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Abstract
In this paper, we give some new convolution sums of Bernoulli and Euler numbers and

polynomials with symmetric functions, by make use of the elementary methods including
exponential generating functions. From these convolutions we deduce several new identities
of Bernoulli and Euler numbers and polynomials with special numbers.
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1. Introduction and preliminaries

The bivariate Mersenne and bivariate Mersenne-Lucas sequences {Mn (x, y)}n≥0 and {mn (x, y)}n≥0 are
the polynomials sequences that have been studied by many researchers and constructed with the same
recurrence relation but different initial values as follows (see [3, 23]):

Mn (x, y) = 3yMn−1 (x, y)− 2xMn−2 (x, y) , with M0 (x, y) = 0 and M1 (x, y) = 1, (1.1)
mn (x, y) = 3ymn−1 (x, y)− 2xmn−2 (x, y) , with m0 (x, y) = 2 and m1 (x, y) = 3y. (1.2)

Particular cases of {Mn (x, y)}n≥0 and {mn (x, y)}n≥0 are (see [10]):

Mn (1, k) = Mk,n :=

 0, if n = 0
1, if n = 1
3kMk,n−1 − 2Mk,n−2, if n ≥ 2

, (1.3)

and

mn (1, k) = mk,n :=

 2, if n = 0
3k, if n = 1
3kmk,n−1 − 2mk,n−2 if n ≥ 2

, (1.4)

which are, respectively, called k-Mersenne and k-Mersenne-Lucas numbers. The Binet’s formulas for k-
Mersenne and k-Mersenne-Lucas numbers are, respectively, given by

Mk,n =
xn

1 − xn
2

x1 − x2
and mk,n = xn

1 + xn
2 ,

where x1 = 3k+
√

9k2−8
2 and x2 = 3k−

√
9k2−8
2 are roots of the characteristic equation x2 − 3kx + 2 = 0. Note

that, we have
x1 + x2 = 3k, x1 − x2 =

√
9k2 − 8 and x1x2 = 2.

In the literature, we have seen several articles that are interested in studying the other k-numbers, for
example Falcon and Plaza in [13] defined and studied the k-Fibonacci numbers which are defined by

Fk,n = kFk,n−1 + Fk,n−2, with Fk,0 = 0 and Fk,1 = 1. (1.5)
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After that, Falcon in [12] presented some results of the k-Lucas numbers which are defined as follows:

Lk,n = kLk,n−1 + Lk,n−2, with Lk,0 = 2 and Lk,1 = k. (1.6)

Also, the authors in [25, 26], calculated the ordinary generating functions of the products of k-Fibonacci and
k-Lucas numbers with certain numbers.

If we put k = 1 in the Eqs. (1.3), (1.4), (1.5) and (1.6) we get the recurrence relations of Mersenne,
Mersenne-Lucas, Fibonacci and Lucas numbers which are, respectively, given by (see [9, 16, 20, 22])

Mn = 3Mn−1 − 2Mn−2, with M0 = 0 and M1 = 1,

mn = 3mn−1 − 2mn−2, with m0 = 2 and m1 = 3,

Fn = Fn−1 + Fn−2, with F0 = 0 and F1 = 1,

Ln = Ln−1 + Ln−2, with L0 = 2 and L1 = 1.

The Bernoulli and Euler numbers {Bn}n>0 and {En}n>0 are, respectively, defined by the following expo-
nential generating functions [11]

∞∑
n=0

Bn
zn

n!
=

z

exp(z)− 1
, (1.7)

∞∑
n=0

En
zn

n!
=

2 exp(z)
exp(2z) + 1

. (1.8)

The Bernoulli and Euler polynomials {Bn(x)}n>0 and {En(x)}n>0 are, respectively, defined by the following
exponential generating functions [11]

∞∑
n=0

Bn(x)
zn

n!
=

z exp(xz)
exp(z)− 1

, (1.9)

∞∑
n=0

En(x)
zn

n!
=

2 exp(xz)
exp(2z) + 1

. (1.10)

Several authors have focused on the relations between Bernoulli/Euler numbers (polynomials) and other
important numbers sequences (see [2, 14, 17, 18, 19, 21]).

Next, we recall some properties of the symmetric functions and the exponential generating functions that
we will need in the sequel (see for example [4, 5]).

Definition 1. [1] Let A and E be any two alphabets. We define Sn(A− E) by the following form:∏
e∈E

(1− ez)∏
a∈A

(1− az)
=
∞∑

n=0

Sn(A− E)zn, (1.11)

with the condition Sn(A− E) = 0 for n < 0.

Equation (1.11) can be rewritten in the following form
∞∑

n=0

Sn(A− E)zn =

( ∞∑
n=0

Sn(A)zn

)
×

( ∞∑
n=0

Sn(−E)zn

)
,

where

Sn(A− E) =
n∑

j=0

Sn−j(−E)Sj(A).

