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ABSTRACT

Let 11 be a finite positive Borel measure on the interval [0, 1) and f(z) = >~ a,2" € H(D). The
Cesaro-like operator is defined by

Cu(f)(z) =) (“”Zak> 2 zeD,

where, for n > 0, p,, denotes the n-th moment of the measure p, that is, p,, = f[o 0 t"du(t). Let

X and Y be subspaces of H(ID), the purpose of this paper is to study the action of C,, on distinct
pairs (X, Y). The spaces considered in this paper are Hardy space H?(0 < p < 00), Morrey space
L**(0 < X < 1), mean Lipschitz space, Bloch type space, etc.
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1 Introduction

Let D = {z € C : |z| < 1} denote the open unit disk of the complex plane C and H (D)

denote the space of all analytic functions in D and dA(z) = %dxdy the normalized area Lebesgue
measure.
For 0 < a < oo, the Bloch-type space, denoted by B, is defined as

B* ={f e HD): ||flls= = |F(0)] + ilelg(l = [2[)*| £ ()] < oo}

If o = 1, then B is just the classic Bloch space B.
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Let 0 < p < oo, the classical Hardy space H? consists of those functions f € H (D) for which

||f||p = Sup Mp(r»f) < 00,
0<r<1

where y
2T p

My 5 = (g0 [ Wreras) L0 <p <o
Moo(r, f) = sup | f(2)]-

|2|=r

Let I C OD be an arc, and || denote the length of I. The Carleson square S(I) is defined as
i . i 1|
S(I)={re” :e"” €1, 1—2—§r<1}.
7r

Let 1 be a positive Borel measure on D. For 0 < § < oo and 0 < t < oo, we say that y is a
[B-logarithmic ¢-Carleson measure (resp.a vanishing S-logarthmic ¢-Carleson measure) if

. u(S(1))(log 7)° < oo, resp. lim p(S(1)(log )"
IT|coD 1]t ’ C 10 1]t

See [32] for more about logarithmic type Carleson measure.
A positive Borel measure i on [0, 1) can be seen as a Borel measure on ID by identifying it with
the measure 71 defined by
(E)=pu(EN|0,1)), forany Borel subset F of D.

In this way, a positive Borel measure y on [0, 1) is a S-logarithmic ¢-Carleson measure if and
only if there exists a constant M/ > 0 such that

log” %u([s, 1)) <M(1-s), 0<s<l.

Let 0 < A\ < 1, the Morrey space L**(D) is the set of all f € H? such that

1
1 4 2
sup (—A/]f(ele) —f1]2d9> < 0.
rcon \ | I|* J;
The space is L?>*(ID) a Banach space under the norm
1 i0 2 :
[1fllz2x = [FO)] + sup {5 [ |f(€?) = fi*dO
rcop \ MM Ji

It is well known that L>! = BMOA. The Morrey spaces increase when the parameter \ decreases,
so we have the following relation

BMOAC L2 C L>*" CH? 0< )\ <X\ <1.
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For 0 < A\ <1 and any function f € L?*, it has the following equivalent norm

1
2

I5llas = 151 +sup (1= oy [ 7GR - louP)iAG)

where o, stands for the Mbius transformation o,,(z) = 1-=. See [20] for this characterization.

It is well known that functions f € BM O A have logarithmic growth,

f(2)] < Clog

1— 2|
This does not remain true for f € L?>* when 0 < A < 1. Indeed, it follows Lemma 2 of [[14] that

Hox CI2CH? 0< )< 1.
It is known that for 0 < A\ < 1, f € L** satisfies

) g Ml p (1.1)

(1—=1lz) =

By (1.1) we have that L** C B* forall 0 < \ < 1. When X = 1, it is obvious that the inclusion
is strictly. For 0 < A < 1, the function h(z) = >~ 22" € B C B*2" shows that the inclusion is
also strictly. Since h has a radial limit almost nowhere and hence h ¢ HP? for any 0 < p < oo, this
implies that h ¢ L?*. The reader is referred to [10, [13], 39| [40] for more about Morrey space.

Let1 < p < ooand 0 < a < 1, the mean Lipschitz space AZ consists of those functions
f € H(D) having a non-tangential limit almost everywhere such that w,(t, f) = O(t*) as t — 0.
Here w, (-, f) is the integral modulus of continuity of order p of the function f(e®). It is known
(see [28]) that A? is a subset of H? and

AP = <f€H(D):Mp(r,f’):O(%), asr—>1>.

