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9
10 ABSTRACT. Let? > 2 be a fixed positive integer. Let ped; (n) denote the number of #-regular partitions
v of n wherein the even parts are distinct and the odd parts are unrestricted. In this article, we establish
— infinite families of congruences for ped;(n) modulo certain positive integers M, for specific values of 7.
2 We next study the distribution of ped; (n) fort =3,5,7,9. We prove that the series Y., ped; (2n+1)g" is
13 lacunary modulo arbitrary powers of 2 for 7 = 3,5,9. We also prove that the series Y, ped7(2n+1)q"
14 is lacunary modulo 2. We use arithmetic properties of modular forms and Hecke eigenforms to prove our
15 results.
0 .
- 1. Introduction and statement of results

8 A partition of a nonnegative integer n is a nonincreasing sequence of positive integers whose sum is
9 n. Lett > 2 be a fixed positive integer. A t-regular partition of a positive integer n is a partition of n
20 such that none of its parts is divisible by ¢. Let b,(n) be the number of z-regular partitions of n. In a
21 recent paper [5], Hemanthkumar, Bharadwaj, and Naika studied the partition function ped, (n) which
22 counts the number of ¢-regular partitions of n wherein the even parts are distinct and the odd parts
23 are unrestricted. For example, b3(7) = 9 with the relevant partitions being 7,5+2,5+1+1,4+2+
2 1 44+1+1+1,24242+12424+1+14+124+1+1+14+14+1,1+14+14+1+1+1+1; and
25 peds(7) = 7 with the relevant partitions being 7,54+2,5+14+1,4+2+ 1,4+ 14+1+1,24+1+1+
26 14+1+1,1+414+1+ 141414 1. The generating function of ped,(n) is given by [5]

27
— = Jafi

2 =

2% ,;)pedt(n)q fifa’
30 where fi := (¢*;¢")e = [T, (1 - ¢’%) and k is a positive integer.

31 Inarecent paper [3], Drema and Saikia studied arithmetic properties of the partition function ped; (n)
32 for certain values of t. Using g-series manipulations they proved several infinite families of congruences
33 modulo small powers of 2 and 3. The objective of this paper is to study divisibility properties of ped;(n)
34 fort = 3,5,7,9. To be specific, we use the theory of Hecke eigenforms to establish the following
35 infinite families of congruences for ped;(n) modulo 2, 12, 8, and 18, respectively.

(1.1)

% Theorem 1.1. Let k,n be nonnegative integers. For each i with 1 <i <k+1, if p; > 3 is prime such
7 that p; =3 (mod 4), then for any integer j Z0 (mod py1)

38
- 2 2 .
P PiPir1 (4 + 1) +1
89 peds <2p%---p,%+1n+ B (2 +1) =0 (mod 2).
40
a 2020 Mathematics Subject Classification. Primary 05A17, 11P83, 11F11.
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ON +-REGULAR PARTITIONS WITH DISTINCT EVEN PARTS 2
1 Let p > 3 be a prime such that p =3 (mod 4). By taking p; = pp = --- = px+1 = p in Theorem
E 1.1, we obtain the following infinite family of congruences for peds(n): For k > 0 and n > 0,
j peds (zpz(k+1)n+2pzk+1j+l’z(k+zl)ﬂ> =0 (mod 2),
there J#0 (mod p).

" Theorem 1.2. Let k,n be nonnegative integers. For each i with 1 <i < k+ 1, if p; is prime such that
L =3 (mod 4), then for any integer j Z0 (mod pii1)
9

0 pedy (8p7 -+ iy in+2p1 -+ pipkr1(4i+ pes1) +1) =0 (mod 12).

" Let p >3 be a prime such that p =3 (mod 4). By taking p; = p» = --- = pyy1 = p in Theorem
2 1.2, we obtain the following infinite family of congruences for pedy(n): For k,n > 0,

13

14 pedo (8p2(k+l)n+ gpHtlj2p?ktl) 4 1) =0 (mod 12),

> where j #Z0 (mod p).
16
17 Theorem 1.3. Let k,n be nonnegative integers. For each i with 1 <i<k+ 1, if p; > 3 is prime such

18 that pi Z1 (mod 6), then for any integer j 0 (mod py;)

19 peds (6p3 -+ pipin+pi---pipk1(6j+pir1) +1) =0 (mod 8).

20

5, Let p be aprime such that p # 1 (mod 6). By taking pj = p» = -+ = pyy1 = p in Theorem 1.3,
o We obtain the following infinite family of congruences for pedy(n): For k,n > 0,

ZE peds <6p2(k+1)n+6p2k+1j+p2(k+1) n 1) =0 (mod 8),

24

s Where j Z0 (mod p).

