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Abstract

In this paper, we give some new convolution sums of Bernoulli and Euler numbers and
polynomials with symmetric functions, by make use of the elementary methods including
exponential generating functions. From these convolutions we deduce several new identities
of Bernoulli and Euler numbers and polynomials with special numbers.
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1. Introduction and preliminaries

The bivariate Mersenne and bivariate Mersenne-Lucas sequences {M,, (,y)},,~, and {m,, (z,y)},~, are
the polynomials sequences that have been studied by many researchers and constructed with the same

recurrence relation but different initial values as follows (see [3] 23]):

Mn (.T, y) = 3yMn—1 (l',y) - 2an—2 (x7y) ) with MO (J}, y) =0 and Ml (xa y) = 17
mMn (LL', y) = 3ymn71 (1‘, y) — 2xmy 2 (37, y) ) with mo ([L‘, y) =2 and my (37, y) = 3y
Particular cases of {M, (z,y)},50 and {mn (z,y)},,5, are (see [10]):
0, ifn=0
M, (1,k) = My =4 1, ifn=1,
3kMpy.n—1 — 2Mp p—2, ifn>2
and
2, ifn=0
my (1, k) =myppn = 3k, ifn=1 ,
3kmp p—1 — 2Mp n—2 ifn>2

(1.1)
(1.2)

(1.3)

(1.4)

which are, respectively, called k-Mersenne and k-Mersenne-Lucas numbers. The Binet’s formulas for k-

Mersenne and k-Mersenne-Lucas numbers are, respectively, given by
xy — a8y
1 2 n n
My, = —= and my,, = 27 + T3,
Tr1 — T2
2_
where 2, = 3hEVOR=S

that, we have
T1 + 20 =3k, v1 — 22 = V9k2 — 8 and z172 = 2.

and x, = Sk=Vv9k2-8 V29k2_8 are roots of the characteristic equation 22 — 3kx + 2 = 0. Note

In the literature, we have seen several articles that are interested in studying the other k-numbers, for

example Falcon and Plaza in [13] defined and studied the k-Fibonacci numbers which are defined by

Fk,n = ka’n,1 + Fk’n,%With F]@o =0 and Fk,l =1.
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After that, Falcon in [I2] presented some results of the k-Lucas numbers which are defined as follows:
Lipn=FkLgn-1+ Lin_o,with Lo =2and Ly = k. (16)

Also, the authors in [25, 26], calculated the ordinary generating functions of the products of k-Fibonacci and
k-Lucas numbers with certain numbers.

If we put £ = 1 in the Egs. , , and we get the recurrence relations of Mersenne,
Mersenne-Lucas, Fibonacci and Lucas numbers which are, respectively, given by (see [9} 16} 20} 22])

M, = 3M,_1—2M, o,with My=0and M; =1,
My = 3Mp_1 — 2My_o, with mg = 2 and m; = 3,
F, = F, 14+ F,_o,with F=0and F} =1,
L, = L, 1+ L, _o,with Lo =2 and L, = 1.

The Bernoulli and Euler numbers {B,,}, 5, and {E,}, -, are, respectively, defined by the following expo-
nential generating functions [I1]

z z
S B = (1.7)
— ' nl exp(z) -1

Enz— _ 2exp(z) (1.8)

n!  exp(2z) +1°

n=0
The Bernoulli and Euler polynomials { By, (2)},,q and {En(2)},,5, are, respectively, defined by the following
exponential generating functions [11]

i _ zexp(xz) (1.9)

= exp(z) — 1
> 2exp(zz)

E,( = — . 1.1
nz:() I exp(22)+1 (1.10)

Several authors have focused on the relations between Bernoulli/Euler numbers (polynomials) and other
important numbers sequences (see [2} 14} 17, [I8], 191 21]).

Next, we recall some properties of the symmetric functions and the exponential generating functions that
we will need in the sequel (see for example [4], [5]).

Definition 1. [I] Let A and E be any two alphabets. We define S, (A — E) by the following form:
[[(1-ez)
ecE
Sn(A—E)z 1.11
T 1 =a2) Z (1.11)

acA
with the condition Sp,(A— E) =0 forn < 0.