(I1—r
The space A?, is a Banach space with the norm || - ||y given by
1£llaz = [£(0)] + sup (1—r)""*M(r, f).
0<r<1

In [27], Bourdon, Shapiro and Sledd proved that

A € BMOA, 1<p< 0.

See [25,[11] for more about Lipschitz space and related analytic function spaces.
The mixed norm space H?%*, 0 < p,q < o0, 0 < a < 00, is the space of all functions
f € H(D), for which

1 q
11l = ( JRe f><1—r>qa1dr) < oo, for0 < g < oo,
0
3
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and N
Hpr,oo,a = sup (1 —7) Mp(ﬁ f) <o
0<r<1

For t € R, the fractional derivative of order ¢ of f € H(ID) is defined by D' f(z) = >~ (n+
Dif(n)z" If0 < p,g < 00,0 < a < o0, then H"™ is the space of all analytic functions
f € H(D) such that

10" fllp.g.ec < 00

It is a well known fact that if f € H(D), 0 < p,q < 00,0 < «, 8 < 00, and s,t € R are such

that s — ¢t = o — [3, then
1D fllpg.a = 11D fllpas-

Consequently, we get H2P* = HP%P (see [22]).
With these notations above, for 1 < p < oo, we see that A, = H f ’O‘f’l. On the other hand, by

P P

p C poolz
1+1 Hl+—

A” . Therefore, the space H,™" can be regarded as the limit case of HPY ! Ap asp — 1. In

P

view of this point, we may use the symbol A1 to denote the space Hy™ 9 Note that A1 TC A C

BMOA C Bforall1 < p < oo.
It is clear that the space A}’* is equivalent to the space

the inclusions between mixed norm spaces(see [[11]), we have that H’ Lool H

{f € HD): sup (1 —r)M(f",r) < oo}. (1.2)

0<r<1

For f(z) => ", f(n)z" € H(D), the Cesaro operator C is defined by

C(f)(2) ZZ (nilzf(M) 2" = if(_tztldt, z e D.
n=0 k=0

0

The Cesaro operator C is bounded on H? for 0 < p < oo. The case of 1 < p < oo follows
from a result of Hardy on Fourier series [8]] together with the Riesz transform. Siskakis [3]] glve
an alternative proof of this result and to extend it to p = 1 by using semlgroups of composition
operators. A direct proof of the boundedness on H' was given by Siskakis in [5]. Miao [13]
proved the case 0 < p < 1. Stempak [19] gave a proof valid for 0 < p < 2. Andersen [18]] and
Nowak [21] provided another proof valid for all 0 < p < oco. In the case p = oo, since C(1)(z) =
log -~ ¢ H™, so that C(H>) ¢ H*. Danikas and Siskakis [23] proved that C(H>) C BMOA
and C(BMOA) ¢ BMOA. Cesaro operator C act on weighted Bergman spaces, Dirichlet space
and general mixed normed spaces the reader is referred to [, 34} [1, 129, [16].

Recently, Galanopoulos, Girela and Merchédn [30] introduced a Cesaro-like operator C,, on
H(DD), which is a natural generalization of the classical Cesaro operator C. They consider the
following generalization: For a positive Borel measure p on the interval [0, 1) they define the

Operator
cu<f><z>:2< 3 >>z - [ ), 2 e (1.3
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where i, stands for the moment of order n of pu, that is, u, = fol t"du(t). They studied the
operators C, acting on distinct spaces of analytic functions(e.g. Hardy space, Bergman space,
Bloch space, etc.).

The Cesaro-like operator C,, defined above has attracted the interest of many mathematicians.
Jin and Tang [12] studied the boundedness(compactness) of C, from one Dirichlet-type space
into another one. Bao, Sun and Wulan [7]] studied the range of C, acting on H*°. They proved
that C,,(H>) C N> A} if and only if x is a 1-Carleson measure. This gives an answer to the

p
question which was left open in [30]. In fact, they worked on a more general version. Just recently,
Blasco [24] used a different method to also get the same result. Based on the previous results, it is
natural to discuss the range of /7°° under the action of C,, when p is an a-Carleson measure with

0 < o < 1. Furthermore, what is the condition for the measure p such that C,,(H?) C Ny~ A%? We

q
shall prove the following general version of the results, which give the answers to these questions.
As consequences of our study, we may reproduce many of the known conclusions as well as obtain
some new results.