25 Theorem 1.4. Let k,n be nonnegative integers. For each i with 1 <i <k+ 1, if p; > 5 is prime such
27 that p; 1 (mod 3), then for any integer j Z0 (mod pyy1)

28 :

o pedy (12p7 -+~ piyn+4pT -+ pipei1 (3j+pes1) +1) =0 (mod 18).

30 Let p>5be aprime such that p Z 1 (mod 3). By taking p; = p» = --- = pi41 = p in Theorem
31 1.4, we obtain the following infinite family of congruences for pedo(n): For k,n > 0,

32

= peds (12p2<’<+1>n+12p2k+1j+4p2(k+1> +1> =0 (mod 18),

34 where j# 0 (mod p).

35 In addition to the study of Ramanujan-type congruences, it is an interesting problem to study the
36 distribution of the partition function modulo positive integers M. To be precise, given an integral power
37 series F(q) ==Y _ga(n)q" and 0 < r < M, we define

38 . —

- 5, (F.M:X) = #{ngX.a(n);r (mod M)}

“ An integral power series F is called lacunary modulo M if
41

o lim & (F,M;X) =1,
X oo

42
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1 that is, almost all of the coefficients of F are divisible by M. For any fixed positive integer k, Gordon
"2 and Ono [4] proved that the partition function b,(n) is divisible by 2* for almost all 7. Similar studies
‘3 are done for some other partition functions, for example see [11, 13, 14, 15]. In a recent paper [2],
4 Cotron et al. proved lacunarity of certain eta-quotients modulo arbitrary powers of primes. We phrase
‘5 their theorem as follows:

% Theorem 1.5. [2, Theorem 1.1] Let G(z) = ——.
e I, /3

8 and
9
10
"

;
_ I /o

, and p is a prime such that p® divides ged(oy, 0, .. ., 0,)

E then G(z) is lacunary modulo p’ for any positive integer j.
13

.2 Inthis article, we study the arithmetic densities of ped;(2n+ 1) modulo arbitrary powers of 2 when
1= t=23,5,9. We also prove that ped;(2n+ 1) is almost always even. Also, the generating functions of
15 these do not satisfy the conditions in the result of Cotron et al. In the following theorems, we prove that
;7 the partition functions peds(2n+ 1), peds(2n+ 1), and pedg(2n + 1) are almost always divisible by
. arbitrary powers of 2 and ped;(2n+ 1) is lacunary modulo 2. To be specific, we prove the following

18

19 results.

20 Theorem 1.6. Let k be a positive integer and t € {3,5,9}. Then the series Yy ped;(2n+1)q" is

21 lacunary modulo 2%, namely,

22

- . — k
o3 hm#{OgngX.ped,@n—f—l):O (mod 2%)}
24 X—yoo X

=1.

25 Theorem 1.7. The series Y, ,ped;(2n+1)q" is lacunary modulo 2, namely,

dl . #{0<n<X:ped;2n+1)=0 (mod2)}

27 lim =1.
_ X—oo X

28

o We prove Theorem 1.7 using the approach of Landau [8]. However, we couldn’t find a similar proof

5o for Theorem 1.6. We use a density result of Serre [12] to prove Theorem 1.6.

31

. 2. Preliminaries

33 We recall some definitions and basic facts on modular forms. For more details, see for example [10, 7].

34 We first define the matrix groups
35

% SLZ(Z);:{K Z]:a,b,c,dGZ,ad—bc:l},
= Fo(N) ::{[‘j Z]esu(zyczo <modN>}7
i? F1(N)¢={E Z]EF@(N):aEdEI (modN)},

42
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F(N)::{[‘C’ Z]ESLZ(Z):aEdEI (mod N), andb=c =0 (modN)},

where N is a positive integer. A subgroup I' of SL,(Z) is called a congruence subgroup if ['(N) CT"
> for some N. The smallest N such that I'(N) C I is called the level of I'. For example, I'o(N) and T'; (N)
are congruence subgroups of level N.

Let H:= {z € C:Im(z) > 0} be the upper half of the complex plane. The group

|o|o|~]|o]|a A‘w‘m‘—-

GLI(R) =1 |* 2| ab,c,d eRandad—be >0
2 c d

10
1" b 1 b

E acts on H by [a ﬂ 7= %. We identify oo with 0 and define [Z ﬂ g — Z:Tde::’
13 QU{eo}. This gives an action of GL] (R) on the extended upper half-plane H* = HUQU{e}. Suppose
14 that T is a congruence subgroup of SLy(Z). A cusp of I is an equivalence class in P! = QU {eo} under

15 the action of I'.

