ON LIE DERIVATIONS OF TRIANGULAR ALGEBRAS
LEI LIU*, KAIPENG LI

ABSTRACT. Let 7 be a triangular algebra and G € 7T be an arbitrary but
fixed point. We say that a linear map ¢ : 7 — 7T is Lie derivable at G if
o([S,T]) = [¢(S),T] + [S,¢(T)] for any S,T € T with ST = G. In this
paper, we describe the general form of ¢ and give some necessary and sufficient
conditions for ¢ to be proper. These results are then applied to nest algebras.

1. INTRODUCTION

Let A be an associative algebra over a field F. A linear map § : A — A is
called a derivation if §(ST) = §(S)T + S6(T) for all S,T € A. Derivations are
very important maps both in theory and applications, and have been studied
intensively(for example, see [5, 9, 18, 19, 20] and references therein). In recent
years the problem under which conditions that a linear map becomes a derivation
has attracted many mathematicians’ attention. One direction in the study of this
problem is to characterize derivable maps at a given point. We say that a linear
map d : A — A is derivable at G € A if 6(ST) = §(S)T + S(T) for all S, T € A
with ST = G. It is obvious that the condition of § being a derivable map at G
is weaker than the condition of being a derivation. For some algebras, the cases
that G is zero, the unit, nontrivial idempotents, invertible elements, and so on
were discussed by several authors (for example, refer to [1, 2, 12, 13, 15, 17, 22]
and the references therein). These results enhanced people’s understanding of
derivations on several algebras.

More generally, a linear map ¢ : A — A is called a Lie derivation if ¢([S,T]) =
[6(S), T] + [S,¢(T)] for all S,T € A, here [S,T] = ST — TS is the usual Lie
product and is said to be Lie derivable at G € A if ¢([S,T]) = [¢(S), T|+[S, ¢(T)]
for all S,T € T with ST = G. Ji and Qi in [11] proved that, under some mild
conditions, if a linear map ¢ from a triangular algebra 7 into itself is Lie derivable
at 0 (resp. a standard idempotent P € T), then ¢ is proper, that is, ¢ = ¢ + T,
where ¢ is a derivation of 7 and 7 is a linear map from 7 into the center of
7T vanishing on each commutator [S,7T] whenever ST = 0 (resp. ST = P).
Lu and Jing [14] showed that the same is true for Lie derivable maps of B(X),
where B(X) is the algebra of all bounded linear operators on a Banach space
X of dimension greater than 2. There are similar results on generalized matrix
algebras and prime rings (see [8, 16]). But, so far, to the best of our knowledge
there have been no papers on the study of Lie derivable maps at a given point
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which is not 0 or a standard idempotent. So the purpose of the present paper
is to characterize Lie derivable maps of triangular algebras at an arbitrary but
fixed point.

Triangular algebras were firstly introduced in [6] and then studied by many
authors(see, for example, [3, 4, 7, 21]). Let A and B be two unital algebras with
unit /; and I, respectively. Let M be an (A, B)-bimodule, which is faithful as
a left A-module and also as a right B-module, that is, for any a € A and b € B,
aM = {0} and Mb = {0} imply a = 0 and b = 0, respectively. The algebra

a m
0 b
under the usual matrix operations is called a triangular algebra. The non-trivial
I

0 0
follows from Proposition 3 in [6] that the center of T is

Z(T):{aeab: (g 2)

Define two projections 74 : T — A and 75 : T — B by

ma ) mamma m(f ) =

Then m4(Z(T)) € Z(A) and 73(Z(T)) € Z(B). Furthermore, there exists an
unique algebra isomorphism 7 : m4(Z(7)) — 75(Z(T)) such that am = mn(a)
for every a € A, m € M.

TZTTi(.A,M,B)I{( ):aEA,mEM,bGB},

idempotent element P = is said to be the standard idempotent of 7. It

am:mbforallmej\/l}.

2. RESULT AND PROOF

In this section, we consider the question of characterizing Lie derivable maps
of triangular algebras at an arbitrary but fixed point. Firstly, we describe the
general forms of these maps as following.

Theorem 2.1. Let T = Tri(A, M, B) be a triangular algebra and G = (%0 7?0)
0

be an arbitrary but fized point in T. Assume that

(1) Ta(Z(T)) = Z(A) and 75(Z(T)) = Z(B);

(ii) For every a € A, there exists some integer n such that nly — a is invertible
in A;

(iii) For every b € B, there exists some integer n such that nls — b is invertible
in B.

