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ARTICLE INFO ABSTRACT

Keywords: This paper applies Lie symmetry analysis method (LSAM) to high dimensional fractional Burg-
Fractional Burgers equation ers equation. We obtained all the Lie symmetries and the corresponding conserved vectors for
Lie symmetry analysis the equation by this method. Then we acquired a one-dimensional optimal system, which is
Conservation law utilized to reduce the aimed equation with Riemann-Liouville fractional derivative (RLFD) to
One-dimensional optimal system a low dimensional fractional partial differential equation (FPDE) with Erdélyi-Kober fractional
Power series solution derivative (EKFD). Finally, we obtained the power series solution (PSS) of the reduced equa-

tion and provided its convergence proof. Moreover, we obtained some other low dimensional
reduced FPDEs with RLFD, which can be solved by different methods in the literatures herein.

1. Introduction

As a generalization of the classical calculus, fractional calculus is believed to have originated from L’Hospital’s
letter to Leibniz in 1695. Since then, it has gradually attracted the research interest of numerous mathematicians
and physicists. Especially in the past half century, it has developed rapidly and achieved success in various fields of
engineering and technology [1-4]. Thus it is very meaningful to solve fractional differential equation (FDE). There are
currently some methods for solving FDEs, such as Adomian decomposition method [5], finite difference method [6],
homotopy perturbation method [7], the sub-equation method [8], the variational iteration method [9], Lie symmetry
analysis method [10], invariant subspace method [11], the reduced differential transform method [12—14] and so on.
However, most of them are numerical methods. The sub-equation method is an ad hoc solving technique for FDEs
with the modified RLFD. The invariant subspace method is applicable to some equations that are easy to find their
invariant subspaces. While the LSAM, as a universal and effective modern method to obtain analytical solutions of
FDEs, has received an increasing attention.

The LSAM was founded by the famous Norwegian mathematician Sophus Lie in the late 19th century. Then some
other mathematicians further developed this method, such as Ovsiannikov [15], Olver [16], Ibragimov [17-19] and
so on. As a modern analytical method, it has been extended to FDEs by Gazizov et al. [10] in 2007. Subsequently,
this method was effectively applied to the (1+1)-dimensional FDEs models [20-30] and the (2+1)-dimensional FDEs
models [31-34] that have emerged in various application fields.

In this paper, the LSAM is used to study the following (341)-dimensional time fractional Burgers equation with
nonlinear term:

Diu+ auu, = uy +uy, +u,,, 0<a<l, (1.1)

where u = u(t, x, y, z) is the flow velocity, ¢ is the time, x, y, z are the spatial coordinates, and a is an arbitrary constant.
The classic Burgers equation has widely used in physical and engineering fields, such as nonlinear acoustics, aerody-
namics, fluid mechanics, etc. In recent years, fractional Burgers-type equations have been introduced and studied, as
the additive effect of wall friction through the bounding layers can be modeled using fractional derivatives [35]. Vari-
ous analytical methods and numerical techniques have been used for solving different fractional Burgers-type equations
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Symmetry analysis of fractional Burgers-type equation

[35-45]. Wherein Lie symmetry analysis is an effective analytical method. In [37], Inc et al. used it to research frac-
tional Burgers-Huxley equation, which describes the mutual influence among diffusion transport, convective effects
and reaction mechanisms. In [38], Saqib et al. used it to study the time-fractional inviscid Burgers equation for non-
viscous fluids. In [39], Zhang used it to study the time-fractional coupled Burgers equation, which is a evolution or
sedimentation model of two types of particles in a colloid or fluid suspension at a proportional volume concentration
under the action of gravity. In [45], Yu used it to study some fractional Burgers-type equations with delays.

The aim of this paper is to find all Lie symmetries of Eq. (1.1) and construct the corresponding conserved vector
for each symmetry by the generalization of Noether operator and the new conservation theorem. The one-dimensional
optimal system obtained through Olver’s method [16] is used to reduce the dimensionality of Eq. (1.1) by one or two,
where the reduced equation is then solved simultaneously to obtain the PSS. To our knowledge, it is difficult to obtain
the PSS for high dimensional FPDEs, while the PSS of the reduced low dimensional equations gained by the LSAM
can be easily obtained.

As we all know, there are many types of definitions for fractional derivative. This paper adopts Riemann-Liouville

type [1-4]

1 d" rt f(s,x) ds

mﬁ a (—gyrn+l n—1<a<n,n€N

JDFf(t,x) =D} I f(t,x) =
D f(1,x), a=néeN

for t > a. For convenience, ODf’ is denoted as D;” in the following text.