" The group GLJ (R) also acts on functions f : H — C. In particular, suppose that y = [? b] €

r
where - €
s

17 d

E GLj (R). If f(z) is a meromorphic function on H and  is an integer, then define the slash operator |
19 by

20 (fleV)(2) = (det ) (cz+d) " f(rz).

=L Definition 2.1. Let I" be a congruence subgroup of level N. A holomorphic function f : H — C is
s called a modular form with integer weight £ on I if the following hold:

on (1) We have

- az + b Vi

25 = d)

2 f(cz+d> (cz+d)"f(2)

2. for all z € H and all {“ bler.

28 c d

29 (2) If ye SLy(Z), then (f|;y)(z) has a Fourier expansion of the form
0. (flen)(z) = X ay(n)gy.

31 n>0

82 where gy := ¢
33

34  For a positive integer ¢, the complex vector space of modular forms of weight ¢ with respect to a
35 congruence subgroup I' is denoted by M, (T').

2miz/N

% Definition 2.2. [10, Definition 1.15] If x is a Dirichlet character modulo N, then we say that a modular
7 form f € My(T'{(N)) has Nebentypus character y if
38

£(555) = @i

s for all z € H and all [a
42 C

Z] € I'g(N). The space of such modular forms is denoted by M;(I'o(N), x).
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In this paper, the relevant modular forms are those that arise from eta-quotients. Recall that the
Dedekind eta-function 7 (z) is defined by

n(2) =q""(q:9). = 4" ] (1
n=1

where g := ¢*™% and z € H. A function f(z) is called an eta-quotient if it is of the form
=[n(82)",
SN

— where N is a positive integer and rg is an integer. We now recall two theorems from [10, p. 18] which
. will be used to prove our results.

.
Slo|w|~|o|als]w|n]~

E Theorem 2.3. [10, Theorem 1.64] If f(z) = [1s|y 1 (62)"? is an eta-quotient such that £ = %25”\, rs €

8 Z,

4 Y 6rs=0 (mod 24)
15 SN

16 and

17

= Z rs =0 (mod 24),
18 5 0

19

o then f(z) satisfies

— az—+ b ¢
21 =x(d d
2l £(555) = 1@ s

23for every [? Z] € I'o(N). Here the character ) is defined by x(d) := (#), where s := Iy 6'3.
24

.l Suppose that f is an eta-quotient satisfying the conditions of Theorem 2.3 and that the associated

?° weight / is a positive integer. If f(z) is holomorphic at all of the cusps of I'o(N), then f(z) €
7 My(To(N),x). The following theorem gives the necessary criterion for determining orders of an

=~ eta-quotient at cusps.
29

30 Theorem 2.4. [10, Theorem 1.65] Let ¢,d and N be positive integers with d | N and ged(c,d) = 1. If
31 f is an eta-quotient satisfying the conditions of Theorem 2.3 for N, then the order of vanishing of f(z)
g at the cusp 5 is

33 Z gcd(d,8)rg

Z% 24 5V gcd(d )d 5

36 We now recall a density result of Serre [12] about the divisibility of Fourier coefficients of modular
37 forms.

Z% Theorem 2.5 (Serre). Let f(z) be a modular form of positive integer weight k on some congruence
o subgroup of SLy(Z) with Fourier expansion

- 1) = Y alw)g’.
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1 where a(n) are algebraic integers in some number field. If m is a positive integer, then there exists a

2 constant ¢ > 0 such that there are O <(10g7x)6> integers n < X such that a(n) is not divisible by m.

3

4+ We finally recall the definition of Hecke operators. Let m be a positive integer and f(z) =
5 Yo ga(n)g" € My(T'o(N), x). Then the action of Hecke operator T;, on f(z) is defined by

6 oo

— _, (hm

7 f@| T = Z( Y x@)d la(dz))q”-

8 n=0 \d|gcd(n,m)

9 In particular, if m = p is prime, we have

10 -

il ~ n .

