CONSTRUCTION OF JACOBI CUSP FORMS USING ADJOINT
OPERATOR OF CERTAIN DIFFERENTIAL OPERATOR

SHIVANSH PANDEY

ABSTRACT. In this paper we construct Jacobi cusp forms by computing the adjoint of
certain differential operator with respect to the Petersson scalar product in the case of
Jacobi forms and Hermitian Jacobi forms. Jacobi cusp forms constructed by this method
involve special values of certain Dirichlet series attached to the considered Jacobi cusp forms.

1. INTRODUCTION

Modular forms are important objects in number theory and it has wide range of applica-
tions in all other branches of Mathematics as well as in Physics. Construction of modular
forms is one of the most important problem in the theory of modular forms. It is well-known
that the derivative of a modular form is not necessarily a modular form. There are several
ways to construct modular forms using derivatives, we mention two of them here (see [26]
pp. 48 for more details). The first one is to modify the differential operator called Serre
derivative. The second one is to take an appropriate linear combination of higher order
derivatives called Rankin-Cohen brackets. The Rankin-Cohen bracket is generalization of
the product. Kohnen [15] constructed cusp forms by computing the adjoint of the product
map w.r.t. the Petersson scalar product. The Fourier coefficients of constructed cusp form
involve special values of certain Dirichlet series. Herrero [9] extended the work of Kohnen
[15] and computed the adjoint of certain linear maps constructed using Rankin-Cohen brack-
ets. The work of Herrero has been generalized by several authors for various automorphic
forms ([10, 11, 12, 14, 24]). Recently, Kumar [13] constructed cusp forms by computing the
adjoint of Serre derivative.

Jacobi forms are natural generalization of modular forms to several variable case. Jacobi
forms were first studied systematically by Eichler and Zagier in [7] and they played a key
role in the proof of Saito-Kurokawa conjecture. In the case of Jacobi forms the classical
heat operator plays an important role. One of the important uses of the heat operator is
to construct certain bilinear holomorphic differential operators on the space of Jacobi cusp
forms. For Jacobi forms, we have modified heat operator (analogue of Serre derivative)[2, 21]
and the Rankin-Cohen brackets (defined in [2, 3, 5, 17]). These operators give rise to certain
linear operators between spaces of Jacobi forms. Hermitian Jacobi forms are generalization
of Jacobi forms. These were first introduced by Haverkamp [8] and studied by Richter and
Senadheera [22].
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The main aim of this paper is to extend the work of Kumar[13] in the case of Jacobi forms,
Jacobi forms of several variables and Hermitian Jacobi forms by computing the adjoint of
the modified heat operator w.r. t. the Petersson scalar product.

2. PRELIMINARIES

In this section we recall the basic definition and some properties of Jacobi forms and
Hermitian-Jacobi forms which are required to state and prove our results.

2.1. Jacobi forms. Let C and H denote the complex plane and the complex upper half-
plane, respectively. For a complex number a, we use the following notation: e(a) :=
exp(2mia). An n x n matrix M = (m;;)1<;j<n is said to be half-integral matrix if m;;, 2m;; €
Z,1<i,j<n.

Let g be a fixed positive integer. The Jacobi group I') := SLy(Z) x (Z9 x 79) acts on

H x C9 as follows;
a b at +b 2+ AT+ p
A : = :
((C d)’( ,,u)) (7:2) (m—i—d’ cr+d )

Let k € Z and M be a positive definite, symmetric, half-integral g x g matrix. For a complex-

valued holomorphic function ¢ defined on ‘H x CY and v = <(CCL g), (A, u)) € F; , we define

the slash operator as follows:

(Pl 7) (1,2) := (cT +d) Fe (

where A[B] := B'AB, with A and B are matrices of appropriate size and B* denotes the
transpose of the matrix B.

cT +

_CdM[z + AT+ p + M[AT + 2)\th> 02

Definition 2.1. A complez-valued holomorphic function ¢ : H x C9 — C is said to be a
Jacobi form of weight k and index M if it satisfies @l v = ¢, Vv € Fg‘] and ¢ has a Fourier
expansion of the form

o(t,2) = Z co(n,r) e(nt +1rz).

neZ, reZ’,
An>M~1[rt]

Here, r € Z9, denotes a row vector. Further, we say ¢ is a cusp form if cs(n,r) = 0 whenever
4n = M~1[rt].
We denote the space of all Jacobi forms (resp. Jacobi cusp forms) of weight k£ and index