Theorem 1.1. Suppose 0 < p < oo, 0 < A < 1 and p is a finite positive Borel measure on the
interval [0,1). Let X be subspace of H(D) with L*>* C X C B*3" . Then C.(H?) C X if and
1+

only if wis a T/\ + %—Carleson measure.

Theorem 1.2. Suppose 0 < p < oo, 1 < q < 0o and p is a finite positive Borel measure on the
interval [0,1). Let X and Y be subspaces of H(D) such that H» C X C B'"» and A4 C Y C B.
Then the following statements hold. ’

(1) The operator C,, is bounded from X into Y if and only if jris a 1 + %—Carleson measure.

(2) If v is a 1-logarithmic 1 + %—Carleson measure, then C, : X — A}’* is bounded.

If 1 <p < oo, we know that C,, : BMOA — A" if and only if y is a 1-logarithmic 1-Carleson

measure. Theorem 1.2 includes a characterization of those p so that C,, maps L** into Af.

In [30], the authors proved that if X and Y are spaces of holomorphic functions in the unit disc
D, such that A3 C X,Y C B, then C, is a bounded operator from the space X into the space YV’

if and only if y is a 1-logarithmic 1-Carleson measure. Since A2 C BMOA = L*! C B, so that

C, is a bounded operator from X into the space L*' if and only if 1 is a 1-logarithmic 1-Carleson
measure. It is natural to ask what’s the condition for x such that C,, is bounded from X into L**?
On the other hand, whether the space A% can be extended to the space A}’*? We are now ready to

2
state our next results, which generalized the previous mentioned results. Our results also gives the
range of X under the action of C,, when f is a 1-logarithmic s-Carleson measure with % <s< 1.

Theorem 1.3. Suppose 0 < A\ < 1 and p is a finite positive Borel measure on the interval [0, 1).

Let X and Y be subspaces of H(D) such that A}’* CXCBand > CY C B*3". Then the
following conditions are equivalent.
(1) The operator C,, is bounded from X into Y.

(2) The measure 1 is a 1-logarithmic %—Carleson measure.

Theorem 1.4. Suppose (i is a finite positive Borel measure on the interval [0,1). Let X and 'Y be

subspaces of H(D) such that A}’* C X, Y C B. Then the following conditions are equivalent.
(1) The operator C,, is bounded from X intoY .

(2) The measure (i is a 1-logarithmic 1-Carleson measure.

5
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The boundedness of the operator C,, acting on BMOA has been studied in [30, (7, 24]. The

space of BMOA is close related to the Morrey space L**. Since the Moreey space L?>* has
showed up in a natural way in our work, it seems natural to study the action of the operators C,

on the Moreey space L>* for general values of the parameters \. The following result gives a
complete characterization of the boundedness of C,, act between different Morrey spaces. Note
that the case of \; = 1 is contained in Theorem 1.3.

Theorem 1.5. Suppose 0 < Ay < 1,0 < Ay < 1, pis afinite positive Borel measure on the interval

[0,1). Let X and Y be subspaces of H (D) such that L>** C X C B> and
Then the following statements are equivalent.
(1) The operator C,, is bounded from X into Y.

(2) The measure |1 is a 1 + 2 )‘1 -Carleson measure.

In section 2, we shall give some basic results that will be used in the proof. Section 3 will be
devoted to present the proofs of Theorem 1.1-Theorem 1.5 and gives some relevant corollaries. It
is necessary to clarify that the subspaces X and Y of H(DD) we shall be dealing with are Banach
spaces continuously embedded in H (D), to prove that the operator C, is bounded from X into YV’
it suffices to show that it maps X into Y by using the closed graph theorem.

Throughout the paper, the letter C' will denote a positive constant which depends only upon the
displayed parameters (which sometimes will be omitted) but not necessarily the same at different
occurrences. Furthermore, we will use the notation Q1 < Qs if there exists a constant C' such that
Q1 < CQq, and Q1 = Q9 is understood in an analogous manner. In particular, if Q; < (- and
1 2 > (22, then we write ()1 < (), and say that (), and (), are equivalent. This notation has already
been used above in the introduction.