The following is the arrangement of this paper. Section 2 introduces the LSAM for Eq. (1.1). Section 3 calculates
the conserved vectors for all the obtained symmetries. Section 4 constructs a one-dimensional optimal system of the
symmetry group. Section 5 presents the reduced equations, the PSS and the proof of its convergence. Section 6 gives
the conclusion.

2. Lie symmetry analysis

Consider Eq. (1.1), which is assumed to be invariant under the following group of one-parameter (¢) continuous
transformations:

t* =t+et(t,x,y,z,u)+ o(e), x* = x + €&(t, x, y, z,u) + o(e),
yi=y+el, x,y,z,u) + o(e), z" =z + €0t x,y, z,u) + o(e),
u* =u+en,x,y, z,u) + oe), Diu* = Dfu+ en®™ + o(e),
D .u* = D,u+ en* + o(e), D.u* = Dyu+en” +ofe), 2D
D,.u* = Du+ en® + o(e), Di*u* = Diu + en™ + o(e),
Di*u* = Diu + en?” + o(e), Dﬁ*u* = Diu + en”* + o(e),

where 7, &, £, 0, n are infinitesimals and 7%, n*, 57, #%, 1%, n*?, n** are the corresponding extensions of orders a, 1
and 2, respectively. Then the group generator is

0 0 0

0 0
X=1—+4+¢—+{—+0—+n—, 2.2
oo T 0% T 2.2)
and its corresponding prolongation is
PradX = X 4yt L gr e 9 gy O e O (2.3)
ou; ou, ou,, duy, du,,
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Symmetry analysis of fractional Burgers-type equation

n =D —uDt—-uD.E—-u,D.{—u,D,0,
n’ =Dy —uDyt—u.D.¢~u,D,{~u,D,0,
n*=Dn—uD,t—u.D,§—u,D.{ —u,D.0,

2.4)
n =Dx’7x —uy DT — uxxng - uxnyg - uxszg’
=Dy —u, Dyt —u,,DE—u, D —u,D,O,
n* =Dz’7z —uyD,7—u,,D§— uyzng —u,,D.0,
and
0%y 0%u %y < (a _
ap _ 9N _ ou u _ n a—n
n* = p + (n, —aD,7) 2 Y5 ,; . D}EDY"u,
o0 o0
(04 —_ a —_
- <n> DI{Df " uy — ) <n> D'9D*"u, (2.5)
n=1 n=1
[ee]
2"y
a u a +1 a—n
+ [ - D" ]D + U,
g{ <n> o <n+1> I
with

- i S i"i a\(n\ (k) "(=w)" omuk ommthy
k= n)\m)\r) k1 —a) orm ommouk’
n=2 m=2 k=2 r=0

Note that D; means taking the total derivative of i (i =1, x, y, z).

Remark 2.1. From the definition of RLFD, the lower limit of the integral should be fixed under the infinitesimal
transformations (2.1), that is, t = 0 should be invariant, i.e.

T(t9 X, ), z, u)lt:() =0. (26)

Remark 2.2. From the expression of u, it can be obtained that y = 0 when n is a linear function of variable u, that
is,

6211 _

— =0. 2.7
P 2.7

The equation (1.1) is considered to admit the one-parameter Lie symmetry group (2.1), if it satisfies the following
invariance criterion:

Pr(“’Z)X(Df‘u +auu, — Uy —uy, — uzz) la.y =0, (2.8)
which can be rewritten as
(n™" + anuy, + aun™ — ™ = p? = %) |11, = 0. 2.9

Putting %', #*, n**, n*”, n*? into (2.9) and setting the coefficients of different derivatives of u to zero, with the
conditions (2.6) and (2.7), we can obtain the following infinitesimals:

a a

T=ct, = §c1x+c3, = §c1y+c2z+c4,

a a (2.10)
0= 5612~ cy+cs, n= -Gt
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Symmetry analysis of fractional Burgers-type equation

with the constants ¢; (i = 1,2,3,4,5). That is to say, Eq. (1.1) admits a five-dimension Lie algebra L to be spanned
by the following generators:
0 ,a_0 ,a 0 |«