If a linear map ¢ : T — T is Lie derivable at G, then ¢ is of the form

o[ ™) = fula) + gii(m) + b (b)  afio(lr) = fi2(11)b + gr2(m)
0 b 0 f22(a) + gaa(m) + haa(b) )7

where
A=A fo: A= M, fo: A= Z(B), guu: M — Z(A),
glgiM—>M, 922:./\/1_>Z<B), h1138—>Z(A), hQQZB—)B
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are linear maps satisfying the following conditions:

(1) flg(a) = af12(11> fO’f’ all a € A,'

(2) fu(fh) € Z(A), ho(l2) € Z(B);

(3) g12(am) = agro(m)—+ fi1(a)m—mfog(a)+hi1 (I2)am—amhas(Is) for all m €
Mand a € A;

(4) g12(mb) = gi2(m)b+mhaa(b) — ha1 (b)m-+mb for (1) — frr(I1)mb for all m €
M and b € B.

We need the following basic fact whose proof is easy and will be skipped.

Proposition 2.2. Let H be a vector space over a number field F. For any fized
hi € Hy i =0,£1,4+2,....,%n, if > ha' =0, x € F, has at least 2n + 1
distinct nonzero solutions in F, then h; = 0,1 =0,£1,£2, ..., +n.

Proof of Theorem 2.1. Since ¢ is a linear map, we can write

a m\ _ (fula)+gu(m)+hi(d) fia(a) + gia(m) + hia(b)
¢ (0 b) - ( 0 fa2(a) + gaz(m) + h22(b)>

for all (O 72) € T, where fi1, f12, fo2 are linear maps from A to A, M, B, respec-

tively; g11, g12, g22 are linear maps from M to A, M, B, respectively; hi1, hia, hoo
are linear maps from B to A, M, B, respectively.
Now we organize the proof in a series of claims

Claim 1. For any a € A and b € B, the following statements hold:
(i) h12(b) = —f12(11)b;'
(it) fi2(a) = afia(L1).

For any invertible b € B and any real number A > 0, let

o Il 0 [ ao mo
o= (o )\bob‘l)’ r= (o A—lb)'

Then ST = @, and we have

(* glg(mo — )\mgbobil) —+ hlg(bo — bbobl))
0 *

=¢(ST —T5S)
)T —T¢(S) + SH(T) — ¢(T)S
1(1h) +h11 Abob™1) f12 1) + hia(Abob™ )) (ao mo)

¢(5)
( (
2( 1) + hm()\bob ) 0 M1
fi1(D) + har(Mbob™h)  fra(I1) + hia(Abob™)
0 A” 1b 0 Jao(Ih) + haa(Abgd™!)
0 )\bob )
(f 1(ao) + gr1(mo) + hir(A710)  fia(ao) + gra(me) + h12()\lb))
0 faa(ao) 4 g22(mo) + haa(A10)

B (fll(ao) + g11(mo) + hat(A710)  fiz(ao) + gra(mo) + h12()\_1b))
0 faz(ao) + goz(mo) + h22(>\_lb)
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(@)= (%)
0 Xob™t) —\0 %/~
where
A =(fir(I1) + har(Abob™))mo + (fr2(L1) + haa(Abob™ ")) (A7'0) + fia(ao)
— ag(fra(1h) + hia(Aoob™)) — mo((fao(I1) + haa(Abob™")) + gr2(mo)
+ (haa(A710) = (fiz(ao) + gra(mo) + haa(A7'0)) (Abob™1).
It follows from the matrix equation that
g12(mgo — )\mobob_l) + hia(bg — bbob_l)
= (fu(l1) + har(Abob™"))mg + (fi2(I1) + haz(Abob™ ")) (A7) + fi2(ao)
— ag(fr2(11) + hia(Abob ™)) — mo((fa2(I1) + haa(Abob™ ")) + g12(mo)
+ (hi2(A'B) — (fralao) + gia(mo) + hia(A710)) (Abgb™).

By Proposition 2.2, the above equality implies that f12(11)b + hi2(b) = 0 for all
invertible b € B. For any b € B, by assumption (iii) of the theorem, there exists
an integer n such that nly — b is invertible in B. It follows from the previous fact

that f12(11)<71[2 - b) + hlg(nlg — b) = ( for all b € B. Then we have
fi2(11)b + hi2(b) =0 (2.1)

for all b € B.
Moreover, for any invertible a € A and any real number A\ > 0, repeating the
similar argument and considering

[ Aa my (A tatag 0
s= (0 )= L)

fi2(a) + ahy2(I3) =0 (2.2)
for all @ € A. Taking b = 5 in Eq.(2.1), we have his(l3) = — f12([1). Combining
this and Eq.(2.2), we obtain that

fi2(a) = afia(l1)
for all @ € A. The proof of the claim is completed.

Claim 2. We have the following:
(i) h11(b) € Z(A) for all b € B;
(i) foa(a) € Z(B) for all a € A.