Equation (|1.11]) can be rewritten in the following form

ZS (A—E)z (ZS ) X (Z Sn(E)z">,
n=0
where
=2 Sns(=E)S;(4).
5=0
Remark 1. Taking A = {0} in gives

> Su(—E)" = J[(1—e2).
n=0

ecE
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Definition 2. [24] Let n be a positive integer and E = {e1,ea} be a set of given variables. Then, the n'"
symmetric function Sy (e1 + ea) is defined by

e?+1 _ ngrl
Sn(E) = Sn(e1 +e2) = e Te formn > 0. (1.12)

Theorem 1. Let n be a positive integer. The following equalities hold

Sp(e1 +ea) —ereaSn_a(er +e2) = e} + €5, (1.13)
1
5 (Sn(el + 62) + (61 — eg)Sn,l(el =+ 62) — 6162571,2(61 =+ 62)) = 6?, (1.14)
1
5 (Sn(el -+ 62) — (61 — BQ)Sn_l(Gl -+ 62) — 6162571_2(61 -+ 62)) = eg. (115)
Proof. From ([1.12)), we have
n+l _ n+l n—1__ n-—1
Sn(el + 62) — 61628n_2(61 + 62) = il ) — €1€2 il ©
€1 — ey €1 — €2
_ e’f“ - egﬂ —eles + erel
€1 — €y
= 6? + egv
which is (1.13]). Other equations can be proved similarly. O

The exponential function exp(z) appears in studying radioactive decay, bacterial growth, compound in-
terest and probability theory. We are concerned with the important property of exp(z)

z 22 2" 2"
exp(z):1+F+§+...+m+....zzm, (1.16)
[ [ ! — nl

which is the exponential generating function of the sequence of number (1,---).

Theorem 2. The exponential generating functions of S,—1(e1 + e2) and S,(e1 + e2) — e1e2S,_a(e1 + €2)
are respectively given by

> z" 1
Z Sp—1(e1 + 62)—' = (exp(e1z) — exp(eaz)), (1.17)
0 n: €1 — €y
oo Zn
Z(Sn(el +e2) —ere2Sp_2(er + @))W = exp(e12) + exp(e22). (1.18)
n=0 ’
Proof. By using (1.12)), we get
e on > e — el oM
Snf jadi— 1 2~
Z 1(er+e2) n! Z e1 —eg n!
n=0 n=0
(S5 50
= — € 7' — €9 7' .
€1 €9 0 n: "0 n:
From (|1.16)), we obtain
> " 1
Z Sn—1(e1 +e2)— = (exp(e1z) — exp(e22)),
o n. €1 — €3
which is the first equation. The second equation can be proved similarly. (Il
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The authors in [7, 8 [I5] [27], established some combinatorial identities involving Bernoulli and Euler
numbers and polynomials with Fibonacci, Lucas, balancing, Lucas-balancing numbers and polynomials.

In [6], the authors obtained a more results linking Bernoulli and Euler numbers with k-Jacobsthal,
k-Jacobsthal-Lucas numbers, bivariate Fibonacci, bivariate Lucas, bivariate Pell and bivariate Pell-Lucas
polynomials.

The purpose of the present paper is to derive some connection formulas between symmetric functions and
Bernoulli and Euler numbers and polynomials. From these results we will be able to obtain some interesting
combinatorial identities involving Bernoulli and Euler numbers and polynomials with some well-known k-
numbers including k-Fibonacci, k-Lucas, k-Mersenne and k-Mersenne-Lucas numbers.

2. Main results of the Bernoulli and Euler numbers

In this section, we firstly prove some new theorems by using the Bernoulli and FEuler numbers and the
symmetric functions. Secondly, we study some special cases.