2 Preliminary Results
Lemma 2.1. Let 0 < o < oo and f € B* Then for each z € D, we have the following
inequalities:
1]
FEIS N fllse log 25, ifa =1

e i > 1.

Ba,l‘.f0<06<1;

This well known Lemma can be found in [20].

Lemma 2.2. Leta > Oand f € HD), f(z) = > .~ f(n)z", f(n) > 0 foralln > 0. Then
f € B if and only if
supn” Z k:f

n>1

This result follows from Corollary 3.2 in [31]] or Theorem 2.6 in [9].

Lemma 2.3. Let 0 < s < oo and p be a finite positive Borel measure on the interval [0, 1). Then
the following statements hold:
(1) p is an s-Carleson measure if and only if i, = O (55 ).

(2) pu is a vanishing s-Carleson measure if and only if i, = o(— L.

6
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This Lemma follows from Theorem 2.1 and Theorem 2.4 in [6]].
The following integral estimates are useful. We only list the required ones. See [36] for the
detailed proofs and other cases.

Lemma 2.4. Suppose thatr > 0,t > 0,0 > —1,k > 0. Let

(1 —12*)° B €

Jwa = 1 dA(z), w,a € D.
o= | T mpn =y %8 1o pptAk) we
(I)Ift+r—0>2t—0<2andr — 4§ <2, then
1 e
Jwa = logk .
@ —walt—2 % 1wl
(2)Ift —6 > 2> 1 — 6, then
1
Jwa < logk ¢

(1= [wP) =2 —wal ° 1T [w]
We also need the following estimates. (See e.g. Theorem 1.12 in [20])

Lemma 2.5. Let o be any real number and z € D. Then

1 if a<l,

27 de _ ) '
o T—ze v YloeT Vo=l
W if a>1,

The following result is known to experts. We give a detailed proof by using the integral esti-
mates with double variable points. These integral estimates are practical and have its own interests.
The reader is referred to [36, 33, |37] for various integral estimates.

Lemma 2.6. Let 0 < \ < 1, then for any ¢ < % we have

) = 1 2,\
f() (1—Z)C€L :

Proof. Ttis suffices to prove the case of ¢ = % For0 < r < 1and w € D, by Proposition 3.1-(7)
in [37]] we have

/2” df _ 1 N 1
o 11 =7relBAL —rwei?2 T (1 —7r)2 A1 —r2w)2 (1 —r2|w|)|1 — r2w3->
It is easy to check that

_ -l
1 < 1 and 1—r _ < (I—r) .
T el Tl e S (1 ru])?
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Using the polar coordinate formula and above inequalities we get

1
2

I1lr = sup (0= ol [ 7GR = ou()Paac) )
webh D
o 1 2 de %
< 1— w3 / 1— / A —— (]
Nilég( wl?) < ; (1—7) o |1 = re?[32|1 — rwei|? "
- L =)t ! 1—r
—sup(1— w2y ([ U210 / d
R R e e et e

o 1 1 — A—1 %
Ssup(1— w7 ([ =0 ar)
y (L=l

<1,

[NIES

The last step above we have used the integral estimate

1 (1_7,))\—1 . 1
/o a2 = T e

which can be found in the literature [38]]. ]

3 Proofs of the main results

First, we give some characterizations of positive Borel measures p on [0, 1) as logarithmic type
Carleson measures, this will be used in our proofs.

Proposition 3.1. Suppose 3 >0, v > 0,0 < g < s < o0 and p is a finite positive Borel measure
on [0,1). Then the following conditions are equivalent:

(1) pis a-y-logarithmic s-Carleson measure;

(2)
L ful) o
—[wl|
= du(t ;
=g | ) <o
(3)
ol o
—|w]
Sy = dp(t :
= | e <
(4)
L0 )
= ——du(t .
=m0 || T a0 <

10 Jul 2023 01:20:07 PDT
230318-Tang Version 2 - Submitted to Rocky Mountain J. Math.



Proof. The proof of (2) = (1) is straightforward. In fact,

1 (1—‘w‘)510g 1— |‘
S, = Y du(t
1 i,‘é%/o (L= 00C1 = i) =10

L1 = |w])?log” =5

- /w (1 —=2)9(1 - |w|t)8+5 ()
pllwl, 1) log™ =5

= (A= wl)

This finish the proof of (2) = (1). Similarly, we may obtain (3) = (1) and (4) = (1). Since
(2) = (3) is obvious, to complete the proof we have to prove that (1) = (2) and (1) = (4).