Taking
—1,-1 —1,-1
5= (Aoa A‘ll())ob‘l)’ I= (A % o ib m0>’

where a € A, b € B are invertible and A > 0, we get ST = G. Hence we have
(4 2)

0 A,
= ¢(ST —T5)
= ¢(S)T = TH(S) + So(T) — o(T)S

one can get
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f11 )\(l + h11 1b0b_1) fu()\d) + hlg()\_lbob_l) A_la_lao A_la_lmo
faz(Aa) + hao( A 1hob™ 1) 0 \b

2 la ao A lg~t mo fu(/\a) + hll()\ilbobil) flg( ) + hlg( 1b0b71)
b 0 fgg( CI,) + hQQ( 1bob71)
- (0 A 160 )

11 )\ a ao) + gn()\ a mo) + hll()\b) *
0 fgg()\_la_lao) + gn()\_la_lmo) -+ hn()\b)
_ f11<)\_1a_1a0> + gn()\_la_lmo) + hu(/\b) *
0 fgg( CL (lo) + gn()\_la_lmg) -+ hn()\b)

_ (/\a 0 )
0 A lpb!
B (Ag * )
N0 Ay
where
Ay = fii(ag — a aga) + gi1(mo — A2a ' mobob™ ") 4 ha1(bo — bbob™"),
Ay = far(ag — a taga) + gra(mo — A 2a"  mgbob™ ") + hag(by — bbb ™),
Az =(fii(Aa) + hiy (A oeb ™) (A e ag) — (A a ag) (fii(Ma) 4+ b (A Tbgb™h)
+ Aa(fiidta  ag) + gri(Ata T mg) + R (AB) — (fu(A e a)
+ gin(Ara " mg) + hi(Ab)) Aa
and
Ay =(fra(Aa) + hag(A"Tbeb ™)) (AD) — (D) (faz(Aa) 4 haa (A bob™ 1))
+ (A ob ) (fa2 (A" a ag) + goa (AT mg) + haa(AD))
— (fa2(Aa" ao) + ga2 (A ra T mg) + haa(AD)) (A Mbob™H).
It follows from the matrix equation that A; = Ag, that is,
fi1(ao — a " aga) + gi1(mo — A"2a " mobob ™" + ha1(by — bbb~ "))
= (fii(Ma) + hiy (A Beb™ ) (A e rag) — (A tatag) (fin(Aa) + hir (A tbeb ™)
+xa(fudta  ag) + gri(Zta T mg) + R (Ab) — (fiu(A e ag)
+ g A" ta " mg) + hii(Ab)) Aa.

Using Proposition 2.2, it is easy to see hi1(b)a = ahy;(b) for all invertible a €
A and invertible b € B. By the assumption (iii), for any b € B, there exists
an integer n such that nly — b is invertible in B. So the preceding case yields
hi1(nly — b)a = ahyi(nly — b), which leads to hy1(b)a = ahqy(b) for all invertible
a € Aand allb € B. For any a € A, by the assumption (ii), there exists an integer
n such that nl; — a is invertible. Thus, we get hq1(b)(nl; — a) = (nl; — a)hy1(b)
for all a € A and b € B. This implies

hu(b)a = ahyy (b) (2.3)
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for all a € A and b € B. Therefore, we obtain that hi(b) € Z(A) for all b € B.

Moreover, by the matrix equation, we have Ay = Ay, that is,
foa(ao — a " aga) + gaa(mo — A"2a " mobob™ ") + haa(bo — bbob™")
= (faa(Aa) + haa (A bob™ 1)) (AB) — (AD)(faz(Aa) + has( A bob™ 1))
+ (A Tob™ M) (faa( At ag) + gaa( A a T myg) + g (AD)
— (fao (AN e ag) + gaa(A e mg) 4 hao(AB)) (A theb ™).
With the same argument as the proof of Eq.(2.3), we see that

faz(a)b = bf2n(a)
for all @ € A and b € B, which means f(a) € Z(B) for all a € A.

Claim 3. Let a € A and m € M. Then

(i) gi(m) € Z(A);
(i) f11(11) € Z(A), haa(I2) € Z(B);

(711) gia(am) = agia(m) + f11(a)m — mfae(a) + hy1(Iz)am — amhas(I3).