0 a 0
X, =t ox— 2yt 2z~ — 2y 2
L T2 ox T2V T 2%0z T 2% ou

0 0 0 0 0 @11
X2=Z_—y_, 3= =T X4:_, X5=_.
dy 0z ox ady 0z
We represent the corresponding one-parameter (e) continuous transformation groups as
hy o (t,x,y,z,u) > (5, x, ¥, 25 u"), i=1,2,3,4,5. (2.12)
By solving the following Lie equations:
d@e*, x*, y*, 2%, u*)
=(7,¢,4.0,1n),
de (7.6.¢.0.m) (2.13)
(X" ¥, 2% u)| =g = (. X, y, Z, 1),
we can get the following symmetry transformation groups corresponding to X; (i = 1,2,3,4,5):
hy : (t,x,y,z,u) = (et egex, e%ey, egez, e_%eu),
hy @ (t,x,y,z,u) > (1,x,y + €2,z — €y, u),
hy @ (t,x,y,z,u) = (t,x+€,y,2z,u), (2.14)

hy (&, x,y,z,u) = (1, x,y + €, z,u),
hS : (tyx,)’,Z,U)_)(t,x’y,z+€’u),

where € is any small real parameter.

3. Conservation laws

The conservation vectors with respect to the Lie symmetries (2.11) can be obtained by means of the generalized
conservation theorem [46, 47].
The equation (1.1) are denoted as

F = Dju+ auu, —uy, —uy,, —u,, =0, 3.1)
of which the formal Lagrangian is given by

L=uvtx,y z)F =0v@x,y z)(Dfu+ auu, —uy, —u,, —u,,), 3.2)

where v(t, x, y, z) is a new function to be determined by Eq. (3.4). The Euler-Lagrange operator is

5 _ 0 9 < 9

2 -2 L (DY + -1)’D, - D, ———, 33

du  Ou (D) o(Dfu) S:ZI( r' Dy, S ou; 3-3)
where (Df)* is the right-hand of Caputo fractional derivative as follows:

1 T 1 a"
(DY) f(t.x) = [DLf(t,x) = Do) ) Gyt g/ ()45, m—1<a<nmneN
! ! Dy f(t,x), a=neN.

The following is the adjoint equation of (3.1):

F* = % =(D})'v - auv, — vy, — vy, — U, = 0. 3.4
Jicheng Yu et al.: Page 4 of 17

21 Dec 2023 18:53:43 PST
230906-Feng Version 3 - Submitted to Rocky Mountain J. Math.



Symmetry analysis of fractional Burgers-type equation

The new conservation theorem and Eq. (3.4) are utilized to construct conservation vectors of Eq. (1.1). According
to the classical definition of the conservation laws, if C = (C’, C*, C?, C?) satisfies the conservation equation [D,C" +
D,C*+ D,C¥ + D,C*] g = 0, we call it a conserved vector for the given equation. Next we use Noether operators
to calculate the components of C. From the basic operator equation

PrPX +Dr-I+DE-I+DC-I+D0-I=W - 53 +D,N'+ D N*+D,N”+ D, N?, (3.5)
u

where Pr(*? X is given in (2.3), T is an identity operator, and W = n — tu, — Eu, — { uy, — Bu, is the characteristic of
X, the following Noether operators are obtained:

n—1

0 0
N'=1T+ ) (-D)*D*'"*w)D} - (=D)"JW, D!
v I;)() WD 5y = IV D )
0 0 0
NY=¢(T+W(— -D,—)+D_(W) ,
(0ux " ou, ) B Ougy (3.6)
NY=¢(T-WD,— 9 4D (W)—
auyy ouy,
0
N =0T -WD,— + D (W
ZauZZ Z( )a ZZ
where n = 1 + [a], and the operator J is
1 C T frx.y.2)8(0. .. 2)
J(f,8) = ——— dédr. 3.7
CAL I'( a)/ (6 — 7)a+l-n T (3.7
The conserved vector for each generator X is defined by
=(C',C*,C?,C*) = N"L,N*L,NYL,N?L). (3.8)
: 8 2,9 @,0 _a,0
Case 1: X, _t + X ax + yay+ 25~ SUs
The characteristic of X is
a a a a
W = —SU- tu; — 5 XUy = S YUy = S 2l (3.9)
Therefore, for0 < a < 1,
C' =oD* (W) + J(W,v,) = uD;H(—%u —tu, — %xux - %yuy - %zuz)
J(_% a a a
+ (—Eu —tu, — 5 Xty = S YUy = 2l v,),
C* =(auv — v, )W +vD, (W) = (auv — v )(— u—tu, — %xu - %yuy
a a a a
- Ezuz) + U(_Eux —tu,, — Eux = Xl = SVl — Ezuxz), .10
a a a a :
CV=-v,W+vD, W)= —vy(—zu —tu, — 5 Xy = S Yy = Ezuz)
a a a a a
+ U(_Euy — Uy, — 5 Xty = Euy — Wy = Ezuyz),
a a a
Ci=—v,W +vD,(W)=-v (— u—tu, — 5 Xy = S YUy = Ezuz)
a a a a a
+ U(—Euz —tuy — ExuxZ - Eyuyz - Euz - Ezuzz).
Case 2: X, = za yaz
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Symmetry analysis of fractional Burgers-type equation
The characteristic of X, is
W = —zu, + yu,. (3.11)
Therefore, for0 < a < 1,