Remark 1. Taking A = {0} in (1.11) gives
∞∑

n=0

Sn(−E)zn =
∏
e∈E

(1− ez).
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Definition 2. [24] Let n be a positive integer and E = {e1, e2} be a set of given variables. Then, the nth

symmetric function Sn(e1 + e2) is defined by

Sn(E) = Sn(e1 + e2) =
en+1
1 − en+1

2

e1 − e2
, for n ≥ 0. (1.12)

Theorem 1. Let n be a positive integer. The following equalities hold

Sn(e1 + e2)− e1e2Sn−2(e1 + e2) = en
1 + en

2 , (1.13)

1
2

(Sn(e1 + e2) + (e1 − e2)Sn−1(e1 + e2)− e1e2Sn−2(e1 + e2)) = en
1 , (1.14)

1
2

(Sn(e1 + e2)− (e1 − e2)Sn−1(e1 + e2)− e1e2Sn−2(e1 + e2)) = en
2 . (1.15)

Proof. From (1.12), we have

Sn(e1 + e2)− e1e2Sn−2(e1 + e2) =
en+1
1 − en+1

2

e1 − e2
− e1e2

en−1
1 − en−1

2

e1 − e2

=
en+1
1 − en+1

2 − en
1 e2 + e1e

n
2

e1 − e2

= en
1 + en

2 ,

which is (1.13). Other equations can be proved similarly. �

The exponential function exp(z) appears in studying radioactive decay, bacterial growth, compound in-
terest and probability theory. We are concerned with the important property of exp(z)

exp(z) = 1 +
z

1!
+

z2

2!
+ ... +

zn

n!
+ .... =

∞∑
n=0

zn

n!
, (1.16)

which is the exponential generating function of the sequence of number (1, · · · ).

Theorem 2. The exponential generating functions of Sn−1(e1 + e2) and Sn(e1 + e2) − e1e2Sn−2(e1 + e2)
are respectively given by

∞∑
n=0

Sn−1(e1 + e2)
zn

n!
=

1
e1 − e2

(exp(e1z)− exp(e2z)) , (1.17)

∞∑
n=0

(Sn(e1 + e2)− e1e2Sn−2(e1 + e2))
zn

n!
= exp(e1z) + exp(e2z). (1.18)

Proof. By using (1.12), we get
∞∑

n=0

Sn−1(e1 + e2)
zn

n!
=

∞∑
n=0

en
1 − en

2

e1 − e2

zn

n!

=
1

e1 − e2

( ∞∑
n=0

en
1

zn

n!
−
∞∑

n=0

en
2

zn

n!

)
.

From (1.16), we obtain
∞∑

n=0

Sn−1(e1 + e2)
zn

n!
=

1
e1 − e2

(exp(e1z)− exp(e2z)) ,

which is the first equation. The second equation can be proved similarly. �
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The authors in [7, 8, 15, 27], established some combinatorial identities involving Bernoulli and Euler
numbers and polynomials with Fibonacci, Lucas, balancing, Lucas-balancing numbers and polynomials.

In [6], the authors obtained a more results linking Bernoulli and Euler numbers with k-Jacobsthal,
k-Jacobsthal-Lucas numbers, bivariate Fibonacci, bivariate Lucas, bivariate Pell and bivariate Pell-Lucas
polynomials.

The purpose of the present paper is to derive some connection formulas between symmetric functions and
Bernoulli and Euler numbers and polynomials. From these results we will be able to obtain some interesting
combinatorial identities involving Bernoulli and Euler numbers and polynomials with some well-known k-
numbers including k-Fibonacci, k-Lucas, k-Mersenne and k-Mersenne-Lucas numbers.

2. Main results of the Bernoulli and Euler numbers

In this section, we firstly prove some new theorems by using the Bernoulli and Euler numbers and the
symmetric functions. Secondly, we study some special cases.

2.1. New theorems. In this part, we are now in a position to provide three new theorems.

Theorem 3. Given an alphabet E = {e1, e2}, then for any positive integer n, we have
n∑

l=0

(
n

l

)
(e1 − e2)lSn−l−1(e1 + e2)Bl = nen−1

2 , (2.1)

n∑
l=0

(
n

l

)
(e1 − e2)l(2l − 1) (Sn−l(e1 + e2)− e1e2Sn−l−2(e1 + e2)) Bl = −(e1 − e2)nen−1

2 . (2.2)

Proof. Using the change of variable z = (e1 − e2)z in (1.7), we get
∞∑

l=0

(e1 − e2)lBl
zl

l!
=

(e1 − e2)z
exp((e1 − e2)z)− 1

, (2.3)

and multiplying (1.17) by (2.3), we obtain( ∞∑
n=0

Sn−1(e1 + e2)
zn

n!

)( ∞∑
l=0

(e1 − e2)lBl
zl

l!

)
=
∞∑

n=0

n∑
l=0

(
n

l

)
(e1 − e2)lBlSn−l−1(e1 + e2)

zn

n!
.