(1) = (2). The proof of this implication follows closely the arguments of the proof of Propo-
sition 2.1 in [7]]. We include a detailed proof for completeness.

It is suffices to consider the case w € D with % < |w| < 1 and ¢ > 0. For every positive integer

n > 1, let
Qo(w) =@, Qu(w) ={t€[0,1): 1 —2"(1 - |w|) <t < 1}.

Let n,, be the minimal integer such that 1 — 2" (1 — |w|) < 0. Then @, (w) = [0,1) when n > n,,.
If t € Q1(w), then
1 —jw| <1—wlt.

Also, for 2 <n < n, and t € Q,(w)\@n-1(w), we have
(2" = (1 = |w]) = Jw] = (1 =2"7 (1 = [w])) < Jw| =t <1 Juwlt.

Notice that 8 > 0,7 > 0,0 < ¢ < s < oo and p is a y-logarithmic s-Carleson measure, these
together with above inequalities we have

" (1 = )
|w]
/0 (1- t)z(l - |w|t)8+ﬁ—q dﬂ(t)
(1= w])?
= | \
- Z /Qn(“’)\Qn 1(w) (1- t) (1- |w|t)5+ﬁ qd’u(t)

Ny

Naw log T ‘wl 1

— |w])?” /

S (e - du(t)

= 2n(st+h=a) Qn(@)\Qn_1 (w) (1 — 1)

2 log” —w])?7 oo 1

\w| 1 n

< > (TP /0 e u({tel—2"1—|w|),1): 1—;<t})dw

mu Jog? — |w|)?™5  peawn e

\w|

= S TP=a) /0 p([1—2"(1—|w]),1))dz

n=1

2o log” =5 (1 — [w])9™ 1
\wl q—1 L
P [T e L
n=1 Piaeesrmy

o, log? (L= Jw[)?=* [ons(1 — |w|)® Tl 0 log™7 ex
< Z - ‘wl / mq_ldaj—i—/ ) dx
~ n(s — 2l e s+1—

n=1 2r(s+h=a) log 27 (1—Jw]) O sy Y i
B N i log” 176‘W| - Nw L <1+ n" log 2 ) < iﬁ <1
~ n e ~ n 2 ~ n o~

= 27 log” ety T o 2 log” s ) At 2

9
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This implies that

Sy = / - lhoe’ i, (t) <
SR o A <1—|w|t>s+ﬁ g PS5

(1) = (4). We only need consider the case of v > 0. For 0 < 6 < s — ¢, let

) =(1—1) it, 0<t<l.

It is known that f is a normal function on [0, 1). Furthermore, we may choosing b = ¢ and
0 < a =€ < J such that

f .. . f(t)

mcreasin
-0 S 1—te

Hence, it follows form Lemma 2.2 in [35]] that

;é:))’i G:i)*(i:i)& (3.1)

forall 0 < ¢,r < 1. Bearing in mind that (1) < (2) we have proved already. By (3.1) we have

is decreasing, ast — 17

1 — lwflog” -
[ (L= fw)’log’ 5%,

1—t)(l— let)”ﬁ‘q

A=) og = f ()
/0 (1= ¢)at0(1 — wlt)s+h—a f(|w|)dlu(t)
(1 — |w])?+log”

(=t (1= |w\t>s+'15' q {(11—_|i|>5 ’ (11——_ri|>} i

< 1—rwrﬁlog o ey
t t
~/ “”*/o (= (1 = e )

This gives (4). O

Remark 3.2. For v € Rand 0 < s < oo, we may prove the following result in a same way.

log” 5 u([t, 1))
ti}ég) =L <0< (2) < (3) < (4).

We now present the proofs of Theorems 1.1-Theorem 1.5.
Proof of Theorem 1.1  (1). If C,(H?) C X, take

(1—-a)

Y g<a<t
(1—az)"»

fa(2) =

10
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Then f, € H? forall 0 < p < oo and supg,.q ||fall, < 1. This implies that

Cu(fa) €X g B%

It is easy to see that

et = [ o+ [,

o (1—tz)

Since C,,(f,) € X C B 2 , it follows from Lemma [2.1|that
Cu(fa) (a)] S ——=, a€(0,1).