C' = oD\ (W) + J(W,v,) = oD (—zu, + yu,) + J(—zu, + yu,, v),
C* = (auv — v )W + vD (W) = (auv — v, )(—zuy + yu,) + v(=zuy, + yu, ),

(3.12)
CY=—-v,W +vD, (W)= —v,(—zu, + yu,) + v(=zuy,, +u, + yu,,),
C*=—v,W +vD,(W) = —v,(=zuy, + yu,) + v(=uy, — zu,, + yu,,).
Case 3: X; = a%
The characteristic of X35 is
W =—u,. (3.13)
Therefore, for0 < a < 1,
C'=vD* W)+ J(W,v) = -vD* ) — J(uy, v,),
C* = (auv — v )W + vD, (W) = —auvu, + u, v, — Vi, (3.14)
C’ =-v,W + 0D, (W) = uv, — vu,,, ’
C*=—-v,W +vD,(W)=u,v, — vuy,.
Case4: X, = (%
The characteristic of X} is
W =-u,. (3.15)
Therefore, forO < a < 1,
C' = vD* W)+ J(W,v) = —vD* (uy) = J(uy,v)),
C* = (auv — v )W + vD (W) = —auvu, + u v, — iy, (3.16)
Cr'=-v,W+uvD,(W)=u,,—uvu,, ’
C*=—v,W +vD,(W) =u,v, — vuy,.
Case 5: X5 = 0%
The characteristic of X is
W = —u,. 3.17)
Therefore, for0 < a < 1,
C' =D 'W)+J(W,v) =—-vD* ') — J(u,,v),
C* = (auv — v, )W + vD, (W) = —auvu, + u, v, — Vi, 3.18)
C’ = —~v,W + 0D, (W) = u,v, — vu,,, )
C*=—-v,W+vD,(W)=u,v, — vu,.
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Symmetry analysis of fractional Burgers-type equation

Table 1
The Commutation Table.
X, X1 X, X, X X, X
X, 0 0 -2X, —gX4 X
X, 0 0 0 X -X,
X, %)(3 0 0 0 0
X, §X4 -X; 0 0 0
X %XS X, 0 0 0
Table 2
The Adjoint Table.
Ad X, X, X, X, X
X, X, X, e X, e X, 3t X,
X, X, X, X5 cose X, —sine X5 cose X5+sine X,
X, X, -feX, X, X, X, X
X, X, -ieX, X,+eX; X, X, X
X5 X, -leXs X,-eX, X, X, X

4. Optimal system

Next we use Olver’s method [16] to construct an optimal system for the symmetry group admited by Eq. (1.1).
Firstly, in Table 1, the commutation relationships of the group generators in (2.11) can be obtained under the Lie
bracket defined by

(X, X;1=X,X;, - X;X,;, (i,j=12.34,)5). @1

The following is Lie series
£2
Ad(exp(eX)X; = X; — e[ X;, X1+ T[X,-, [X;, X011 = s 4.2)
where € is an arbitrary parameter. According to (4.2), we can obtain the adjoint representations of all the group
generators in (2.11) and include them in Table 2.
Assuming X = a; X + a, X, + a3 X3 + a, X4 + a5 X5, from Table 2, we can get the following expression:
Ad(exp(ele))X = a1X1 + (,12X2 + a36%6X3 + a4€%£X4 + ase%g)(s, (43)

which can be written as

Ad(exp(e | X\ )X = (ay,ay,a3,a4,a5)A;(X, X5, X3, X4, X5)T, (4.4)
where
1 0 0 0 0
01 0 0 0
A =[0 0 e 0 0
00 0 et 0
00 O 0 e29
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Symmetry analysis of fractional Burgers-type equation