Then,

1
e1 − e2

(exp(e1z)− exp(e2z))
(e1 − e2)z

exp((e1 − e2)z)− 1
= z exp(e2z) =

∞∑
n=0

nen−1
2

zn

n!
.

Comparing the coefficients of zn

n! , we obtain the desired result.
Similarly, we use the change of variable z = 2(e1 − e2)z in (1.7), we obtain

∞∑
l=0

(2(e1 − e2))lBl
zl

l!
=

2(e1 − e2)z
exp(2(e1 − e2)z)− 1

, (2.4)

and multiplying (1.18) by (2.4), we get( ∞∑
n=0

(Sn(e1 + e2)− e1e2Sn−2(e1 + e2))
zn

n!

)( ∞∑
l=0

(2(e1 − e2))lBl
zl

l!

)

=
∞∑

n=0

n∑
l=0

(
n

l

)
2l(e1 − e2)l (Sn−l(e1 + e2)− e1e2Sn−l−2(e1 + e2)) Bl

zn

n!
.
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Then,

(exp(e1z) + exp(e2z))
2(e1 − e2)z

exp(2(e1 − e2)z)− 1
= exp(e2z)

2(e1 − e2)z
exp((e1 − e2)z)− 1

=

( ∞∑
n=0

2en
2

zn

n!

)( ∞∑
l=0

(e1 − e2)lBl
zl

l!

)

=
∞∑

n=0

n∑
l=0

(
n

l

)
2en−l

2 (e1 − e2)lBl
zn

n!
.

Comparing the coefficients of zn

n! , we obtain
n∑

l=0

(
n

l

)
2l(e1 − e2)l (Sn−l(e1 + e2)− e1e2Sn−l−2(e1 + e2)) Bl =

n∑
l=0

(
n

l

)
2en−l

2 (e1 − e2)lBl. (2.5)

Using (1.15), we can write (2.5) as follows
n∑

l=0

(
n

l

)
(e1−e2)l(2l−1) (Sn−l(e1 + e2)− e1e2Sn−l−2(e1 + e2)) Bl = −(e1−e2)

n∑
l=0

(
n

l

)
(e1−e2)lSn−l−1(e1+e2)Bl.

Equivalently
n∑

l=0

(
n

l

)
(e1 − e2)l(2l − 1) (Sn−l(e1 + e2)− e1e2Sn−l−2(e1 + e2)) Bl = −(e1 − e2)nen−1

2 .

Hence the result. �

Theorem 4. Given an alphabet E = {e1, e2}. For any positive integer n, the following results hold
bn/2c∑
l=0

(
n

2l

)
(e1 − e2)2lSn−2l−1(e1 + e2)B2l =

n(Sn−1(e1 + e2)− e1e2Sn−3(e1 + e2))
2

,

bn/2c∑
l=0

(
n

2l

)
(e1 − e2)2l(22l − 1) (Sn−2l(e1 + e2)− e1e2Sn−2l−2(e1 + e2)) B2l =

(e1 − e2)2nSn−2(e1 + e2)
2

.

Proof. We have
n∑

l=0

(
n

l

)
(e1 − e2)lSn−l−1(e1 + e2)Bl = nen−1

2 .

Equivalently
n∑

l=0

(
n

l

)
(e1 − e2)n−lSl−1(e1 + e2)Bn−l =

n(Sn−1(e1 + e2)− (e1 − e2)Sn−2(e1 + e2)− e1e2Sn−3(e1 + e2))
2

,

with B0 = 1, B1 = − 1
2 .

For l > 0, we have B2l+1 = 0, then we get
bn/2c∑
l=0

(
n

2l

)
(e1 − e2)2lSn−2l−1(e1 + e2)B2l =

n(Sn−1(e1 + e2)− e1e2Sn−3(e1 + e2))
2

.

Similarly, by (2.2), we get

n∑
l=0

(
n

l

)
(e1 − e2)l(2l − 1) (Sn−l(e1 + e2)− e1e2Sn−l−2(e1 + e2)) Bl =

−(e1 − e2)n(Sn−1(e1 + e2)− (e1 − e2)Sn−2(e1 + e2)− e1e2Sn−3(e1 + e2))
2

,
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with B0 = 1, B1 = − 1
2 .

For l > 0, we have B2l+1 = 0, then we obtain
bn/2c∑
l=0

(
n

2l

)
(e1 − e2)2l(22l − 1) (Sn−2l(e1 + e2)− e1e2Sn−2l−2(e1 + e2)) B2l =

(e1 − e2)2nSn−2(e1 + e2)
2

.

Hence the desired result. �

Theorem 5. Given an alphabet E = {e1, e2}, then for any positive integer n, we have

bn/2c∑
l=0

(
n

2l

)
2(4)n−2l−1(e1 − e2)2l+1Sn−2l−1(e1 + e2)E2l = (3e1 + e2)n − (e1 + 3e2)n,

bn/2c∑
l=0

(
n

2l

)(
e1 − e2

2

)2l

(Sn−2l(e1 + e2)− e1e2Sn−2l−2(e1 + e2)) E2l = 21−n(e1 + e2)n.