" FRIT, =), (a(pn) +2(p)p"a (>> q" 2.1)
12 n=0 p

3 We note that a(n) = 0 unless n is a nonnegative integer.

14
;5 Definition 2.6. A modular form f(z) = Y,_oa(n)q" € My(T'o(N),x) is called a Hecke eigenform if

1 for every m > 2 there exists a complex number A (m) for which

17 F@)| Ty = A(m)f(2). (2.2)

18

19 3. Proof of Theorem 1.1 and Theorem 1.2

20
o1 Proof of Theorem 1.1. Setting t =5 in (1.1), we obtain

22 - fafs

. Z‘bpeds(n)q" = ih (3.1
N n=|

% We now recall the following identity from [6]:

2 5 fs % +qf2f10f40. (3.2)
27 fi fifao o 3R fao

Z% Employing (3.2) in (3.1), we obtain

= oo 4

30 Y peds(n)d" = f4]2rsf20 Jrqf43flof;10. (3.3)
31 n=0 f2f40 f2f8f2()

2 Extracting the terms involving odd powers of ¢ on both sides of (3.3), we get

33

i 0o 4

3 eds(2n+ 1) = 125310 (3.4)
® r;)p 5( )q f13f4f120

% This gives

87 o0

il Z peds(2n+1)g*"1 = n(42)n(20z)  (mod 2).

IE n=0

40 Letn(4z)n(20z) ;==Y a(n)q". Thena(n) =0if n 1 (mod 4) and for all n > 0,

41

v peds(2n+1)=a(4n+1) (mod 2). (3.5)
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1 By Theorem 2.3, we have 1(4z)1(20z) € S1(I'0(80), xo), where yp is a Nebentypus character and is
2 given by xo(e) = (=2). Since 1(4z)n(20z) is a Hecke eigenform (see, for example [9]), (2.1) and

3 (2.2) yield

n(42)n(20)|7, i(apn po(p)a (Z))qnzumila(n)q"

n=1

which implies

alpn) + 20(p)a (%) = Ap)ato)

—~ Putting n = 1 and noting that a(1) =1, we readily obtain a(p) = A(p). Since a(p)
o (mod 4), we have A(p) = 0. From (3.6), we obtain

-
Slefe|~v[ofo]s]

(3.6)

=O0forall p#1

13 n

= a(pn)+ xo(p)a <> =0. 3.7
" p

> From (3.7), we derive that for all n > 0 and p {r,

16

e a(p’n+pr) =0 (3.8)
8 and

19 )

2 a(pn) = —xo(p)a(n) =a(n) (mod 2). (3.9
21 Substituting n by 4n — pr+ 1 in (3.8) and together with (3.5), we find that

22 5 5

fll -1 1-

23 peds <2p2n+p st 2p +1> =0 (mod 2). (3.10)
24

25 Substituting n by 4n+ 1 in (3.9) and using (3.5), we obtain

2 P

o7 peds <2p n+—- —|—1> = peds(2n+1) (mod 2). (3.11)
2

29 Since p > 3 is prime, so 2 | (1 — p?) and ged ( , p) = 1. Hence when r runs over a residue system
30

- excluding the multiple of p, so does %r. Thus (3.10) can be rewritten as

2 S ket S

. peds | p°n+ +pj+1)=0 (mod 2), (3.12)
2% where p1 j.

. Now, p; > 3 are primes such that p; Z1 (mod 4). Since

i 2 2 2 2 2

37 2 T A ER) /S N 2 Py pi—1

% pi---pint 5 =PI <P2---Pk”+ > )+ 7

%9 using (3.11) repeatedly, we obtain that

o pr...pr—1

“ peds <2p%...p,%n+12k+l> = peds(2n+1) (mod 2). (3.13)
42
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Let j 20 (mod pg.1). Then (3.12) and (3.13) yield

1
2 2. 4j+ +1
3 peds <2p%...p,%+1n+ b1 pkpk+l(2j Pi+t) ) =0 (mod 2).
4
o This completes the proof of the theorem. (|
6 Proof of Theorem 1.2. Putting = 9 in (1.1), we obtain
% i pedo(n)q" = Jafo . (3.14)
o =0 fif36
10 We now recall the following identity from [16]:
1" 3 2
— fo _ ];12f18 +qf43f6f36‘ (3.15)
. i f5fef36 5 e
" Employing (3.15) in (3.14), we obtain
15 . fafbfis | fifs
— Zpedg(n)q”: 5 12 5 +4q g‘ . (3.16)
E n=0 f2f6f36 f2f12
7 Extracting the terms involving odd powers of ¢ on both sides of (3.16), we get
18
e oo 3
19 n f2 f3
o pedo(2n+1)q" = ==—. (3.17)
20 n:ZO fifs
21 Again we recall the following identity from [5]:
22 6 (3 )
23 5 fgfg 130406 (3.18)
24 i AL f
25 Employing (3.18) in (3.17), we obtain
23 o 6f2 2f2
27 pedo(2n+1)q" = =3-8 4 34412 (3.19)
28 n=0 Ll 5
o9 Extracting the terms involving odd powers of ¢ on both sides of (3.19), we get
30 o 2 2
a1 Z pedo(dn+3)q" = 3% = 3f62 (mod 12). (3.20)
— n=0 1
32
SE Again extracting the terms involving even powers of g on both sides of (3.20), we obtain
34 o "
BE r;)pedg(Sn+3)q =3f; (mod 12).
*® This gives
SL oo
38 Y. pedo(8n+3)g™ ! =317(12z) (mod 12).
39 n=0
0 Let n?(12z) := Y a(n)q". Then a(n) =0if n # 1 (mod 4) and for all n > 0,
41
o pedo(8n+3) =3a(4n+1) (mod 12). (3.21)
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1 By Theorem 2.3, we have n2(12z) € S1(I'g(144), x2), where y, is a Nebentypus character given by
2 xo(e) = (%1) Since n?(12z) is a Hecke eigenform (see, for example [9]), (2.1) and (2.2) yield