Then it follows that, for 1 < a < 1,

1 L1+ p)ta(l — a) ! t(1— a)
B < /0 (1—ta)(1— m?)“id“(t) +/0 (1 —ta)2(1 —ta2)1+éd“(t)

(1—a)=
! 1
2, G

o plfa.1))
~ (1 o a)2+5

This gives that

14+

1
p(la, 1) < (1—a) 2 7 for all 5 <a< 1.
1A
2 3=
On the other hand, suppose 1 is a % + %—Carleson measure. Let L?>* C X C B™7, to prove

C.(HP) C X it s sufficient to prove that C, : H? — L** is bounded. Without loss of generality,
we may assume f € H? and f(0) = 0. By (1.3), we know that

G/ = [ e+ [ e, se.

This implies that i is a + é—Carleson measure.

(1—tz) 1
Let ]
5 — 2—7 0<p<oc;
0 p = 00.
It is known that (see e.g. page 36 in [28]])
|1l
FIGIIRS W,

11
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and hence

=)

It follows that

el s [ LK P 0 G

11—tz |1 —tz|?
! du(t) ! du(t)
<
< | s + W | e

! dp(t)
Sy | e (32

Since 0 < A < 1, we can choose a positive real number 1 — A < o < 1 such that

1 1
< .
(1 —t[2])22% = (1 — )22 (1 — |2|)7

(3.3)

By (3.2) and Minkowski’s inequality, (3.3), Lemma[2.4] and Proposition 3.1} we get

2

I Plas = sup (1= [P [ 1GNP = loul2)P)iAC) )

NG
< 1l sup(1 o) (/ ([ o D%) ,1_Zw|2dA<z>)
1 — |z]7)dA(z 2
< mptt 1ot [ [ o ) 4

L 1 (1—|2])'=odA(2)\ 2
< 1—|w?)” A/ z / dp(t
~ Hf”p ?ulég( |w| ) 2 0 (1 o t)1+5p*§ D |1 _ t2’2‘1 _ Z@P /.L( )

27)\

1
(1= [w)’s
= sup = du(t
1l sup | T )
< A1l

Therefore, C,, : H? — L** is bounded.
The proof is complete. 0

Corollary 3.3. Suppose 0 < A\ < 1 and 1 is a finite positive Borel measure on the interval [0, 1).
Then C,, : H>® — L** is bounded if and only if y is a %—Carleson measure.

Remark 3.4. If % < a < 1, then Corollary 3.3 show that 1 is an a-Carleson measure if and only
if C,(H>®) C L***~. When 0 < a < % and p is an o-Carleson measure, by Proposition 3.1\ we

12
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have

sup(1 — [2[*)*"*|Cu(f) (2)] < [1f ]z sup

/1 (1 — |=P*)*du(t)

2€D 2€D (1—25‘2])]1—752‘
Y (1= [z du(t)
< |1z sup / )
zeD Jo |1 tZl

Sl aee

This yields that C,,(H*>) C B* .00

For 2 < p < o0, it follows from Theorem 9 in [40] that the Cesrao operator C is bounded from
2
HP to L*'». As a consequence of Theorem 1.1, we have the following result.

Corollary 3.5. Suppose 2 < p < oo and (i is a finite positive Borel measure on the interval [0, 1).
2
ThenC, : H? — L*'"% is bounded if and only if 1 is a 1-Carleosn measure.

Proof of Theorem 1.2 (1). The proof of necessity is similar to that Theorem 1.1 and hence
omitted. For the sufficiency, it is suffices to show that C (15’1+ r) C Aq when pis an 1+ —-Carleson

measure.