M on I'J by Jyar (vesp. Ji'3/). Let ¢, € Jiu be such that at least one of them is cusp
form. Then the Petersson scalar product of ¢ and v is defined by

(6,0) = / b, 2) B, 2) oF e(—dmMylo)av;,
LJ\HxC9

dudvdxd
where 7 =u+1iv € H,z =z + iy € CJ and dVgJ = Ty is an invariant measure under
v
the action of I' on H x CY. The space .J; 3/ with the Petersson scalar product defined above
forms a finite dimensional Hilbert space. For more details on the theory of Jacobi forms of

several variables, we refer to [27].
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2.2. Poincaré series. Let M be a fixed positive definite, symmetric, half-integral g x g
matrix, N € Z, and R € Z9 be such that 4N > M~'[R']. The (N, R)" Poincaré series of
weight k and index M is defined by

PYi(mz) = Y e(NT+Rz)lm v, (1)

~ery \Flj’g

where ') := { ((6 D, (O,u)) teZ e Zg} is the stabilizer of (N7 + Rz) in I'). It is

well-known that P,f e Ji. 2y for k> g+ 2. The space of Jacobi cusp forms is generated by
Poincaré series. The Poincaré series has the following property which will be crucial in the
proof of our result. For more details on Poincaré series we refer to [1].

Lemma 2.2. [1] Let ¢ € J;."}; with Fourier expansion ¢(7,z) = Y nez, rezs cy(n,r)e(nt +

An>M~1[rt]

rz). Then
<¢7 Pgﬁ?) = )‘IC,M,D C¢(N7 R)v (2)
where M rp = 280" D97 (K)n = (det M2 DK with K = k — $—1, D=det(T), T =
2n 1
<7‘t 2M) '

2.3. Heat Operator for Jacobi forms. We now define the heat operator which acts on
the space of Jacobi forms. For a positive definite, symmetric, half-integral g x g matrix M,
we define the heat operator by

1 : 0 0 0

1<4,j<g
where 7 € H and 2* = (21, 20, - -+ , 24) € CY and M;; is the (7, j)-th cofactor of the matrix M.

Remark 2.1. Note that for ¢ = 1, the above heat operator is the classical heat operator

[7, 20] defined by
1 g 0
(27i)? ( o 822)
Also note that the action of Ly on e(nt + rz) is given by
Las(e(nr +rz)) = (4n|M| — M[r')e(nr + r2),

where M denotes the matrix of cofactors M;; of the matrix M.

Lemma 2.3. (18] Let ¢ € Jyar. Then for k € Z+, v > 0 and A = (i 2) € SLy(Z), we
have 2MI(K + 1)
+ c
L A=1L A A).
Lz = Luu(ohar )+ PEED () g0 )

It is immediate from the above lemma that for a Jacobi form ¢ of weight k and index
m, L@ is not a Jacobi form of weight k + 2 and index M. We now define the modified heat
operator which maps Jacobi forms to Jacobi forms as:
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k- 9)|M
Ly =Ly — %E% (4)

where By =1 —24>"  o(n)q" is the Eisenstein series . A routine calculation shows that:

Lemma 2.4. The operator Lg py maps a Jacobi form (resp. Jacobi cusp forms) of weight k
and index m to a Jacobi form (resp. Jacobi cusp forms) of weight k + 2 and index M.

2.4. Hermitian-Jacobi forms. Hermitian Jacobi forms are well studied in [8, 22]. In this
section we recall the definition and basic properties of Hermitian-Jacobi forms.

Let O be ring of integers of Q(7), i.e. O = Z[i]. O* = {£1,+i} be the set of units in
O. Let 0% = 0. We define I'(O) := {eM|e € O*, M € SLy(Z)} and the Hermitian-Jacobi
group by

I'(0) :=T(0) x O* = {y = (eM, X)|M € T'(0), X € O?}.
The Hermitian-Jacobi group acts on H x C? by

( ) ar+b ZzHMAp _wHAN T
(1, z,w) = € €
T A ctr+d  er+d 7 cer+d ’

a b
where v = (e (c d) ,[)\,u]) .
Let £ € Z and m be a positive integer. For a complex-valued holomorphic function

¢, 6 e{+,—}and v = (e <CCL Z) A, u]) , we define the slash operator as follows:

c(z +AT +p)(w + AT +7)
cT +d

Olkmey = a(e)e’k(m'%—d)*kem (— AT + Nz —i—)\w) O(y- (7, z,w)),

1, ifé=+

Wherea(e):{2 £ 5
e ifd=—.