? (o] (e}
e n n n
v w1221, = ¥ (alom) 400 (%) ) ¢ = 2(0) ¥ ato)g”
5 n=1 p n=1
E which implies
7
— n
0 alpn) +2:()a (%) = Ap)ato) 62
9
E Putting n = 1 and noting that a(1) = 1, we readily obtain a(p) = A(p). Since a(p) =0 for all p # 1
11 (mod 4), we have A(p) = 0. From (3.22), we obtain
12
13 a(pn) + x2(p)a <”) =0. (3.23)
E p
15 From (3.23), we derive that for alln > 0 and p 1 r,
g a(p*n+pr)=0 (3.24)
E and noting that ) (p) = —1 for the primes p =3 (mod 4), we have
19
0 a(pzn) =—x2(p)a(n) =a(n) (mod 4). (3.25)
21 Substituting n by 4n — pr+ 1 in (3.24) and together with (3.21), we find that
22
. pedy (8p*n+2(p* — 1) +2pr(1—p*)+3) =0 (mod 12). (3.26)
24 Substituting n by 4n+ 1 in (3.25) and using (3.21), we obtain
25
s peds (8p*n+2(p* —1)+3) = pedy(8n+3) (mod 12). (3.27)

?’_ Since p > 3 is prime, so gcd ((1 — pz), p) = 1. Hence when r runs over a residue system excluding the
2 . .
2% multiple of p, so does (1 — p?)r. Thus (3.26) can be rewritten as

30 pedy (8p*n+2(p* —1)+2pj+3) =0 (mod 12), (3.28)

31

S, Where p1J.

g Now, p; > 3 are primes such that p; Z1 (mod 4). Since

34 pr..pin+pi- . pi—1=pi(p3...pen+p5...pi — 1) +pi— 1,

36

37 pedy (8p...pin+2(pi...pi —1)+3) = pedy(8n+3) (mod 12). (3.29)

38
2 Let jZ0 (mod pyi1). Then (3.28) and (3.29) yield

Li pedy (8p% DT 2DT PPt (4 + Pt + 1)=0 (mod 12).

42 This completes the proof of the theorem. O

using (3.27) repeatedly, we obtain that

24 Apr 2023 22:03:12 PDT
230424-Singh Version 1 - Submitted to Rocky Mountain J. Math.



Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION
ON 7-REGULAR PARTITIONS WITH DISTINCT EVEN PARTS 10

4. Proof of Theorem 1.3 and Theorem 1.4

Proof of Theorem 1.3. First we recall the following identity from [3, (8.4)]:

Y pedo(6n+2)g" =2f; (mod 8).
n=0

This gives

[efe|~]ofo]s]e]n]-

Y pedo(6n+2)g" ' =21%(12z) (mod 8).
n=0

;7 Letn?(122) ;==Y ,a(n)q". Thena(n) =0if n Z 1 (mod 6) and for all n > 0,

2 pedy(6n+2) =2a(6n+1) (mod 8). 4.1)
13

E By Theorem 2.3, we have n%(12z) € S1(Io(144), x»), where x is a Nebentypus character and is given
15 by xa2(e) = (=1). Since n%(12z) is a Hecke eigenform (see, for example [9]), (2.1) and (2.2) yield

16

17 2 = 3 a(pn a n = °<)an "

v (1291, n;<<p>+xz<p> (p))q Mp) T alog”

E which implies

21 a(pn) + x2(p)a (Z) = A(p)a(n). 4.2)

ZE Putting n = 1 and noting that a(1) = 1, we readily obtain a(p) = A(p). Since a(p) =0 for all p # 1