For any m € M, any invertible a € A and any real number A > 0, set

g_ ()E)a mo —bo)\am) T (x\lc(z)lao ZL) '
Then ST = G, and we have
(0 %)
0 *
= ¢(ST —T5)
= ¢(S)T = TP(S) + So(T) — o(1)S

_ <f11(/\a) -+ gn(mo — /\am) + hn (bo) f12()\a) + 912(m0 — )\CLTTL) + hlg(
0 fgg()\a) + go2 (mo — )\am) + hgg(

_ A tatag m
0 I
(A tarag m
0 I,

) (fn()\a) + 911(m0 — )\am) + hn(bo) flg()\a) + glz(mo — )\am) + hlg(
0 f22(>\a) + g22 (mo — )\am) + h22(

n Aa Mg — Aam
0 bo

(fn( Ya=tag) + gri(m) + hi1 (L) frz(Ara tag) + gra(m) + h12(12)>
0 foo (A taYag) + gaa(m) + hao (L)

(fn( Ya tag) + gii(m) + hii (L) fra( A ta ag) + gra(m) + hao(1Lo)

0 fao(Ata™  ag) + gaa(m) + hao(12)

‘ Aa mg — Aam
0 bo

b
b

b
b

)

)

0)
0)

)
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(A Ay
= )
where
Ay = fii(ag — a raga) + gi(mo — X ta tagmg + a tagam — mby),

Ay = fia(ag — a raga) + gia(mo — X ta tagmg + atagam — mby),

Az =2 (fi1(Aa) + g11(mo — Aam) + hy1(bo))a tag
— X 'a ag(fii(Aa) + gri(mg — Aam) + hyy (b))
+ Xa(fuAra  ag) + g (m) + b (L))
— A fii(Aa ag) + gii(m) + haii(I))a
and
Ay =(fr1(Aa) + g11(mo — Aam) + hq1(bo))m + fi2(Xa)
+ g12(mo — Aam) + hiz(bo) — frz( A ta ag)bo
— X 'a  ag(fra(Aa) + giz(mo — Aam) + hya(by))
— m(faa(Aa) + gaz(mo — Aam) + haa(bo)) + g12(m)bg
+ Xa(fiz(Ata  ag) + gia(m) + hia(12)) + hia(I2)bo
+ (mo — Aam)(fao( A ta  ag) + gaa(m) + hoo(12))
— (fu(X"ta ag) + g11(m) + har(12))(mo — Aam).
Thus, by the matrix equation, we have A; = Ag, that is,
fir(ag — ataga) + gi1(mo — X ta tagmg + a tagam — mby)
= X' (f11(Aa) + g11(mo — Aam) + hay (bo))a ™" ag
— A a ag(fri1(Aa) + gi1(mo — Aam) + hiy (b))
+a(fuu(Aa ag) + gii(m) + hi(12))
— A fu(A " ag) + gia(m) + b (I2))a,
which implies
agi1(m) + ahy1(I2) — g11(m)a — hyy(l2)a =0 (2.4)

for all invertible a € A and all m € M since Proposition 2.2. Taking m = 0 in
Eq.(2.4), we get ahi1(l2) — h11(13)a = 0. Combining this and Eq.(2.4) reduces to
agii(m) = gi1(m)a for all invertible a € A and all m € M. By assumption (ii),
for any a € A, there exists an integer n such that nl; — a is invertible in A. So
we have (nly — a)gi1(m) = g11(m)(nl; — a). This leads to

agii(m) = gu(m)a
for all a € A, which means g11(m) € Z(A).
Furthermore, it follows from the matrix equation that Ay, = Ay, that is,

fia(ag — araga) + gia(mo — X ta tagmo + a” tagam — mby)
= (fu1(Aa) + g11(mo — Aam) + hi1(by))m + fi2(Aa)
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+ g12(mo — Aam) + hia(by) — fr2(A " a" ag)bo
— (A a " ag) (frz(Aa) + giz(mo — Aam) + hya(by))
—m(fa2(Aa) + goz(mo — Aam) + haz(bo)) + gi2(m)bo
+ Aa( frz(A'a ag) + giz(m) + haa (1)) + haa(12)bo
+ (mo — Aam)(faa( A ta  ag) + gaa(m) + hoa(12))
— (fu(A"ta " ag) + g11(m) + hai(12))(mo — Aam),
which yields
0 =fu(a)m — gn(am)m + fia(a) — gra(am) — mfa(a) + mgaa(am) + agiz(m)
+ ahio(l2) — amgaa(m) — amhaa(Is) + g1 (m)am + hyy (I2)am
for all invertible a € A and all m € M. Combining this and Eq. (2.2), we have
0 =fu(a)m — gu(am)m — giz(am) — mfa(a) + mgaz(am) + agiz(m)
— amga(m) — amha(I2) + g1 (m)am + hyy (I3)am

for all invertible a € A and all m € M. Replacing m with —m in the above
equality, we arrive at