Proof. By using the change of variable z = 4z in (1.17) and z = (e1 − e2)z in (1.8), we obtain
∞∑

n=0

4nSn−1(e1 + e2)
zn

n!
=

exp(4e2z)
(e1 − e2)

(exp(2(e1 − e2)z)− 1)(exp(2(e1 − e2)z) + 1), (2.6)

∞∑
l=0

(e1 − e2)lEl
zl

l!
=

2 exp((e1 − e2)z)
exp(2(e1 − e2)z) + 1

, (2.7)

and multiplying (2.6) by (2.7), as follows( ∞∑
n=0

4nSn−1(e1 + e2)
zn

n!

)( ∞∑
l=0

(e1 − e2)lEl
zl

l!

)
=
∞∑

n=0

n∑
l=0

(
n

l

)
4n−l(e1 − e2)lSn−l−1(e1 + e2)El

zn

n!
,

then, we get

2 exp(4e2z)
(e1 − e2)

exp((e1 − e2)z)(exp(2(e1 − e2)z)− 1) =
2

e1 − e2
(exp((3e1 + e2)z)− exp((e1 + 3e2)z))

=
2

e1 − e2

∞∑
n=0

(
(3e1 + e2)n − (e1 + 3e2)n

)zn

n!
.

Comparing the coefficients of zn

n! , we obtain
n∑

l=0

(
n

l

)
2(4)n−l−1(e1 − e2)l+1Sn−l−1(e1 + e2)El = (3e1 + e2)n − (e1 + 3e2)n.

For l > 0, we obtain E2l+1 = 0 and the desired result.
Similarly, we use the change of variable z = e1−e2

2 z in (1.8), we obtain

∞∑
l=0

(
e1 − e2

2

)l

El
zl

n!
=

2 exp(
e1 − e2

2
z)

exp((e1 − e2)z) + 1
, (2.8)

and multiplying (1.18) by (2.8), we get( ∞∑
n=0

(Sn(e1 + e2)− e1e2Sn−2(e1 + e2))
zn

n!

)( ∞∑
l=0

(
e1 − e2

2

)l

El
zl

l!

)
=

∞∑
n=0

n∑
l=0

(
n

l

)(
e1 − e2

2

)l

(Sn−l(e1 + e2)− e1e2Sn−l−2(e1 + e2)) El
zn

n!
,
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and
2 exp( e1−e2

2 z)
(exp(e1 − e2)z) + 1

(exp(e1z) + exp(e2z)) = 2
∞∑

n=0

(
e1 + e2

2

)n
zn

n!
.

Comparing the coefficients of zn

n! , we obtain
n∑

l=0

(
n

l

)(
e1 − e2

2

)l

(Sn−l(e1 + e2)− e1e2Sn−l−2(e1 + e2)) El = 21−n(e1 + e2)n,

For k > 0, we have E2k+1 = 0 and the desired result. �

2.2. Some applications. We, now, consider the Theorems 3−5 to derive the following two cases.

Case 1. Let e1 = k+
√

k2+4
2 and e2 = k−

√
k2+4
2 , then we have the following results of Bernoulli and Euler

numbers with k-Fibonacci and k-Lucas numbers.

Corollary 1. Let n be a positive integer, we have

n∑
l=0

(
n

l

)(√
k2 + 4

)l

Fk,n−lBl = n

(
k −
√

k2 + 4
2

)n−1

,

or, equivalently,
bn/2c∑
l=0

(
n

2l

)(
k2 + 4

)l
Fk,n−2lB2l =

nLk,n−1

2
.

Corollary 2. Let n be a positive integer, we have

n∑
l=0

(
n

l

)(√
k2 + 4

)l

(2l − 1)Lk,n−lBl = −
√

k2 + 4n

(
k −
√

k2 + 4
2

)n−1

,

or, equivalently,
bn/2c∑
l=0

(
n

2l

)(
k2 + 4

)l
(22l − 1)Lk,n−2lB2l =

(k2 + 4)nFk,n−1

2
.

Corollary 3. Let n be a positive integer, we have
bn/2c∑
l=0

(
n

2l

)
2(4)n−2l−1

√
k2 + 4

2l+1
Fk,n−2lE2l = (2k +

√
k2 + 4)n − (2k −

√
k2 + 4)n,

and
bn/2c∑
l=0

(
n

2l

)(
k2 + 4

4

)l

Lk,n−2lE2l = 21−n(k)n.

• If we put k = 1 in the Corollaries 1−3, we get the following results (see [7, 8])

n∑
l=0

(
n

l

)
5

l
2 Fn−lBl = n

(
1−
√

5
2

)n−1

or, equivalently
bn/2c∑
l=0

(
n

2l

)
5lFn−2lB2l =

nLn−1

2
,

n∑
l=0

(
n

l

)
5

l
2 (2l−1)Ln−lBl = −

√
5n

(
1−
√

5
2

)n−1

or, equivalently
bn/2c∑
l=0

(
n

2l

)
(20l−5l)Ln−2lB2l =

5nFn−1

2
,

bn/2c∑
l=0

(
n

2l

)
2(4)n−4l−1

√
5
2l+1

Fn−2lE2l = (2 +
√

5)n − (2−
√

5)n,
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bn/2c∑
l=0

(
n

2l

)(
5
4

)l

Ln−2lE2l = 21−n.