Table 3
The Construction Table.
Coeff. X, Coeff. X, Coeff. X; Coeff. X, Coeff. X;
P, a, a, e%ga3 e%ga4 e%EaS
P, a, a, as COs€ a, +sine a5 COS€ a5 —sine a,
P, a, a, a; — Sea a, as
P, a, a, a, a, - 3€a as + €a,
P, a, a, a, a, —€a, as — Sea,
Similar to A, we get
1 00 0 0 1 0 —g£3 0 0
010 0 0 0 1 0 0 0
A, =10 0 1 0 0 , A;=|0 0 1 0 0f,
0 0 O cosegy, —sing, 0 0 0 1 0
0 0 O singy, cosgy 00 0 0 1
1 00 —%64 0 1 0 0 O —565
010 0 £y 01 0 —¢& 0
Ay=10 0 1 0 0, 4s=]0 0 1 O 0
0 00 1 0 0 0 0 1 0
0 0 0 0 1 00 0 O 1
Then we can construct the general adjoint matrix
1 0 —%€3 —g£4 _%€5
0 1 0 —&5 g4
A=A A A A A5 =0 O 1 .0 0
0 0 0 e2lcose, —e2lsing,
0 0 0 e2flsing, e2'cose,

To conveniently derive invariant functions, we use these matrixes (A;, A,, A3, A4, As) to construct Table 3, where
Ad(exp(eX;))X ismarked P, (i = 1,2, -, 5).

Theorem 4.1. For vector X = Zle a; X, with a; € R, the invariant function to Lie symmetry algebra L is obtained
as E = F(ay, ay), where F is an arbitrary function.

Proof. Consider g = exp(¢Y) with Y = Zle b;X; is any element from Lie group G created by L3. We call the real
function E an invariant when the following condition holds:

E[Ad(g)X]=E(X) forall X € L. “.5)
That is,

2
Ad(exp(eY )X =e~Y Xet¥ = X — e[V, X] + %[Y, [Y, X]] — -
=(a1X1 +02X2+G3X3+a4X4+a5X5)—(191X1 (46)
+ 192X2 + 193X3 + 194X4 + 195X5)£ + 0(52),
where

o a
191 = 0, 192 = 0, 193 = §(b3al - b1a3), 194 = E(b4a1 - b1a4) + (bsaz - bzas),

a “.7
I5 = E(bsal — byas) + (byay — byay).
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Symmetry analysis of fractional Burgers-type equation
Then the condition (4.5) arrives at
E(ay,ay,a3,a4,a5) =E(a; — €91,ay — €9,,a3 — €95,a, — €94, a5 — €95).

By differentiating the function = with respect to parameter €, and letting =0, the following system of first order linear
PDEs can be obtained by collecting the coefficients of b;:

2 30(13 2 (3 ay 2 50a5 ’
0 0
— —g— =0,

a50a4 4605

%, E 4.8)
2V 0a; '
@ 02 0=

-= +a,— =0,
294, T "2 9a,

_a B x, 05
20a, ' 2 'oas

By solving the system of equations above, we obtain the general invariant function of L> with the form E = F(a 1, @),
of which F is an arbitrary function. O

Theorem 4.2. The Killing form K(X, X) = —a1 is also an invariant function to Lie symmetry algebra L.

Proof. The Killing form of L’ is defined by

K(X,X) =Trace(adX - ad X), 4.9)
where
0 0 %a:; ga4 %as
0 0 0 a5 —ay
adX = 0 0 —5a; 0 0
0 0 0 _%al a,
0 0 0 —a %al
Therefore, by calculation, we can easily get K(X, X) = a2 O

1’

Theorem 4.3. Based on Theorems 4.1-4.2, the one-dimensional optimal system for Lie symmetry algebra L’ admitted
by Eq. (1.1) can be spanned by

X1, Xy, X5, Xy, X5, bX3+dX,, bX3+dXs, bX, +dXs, bXy+cX, +dXs, (4.10)
where b, ¢ and d are free parameter.

Proof. Similar to the proofs in literatures [16, 48-52]. O

5. Reduction and solution
In what follows, we can reduce Eq. (1.1) to some different (2+1)-dimensional time FPDEs and (1+1)-dimensional
time FPDEs by the obtained one-dimensional optimal system.

