n|0 1 2 3 4 5 6 7 8 9 10

G, |1 1 2 5 17 73 388 2461 18155 152531 1436714

Dosli¢ and D. Veljan [3] proved that {G,},>0 is log-convex. Now we investigate the log-
behavior of {G+1 — Gptn>1-

Corollary 3.7 For the sequence {Gp}n>0 defined by (3.7), {Gnt1 — Gn}n>1 is log-balanced.

13
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Proof. Forn >0, let z, = %2+, Tt follows from (3.7) that

Gn
(2)
Tp=n+1——2— n>2.
Tpn—1Tn—2
We can prove by induction that
1 1 1
n+§—5§xn§n+§, n > 2. (3.8)

The proof of (3.8) is similar to (3.6) and is omitted here. Now we investigate the log-convexity

of {Gn+1 — Gp}n>1 by Theorem 2.7. It is evident

11
Qn=n+1 R,=0, Sn:<n>7 on=n+-, Ip=n+5——
2 2 n
For n > 3, we note that
2 n+2 1 n+1
Q":1+n+1_ 1 (12) T 1, n1+1+(21)
nty (tz-galntz—3) n-g3-5 (-3
> 94 3 2n+1(n+2) 2n(n+1) +2n(n+1)
2n+1 (2n —1)2 2n2 —n—2  (2n—1)2
_ 2(n®*—2n-2) 3 4n+1)
o m2-n—-2  2n+1  (2n—1)2
1 3 4(n+1)
- _ 0 >5
> 5T oma1 @iz 0 =P
and
@n::(n+nm+2%_ (n+2)("i (n+2)(n+1)
n—3 (n=y=pn—3-35) n+i-ag
(n+1)("$?)
(n+%)2
~ 2+ D(n+2)  20-1n*(n+1)(n+2) 2n+1)>%(n+2)
N 2n —1 (2n? —n —2)(2n? —3n — 1) 2n? 4+ 3n —1
2(n+1)%(n +2)
(2n + 1)2
- dn(n+1)(n+2)  2(n+1)(n+2)(4n" +8n® — 50 — 9n — 2)
 2n—-1)(2n2+3n-1) (2n +1)2(2n2 —n —2)(2n2 — 3n — 1)

2(n 4 1)(n + 2)(16n" — 80n5 — 72n5 + 108n* + 77n3 — 2n? 4 3n + 2)
2n—1)2n2+3n—1)2n+1)2(2n2 —n—2)(2n? —3n —1)
> 0 (n>06).

It follows from Theorem 2.7 that {G,,+1 — Gy, }n>6 is log-balanced. We observe that {Gj4+1 —

Gr}i<k<7 is log-balanced. Hence {G,+1 — Gp}n>1 is log-balanced. [ |
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Example 3.8 Let '), be the number of n X n symmetric matrices with nonnegative integer
entries, trace 0 and all row sum 2. The sequence {I'y}n>0 is Sloane’s A002137 and satisfies

the following recurrence
L =nlyp+nly 1 — <g> 2, n>2 (39)

where Ty = 1,11 =0, and 'y = 1. Some values of {I'y}n>0 are as follows:

n| /01 2 3 4 5 6 7 8 9 10 11 12

I'nl1 0 1 1 6 22 130 822 6202 52552 499194 5238370 60222844

Dosli¢ and D. Veljan [3] showed that {I';, },,>¢ is log-convex. Now we discuss the log-behavior

Of {Fn—l—l — Fn}n21.

Corollary 3.8 For the sequence {I'y, }n>0 defined by (3.9), {T'n+1—T'n}n>5 is log-conver and

{Tht1 — Tnln>e is log-balanced.

Proof. For n > 2, let z, = F;—:l It follows from (3.9) that

n

Tn =n+ no ) , n>4. (3.10)
Tn—1 Tpn—1Tn—-2

We first prove by induction that

1 1 1
n+§—%§xn§n+§, n > 8. (3.11)

We observe that k—i—%—i <z < k—i—% for 8 < k < 10. Assume that k—i—%—i <ap < k—i—%
for k£ > 10. By using (3.10), we have

P31 L1 k4l (*1h
x J— —_ S — f— —_— J—
bl 2 " 2(k+1) 2 " 2k+1) | an  apwe_t
3 2(]6 + 1).%']6,1 — k(k + 1) — TEpTp—1
Tpr1 —k— 5 =
2 2xprp_
k42 k? — 2k (2)
B (k+2)wp—1 — b~ — 2k + 22
- 2xpwR_1

S N S (1)
Tpt1 —k— S+ > ——+ + —
+ 2 2(k+1) 2 2(k+1)  k+3 (k43— 2)k— 35— i)
1 1 1 k(k+1)
> =+ + —
T2 2k+1 0 2(k+1) 2k+1)(k—3)
3L _ 3
> 21 163 +
2k + H(k—3)  k+1
K243k 9
8

_ 8
T TRy R (k= 10)
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and

k k
1
k+2xk_1—k2—2k+(i) < (k+2)(k—=)—k>—2k+ ()
2 k 3 1
Lk—2 R (=)
3k — 10
= - " <0 (k>10).
2ok =5 <0 (k=10)

Hence we have (3.11). Now we study the log-convexity of {I';,11 —I'y, } >3 by using Theorem
2.7. It is obvious that

Qn=n, R,=n, SnZ(Z), qﬁn:n—l—%—%, gan:n—k%.
For n > 9, we have
Q, = 1+2n+13_ 1 gn;&) 1 1y 2n1+11 (";rll)
n+s [n+§—m](n+§—%) n—5—s5 (n—3)>?

22n+3) 2(n+1)(n+2) 2n 2n(n+1)

m+1  (2n+3)2n—1) n—1 ' (2n—1)2
B 2(n+1)(n+2) 2n 2n(n+1)
T @2n—=1(2n+3) * <1+2n—|—1> a1’ (2n —1)2
4 2 2n(n + 1) 4

n+1 n—1  (2n—1)2 1"
and
n—s3 n—3—-5)h—3 2(n—1)] n+ 3 3m
(n+1)("3?)
(n+3)?
iy 2n+2)2n+1) 2n(n+1)(n+2) 2(n+1)*  2(n+1)*(n+2)
- on — 1 (2n +1)(2n — 3) n (2n +1)2
. (n+2)@2n+1) 2(n+1)(n+2)(2n+3)
N n(2n —1) (2n 4+ 1)2(2n — 3)
2n+1 2(n+1)(2n+3)]  (n+2)(2n® —9n —6)
U] B v i s sy ol s o T e e

It follows from Theorem 2.7 that {I',11 — I'y}n>9 is log-balanced. On the other hand, we
observe that {I'y+1 — 't }s<k<io is log-convex and {I'y41 — 'y }e<r<io is log-balanced. Then

{Ty41 — I'n}n>s is log-convex and {I'y41 — 'y, }n>6 is log-balanced. [ |

4 Conclusions

For a log-convex sequence {zy}n,>0 with z,41 — 2, > 0 for n > 0, we have derived several

sufficient conditions for the log-balancedness of {zp+1 — zn}n>0. We have further applied
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these new results to a series of combinatorial sequences. Our future work is to find more

sufficient conditions for the log-balancedness of sequences.
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