Case 2. Let e1 = 3k+
√

9k2−8
2 and e2 = 3k−

√
9k2−8
2 , then we have the following results of Bernoulli and

Euler numbers with k-Mersenne and k-Mersenne-Lucas numbers.

Corollary 4. Let n be a positive integer, we have

n∑
l=0

(
n

l

)(√
9k2 − 8

)l

Mk,n−lBl = n

(
3k −

√
9k2 − 8
2

)n−1

, (2.9)

or, equivalently,
bn/2c∑
l=0

(
n

2l

)(
9k2 − 8

)l
Mk,n−2lB2l =

nmk,n−1

2
. (2.10)

Corollary 5. Let n be a positive integer, we have

n∑
l=0

(
n

l

)(√
9k2 − 8

)l

(2l − 1)mk,n−lBl = −
√

9k2 − 8n

(
3k −

√
9k2 − 8
2

)n−1

,

or, equivalently,
bn/2c∑
l=0

(
n

2l

)(
9k2 − 8

)l
(22l − 1)mk,n−2lB2l =

(9k2 − 8)nMk,n−1

2
.

Corollary 6. Let n be a positive integer, we have
bn/2c∑
l=0

(
n

2l

)
2(4)n−2l−1

√
9k2 − 8

2l+1
Mk,n−2lE2l = (6k +

√
9k2 − 8)n − (6k −

√
9k2 − 9)n,

bn/2c∑
l=0

(
n

2l

)(
9k2 − 8

4

)l

mk,n−2lE2l = 21−n(3k)n.

• By putting k = 1 in the Corollaries 4−6, we have the following Mersenne-Bernoulli, Mersenne-Lucas-
Bernoulli, Mersenne-Euler and Mersenne-Lucas-Euler identities

n∑
l=0

(
n

l

)
Mn−lBl = n or, equivalently

bn/2c∑
l=0

(
n

2l

)
Mn−2lB2l =

nmn−1

2
,

n∑
l=0

(
n

l

)
(2l − 1)mn−lBl = −n or, equivalently

bn/2c∑
l=0

(
n

2l

)
(22l − 1)mn−2lB2l =

nMn−1

2
,

bn/2c∑
l=0

(
n

2l

)
2(4)n−2l−1Mn−2lE2l = 7n − 5n,

bn/2c∑
l=0

(
n

2l

)(
1
4

)l

mn−2lE2l = 21−n3n.

3. Main results on the Bernoulli and Euler polynomials

By using the Bernoulli and Euler polynomials and the symmetric functions we prove some new theorems
and we give some applications.
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3.1. New theorems. In this part, we are now in a position to provide two new theorems.

Theorem 6. Given an alphabet E = {e1, e2}, then for any positive integer n, we have
n∑

l=0

(
n

l

)
(e1 − e2)lSn−l−1(e1 + e2)Bl(x) = n(e2 + (e1 − e2)x)n−1,

n∑
l=0

(
n

l

)
2n−l(e1 − e2)lSn−l−1(e1 + e2)Bl(x) = n(2e1 + (e1 − e2)x)n−1 + n(e1 + e2 + x(e1 − e2))n−1,

n∑
l=0

(
n

l

)
3n−l(e1 − e2)lSn−l−1(e1 + e2)Bl(x) = n(2e1 + e2 + (e1 − e2)x)n−1

+ n(e1 + 2e2 + x(e1 − e2))n−1 + n(3e2 + x(e1 − e2))n−1.

Proof. We use the change of variable z = (e1 − e2)z in (1.9), we obtain
∞∑

l=0

(e1 − e2)lBl(x)
zl

l!
=

(e1 − e2)z exp((e1 − e2)xz)
exp((e1 − e2)z)− 1

, (3.1)

and multiplying (1.17) by (3.1), we get( ∞∑
n=0

Sn−1(e1 + e2)
zn

n!

)( ∞∑
l=0

(e1 − e2)lBl(x)
zl

l!

)
=
∞∑

n=0

n∑
l=0

(
n

l

)
(e1 − e2)lSn−l−1(e1 + e2)Bl(x)

zn

n!
.

Equivalently

z exp((e1 − e2)xz) exp(e2z) = z exp((e2 + (e1 − e2)x)z) =
∞∑

n=0

n(e2 + x(e1 − e2))n−1 zn

n!
,

Comparing the coefficients of zn

n! , we obtain the desired result.
For the second equation, using the change of variable z = 2z in (1.17), we obtain

∞∑
n=0

2nSn−1(e1 − e2)
zn

n!
=

1
e1 − e2

(exp(2e1z)− exp(2e2z))

=
exp(2e2)
e1 − e2

(exp((e1 − e2)z)− 1)(exp((e1 − e2)z) + 1). (3.2)

By multiplying (3.1) by (3.2), we get( ∞∑
n=0

2nSn−1(e1 − e2)
zn

n!