0=— fula)m — gii(am)m + giz(am) + mfaz(a) + mga(am) — agia(m)
— amggg(m) + GthQ([Q) + gu(m)am -+ hn(fg)am.
Comparing these two equalities, we get
0= fi1(a)m — giz(am) — mfoz(a) + agiz(m) — amhas(I3) + hi1(lz)am

for all invertible a € A and all m € M. By assumption (ii) again, there exists n
such that nl; — a is invertible in ,A. Then one can easily check that

gi2(am) = agi2(m) + fi1(a)m — mfoz(a) + hi1(I2)am — amhgy (1) (2.5)
for all « € A and m € M.
Moreover, letting a = I; in Eq.(2.5), we get
(fulr) + hu(L2))m = m(fa2(l1) + ha2(I2)) (2.6)

for all m € M. By Claim 2 (i) and the assumption (i) of the theorem, there
exists n(h11(l2)) € Z(B) such that

hai(I2)m = mn(hii(12)) (2.7)
for all m € M. It follows from Eqgs. (2.6) and (2.7) that
full)m =m(foa(lr) + hao(I1) — n(h11(12)))

for all m € M, which implies fi1([;) € Z(A).
Similarly, one can verify that hoo(l) € Z(B).

Claim 4. For any m € M and b € B, we claim that
(i) go2(m) € Z(B);
(ZZ) glg(mb) = glg(m)b + mhgg(b) — hu(b)m + mbf22(11) — f11(11>mb.
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For any invertible b € B, m € M and real number \ > 0, putting

_(h m ~ (ag mo—Amb
S‘(ox*%vJ’T_<o Ab )

we have ST = . Then

* g12(m0 — Qom — A_lmobob_l + mbbob_l) + hlg(bo — bbob_l)
0 922<m0 — agm — Ailmobobil + mbbobil) + hgg(bo — bbobil)

— (ST —TS)
= ¢(S)T = T¢(5) + S¢(T) — &(T)S

( 1(11) + gi(m) + hian(Atood ™) f1a(I1) + gra(m) + h12()\lbobl>>
0 fgg([l) + 922(m) + hzg(/\_lbgb_l)

( o Mo — )\mb)

mo — Amb
O Ab

. (fll(ll) —+ gn(m) + hn()\_lbob_l) f12(]1) + 912(m) + hlg(A_lbob_l))
0 foa(I) + gaa(m) + haa(A"1bob™")

+ ]1 m
0 A 1hgd!

) (fll(a,o) + gll(mg — /\mb) + hll()\b) f12<a0) + 912(m0 — )\mb) + hlg()\b))

0 f22(a0) + 922(m0 — )\mb) + hgz()\b)
B (fn(ao) + g11(mo — Amb) + h11(Ab)  fiz(ao) + gr2(mo — Amb) + h12()\b)>
O f22(a0) + g22 (mo — )\mb) + hgz(Ab)

_ (11 m >
0 A lppbt
B (* Al)
\0 Ay
where
Ar =(fu(h) + g (m) + k(A b ™)) (mg — Amb)
+ A(fi2(11) + gr2(m) 4+ haia (A bob™1))b
— ag(fra(1h) + gra(m) + haa(A"'bd ™))
— (mo — Amb)(fao(I1) + gaa(m) + hos (A Tbob™1))
+ fi2(ag) + gia(mo — Amb) + hia(\D)
+ m( faz(ag) + gaa(mg — Amb) + hao(AD))
— (fi1(ao) + g11(mo — Amb) + hi1(Ab))m
— A Y(fra(ao) + gra(mo — Amb) + hia(Ab))bob !
and
Ao =N(faz(11) + ga2(m) + hoo(X"beb™"))b
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— Ab(faa (1) + gaa(m) + haa(A\1beb™1))
+ A oob ™ (faa(ag) + gaz(mo — Amb) + haa(AD))
— A (faz(ag) + gaz(mo — Amb) + hoa(AD))bob™".
By the matrix equation, we arrive at
g22(mo — agm — A" mgbob ™! + mbbob ™) + haa(by — bbob ™)
= A foa(I1) + gaa(m) + haa(A""bob™"))b
— Ab(faa (1) + gaz(m) + haa(A'bpb™"))
+ A oob ™ (faa(ag) + gaa(mo — Amb) + haa(AD))
— XY (faa(a) + gaz(mo — Amb) + hag(Ab))bob ™.