Case 1: X,

The characteristic equation of X is

dr _2dx _ 2dy _ 2dz _ —2du 5.1
t ax ay az au '
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Symmetry analysis of fractional Burgers-type equation

a

By solving (5.1), we can obtain the similarity variables xt™ 2, yt
constructed as follows:

a a a
2, zt 2 and ut2. Then the invariant solution can be

u=12f(w;,w,w3), @y =xt 2, wy=yt" 2, wy3=2zt 2. (5.2)

_%
2

o
Theorem 5.1. The similarity transformation u = t 2 f(wy, ®,, w3) with the similarity variables @, = xt

, Wy =
¥t 2, w3 =zt 2 reduce Eq. (1.1) to the (2+1)-dimensional time FPDE given by
1-
(PZ Z z f)(w]’w27w3) + affwl = fwla)l + fw2w2 + fw3w3’ (53)
where (73;’1'(52 5,) 18 the following left-sided EKFD operator:
Lic o1 d 1 d 1
(Ps 5,.8,¥) (@1, 02, 03) H(l +Jj- 5—1w1a - 5—2602(1—602 - = d_co3)
5.4
I+Km K [K]+1, lngN,
X (K: W)(w17w2’ C()';) m= { K, lf K E N,
with the corresponding left-sided Erdélyi-Kober fractional integral
. | e N |
b0 1y=1 —(+x K B B
(S5, 5 W@, 0, 3) 1= { o i 6= DT @57 5%, gs7)ds, ke > 0, (5:5)
W(a)l?w27 w3)7 K = O
Proof. When 0 < a < 1, from the definition of RLFD, we can obtain
0%u 0 1 ! —a -2 _¢ @
o = ﬁ(t f(a)l,a)z,a)3)) = E[M/o (t—=s)"%s 2f(xs 2,ys 2,zs 2)ds].
Assuming r = g, we have
a(l
W F(l —a)/ r—17¢ f(wer w2r2 w3r2)dr]
1=3« %1 a
‘E[ S, @)
Because of o, = xt_%, W, = yt_% and w3 = zt_g, the following relation holds:
dtw 1, @2, W3 ) lda)lw ) 2dw2¥’ ) 3da)3w
Hence, we arrive at
0%u 3 3 «a d a d a d 1-5.1-a
WZI 2 (1—?—— 1£—§a)2d—w2—§w3a)(l€§’§’§ f)(a)l,a)z,co3)
3a 1 341
=t 2 (Pz Z 2 f)(a)l’a)29a)3)
Meanwhile,
_3a _3
auu, = at” 2 ffwl, Uy F Uy, +u, =1 2 (fwlwl + f{})zw2 + fw3w3).
This completes the proof. O
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Symmetry analysis of fractional Burgers-type equation

Next we apply the method introduced in [29] to get the PSS of (5.3). Assuming

oo

f(a)l,COZ,CQ)3) = f(a)) = Z akwk, w = Cla)l + C2(O2 + C3a)3, (56)
k=0

with infinite number of undetermined constants a,, one can get

fl@) = (k+ Dag 0, f"(@)= Y (k+2)k + Dag,0. (5.7)
k=0 =0

From [29], we have

w © (] - (k+1)a)

L,
N ORUSECRROEDY 2 o, (5.8)

P — 2 4
2 (k+3)a
a =0 I'(1 — - )

ZZ
a’a’

Substituting (5.6)-(5.8) into (5.3) arrives at the following equation:

© (] - (k+l)a)

ZTE% o] +aCIZ Z (]+1)a,a/+1)

—o (1
k=0 I'( k=0 i+j=k (5.9)

=(CI+C;+C)) Z(k +2)(k + Dag 0",
k=0

By comparing the coefficients of the same powers of @ on both sides of (5.9), we can derive the explicit expressions
of a; as ag = f(0), a; = f'(0) and

! ra -5 .
Qyp = k+ 2k + 1)(C12 n sz n C32) [F(l _ @)ak + acl(mz:k(] + l)aiaj+1)]’ k>0. (5.10)
Therefore, we can obtain the following PSS of Eq. (1.1):
_a e 1 ra-3
u(t,x,y,z) =t 2{a0+a1(C1x+C2y+C3z)t 2 + [

a9
2ACt+C;+CHlra - 37‘1)

(e8]

+ aCl aoal] (Clx + Czy + ng)zt_a + Z 1

5.11
=1 (k+2)(k + 1)(C] +C; +C) ©-11)
ra - &) o2
x [—ki +aCy (Y G+ Daayyy ](Clx + Gy + Gy 21 }
r(1 - ey ik
Theorem 5.2. In the neighborhood of the point (0, |ag|), the obtained PSS (5.11) is convergent.
Proof. From the coefficient expressions (5.10), taking absolute values for them, we can obtain
(k+Da
i Ir(1 - &)
|2l < [ [ el +1ac| > lalagal]. k20, (5.12)