Definition 2.5. A holomorphic function ¢ : H x C* — C is said to be a Hermitian Jacobi
form of weight k, index m and parity § on T/ (O) if for eachy € T'7(O) we have ¢ |jms ¥ = ¢
and ¢ has Fourier expansion of the form

o(1,z,w) = Z co(n,r)e(nt +rz+TFw).

nezZ,reot
nm—|r|?>0

If c4(n,r) = 0 whenever nm — |r|* = 0, we say ¢ is a Hermitian Jacobi cusp forms.

We denote the space of all Hermitian-Jacobi forms (resp. Hermitian-Jacobi cusp forms)
of weight &, index m and parity § on I''(O) by Jims(O) (vesp. J.'"'5(0)). We define the
Petersson scalar product on J;,*5(O)

(6,0) = / o, 2, W) B(r, 2, w)oke = gy,
7 (0)\HxC?

dudvdxdy,dxad
where 7 = u 4 v,z = 11 + Y1, w = To + 1Yo and dV; = L 31 2042 is an invariant
v

measure under the action of I'/(O) on H x C2.
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Definition 2.6. For fizted m € N, N € N and R € O° with |R|> < mN, the (N, R)"
Poincaré series of weight k, index m and parity § is defined as

P,fﬁ(s(T, Z,w) = Z e(NT + Rz + Rw)|pms(T, 2, W), (5)
YET L (O\IY(O)

where T2 (0) = {(((1) D, (O,u)) [t € (9} is the stabilizer of e(NT + RZ + Rw) in T/,
It is well-known that Pg;fa € Jys for k> 4.

The space of Hermitian-Jacobi cusp forms is generated by Poincaré series. The Poincaré
series has the following property which will be crucial in the proof of our result.

Lemma 2.7. Let ¢ € J;.)'5(O) with Fourier expansion ¢(7,2) = Y- ,cz.cot, Co(n,7)e(nt +
nm—|r|2>0
rz 4+ 7w). Then
mF=30(k — 2)
(4m) 2 (Nm — [RP)2"

2.5. Heat Operator for Hermitian-Jacobi forms. For a natural number m we define

the heat operator
1 9] 0?
Ly, =——|8mim——4——].
(271)? ( or 8w82)
The operator L£,, does not map Hermitian-Jacobi forms to Hermitian-Jacobi forms. There-
fore, we modify this heat operator to obtain an operator Ly, which maps Hermitian-Jacobi
forms to Hermitian-Jacobi forms. The modified heat operator Ly, is defined as

<¢’ Pk]?;)fé> =

(N, R). (6)

k—1
Lim = L — —5—mE,. (7)

The operator Ly, satisfies the following functional equation
Lim® |kr2ms M = Ly (@ |km,—s5), M € SLy(Z).

The above equation implies that the operator maps a Hermitian Jacobi (resp. Hermitian
Jacobi cusp) to a Hermitian Jacobi form with opposite parity (Hermitian Jacobi cusp form).

3. MAIN RESULTS

The modified heat operator Ly ps defined in (4) is a C-linear map between finite dimen-
sional Hilbert spaces J;y/ and J;'\y; . Therefore it has an adjoint map Lj 5 : 45 — Jiaf
such that

(Liar(@), 1) = (&, L ($)) Vo € Ty and ¢ € J70

The next theorem gives us the image of a Jacobi cusp form ¢ under the map Lj ;.

Theorem 3.1. Let k > 4 and m be natural number. Let ¢ € J\3,, with Fourier expansion
H(1,2) =3 nrezs,  co(n, )¢V (T Then the image of ¢ under L ,, is given by
dn>M~1[rt]>0 '

i@z = > a(N,R)q"¢,
N,REZI,
AN—M~1[R]>0
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where

a(N,R) =

MY (C + (AN |M] — SRS {(‘W’M’ - MR - 51
7221 (k=3-1) (AN|M| — M[R])*2
co(n+ N, R)q(n) }
(it + NI - MR

+8(K + 1)[M]D

n=1

where K =k — § — 1.
We now state the above result in the case of g = 1.