It follows from Proposition 2.2 and Claim 2 (ii) that gs2(m)b = bgae(m) for all
invertible b € B and all m € M. For any b € 3, by assumption (iii), there exists
an integer n such that nly — b is invertible in B. So we have goo(m)(nly — b) =
(nIy — b)gaa(m) for all b € B and m € M. This leads to

g22(m)b = bgas(m)

for all b € B and m € M. Hence go2(m) € Z(B) for all m € M.
Similarly, it follows from the matrix equation that

gra(mo — agm — X 'mgbob™ " + mbbob™ 1) 4 hia(by — bbob™t)
= (fu1 (L) + g11(m) + Ry (A""bob™ ")) (mg — Amb)

+ M fro(1) + grz(m) + haa(A™"ob™"))b

— ao(frz(I1) + gra(m) + haa(A""bob ™))

— (mo — Amb)(fao(I1) + gaa(m) + hoa(A T ™))

+ (f12(ao) + gia(mo — Amb) + hia(\b))

+ m( fa2(ao) + ga2(mo — Amb) 4 hao (D))

— (f11(ao) + g11(mo — Amb) + h11(Ab))m

— A" (f12(a0) + gr2(mo — Amb) + hia(Ab))beb ™",

which yields

0 =— fuu(l1)mb — gri(m)mb + fia(11)b + gia(m)b + mbfaz(11) + mbgaa(m)
— glg(mb) + h12<b) — mggg(mb) + mhgg(b) + gn(mb)m — hn(b)m

Replacing m with —m, we arrive at

0 =fu(L1)mb — gri(m)mb + fi2(11)b — gi2(m)b — mbfaa(11) + mbgaa(m)
+ 912(mb> + h12(b) — mggg(mb) — mhgg(b) + gi1 (mb)m + hn(b)m

Comparing these two equalities, we have

912(mb) = 912<m)b -+ mhgg(b) — hn(b)m -+ mbfgg(ll) — fn(fl)mb
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for all invertible b € B and all m € M. For any b € B, by the assumption (iii)
again, there exists an integer n such that nly — b is invertible in B. So we get
gio(m(nly — b)) =g1a(m)(nly — b) + mhas(nly — b) — hyy(nly — b)m
+m(nly —b) foo(I1) — fur(l1)m(nlz — b)
for all b € B and m € M, which leads to
G12(mb) = g12(m)b + mhaa(b) — hiy (b)m + mbfor(I1) — f11(L1)mb
for all b € B and m € M, as desired.

By Claim 1-4, the theorem holds.

The following proposition is from the remark of Lemma 5 in [7].

Proposition 2.3. Let 6 be a derivation of triangular algebra T = Tri(A, M, B).
Then ¢ is of the form

s(e ™\ _ Pi(a) an —mnb+ g(m)
0 b)) 0 Pg(b)
wheren € M and Py : A — A, g: M — M, Pg: B — B are linear maps
satisfying the following conditions:

(1) glam) = Pa(a)m + ag(m) for alla € A and m € M;
(2) g(mb) = mPg(b) + g(m)b for all b € B and m € M.

Proposition 2.3 has the following consequence.

Proposition 2.4. If the derivation 0 of triangular algebra T = Tri(A, M, B)
has the following form
s(e ™Y _ Pa(a) 0
0 b)) =\ 0 P
then 6 = 0.

Proof. By Proposition 2.3, we see an —nb+ g(m) = 0 for all a € A, b € B and
m € M. It follows that g(m) = 0 for all m € M. Furthermore, by Proposition
2.3 (1), we get Py(a)m =0 for all a € A and m € M. Thus, we have P4(a) =0
since M is faithful.

Similarly, one can verify Pg(b) = 0 for all b € B. Therefore, 6 = 0. O

Now we have the following necessary and sufficient conditions for Lie derivable
maps of triangular algebras to be proper.

Theorem 2.5. Let T = Tri(A, M, B) be a triangular algebra and G = <%0 Tgo)
0

1s an arbitrary but fixed point in T . Assume that

(i) ma(Z(T)) = Z(A) and 75(Z(T)) = Z(B);

(ii) For every a € A, there exists some integer n such that nl; — a is invertible
in A,

(i11) For every b € B, there exists some integer n such that nly —b is invertible

i B.
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Let ¢ : T — T is Lie derivable at G. For any <0 7;)1) e T, we write

o(® ™) = fu(a) + giu(m) + ki (b) - afia(fi) = fr2(L1)b+ gi2(m)
0 b 0 fgg(a) + 922 (m) + hgg(b) ’
Then the following statements are equivalent:
(1) ¢ is proper;
(2) f11(1h) @ f22(11) € Z(T), g11(m) ® go2(m) € Z(T) for all m € M;
(3) hll(Ig) ©® h22(_[2) € Z( ) gu(m) @922( ) (T) fOT allm e M

Proof. By Theorem 2.1, we have fgz(a) Z(B) and hgs(I3) € Z(B). Thus, there
exist 7! (faz(a)) € Z(.A) and 17" (haa(I2)) € Z(A) such that n~'(fo(a))m =
m fao(a) and 571 (hoo(ls))m = mhas(l5). Hence we arrive at

gia(am) = Py(a)m + agia(m) (2.8)
for all a € A and m € M, where Py(a) = fi1(a) — n7'(faa(a)) + h11(l2)a —
1~ (hoz(I2))a. Similarly, we get

g12(mb) = mPg(b) + g12(m)b (2.9)
for all b € B and m € M, where Pg(b) = haa(b) —n(h11(b))+bfae(I1) —bn(f11(11)).