24 (mod 6), we have A(p) = 0. From (4.2), we obtain
25

— n

2 atpn) + 2a(p)a (%) =0 @3)
27 p

28 From (4.3), we derive that for all n > 0 and p i,

29

20 a(p*n+pr)=0 (4.4)
31 and

32 )

33 a(p™n) = —xa2(p)a(n) (mod 4). (4.5)

% LetA(n):=a(6n+1). Let p be a prime such that p =5 (mod 6). Now, replacing n by 6n — pr+ 1 in

35 (4.4), we find that
36

2 1 1— 2
87 A p2n + P + pr P~ 0. (4.6)
38 6 6

39 Substituting n by 6n+ 1 in (4.5), we obtain
40

2 _
4 A <p2n—|— P - 1) = (p)A(n) (mod 4). 4.7)
42
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1 Since p > 5 is prime, s0 6 | (1 — p?) and gcd <%, p) = 1. Hence when r runs over a residue system
2
—— excluding the multiple of p, so does I_Tpr. Thus (4.6) can be rewritten as

pr—1

6

A <p2n+ —|—pj) =0 (mod 4), (4.8)

where p 1 j.
Now, p; > 5 are primes such that p; Z 1 (mod 6). Since

—
|3 |o|o|~]o]a|s]w|n

2 2 2 2 2
pr...pi—1 p5---pr—1 p7—1
piocpin+ = = p (R i+ A )
6 6 6

11 using (4.7) repeatedly, we obtain that
E 2 2 p% o p2 - 1 k
o A (epint D) = ) Al (mod 4. “9)
14
5 Letj#0 (mod pg1). Then (4.8) and (4.9) yield
16 Pr- PPy — 1 .
= A (p% PRt T = PRk | =0 (mod 4).
18
1o We complete the proof by using the fact that pedy(6n+2) =2A(n) (mod 8). O
20 Proof of Theorem 1.4. First we recall the following identity from [3, (10.3)]:
21 oo
22 pedo(12n+5)q" = 6f2f; (mod 18).
2? n=0

o4 This gives

25

. Y pedo(12n+5)g™" ! = 61*(37)n*(9z) (mod 18).
— n=0

27

os Letn?(32)n%(9z) := Yo  c(n)q". Then c(n) =0if n # 1 (mod 3) and for all n > 0,

29 pedo(12n+5) =6¢(3n+1) (mod 18). (4.10)

Z% By Theorem 2.3, we have n%(3z)n?(9z) € S2(I'0(27)). Since n?(3z)n?(9z) is a Hecke eigenform (see,
> for example [9]), (2.1) and (2.2) yield

= w0915 = ¥ (com+pe (L) ) =20) X et

34 n=1 n=1

85 which implies

E c(pn) + pe <Z> = A(p)e(n). @.11)

38
s Putting n = 1 and noting that ¢(1) = 1, we readily obtain c(p) = A(p). Since c¢(p) =0 forall p # 1

20 (mod 3), we have A(p) = 0. From (4.11), we obtain

41

e c(pn)+ pc <Z> =0. (4.12)
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From (4.12), we derive that for alln > 0 and p 1 r,

1
2 c(p*n+pr)=0 (4.13)
3

Z and

5 c(p*n) = —pc(n) =c(n) (mod 3). (4.14)
® Let B(n) :=c(3n+1). Let p be a prime such that p =2 (mod 3). Now, replacing n by 3n — pr+ 1 in
" (4.13), we find that

2 P21 1-p

9 B<p2n+ +pr >:o. (4.15)
10 3 3

11 Substituting n by 3n+ 1 in (4.14), we obtain

12 2 PPl

5 B (p n+ > =B(n) (mod 3). (4.16)

il 2
15 Since p > 5 is prime, so 3 | (1 — p?) and ged (lpr’ p) = 1. Hence when r runs over a residue system

2
6 excluding the multiple of p, so does I_Tpr. Thus (4.15) can be rewritten as

17
2

— —1
18 B<p2n+p . +pj> =0 (mod 3), 4.17)
19

23 where p 1 j.

21 Now, p; > 5 are primes such that p; Z 1 (mod 3). Since

- 3..pi—1 21
Pk > I

=~ 2..p—1
23 p%---p}prléyk:p?<p5---pin+p2 3 T

25
26 2.1
= B <p%...pin+ 1’15") —B(n) (mod 3). 4.18)

using (4.16) repeatedly, we obtain that

% Let j20 (mod pj1). Then (4.17) and (4.18) yield
29

30 2 2 pi--pibb =1 5

o B pi...pin+ 3 - +pi---PiPks1j | =0 (mod 3).