2.1. New theorems. In this part, we are now in a position to provide three new theorems.

Theorem 3. Given an alphabet E = {e1,ea}, then for any positive integer n, we have

n

Z (7) (e1 — 62)l5n—l—1(€1 + e2)B; = ney” 1 (2.1)

=0

Z (n) (e1 — eg)l(2l — 1) (Sn—i(e1 + e2) —ere2Sn—1—2(e1 +e2)) By = —(e1 — eg)negfl. (2.2)

=0 :

Proof. Using the change of variable z = (e; — e2)z in (|1.7)), we get
2 (e1 —e2)z

(1 — 62) Bl I exp((el —eg)z) =1’ (2:3)

M8

!
and multiplying (1.17) by (2.3]), we obtain

(Z S"_l(el + 62)27) <Z(61 o 62 Bl l') = Z | < ) €1 — 62)lBlSn—l—1(€1 + 62)%7:.
n=0 : .

I
=)

1=0 n=01=0
Then,
1 (e1 —e2)z 12"
p—— (exp(e1z) — exp(eaz)) (e —ea)a) =1 = zexp(ezz) Z ney .

Comparing the coefficients of 2 %+, we obtain the desired result
Similarly, we use the change of variable z = 2(e; — e3)z in , we obtain

o0 1
z 2(e1 —e9)z
Z e1—e2)) B = (€1~ ea) (2.4)

prd I exp(2(e; —ez)z) — 17

and multiplying (1.18) by (2.4), we get

00 o 00 S
<Z(Sn(€1 -+ 62) — elegSn_g(el -+ 62))n'> (Z(2(61 — 62))lBll!>

=0

n

= Z Z <n) 21(61 — 62)l (Sn—i(e1 +e2) —ereaSp_i—2(e1 + €2)) Bl%-
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Then,
2(e; —e9)z
exp((e; —ez)z) — 1

o0 Z" o0 Zl
= (Z 26;171') <Z(€1 — 62)1B1”>

n=0 : 1=0 ’
-3

n=0 =

2(e; —e9)z
exp(2(e; —e2)z) — 1

(exp(e1z) + exp(eaz)) = exp(e22)

n n

n n— z
0

Comparing the coefficients of %, we obtain

- (" 92 (e1 — €)' (Sp_ife1 + €2) — e12Sn_1_2(e1 + €2)) B = - (" 2e0 7! (e1 — e2)' B (2.5)
> () l l : z(l) : :

=0

Using (1.15)), we can write (2.5 as follows

Z (7) (e1—e2)'(2'=1) (Sn—i(e1 + ea) — e1€2S,—1-2(e1 + €2)) By = —(e1—e2)
1=0

n

n
(l) (e1—e2)'Sp—1-1(e1+e2)By.
1=0

Equivalently
n n B
Z ( )(el — eg)l(Ql —1)(Sn—i(e1 +e2) —e1e2S,—1—2(e1 + e2)) By = —(e1 — e2)ney 1

l
1=0
Hence the result. O

Theorem 4. Given an alphabet E = {e1,ea}. For any positive integer n, the following results hold

[n/2]
n 21 n(Sp—1(e1 + e2) — er1e2Sn_3(e1 + €2))
—_ _ _ B f—
ZE:O (2l> (e1 —e2)*Sp_21—1(e1 + e2) By 5 ;

[n/2] 2
— S

§ <;l> (61 _ 62)2l(22l _ 1) (Snf2l(61 + 62) _ 616257172172(61 + 62)) B2l _ (61 62) n . 2(61 + 62).

=0

Proof. We have

n n -
<l>(el — eg)lSn,l,l(el + e2)B; = ney L
1=0

Equivalently

n

Z (7) (e1 —e2)"'Si_1(e1 + e2)Bpy = n(Sn-a(er+ea) = (1 = 62)377;2(61 *e2) —ereaSuoaler + 62))7

=0

with By =1, By = —1.
For [ > 0, we have Bg;11 = 0, then we get

[n/2]
n n(S,_1(e1 +e3) —ereaS,_3(e; +e
> <2l> (e1 — €2)*'Sp_a1-1(e1 + €2) By = CEICRE:) 5 1e2Sn-sler +ea)),

1=0
Similarly, by (2.2), we get

> () e1 = e = 1) (Sucaler o ex) = exeaS,ialer + e2) B =

=0

—(61 — ez)n(Sn,l(el + 62) — (61 — 62)5'”,2(61 + 62) — 6162571,3(61 + 62))
2 )
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with BQ = 1, Bl = —%.
For [ > 0, we have Bg;11 = 0, then we obtain

ln/2) 2
Z — Sy —

(;l> (e1 — e2)? (2% — 1) (Sp_2i(e1 + ea) — e1e9S,_o91_2(e1 + e2)) By = (e1 = e2)n 2' 2(e1 + 62)-
1=0