Next, we define three linear maps v, v and 7 from 7 into itself as following.

y (8 7;}) _ (PAO(G) afiz(l) — é}z((?))bJrgw(m)) ,

16 ) = (TR s i)
and

6 5)

_ (Ul(h22(f2))a — hu(lz)a + gui(m) 0 )

B 0 bn(fir(11)) — bfaa(l1) + g22(m) ) °
Clearly, ¢ = ¢ + v + 7, where v is into Z(7). By Proposition 2.3 and Egs.(2.8)-
(2.9), one can verify that v is a derivation of 7.

(1) = (2): If ¢ is proper, then ¢ = ¥ + 7, where 1 is a derivation of T
and 7 : T — Z(T) is a linear map vanishing at commutators [S, 7] whenever
ST = G. Hence ?Z+§=w+’y+7', that is, J—w =74y —7. Note that J—w
is a derivation of 7. By Proposition 2.4, we have J — 1 = 0. This yields that 7
is a linear map from 7 into Z(7). Then we conclude that

(0 8) = (0 ) <27

0 0 0 0
(0 1) = (0 ) guy) <27
which means 7(fi1(11)) — f22(l1) = 0, that is, fi1(l1) @ foa(1) € Z(T).

and
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(2) = (3): Since fi1(L1) @ foo(l1) € Z(T), we have fi1(f1)m = mfa(ly) for
all m € M. Tt follows from Eq.(2.6) that hy;(ls)m = mhoy(I3) for all m € M.
Therefore, hll(lz) S h22(]2) S Z(T)

(3) = (1) If hll(Ig) D hgg([g) € Z(T), then hll(Ig)m = mh22([2) for all
m € M. Hence we have

0~ (haa (L)) = hai(12) = 0. (2.10)
It follows from Eq.(2.6) that fi1(/1)m = mfa(Iy) for all m € M, which means
n(fi1(11)) = fao(fr) = 0. (2.11)

Therefore, by Eqgs.(2.10)-(2.11), we get

(o) = (" ) € 2D

forall (¢ ") € T. Letting w = v+ 7, we obtain ¢ = 1+ w, where w is a linear

0 b
map from 7T into Z(T). Suppose that ST = G. We compute

w([5,T1) =o([S,T1) = »([S,T1)
=[0(5), TT + 5, 6(T)] = [(5), T] = [, ¢(T)]
=[(v+7)(9), T+ S, (v + 7)(T)]
=0.
O

Theorem 2.5 has the following consequence, which is the main result in [11] for
ao = 0 and ay = Iy, respectively.

Corollary 2.6. Let T = Tri(A, M, B) be a triangular algebra and G, = <%0 8),

where ag is an arbitrary but fixed point in A. Assume that

(i) ma(Z(T)) = Z(A) and 73(Z(T)) = Z(B);

(i1) For every a € A, there exists some integer n such that nl; — a is invertible
in A;

(111) For every b € B, there exists some integer n such that nly — b is invertible
n B.

Then ¢ : T — T is Lie derivable at G if and only if it has the form ¢ = 1+ w,
where © is a deriwation of T and w : T — Z(T) is a linear map vanishing on
each commutator [S,T] whenever ST = G1.

Proof. The “if” part is obvious. We only need to prove “only if” part.
For any m € M, taking

_(ap m (L 0
s=(5 %) 7= (0 0)
we have ST = (G;. Then

(—gll(m) —912(m))

0 —9g22 (m)
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o(ST —TS)
o(S)T —To(S )+S¢( ) —o(T)S
(o) fann) Juteo) ol (4 0)
(0 )(f“ o) ponlem) fufe igzé”%)
(55 (M ) - (5 ) (6 %)
—g12(m) +mfoo(lq f11 -71 m
_( (m) Jao(ly) — )
0 0 )

)

+
_|_

3

It follows from the matrix equation that

g11(m) = gaa(m) =0
and
fri(I)m = mfar (1)
for all m € M, which means fi1(/1) © fa(l1) € Z(T). Hence, by Theorem 2.5,

¢ is proper, that is, ¢ = ¥ + w, where 9 is a derivation of 7 and w : T — Z(T)
is a linear map vanishing on each commutator [S, 7] whenever ST = G;. O

3. APPLICATION

In this section, we give some applications of results in Section 2 to nest algebras.