)( ∞∑
l=0

(e1 − e2)lBl(x)
zl

l!

)
=
∞∑

n=0

n∑
l=0

(
n

l

)
2n−l(e1 − e2)lBl(x)Sn−l−1(e1 + e2)

zn

n!
.

Then, we obtain

z exp(2e2z)(exp((e1−e2)z)+1) exp(x(e1−e2)z) =
∞∑

n=0

(
n(2e2 + x(e1 − e2))n−1 + n(e1 + e2 + x(e1 − e2)n−1

) zn

n!
.

Comparing the coefficients of zn

n! , we obtain the desired result.
Similarly, using the change of variable z = 3z in (1.17), we obtain
∞∑

n=0

3nSn−1(e1 − e2)
zn

n!
=

1
e1 − e2

(exp(3e1z)− exp(3e2z))

=
exp(3e2)
e1 − e2

(exp((e1 − e2)z)− 1)(exp(2(e1 − e2)z) + exp((e1 − e2)z) + 1), (3.3)
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and multiplying (3.1) by (3.3), we get( ∞∑
n=0

3nSn−1(e1 + e2)
zn

n!

)( ∞∑
l=0

(e1 − e2)lBl(x)
zl

l!

)
=
∞∑

n=0

n∑
l=0

(
n

l

)
3n−l(e1 − e2)lBl(x)Sn−l−1(e1 + e2)

zn

n!
.

Then, we obtain

z exp(3e2z)(exp(2(e1 − e2)z) + exp((e1 − e2)z) + 1) exp((e1 − e2)xz)

= z(exp((2e1 + e2 + (e1 − e2)x)z) + exp((e1 + 2e2 + (e1 − e2)x)z) + exp((3e2 + (e1 − e2)x)z))

=
∞∑

n=0

n(2e1 + e2 + (e1 − e2)x)n−1 zn

n!
+
∞∑

n=0

n(e1 + 2e2 + (e1 − e2)x)n−1 zn

n!
+
∞∑

n=0

n(3e2 + (e1 − e2)x)n−1 zn

n!
.

Comparing the coefficients of zn

n! , we obtain the desired result. �

Theorem 7. Given an alphabet E = {e1, e2}, the following formulas hold for any positive integer n

n∑
l=0

(
n

l

)
2n−l−1(e1 − e2)l+1Sn−l−1(e1 + e2)El(x) = (e1 + e2 + (e1 − e2)x)n − (2e2 + (e1 − e2)x)n,

n∑
l=0

(
n

l

)
(e1 − e2)l−1(Sn−l(e1 + e2)− e1e2Sn−l−2(e1 + e2))El(x) = 2(e2 + (e1 − e2)x)n.

Proof. We use the change of variable z = (e1 − e2)z in (1.10), we obtain
∞∑

l=0

(e1 − e2)lEl(x)
zl

l!
=

2 exp((e1 − e2)xz)
exp((e1 − e2)z) + 1

, (3.4)

and multiplying (3.2) by (3.4), we obtain

2 exp(2e2z)
e1 − e2

exp((e1 − e2)xz)(exp((e1 − e2)z)− 1)

=
2

e1 − e2
exp((2e2 + (e1 − e2)x)z)(exp((e1 − e2)z)− 1)

=
2

e1 − e2
(exp((e1 + e2 + (e1 − e2)x)z)− exp((2e2 + (e1 − e2)x)z))

=
2

e1 − e2

∞∑
n=0

(
(e1 + e2 + (e1 − e2)x)n − (2e2 + (e1 − e2)x)n

)zn

n!
.

Comparing the coefficients of zn

n! , we obtain the desired result.
For provide the equation (7), multiplying (3.4) by (1.18), we obtain

2 exp((e1 − e2)xz) exp(e2z) = 2 exp((e2 + (e1 − e2)x)z) =
∞∑

n=0

2(e2 + (e1 − e2)x)n zn

n!
.

By comparing the coefficients of zn

n! , we obtain the result. �

3.2. Some special cases. We now consider the Theorems 6 and 7 to derive the following two cases.

Case 1. Let e1 = k+
√

k2+4
2 and e2 = k−

√
k2+4
2 , then we have the following k-Fibonacci-Bernoulli,

k-Fibonacci-Euler and k-Lucas-Euler polynomials identities.