Notice that (3.2) is remain valid for all f € B“5. By (3.2) and the Minkowski inequality,
Lemma [2.5] and Proposition [3.1| we have

—1 1 o / 1
sup (1 —r)l 1 (2—/ IC.(f) (re G)que)
0<r<l1 T
u(t) "\
< . )
NHfHBHE 0S<1:I<31(1 T) ( / ( [1— 757“629| 1—tr)t+o ) d@)

1 1 %
< L 1) 3 do ) dult
SNy sup, (1 =) /o<2w/o 1= tre[a(L — tr)+5n) ) e
! 1—7“17%
sl s [ =t
o (1

P o<r<1 — t'r)2+5p75

SJHfHBH%

This gives C,, : B - A1 is bounded.
q
(2). Suppose v 1s a 1-logarithmic 1 + %—Carleson measure. Let H? C X C B and fex,
then f € X C B's. Using the integral representation of C,, we see that

Cu(f)'(2) = /0 BT )ity 42 /0 (ﬁf’ﬂdm)w /0 B . s

1—tz 1 —tz)? (1 —tz)
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It follows from Lemma 2.1l we have that

N S Iy / ((1 _th_z\)— =t (1’1—_t!z\)_p> it

tz| |1 —tz]? tz|?

1
1
S fllges | dult).
B Jo (1= t)2)) P |1 — tz]
By Fubini’s theorem, Lemma 2.5 and Proposition we have

sup (1 —r)M(Cu(f)",7)

0<r<1

2
p(t)
<Hf|!118up 1—7“/ / df
" 2JFP|1 tret|

LR ey do
< su / / — i (t
1711 +1o<r£)1 0 (1_trr)2+% o [1—tre?| wlt)
'(1—r)log 5
S Ufllyeey 5w [ F (1)
0

P o<r<1 (1—tr)**s

S gz S Ix

This gives C, : X — A;™ is bounded. O
Theorem 1.1 and Theorem 1.2 lead to the following result.

Corollary 3.6. Suppose 0 < p < 00, 1 < q < oo and pu is a finite positive Borel measure on the
interval [0, 1). Let X be a subspace of H(D) with AY C X C B. ThenC,, : H” — X is bounded

ifand only if pisal + %—Carleson measure.

Remark 3.7. In [24], Blasco proved that C,, : H' — Ai is bounded if and only if

sup(n + 1) Z Ine|? < o0, (3.5)

n>0 k—n
where 1) is a complex Borel measure on [0,1). See Theorem 3.7 in [24] for the detailed. If 1 is a
positive Borel measure on [0, 1), then Corollary 3.6 shows that C, : H' — A3 is bounded if and

only if u is a 2-Carleosn measure. The condition (3.5) is equivalent to |1 is a 9-Carleosn measure
when p is a positive Borel measure on [0,1). In fact,

00 > sglg(n +1 Z \]? 2 Sup(n +1) Zuz > sup(n +1)*p3,.
n= k=n k=n

On the other hand, if 1 is a 2-Carleosn measure, we have

o0

1
sup(n + 1) <supn+1 —_—
sup( ;mkr ( >;(k+1)4

Ssup(n+1)/ —dx<1D
n>0 n+1$
14
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For 0 < A < 1, let p = 1= in Theorem 1.2, then we may obtain the boundedness of C,, acting
from L?* to the mean L1psch1tz space AY.

q

Corollary 3.8. Suppose 0 < A < 1, 1 < p < oo and p is a finite positive Borel measure on the
interval [0,1). Let X be subspace of H(D) such that N\ C X C B. ThenC, : L** — X is

. . . 3—)\
bounded if and only if 11 is a *5=-Carleson measure.

Proof of Theorem 1.3 (1) = (2). Let Ai* C X CBand L** CY C B'7 . Itis easy to check
that g(z) = log 7~ € X and

00 k 1
_ 1)k
-3 ()=
k=0 n=1
IfC,(X)CY,thenC,(g) €Y C B*2" . It follows from Lemma that

00 k

1 1
Zkﬂk Z_ rkS—Ha TG(Oal)'
k=1 1 (1—r)=2

For K > 2take rg = 1 — % Since the sequence { i} is decreasing, simple estimations lead us
to the following

K
2> kplogkrg

K
2 ux Yy klogk

k=1
= nrkK*log K.

Hence px < m which implies that . is a 1-logarithmic %—Carleson measure.
og

(2) = (1). Assume that y is a 1-logarithmic
C, : B — L**is bounded. Let f € B, it s clear that

C(f)(2)] < %dww |'ff_<—tj>|'2du<t>

08 T3] t|z\
<l [ sl [ o)

1“ -Carleson measure. It suffices to show that
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This gives

=g (0= [ G5 e )

22 ! du(t) 21— |2)? :
S (1l sup(t — ful) (/D( i |1—tz|(1—t|z|)> T oo ?Ac)

_ Hog S=du(t)\” 1= |22
|l / / 1] JA
+ HfHBilég( jw[”) = UL T 1= w2 ()

= E1 + EQ.