Let X be a Banach space over the complex field C, and B(X) denote the
algebra of all bounded linear operators on X. A nest N in X is a chain of norm
closed linear subspaces of X containing {0} and X, which is closed under the
formation of arbitrary closed linear span and intersection. A nest is said to be
nontrivial if N # {{0}, X}. The nest algebra associated to a nest A/, denoted by
algN, is the set

alyN' ={T € B(X): TN C N, VN e N'}.
Theorem 2.1 and 2.5 suggest the following theorem.

Theorem 3.1. Let N be a nest on a compler Banach space space. Suppose
that there exists a non-trivial element in N which is complemented in X. Let
¢ : algN — algN is Lie derivable at an arbitrary but fived point G € algN . For

any (g ‘Z) € algN , we write

& (37 y> _ (fn(l') +9u(y) + hu(z) zfio(l) = fra(l)z + 912(3/))
0 = 0 foo (@) + g22(y) + haa(z) )
Then the following statements are equivalent:
(1) ¢ is proper;
(2) fii(lh) ® foo(l1) € CI, g11(y) ® 922(y) € CI for ally € M;
(3) hi1(I2) © haa(I2) € CI, g11(y) @ go2(y) € CI for all y € M.
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Proof of Theorem 5.1. If N is the non-trivial element in A/ which is complement-
ed in X, then there exists an idempotent operator P € B(X) with ran(P) = N,
such that X = ran(P) @ ker(P). It is clear that P € alg/N. Set

M ={NnranP: N e N}, No ={NNker(P): N e N}.

Then N; and N, are nests on Banach spaces ran(P) and ker(P), respectively.
One can check that PB(X)(I — P) C algN, which implies

PB(X)(I — P) = PalgN'(I — P).

Then we denote
algN = {(g Z) sz € algNy, y € B(ker(P),ran(P)), z € algN,}.

Note that B(ker(P),ran(P)) is faithful (algN7,algN;)-bimodule. Indeed, for
x € algNy, if xy = 0 for all y € B(ker(P),ran(P)), then we have xPB(X)(I —
P) ={0}. Since B(X) is prime, we see x = 0. It follows that B(ker(P),ran(P))
is a faithful (algN7)-left module. Similarly, one can verify that B(ker(P), ran(P))
is a faithful (algN5)-right module.

Therefore, nest algebra alg/N can be decomposed into a triangular algebra
which satisfies conditions (i)-(iii) of Theorem 2.5. Clearly, the center of alg\ is
CI. Hence, by Theorem 2.5, the theorem is obtained.

O

Zo
0 0)’
we arrive at the following consequence.

Setting G = where xy € algN; is an arbitrary but fixed operator,

Corollary 3.2. Let N be a nest on a complex Banach space. Suppose that there
exists a non-trivial element in N which is complemented in X. Then ¢ : algN —
algN is Lie derivable at Gy if and only if there exists T € algN and a linear
functional w : algN — C satisfying w([S,T]) = 0 whenever ST = Gy such that
d(A) = AT — TA+ w(A) for all A € algN.

Proof. The “if” part is obvious. We only need to prove “only if” part.

By Corollary 2.6, we obtain that ¢ = 1 + w, where 1 is a derivation of alg/N\
and w : algN — C is a linear functional vanishing on each commutator [S, 7]
whenever ST = (. Using Theorem 2.2 in [10] it follows that every linear deriva-
tion of a nest algebra on a Banach space is continuous. Furthermore, by [20],
every continuous linear derivation of a nest algebra on a Banach space is inner.
Then there is an operator T' € algN such that 1)(A) = AT —T A for all A € alg/N,
so that ¢(A) = AT — TA+ w(A) for all A € algN. The proof is completed. [J

Since every closed subspace is complemented in Hilbert spaces, we have the
following results immediately.

Corollary 3.3. Let N be a nest on a complex Hilbert space. Suppose that ¢ :
algN — algN s Lie derivable at an arbitrary but fived point G € algN . For any
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(g y) € algN', we write

z

roy\ _ (ful®)+9uy)+hia(z) zfia(ly) = fi2(l)2z + gi12(y)
¢(O z> _( 0 Jo2() + g22(y) + hoa(2) )

Then the following statements are equivalent:

(1) ¢ is proper;
(2) fur(li) @ fa2(l1) € CI, gu1(y) ® goa(y) € CI for all y € M;
(3) hii(12) @ haa(l2) € CI, g11(y) © g2(y) € CI for ally € M.

Corollary 3.4. Let N be a nest on a complex Hilbert space. Then ¢ : algN —
algN is Lie derivable at Gy if and only if there exists T € algN and a linear

fu

nctional w : algN — C satisfying w([S,T]) = 0 whenever ST = Gy such that

d(A) = AT —TA+ w(A) for all A € algN.
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