Hence the desired result. O

Theorem 5. Given an alphabet E = {e1,ea}, then for any positive integer n, we have

[n/2]

n _9]—
E (21>2(4)n ey — e0)? S, _o_1(e1 + ea) By = (3e1 + e2)™ — (e1 + 3e2)",
1=0

n/2] o
n €1 — € -
Z (21) ( 1 > 2) (Sp_oi(er + ) — e1e2Sn_o1_a(e1 + €2)) By = 217" (eg + e2)™.
1=0

Proof. By using the change of variable z = 4z in ([1.17) and z = (e; — e2)z in (|L.8)), we obtain

Z 4" S, _1(e1 + 62)%7 = m(exp@(el —e3)z) — 1)(exp(2(e1 —e2)z) + 1), (2.6)
n=0 :
i(ﬁ _ 62)lElZ—l _ 2exp((e1 — e2)2) (2.7)

— I exp(2(e; —ez)z) + 17

and multiplying (2.6) by (2.7)), as follows

0 n o 1 0o n
<Z 4”571—1(61 + 62);) (Z(€1 — QQ)ZEZ;> = Z <7z>4nl(61 — eg)lSn_l_l(el + 62)El%,

n=0

then, we get

W exp((e1 — e2)z)(exp(2(e; —e2)z) — 1) = p— (exp((3e; + e2)z) — exp((e1 + 3e2)2))
- E o Z ((361 +e2)" — (e1 + 362)”) %T:
n=0 .

Comparing the coefficients of ‘2—7;, we obtain

n

n
Z (1)2(4)”'11(61 — 62)l+15n_l_1(61 -+ eg)El = (361 -+ 62)” — (61 + 362)“.
=0

For [ > 0, we obtain Fo; 11 = 0 and the desired result.
Similarly, we use the change of variable z = 5%z in (1.8)), we obtain

2)

fnl exp((e; —ez)z) +1

€1 — €2

s _ )l Sl 2 exp( 28)

€1 €9
2 (%

and multiplying (1.18) by (2.8]), we get
[eS) o) l 1
zZ" el —e z
(Z(S’n(el + 62) — 6162571,2(61 + e2)>n'> (Z < 1 . 2) Ell') =

n=0 =0

n

oo n !

n=0 (=0
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and
€1 —E

2exp(“5%2)
(exp(e; —e2)z) +1

n!’

e1 +e\" 2"
2

(exp(er) + expleaz) =23
n=0

n

=7, we obtain

Comparing the coefficients of

n l
Z (?) (61 5 62) (Sn_i(e1 +ea) —e1e9S, 1 aler +e2)) By =2 "™ (eg +e2)",

1=0
For k > 0, we have F5;+1 = 0 and the desired result. O

2.2. Some applications. We, now, consider the Theorems to derive the following two cases.

(1.2 2
Case 1. Let elz%kJAand 622%

numbers with k-Fibonacci and k-Lucas numbers.

, then we have the following results of Bernoulli and Euler

Corollary 1. Let n be a positive integer, we have

5 (0) (Vi) o ()

2
1=0

or, equivalently,
[n/2]

Ly
Z (;) (k* +4)l Frn_2Bay = %

=0
Corollary 2. Let n be a positive integer, we have
n—1
n l . k2 4
3 (5) (VD) -t = Vi ()

l
1=0

or, equivalently,

71/2 2
n ] 2 l 21 k + 4 \n E 1 n
1=0 2 1

Corollary 3. Let n be a positive integer, we have

[n/2) 20+1
> (”)2(4)"—21—1\//{2 +4  Fyn—auBy=2k+ VE2+4)" — (2k — VK2 +4)",

— \2I
and
Ln/2] 2 l
n k*+4 niam
Z <2[> <4> Lo By = 27" (k)™
1=0
e If we put k = 1 in the Corollaries we get the following results (see [7, [§])
[n/2]

n—1
Z (7)55Fnle =n < 2\f> or, equivalently ; (;) 5LF, o Boy = n . .