1+A

Since 1 is a 1-logarithmic =

Proposition [3.1], we have

. og =Smdu(t)\” 1 |22
By = 1—|w?)T / / 1l dA
2 ||f||zszlég( wl|®) "2 AL T ep e (2)

sy ([ [ log? 2o (1 — [22)dA(2) | ?
< 1 — lwl®) 7 112 du(t

1 w 10
<[1flssup [ (( o) lor 1% |

weD 1—t) |1—tw|
P fwP)E log i
<||f SUP/ et
llssp |, (1—1)3(1 — tw]) Tl
S 1.

-Carleson measure, by the Minkowski inequality, Lemma and

Note that p is also a %—Carleson measure. Arguing as the proof of Theorem 1.1 (the case of
9, = 0) we may obtain that

B = Illssup(0 = ) </ [ i) e )> =Wl

Therefore, we deduce that

C.(N)[p2a S IS
The proof is complete. O

Corollary 3.9. Suppose 0 < A\ < 1 and p is a finite positive Borel measure on the interval [0, 1).
Let X be subspace of H(D) such that A}* C X C B. ThenC,, : X — L** is bounded if and only
if pisa 1-logarithmic%-€arleson measure.
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Proof of Theorem 1.4 (1) = (2). Arguing as the proof of Theorem 1.3 we may obtain that x is
a 1-logarithmic 1-Carleson measure.

(2) = (1). Suppose w is a 1-logarithmic 1-Carleson measure and A}’* C X,Y C B. Note that
f € X CB,by (3.4) we have

1 —tz)2 — tlz) L lo ﬁ
e @l S 1l [ <<1|1j' DSk 7} M ")du(t)

tz| |1 —tz|? |1 —tz]?

L dp(t) tlog =5dp(t)
5'“”5(/0 T i)

Using (1.2) and Fubini’s theorem, Lemma [2.5] and Proposition 3.1} we have

sup (1 —r)Mi(Cu(f)",7)

0<r<1

< (1— do

”f”BOS;:El T/ / 1—tr)? 1—tre’9|
27 110g rd/'l’

+[flls sup 1—r/ / ot 7

0<r<1 ‘1 — tT619|3

do
< du(t
~ HfHBosnglEl/o (1—t7’)2/0 |1 — trei| ult)

1 e 2T do
llflle s [ 1= mtos S [ Tt
0 1—t 0 ’

0<r<1 |1 —tre®
(1 —r)log %
< su —l_td t
Sl sp [ )
S /s
This yields that C,(f) € A;* C Y. O

Note that the spaces A} for 1 < p < oo, the spaces (), for all 0 < p < oo are satisfied the

condition in Theorem 1.4. 2i‘herefore, we may obtain a number of results.

1—X
Proof of Theorem 1.5 (1) = (2). Let f(z) = (1 — z)~ =z, then Lemma shows that
f € L** C X. Note that Cu(f)eY C B %2 and

PESE 4\
Zuk (Z 1— Al)F(]—l—l)) z,

7=0

By the Stirling formula,
LG +5%)
PTG + 1)

for all nonnegative integers j. This together with {y} is decreasing with &£ and Lemma we

l+)\1

=(+1)"
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deduce that

Csoag G NEU)
LR (ZN%)mH))

k=1 §=0

n k
37>\2 i 71 >\1
2 S (zm 5 )
k=1

J=0

3= "Losy
2N T § k2
k=1

Ao —A
1+ 2 1
2 a2

Lemma shows that prisa 1 + %—Caﬂeson measure.

2) = (1). It suffices to prove that C,, : BS_;I — L?*2 is bounded. Let f € Bﬁ, then (1.3)
p p

and Lemma [2.1|imply that

TN S WSl | s

’ 1—t2)) 51— t2|

Then arguing as the proof of Theorem 1.1 we can get the desired result.
The proof is complete. 0

Corollary 3.10. Suppose 0 < X\ < 1, p is a finite positive Borel measure on the interval [0, 1).
Then C,, is a bounded operator on L?** if and only if v is a 1-Carleson measure.
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