Corollary 7. Let n be a positive integer, we have
n∑

l=0

(
n

l

)
(k2 + 4)

l
2 Fk,n−lBl(x) = n

(
k +
√

k2 + 4(2x− 1)
2

)n−1

,
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n∑
l=0

(
n

l

)
2n−l(k2 + 4)

l
2 Fk,n−lBl(x) = n(k +

√
k2 + 4(x + 1))n−1 + n(k +

√
k2 + 4x)n−1,

n∑
l=0

(
n

l

)
3n−l(k2 + 4)

l
2 Fk,n−lBl(x) = n

(
3k +

√
k2 + 4(2x + 1)

2

)n−1

+ n

(
3k +

√
k2 + 4(2x− 1)

2

)n−1

+ n

(
3k +

√
k2 + 4(2x− 3)

2

)n−1

.

Corollary 8. Let n be a positive integer, we have
n∑

l=0

(
n

l

)
2n−l−1

√
k2 + 4

l+1
Fk,n−lEl(x) = (k +

√
k2 + 4x)n − (k +

√
k2 + 4(x− 1))n, (3.5)

n∑
l=0

(
n

l

)√
k2 + 4

l−1
Lk,n−lEl(x) = 2

(
k +
√

k2 + 4(2x− 1)
2

)n

. (3.6)

• If we put k = 1 in the Corollaries 7 and 8, we get the following results

n∑
l=0

(
n

l

)
5

l
2 Fn−lBl(x) = n

(
1−
√

5
2

+
√

5x

)n−1

(see [15] ),

n∑
l=0

(
n

l

)
2n−l5

l
2 Fn−lBl(x) = n(1 +

√
5 +
√

5x)n−1 + n(1 +
√

5x)n−1,

n∑
l=0

(
n

l

)
3n−l5

l
2 Fn−lBl(x) = n

(
3 +
√

5
2

+
√

5x

)n−1

+ n

(
3−
√

5
2

+
√

5x

)n−1

+ n

(
3− 3

√
5

2
+
√

5x

)n−1

,

n∑
l=0

(
n

l

)
2n−l−1

√
5

l+1
Fn−lEl(x) = (1 +

√
5x)n − (1−

√
5 +
√

5x)n,

n∑
l=0

(
n

l

)√
5

l−1
Ln−lEl(x) = 2

(
1−
√

5
2

+
√

5x

)n

(see [15] ).

Case 2. Let e1 = 3k+
√

9k2−8
2 and e2 = 3k−

√
9k2−8
2 , then we have the following k-Mersenne-Bernoulli,

k-Mersenne-Euler and k-Mersenne-Lucas-Euler polynomials identities.

Corollary 9. Let n be a positive integer, we have

n∑
l=0

(
n

l

)
(9k2 − 8)

l
2 Mk,n−lBl(x) = n

(
3k +

√
9k2 − 8(2x− 1)

2

)n−1

,

n∑
l=0

(
n

l

)
2n−l(9k2 − 8)

l
2 Mk,n−lBl(x) = n(3k +

√
9k2 − 8(x + 1))n−1 + n(3k +

√
9k2 − 8x)n−1,

n∑
l=0

(
n

l

)
3n−l(9k2 − 8)

l
2 Mk,n−lBl(x) = n

(
9k +

√
9k2 − 8(2x + 1)

2

)n−1

+ n

(
9k +

√
9k2 − 8(2x− 1)

2

)n−1

+ n

(
9k +

√
9k2 − 8(2x− 3)

2

)n−1

.
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Corollary 10. Let n be an positive integer, we have
n∑

l=0

(
n

l

)
2n−l−1

√
9k2 − 8

l+1
Mk,n−lEl(x) = (3k +

√
9k2 − 8x)n − (3k +

√
9k2 − 8(x− 1))n,

n∑
l=0

(
n

l

)√
9k2 − 8

l−1
mk,n−lEl(x) = 2

(
3k +

√
9k2 − 8(2x− 1)

2

)n

.

• If we put k = 1 in the Corollaries 9 and 10, we get the following Mersenne-Bernoulli, Mersenne-Euler
and Mersenne-Lucas-Euler polynomials identities.

n∑
l=0

(
n

l

)
Mn−lBl(x) = n(1 + x)n−1,

n∑
l=0

(
n

l

)
2n−lMn−lBl(x) = n(4 + x)n−1 + n(3 + x)n−1,

n∑
l=0

(
n

l

)
3n−lMn−lBl(x) = n(5 + x)n−1 + n(4 + x)n−1 + n(3 + x)n−1,

n∑
l=0

(
n

l

)
2n−lMn−lEl(x) = 2(3 + x)n − 2(2 + x)n,

n∑
l=0

(
n

l

)
mn−lEl(x) = 2(1 + x)n.

4. Conclusion

In this paper, by using the symmetric functions we introduced several new convolution sums formulas of
Bernoulli and Euler numbers and polynomials. From these formulas we deduce some special cases such as,
k-Lucas-Euler polynomials identity, k-Fibonacci-Euler numbers identity and k-Mersenne -Lucas-Bernoulli
polynomials identity. For prospects, we can apply the same approach to the Genocchi numbers and polyno-
mials.
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[2] K. Adegoke, R. Frontczak and T. Goy, Additional Fibonacci Bernoulli relations, Res. Math., 30 (2) (2022), 3-17.