C12+C22+C32 IT(1 - it

[r(1- 50

From the property of I" function, one can easily find that the inequality T,
T2

< 1 holds for an arbitrary natural

number k. Thus, (5.12) can be written as

lajiol < M(lagl+ Y lallajl), k>0, (5.13)
i+j=k
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Symmetry analysis of fractional Burgers-type equation

Table 4
Some of a, for different fractional orders when a, =a, =1
a, | a a, a, a, as
a=04 | 1 1 | 0.2541438214 0.1018150429 0.02966323869 | 0.009579915765
a=06 | 1 1 | 0.1894072333 | 0.05543125540 | 0.00628336655 | 0.006247295912
a=0238 1 1 0.1240292550 | 0.00034780256 | 0.01036475480 | 0.001218887081

1 |aCy|
CI+C2+CE’ C24C24C2
Consider another power series

5.

where M = max{

(s}
B(@) =) b,
k=0

where by = |agl, by = |a;| and

biya = M(b+ D, bbjyy), k0.
i+j=k

(5.14)

(5.15)

Therefore, it can be easily derived that |a, | < b, fork =0, 1,2, ..., that is, the power series (5.14) is called the majorant
series of (5.6). The next step is to prove its convergence. By simple calculation, we can get

B(®) = by + bjw + M ( B(w)w* + B(w)(B(w) — byo).

For the independent variable w, the following function is viewed as an implicit function:

Y(w, B) = B — by — byjw — M (Bw® + B(B — by)w).

9

It can be seen that (0, by) = 0, 3B

(5.16)

(5.17)

Y(0, by) # 0, and ¥(w, B) is an analytic function in a neighborhood of (0, b).

From implicit function theorem, the power series (5.14) is analytic in the same neighborhood, that is to say, the PSS
(5.11) is convergent in a neighborhood of (0, |ag|).

O

Assuming a = 1inEq. (1.1),C; =C, =Cy =1land s = x + y+ zin (5.11), Tabs.4-5 show some values of a,
and @, while Figs.1-2 illustrate the dynamical behavior of the solution (5.11) for different parameters.

8000

t ¥
(a) a=04

(b) €=0.6

(c) a=0.8

Figure 1: Dynamical profiles of the truncated power series solution (5.11) witha=1, C, =C,=Cy =1, gy =a, =1 and

s=x+y+z.
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Symmetry analysis of fractional Burgers-type equation

Table 5
Some of a, for different fractional orders when a;, = a; = 0.1

ay, | a a, a, a, as
a=04 |01 |01 0.01041438214 0.002473399409 0.000107398179 -0.00001169010880
a=06 | 0.1 | 0.1 | 0.003940723327 | -0.001517613459 | -0.0002735785966 | -0.00003708124004
a=08 | 0.1 | 0.1 | -0.002597074506 | -0.006372178961 | -0.00007474377889 | 0.0001048892399

S S
(a) a=0.4 (b) =0.6 (c) a=0.8

Figure 2: Dynamical profiles of the truncated power series solution (5.11) witha=1, C;, =C,=C; =1, g, = a, = 0.1
and s=x+y+z.

Case 2: X,

The characteristic equation of X, is

d
e _dx _dy dz _du (5.18)

0 0 =z -y 0

By solving (5.18), we can obtain the similarity variables ¢, x, y*> + z> and u. Then the invariant solution can be
constructed as follows:

u= f(w,wy,w;), o =t, wy=Xx, w3= y2 + z2. (5.19)
Finally, we can obtain the following reduced equation by substituting (5.19) into Eq. (1.1):

D [ +af iy = Foon + 4y +403 [0 (5.20)

Case 3: X3

The characteristic equation of X5 is

dr _dx_dy _dz_du

0 1 0 0 o0

(5.21)

We can obtain the similarity variables ¢, y, z, u by solving (5.21) and construct the following invariant solution:

u= f(w,wy,w3), oy =t, wr=y, w3=2. (5.22)
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Symmetry analysis of fractional Burgers-type equation
Finally, we can obtain the following reduced equation by substituting (5.22) into Eq. (1.1):

Dy, [ = faneo, + foss: (5.23)