=0

L /n\ . 1—+5 nl Ln/2] n nF,
Z (l>52(2l—1)anBz =—Vbn < ) or, equivalently Z (21> (20l—5l)Ln,mBQl = n-l

2 2
=0 =0

n/2) n 2041
Z <2l)2(4)n4l1\/5 Fn—2lE2l = (2 + \/g)n - (2 - \/5)71’

=0
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[n/2] n\ 75\ !
> <2l> (4> Ly By =27

1=0
Case 2. Let e; = 3ktVOk2=8 V29k2_8 and ey = 3E=VIk2-8 VQ%LS, then we have the following results of Bernoulli and
Euler numbers with k-Mersenne and k-Mersenne-Lucas numbers.

Corollary 4. Let n be a positive integer, we have

i (”) (\/9k2 - 8>l MyniB =n <?’k ”%28>n1, (2.9)

l 2
1=0

or, equivalently,
[n/2]

3 (;) O e (2.10)
=0

Corollary 5. Let n be a positive integer, we have

zn: (7) (\/my (21 —Dymy 1B = _\/mn (?)k—\/29k27—8)n1’
1=0

or, equivalently,
[n/2]

- 9k2 — 8)nMj,
§ (2l> (9k2 8)l (22l D)my n—21Bo = ( )2 =y
=0

Corollary 6. Let n be a positive integer, we have
[n/2]

201+1
Z <Z>2(4)n2llm My p—21E2 = (Gk + M)n . (Gk B m)n7

1=0
n/2) ) ;
n 9k= — 8
> —_ n—2 By = 27" (3k)".
(21)( 1 ) My m—21F2 (3k)

=0

e By putting £ = 1 in the Corollaries we have the following Mersenne-Bernoulli, Mersenne-Lucas-
Bernoulli, Mersenne-Euler and Mersenne-Lucas-Euler identities

n [n/2]
n . n NMy—1
E <Z)Mn—lBl = n or, equivalently lgo <21> M, _91Boy = 5

i ln/2]
" : n nM, _
<l> (2l — 1)m,,_;B; = —n or, equivalently lz_; (2[) (221 — 1)myp_2 By = - 1,

ln/2] n
Z (2l)2(4)n_2l_1Mn21E2l =7" - 571’

=0
[n/2] n 1\
> () (5) meau—aear

3. Main results on the Bernoulli and Euler polynomials

By using the Bernoulli and Euler polynomials and the symmetric functions we prove some new theorems
and we give some applications.
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3.1. New theorems. In this part, we are now in a position to provide two new theorems.

Theorem 6. Given an alphabet E = {e1,ea}, then for any positive integer n, we have

Z (n) (e1 — eg)lSn,l,l(el + e2)Bj(xz) =n(ex + (e1 — eg)x)"_l,

l
1=0

n
<7> 2" ey —ex)!S,_i_1(e1 + e2)Bi(x) = n(2e1 + (e1 — e2)x)" L+ nle; + ex + z(e; —ex))" L,
1=0

3

(7) 3"_1(61 — eg)lS’n_l_l(el +e2)By(z) = n(2e1 +ea + (€1 — eg)x)"

=0
+n(er + 2ez + z(er — €)' +n(3eg + 2(e; — e2))"

Proof. We use the change of variable z = (e; — e3)z in ([1.9), we obtain

> . zi ~ (e1 —ez)zexp((e1 — e2)x2)
;(el —e2)' Bi(w) = (o e =1 (3.1)

and multiplying (L.17) by (3.1)), we get
= z" = 2 - N z"
(Z:O Sn_1(er + ez)n!> <Z(el - eg)lBl(a;)“> =3 <l> (e1 —e2)'Sp_1_1(e1 + e2) Bi(2) .