% We complete the proof by using the fact that pedy(12n+5) = 6B(n) (mod 18). O
il S. Proof of Theorems 1.6 and 1.7

35
3E Proof of Theorem 1.6. Putting t = 3 in (1.1), we obtain

57 - faf3

peds(n)q" = . 5.1
Z% ,,gb () Sfifiz
20 We now recall the following identity from [3, (2.22)]:
4 i fafohiefn fofd fs
. =5 +4q 5 . (5.2)
42 v ffshafas f3fiefa
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Employing (5.2) in (5.1) and extracting the terms involving odd powers of g, we obtain

1
2 - n Safsfifa

% r;)ped3(2n+ 1)q" = T (5.3)
5 Let

E lo_ol 96n)2 _ 1’[2(962).

7 L (1=¢"2m) n(192z)

% Then using the binomial theorem we have

10 Azk(z) = m =1 (mod 2~

" n*(192z)

% Define By(z) by

7 162)n(242)n%(322)n (1922 k

. 50~ (T maneemes )+ @

16 _ n(162)n (4> 322> "1 (962)

% n2(82)n (482)n (642)n*~1(1922) -

19 Modulo 2!, we have

Bup) = MUEINEIN 320 (1922) _ s <f16fz4f322f192> | G4
— 1*(82)1 (482)n (642)n (962) 13 fas foafos

- Combining (5.3) and (5.4), we obtain

s Bi(z) = i peds(2n+1)g*3  (mod 2F1). (5.5)

25 n=0

*° Now, Bi(z) is an eta-quotient with N = 192. We next prove that Bi(z) is a modular form for all k > 5.
- We know that the cusps of I'9(192) are represented by fractions §, where d | 192 and ged(c,d) = 1.

. By Theorem 2.4, we find that By(z) is holomorphic at a cusp § if and only if
29

30 ka1 gcd(d,96)?  gcd(d,16)?  ged(d,24)*  _gcd(d,32)* _ ged(d,8)?
= 287 —1 +2

n < )=+t a 2 8

32 gcd(d,48)%  ged(d,64)? ged(d, 192)?

— — — — (21
33 48 64 ( )
34 Equivalently, if and only if

= L= (22 —2)Gy + 12G» + 8G3 + 12G4 — 48Gs — 4Fs — 3Gy — 2K +1 >0,

192 -

37 ged(d,96)? ged(d, 16)? ged(d,24)? ged(d,32)?
—whereG1=————"5 G=————5  Gi=—— 5 Gy=——
38 ged(d, 192)2 ged(d, 192)2 ged(d, 192)2 ged(d,192)2
39 ged(d, 8)? ged(d,48)? ged(d,64)? ,
=== . Gi=—F 75, and G = ——— tively.
40 757 9cd(d,192)2 70T ged(d, 192)2° T T ged(d, 192)2 OPECHYEY
41 We now consider the following two cases according to the divisors of 192 and find the values of G;

gfori: 1,2,...,7. Let d be a divisor of N = 192.
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1 Case (i). Ford|192 and d # 192, we find that G; =1, 1/144 < G, < 1,1/64 < G3 < 1,1/36 <G4 < 1,
5 1/576<Gs<1,1/16 < Gg < 1,and 1/9 < G; < 1. Hence,

2 L>2M2 _241/1241/8+1/3-48—-4-3-2FK4+1=3.25113/24 —56.
4

5 Since k > 5, we have L > 0.

"5 Case (ii). For d = 192, we find that G| = 1/4, G, = 1/144, G3 = 1/64, G4 = 1/36, G5 = 1/576,
7 Ge¢=1/16,and G; = 1/9. Hence, L = 3/8.

s Hence, Bi(z) is holomorphic at every cusp g forall k > 5. Using Theorem 2.3, we find that the weight

9 of Bi(z) is equal to 2¢~1. Also, the associated character for By(z) is given by x;(e) = (ﬂ) This
0 proves that By(z) € My—1 (I'0(192), x1) for all k > 5. Also, the Fourier coefficients of By(z) are all
" integers. Hence by Theorem 2.5, the Fourier coefficients of By(z) are almost always divisible by
12 =2k for any positive integer k. Due to (5.5), the same holds for peds;(2n+ 1) and the theorem is
13 established for r = 3.