Case 4: X,

The characteristic equation of X} is
d_dx _dy _dz_de
0 0 1 0 0

We can obtain the similarity variables ¢, x, z, u by solving (5.24) and construct the following invariant solution:

(5.24)

u= f(w,w,,w3), 0 =t, 0y=Xx, W3=2. (5.25)
Finally, we can obtain the following reduced equation by substituting (5.25) into Eq. (1.1):

DZ)I ftaffo, = fow, ¥ osw,: (5.26)

Case 5: X5

The characteristic equation of X5 is

di_dx _dy _dz_ du
0 0 0 1 0

(5.27)

We can obtain the similarity variables ¢, x, y, u by solving (5.27) and construct the following invariant solution:
u= f(w,w,w3), o =t, wy=x, W3=7y. (5.28)
Finally, we can obtain the following reduced equation by substituting (5.28) into Eq. (1.1):

DE [ +af fuy = o, + Sonoy- (5.29)

Case 6: bX; +dX,

The characteristic equation of bX3 + d X, is

di_dx _dy _dz_ du
0 b d 0 0

(5.30)

By solving (5.30), we can obtain the similarity variables ?, dx — by, z and u. Then the invariant solution can be
constructed as follows:

u= f(w,w,,w;), w =t, wy=dx—>by, w;=z. (5.31)
Finally, we can obtain the following reduced equation by substituting (5.31) into Eq. (1.1):

Dy f+adf fo, =0 +d) 00, + o, (5.32)

Case 7: bX; +dX;

The characteristic equation of bX3 + d X5 is

d_dx _dy _dz_d

0= 0" 4-0 (5.33)
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By solving (5.33), we can obtain the similarity variables f, dx — bz, y and u. Then the invariant solution can be
constructed as follows:

u= f(w,w,,w;), w =t, wy=dx—>bz, wy=y. (5.34)
Finally, we can obtain the following reduced equation by substituting (5.34) into Eq. (1.1):
Dy f+adf fo, =0 +d) o0, + o, (5.35)

Case 8: bX, + d X,

The characteristic equation of bX, + d X5 is
dr_dx _dy _di_du
0 0 b d 0"
By solving (5.36), we can obtain the similarity variables ¢, dy — bz, x and u. Then the invariant solution can be
constructed as follows:

(5.36)

u= f(w,w,y,w3), o=t wy=dy—bz, w;=x. (5.37)
Finally, we can obtain the following reduced equation by substituting (5.37) into Eq. (1.1):

DY f+af fo, =0 +d) [ + S (5.38)

Case 9: bX; +cX, +dX;

The characteristic equation of bX5 + c X, + d X5 is

d
e _dx _dy _dz _du (5.39)
0 b c d 0
By solving (5.39), we can obtain the similarity variables ¢, %x + % y— %z and u. Then the invariant solution can be

constructed as follows:

1 1 2
= s s = t’ =—-Xx4+-y—- —2Z. 540
u= f(w,w,), o Wy = x+-y— =z (5.40)
Finally, we can obtain the following reduced equation by substituting (5.40) into Eq. (1.1):
a 1 1 4
Dz’lf+szw2=(b_2+c_2+ﬁ)fw2m2' (541)

Note that Egs. (5.20), (5.23), (5.26), (5.29), (5.32),(5.35), (5.38) and (5.41) are some (2+1)- and (1+1)-dimensional
fractional generalized Burgers equations with Riemann-Liouville fractional derivative, respectively. These reduced
equations were studied by means of different numerical and analytical methods in [35-38, 40—44].

6. Conclusion

This paper extends the (1+1)-dimensional and the (2+1)-dimensional FPDEs to the (3+1)-dimensional FPDEs.
The LSAM is successfully used for reducing high dimensional time FPDE to some low dimensional equations and
obtaining the corresponding PSSs. This indicates that the LSAM can be effectively applied to some higher dimensional
time FPDE:s in physical science and engineering. However, using the LSAM to solve high dimensional FPDEs has its
demerits, such as the need to repeatedly use the LSAM to reduce the dimensionality of the equation, which increases
computational complexity. The equation after dimensionality reduction can also be solved by using other numerical
and analytical methods, which requires us to perfectly combine the LSAM with other methods. These issues will
promote the improvement and development of the LSAM for FPDEs. In addition to high dimensional time FPDEs,
we will also apply the LSAM to study some high dimensional space-time FPDEs, fractional difference differential
equations, fractional stochastic differential equations, etc., which have appeared in many important fields of science
and technology.
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