1=0 n=0 1=0
Equivalently
= n—1 z"
zexp((e1 — ea)xz) exp(eaz) = zexp((ea + (e1 — e2)x)z) = Z n(es + z(ex — e2)) o
n=0 :
Comparing the coefficients of %, we obtain the desired result.
For the second equation, using the change of variable z = 2z in (1.17]), we obtain
= z" 1
Z 2"S,—1(eq — 62)—' = (exp(2e12) — exp(2e32))
"0 n: €1 — €y
exp(2es)
= ﬁ(exp((el —e9)z) — 1)(exp((e1 —e2)z) + 1). (3.2)
1— €2

By multiplying (3T by (:2), we get

0o 2 0 Zl > n n Ak
(Z 2"S,—1(e1 — e3) o ) (Z(el - BQ)ZBl(x)“> = Z <l)2"l(el - eg)lBl(x)Sn_l_l(el + eg)ﬁ.
n=0 )

Then, we obtain

zexp(2esz)(exp((e1—ez)z)+1) exp(z(e1—e)z) = Z (n(262 +z(er — )"t + nler + ex + (e — 62)7171) %T:
n=0

Comparing the coefficients of %, we obtain the desired result.
Similarly, using the change of variable z = 3z in (1.17]), we obtain

Z 3"Sn-1(e1 — 62)%7; o ieg (exp(3e12) — exp(3e22))
- %(mp((el —e2)z) — 1)(exp(2(e; — e2)z) + exp((ey — e2)z) +1),  (3.3)
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and multiplying (3.1) by (3.3), we get
oo Zn' o0 o0 n l Z’n
n _ n—
Z 3"Sn_1(e1 + 62)5 2(61 —e)'By(2)> | = Z < )3 (e1 — €)' By(x)Sn—i—1(e1 + 62)5

n=0 =0 n=0 (=0
Then, we obtain

2 exp(3e22) (exp(2(er — €2)2) + expl(e1 — e2)2) + 1) exp((er — e2)ar2)
= z(exp((2e1 + e2 + (e1 — e2)x)z) + exp((e1 + 2e2 + (€1 — e2)x)z) + exp((3ea + (61 — e2)x)2))

=:22:7K2€1*-€2-F(61-—ez)f)"_ljﬁ+-;E£“(614-262-F(61"ez)w)"_ljﬁ+—j£:rw3ez—%(el——eg)x)”‘lz:.

n!
n=0
Comparing the coefficients of £7, we obtain the desired result. O

Theorem 7. Given an alphabet E = {e1,ea}, the following formulas hold for any positive integer n

Z (7> 2" er — €2) TS 1-1(e1 + e2) Ei(w) = (e1 + €2 + (1 — €2)1)" — (2e2 + (€1 — €2)x)",
=0

~

Z (7) (e1 — eg)l_l(Sn,l(el +eg) —ereaSp_i—a(er + e2))Ei(x) = 2(es + (e1 — e2)x)™.
1=0

Proof. We use the change of variable z = (e; — e3)z in (1.10), we obtain

oo

l
. z 2exp((e1 — e2)x2)
— E — = 3.4
;(61 62) l(x) I exp((e1 _ 62)2) + 17 ( )
and multiplying (3.2)) by (3.4] 7 we obtain
2exp(2e22
ﬁ exp((e; — ea)xz)(exp((e; — e2)z) — 1)
€1 — €2
2
= exp((2e2 + (e1 — e2)x)z)(exp((exr — e2)z) — 1)
1— €2
2
= (exp((e1 + ea + (e1 — e2)x)z) — exp((2e2 + (e1 — e2)x)2))
1— €2
23 ((er 42+ (01— €2)a)” = Qea + (02 — ea)a)”)
= e1+e e1 —eg)x)" — (2e e; —ex)x)" ) —.
P 1+e2 1— €2 2 1—€2 o
Comparing the coefficients of 2 =+, we obtain the desured result.
For provide the equation @ multiplying (3.4)) by -, we obtain
el on
2exp((e1 — e2)zz) exp(eaz) = 2exp((ex + (e1 — ea)x Z 2(eq + (61 — e2)x )”m
n=0
By comparing the coefficients of %, we obtain the result. O

3.2. Some special cases. We now consider the Theorems [6] and [7] to derive the following two cases.

Case 1. Let ¢ = Etvki+d V2k2+4 and ey = k_vkz , then we have the following k-Fibonacci-Bernoulli,
k-Fibonacci-Euler and k-Lucas-Euler polynomlals 1dent1tles.