14 'We now prove Theorem 1.6 for the case t = 5. By (3.4), we have
15

. - w S fsf0
16 peds(2n+1)q" = ) (5.6)
" L fifsffo
18 Let
9 = (1=¢"")%  n*(407)
E(z):= = .

o @ =g = s
o> Then using binomial theorem we have
2? 2k+1
o E¥ = T U0 o 24y,
e n* (80z)
26 Define Fi(z) by
a8 _ (' (82)n(209)m(802) \ Lox M (82)n(202)n* " ~2(402)
28 Fi(z) = | = A1 (162 2(40 (z2) = 3 T . (5.7)
o n°(4z)1(162)n*(40z) n(4z)n(162)n>~1(80z)
:E Modulo 28! we have
31 4 4
— n°(82)n(202)n(80z) _  fg.fa0fz0

F.(z) = = ) (5.8)
= H = e’ @) ~ 5 sl
34 Combining (5.6) and (5.8), we obtain
35 d
%6 Fi(z) = Z peds(2n+1)g™ 1 (mod 2¢F1). 5.9
— n=0

37
s Now, Fi(z) is an eta-quotient with N = 80. We next prove that Fj(z) is a modular form for all k > 5.

39 We know that the cusps of I'g(80) are represented by fractions 5, where d | 80 and ged(c,d) = 1. By
40 Theorem 2.4, we find that F;(z) is holomorphic at a cusp § if and only if

41 4 2 2 2 2 4 2 1 2
= R <2k+1_2) ged(d,40) +4gcd(d,8) +gcd(d, 0)” ,ecd(d,4)” ged(d,16)
40 8 20 4 16
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1 K ged(d, 80)?
— -—2"—1)=———=—>0.
. (- 1y EHER"
3 As shown in the case of t = 3, we verify that R > 0 for all d|80 and for all k > 5. Hence, Fj(z) €
4 My—1(Tp(80)) for all k > 5. Now, using Serre’s Theorem 2.5 as shown in the proof for r = 3, we arrive
5 at the desired result due to (5.9).
5 We next prove Theorem 1.6 for t = 9. By (3.17), we have
7
s o 3
8 fz f3
8 pedo(2n+1)g" = 1273 (5.10)
i n=0 f13f6
% As in the proof for t = 3, let
12 Gl2) = ﬁ (1-¢™)? _n*(32)
i ot (L=¢®)  n(62)
14
15 Then using binomial theorem we have
16 2k+1
— 3
17 G*(7) = # =1 (mod 2K ).
18 n*(6z)
9 Define Hy(z) by
20
— k+1
22 n3(z)n(62) n3(z2)n?+1(62)
23
»2 Modulo 2¢*!, we have
25 3 3
> 22)n(3
6 Hk(Z)En3( Z)n( Z) :f23f3 (512)
> n*(2n6z)  fifs
28 Combining (5.10) and (5.12), we obtain
29 [ee]
30 Hi(z) = Y pedo(2n+1)g"""  (mod 2¢T1). (5.13)
31 n=0

31

32 Now, Hi(z) is an eta-quotient with N = 18. We next prove that Hy(z) is a modular form for all & > 3.
33 We know that the cusps of I'(18) are represented by fractions §, where d | 18 and ged(c,d) = 1. By

34 Theorem 2.4, we find that Hj(z) is holomorphic at a cusp § if and only if
35

36 d(d,3)? d(d,2)? d(d, 1)? d(d,6)?
3 S::(2k+1+1)gc (d,3)7 | yecd(d2)” jeed(d 1) 5 p)eed(di6)

37 3 2 1 6

%8 As shown in the case of t = 3, we verify that S > 0 for all d|18 and for all kK > 3. Hence, H;(z) €
39 My—1(Tp(18)) for all k > 3. Now, using Serre’s Theorem 2.5 as shown in the proof for t = 3, we arrive

40 at the desired result due to (5.13). This completes the proof of the theorem. 0
41

g We now prove Theorem 1.7. We recall the following classical result due to Landau [8].
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Lemma 5.1. Let r(n) and s(n) be quadratic polynomials. Then

1
2
B WAL
4 nez nez

5 1s lacunary modulo 2.

° Proof of Theorem 1.7. We first recall the following identity [3, (7.2)]:
7

8 Y pedi(2n+1)¢" = fifs (mod 2). (5.14)
9 n=0

E We now recall Euler’s pentagonal number theorem [1, Corollary 1.3.5]. For |¢| < 1,

11 oo oo

E fl — Z (_l)nqn(3n+1)/2 = Z qn(3l’l+1)/2 (mOd 2) (515)
. = =

12 Now, magnifying (5.15) by g — ¢*, we have

15 o

o fr=Y ¢ (mod2). (5.16)

— n=—co

17
. Finally combining (5.14), (5.15), and (5.16), and then applying Lemma 5.1 we complete the proof of
. the theorem. O
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