[3] F. R. V. Alves, Bivariate Mersenne polynomials and matrices, Notes Number Theory Discrete Math., 26 (2020), 83-95.
[4] A. Boussayoud and A. Abderrezzak, Complete homogeneous symmetric functions and Hadamard product, Ars Combin.

144 (2019), 81-90.
[5] A. Boussayoud, M. Bolyer and M. Kerada, On some identities and symmetric functions for Lucas and Pell numbers,

Electron. J. Math. Anal. Appl. 5 (2017), 202-207.

[6] M. Bouzeraib, A. Boussayoud and B. Aloui, Convolutions with the Bernoulli and Euler numbers, J. Integer Seq., 26 (2023),
Article 23.2.4.

[7] P. F. Byrd, New relations between Fibonacci and Bernoulli numbers, Fibonacci Quart., 13 (1975), 59-69.
[8] P. F. Byrd, Relations between Euler and Lucas numbers, Fibonacci Quart., 13 (1975), 111-114.
[9] P. Catarino, H. Campos and P. Vasco, On the Mersenne sequence, Ann. Math. Inform. 46 (2016), 37-53.

[10] M. Chelgham and A. Boussayoud, On the k-mersenne-Lucas numbers, Notes Number Theory Discrete Math., 27 (2021),

7-13.
[11] K. Dilcher, Bernoulli and Euler polynomials, NIST Handbook of Mathematical Functions. Edited by F. W. J. Olver etc,

Cambridge University Press, Cambridge, 2010.

[12] S. Falcon, On the k-Lucas numbers of arithmetic indexes, Appl. Math., 3 (2012), 1202-1206.
[13] S. Falcon and A. Plaza, The k-Fibonacci sequence and the Pascal 2-triangle, Chaos Solitons Fractals, 33 (2007), 38-49.

[14] Z. Fan and W. Chu, Convolutions involving Chebyshev polynomials, Electron. J. Math., 3 (2022), 38-46.

27 Aug 2023 04:37:08 PDT
230528-Aloui Version 2 - Submitted to Rocky Mountain J. Math.



Close links of Bernoulli and Euler numbers and polynomials... 13

[15] R. Frontczak, Relating Fibonacci numbers to Bernoulli numbers via balancing polynomials, J. Integer Seq., 22 (2019),

Article 19.5.3.

[16] R. Frontczak and T. Goy, Mersenne-Horadam identities using generating functions, Carpathian Math. Publ., 12 (1) (2020),
34-45.

[17] R. Frontczak and T. Goy, More Fibonacci-Bernoulli relations with and without balancing polynomials, Math. Comm., 26

(2021), 215-226.
[18] D. Guo and W. Chu, Hybrid convolutions on Pell and Lucas polynomials, Discrete Math. Lett., 7 (2021), 44-51.

[19] D. Guo and W. Chu, Convolutions between Bernoulli/Euler polynomials and Pell/Lucas polynomials, Online J. Analytic

Comb., 17 (02) (2022), 1-10.
[20] F. Luca, Fibonacci and Lucas numbers with only one distinct digit, Port. Math., 57 (2000), 243-254.

[21] C. J. Pita Ruiz Velasco, A note on Fibonacci & Lucas and Bernoulli & Euler polynomials, J. Integer Seq., 15 (2012),

Article 12.2.7.
[22] N. Saba, A. Boussayoud and K. V. V. Kanuri, Mersenne-Lucas numbers and complete homogeneous symmetric functions,

J. Math. Computer Sci., 24 (2022), 127-139.
[23] N. Saba and A. Boussayoud, On the bivariate Mersenne Lucas polynomials and their properties, Chaos Solitons Fractals,

146 (2021), 110899.

[24] N. Saba, A. Boussayoud and A. Abderrezzak, Complete homogeneous symmetric functions of third and second-order linear
recurrence sequences, Electron. J. Math. Anal. Appl. 9 (2021), 226-242.

[25] N. Saba and A. Boussayoud, Some new theorems on generating functions and their application on odd and even certain

numbers attached to p and q parameters, https://arxiv.org/pdf/2108.02435v1.pdf, 2021.
[26] N. Saba and A. Boussayoud, Ordinary generating functions of binary products of (p, q)-modified Pell numbers and k-

numbers at positive and negative indices, J. Sci. Arts. 20 (3) (2020), 627-646.

[27] T. Zhang and Y. Ma, On generalized Fibonacci polynomials and Bernoulli numbers, J. Integer Seq. 8 (2005), Article 05.5.3.

27 Aug 2023 04:37:08 PDT
230528-Aloui Version 2 - Submitted to Rocky Mountain J. Math.


	1. Introduction and preliminaries
	2. Main results of the Bernoulli and Euler numbers
	2.1. New theorems
	2.2. Some applications

	3. Main results on the Bernoulli and Euler polynomials
	3.1. New theorems
	3.2. Some special cases

	4. Conclusion
	References