Corollary 7. Let n be a positive integer, we have

n 2 n—1
Z <7;> (k-2 + 4)éFk,n—lBl(a;‘) =n (:ZC + \/W(Qx _ 1)) |

2
1=0
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Close links of Bernoulli and Euler numbers and polynomials... 11
n
§ ( )2” Yk 4 4)2 Fy 1 By(2) = n(k + VK2 + 4(z + 1) + n(k + k2 + 42)" 1,
1=0

n

n—1 n—1
> (n> 3 (k2 + 4)4 Fypo i Bi(z) = n (3]“ VR 4 + 1)> . <3k + VR 420 — 1))

l 2 2
1=0

. <3k +VET 420 — 3))"‘1
: .

Corollary 8. Let n be a positive integer, we have

n

Z (7) o1\ /k2 4 il Fk 1 Ei(x) = (k+ VE2 +42)" — (k+ VK2 + 4(x — 1))", (3.5)

=0

~

Z() T L aBi(a) = <k+\/k2+24(2m—1)> | 56)
=0

e If we put k = 1 in the Corollaries [7] and [§] we get the following results

zj: (?)551%_13[(35)

1

n <1 _2\/5 + \/533) (see [15] ),
( )2”_15;FnlBl(x) = n(1+V5+V6x)" t +n(l+VEx) 1,
zn: (7)3"—155}7”_131@) n <3+2ﬁ+¢5x> +n <3_2ﬁ+¢5x> +n <3_3\/5+\/5x>

2
Z(n on— 1— 1\/>1+an lEl( )

=0
; (7) Vglian—zEz(fﬂ)

Case 2. Let ¢ = 3ktvIki=8 V29’“2_8

(14+V52)" — (1 =5 +V5a)",

2 (1 _2\/5 + \/53:) (see [19] ).

and e, = 3k=VIkZ-8 V29]“2_8, then we have the following k-Mersenne-Bernoulli,
k-Mersenne-Euler and k-Mersenne-Lucas-Euler polynomials identities.

Corollary 9. Let n be a positive integer, we have

i (7> (OK? — 84 Mo 1 Bi(a) = <3k: +VORZ —8(2¢ — 1)) B |

2
1=0

> ( )2“ H9k? — 8)2 My n—1 Bi(z) = n(3k + /9k2 — 8(x + 1)) + n(3k + /9k2 — 82)" !,

=0

l 2 2

n n—1 n—1
Z (n>3” Lok? — 8) My 1Bi(z) =n <9k + VR — 82z + 1)> +n <9k + VOR? —8(2z — 1)>

=0

. <9k 4 VORZ —8(2z — 3)>"_1
- .
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12 M. Bouzeraib, A. Boussayoud, N. Saba and B. Aloui

Corollary 10. Let n be an positive integer, we have

Zn: (”) 2n =1\ /ok2 — 8l+1Mk7n_lEl(x) = (3k+ V9k2 —8z)" — (3k + V/9k2 — 8(z — 1))",

l
1=0

n n

Z (7) \/mlilmk,nflEl(x)

=0

3k +VOk? — 8(2z — 1)
2

2

e If we put k£ = 1 in the Corollaries [J] and we get the following Mersenne-Bernoulli, Mersenne-Euler
and Mersenne-Lucas-Euler polynomials identities.

5 (Jmr = e

=0
n

; 2" M, Bi(z) = n(d+2z)" P +nB+z)"

M=

~

0

(1
zn: <n> 3" UM, Bi(z) = n(G4+z)" P +n@+a)" 4 n@B4+2)"
<>Tl%@4Emw = 203+ 2)" —2(2+4 2)",

3 (7>mn_zEl(x) — 2142

4. CONCLUSION

In this paper, by using the symmetric functions we introduced several new convolution sums formulas of
Bernoulli and Euler numbers and polynomials. From these formulas we deduce some special cases such as,
k-Lucas-Euler polynomials identity, k-Fibonacci-Euler numbers identity and k-Mersenne -Lucas-Bernoulli
polynomials identity. For prospects, we can apply the same approach to the Genocchi numbers and polyno-
mials.
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