Corollary 3.2. Let k > 4 and m be natural number. Let ¢ € J\5, with Fourier expansion

O(1,2) =Y, nrez, Co(n,7)q"C". Then the image of ¢ under L . is given by

k,m
Amn—r2>0

Ly (@) (m2) = > a(N,R)¢"¢",
N,REZ,
A4mN—-R?>0

where

a(N,R) =

2 (ANm — R2)k+2
cs(n+ N,R)o(n) } ®)
(4(n+ N)m — R?)F+z |

(4mN — R?)*3m?(k — 3)(k — 3) {(4Nm ~ R?) - Mm%w R

™

+Am(2k - 1))

n>=1

Next, we consider the modified heat operator Ly,, defined in (7). The operator Ly,
is a C-linear map between finite dimensional Hilbert spaces J'" 5(O) and J,}7 5(O).

k+2,m,d
Therefore it has an adjoint map Ly, : Ji}5,, 5(O) = J."0 5(O) such that

(Lim (), ¥) = {0, Lem(¥)) = Vo € Ji\5,,5(0) and ¢ € J7 55(O).
The next theorem gives us the image of a Jacobi cusp form ¢ under the map Ly .

Theorem 3.3. Let k > 4 and m be natural number. Let ¢ € J\5, 5(O) with Fourier
expansion ¢(7,2) = Y ez reor, Co(n,r)e(nT +rz+7Tw). Then the image of ¢ under Ly, is

4mn7\r|2>0
gen by
‘Cl:,m(qb)(Ta Z) - Z CL(N, R)G(NT"‘RZ—FFUJ)’
NEZ,REO,
4mN—|R|?>0
where
_(mN — |RPY*2m?(k — 1)(k — 2) [(4Nm — 4|R*) — Etm
o= (4m)> (Nm — |RJ2)* cy(N, R) o
co(n+ N, R) ]
+8m(k —1 _
( ); ((n + N)m _ ’R|2)k
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4. PROOF OF THEOREMS

First we state a lemma which we shall use to prove Theorem 3.1.

Lemma 4.1. Let ¢ € Ji'} . Then the sum

/ | &(T, 2) L s (€27 INTHEZ) | v)vF e = | dVy

CONVETGES.

Proof. For a proof we refer to [10]. O

4.1. Proof of Theorem 3.1. Let L} ,,(¢)(7,2) = >_  a(n,r)e(nt+rz). By Lemma 2.2
n,reZ9,
4n>M§1[rt]>0

and property of adjoint map we have
1

(0 Lear(BO3). (10)
K,M,D

a(N,R) =

We now compute (¢, Ly, M(P,jv i1 ))- A simple calculation using Lemma 4.1 and usual Rankin’s
unfolding argument shows that

(k—3)
3

(&, Liar(PLS0) = (AN|M| = M(R') - )1y + 8(k = 5)mly, (11)

4TrIW[y

dV; and

where I} = [, \HxCo o(7,2)e(NT + Rz) v*2
g,
47rM

B = Jug s 90 2) (Lo a(j)ew)) e(NT + Rz) v+~ av),
We put 7 = u + iv and z = x + iy, where x = (xy, x9, ...,Z‘g) and y = (y1, Y2, ..., Yg)- A
fundamental domain for action of ') ., on H x C is given by {(7,2) € H x C9: 0 < u <

1L,v>0,z; € [0,1],y € R9}. Integrating over this region we get

o |MFF9T (R — 4 + 1) cy(N, R)
! Q9 k—5+1 (AN|M| — M[R!])F-3+1

and

[2:

|M|k+1fgr(k; — % +1) Z cd)(n + N, R) (n)
gk~ g+ (4(n + N)|M| — M[R!])k~3

n=1

Substituting values of I; and I in (11), finally from (10) we have the Fourier coefficient of
the adjoint map of the heat operator

MI (K + VKNI — JIR)S [(‘W'M' — Nr(m) - 5
=PRI (AN[M] = SR

C¢7L+NR)()
S(C+1 er; e iy [])K”}

a(N,R) = cs(N, R)
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4.2. Another proof of Theorem 3.1. We give another proof of Theorem 3.1 using Zagier’s
technique by representing Lk’m(P,iV Tf) in terms of Poincaré series. For simplicity we prove
the theorem for g = 1. For g > 1 ﬁroof is similar. First we state a lemma which we will use
in the proof.

2
. _ ; y
Lemma 4.2. The series vFt2e=2pim?;

o(n)e2 U ENTHr2) ) o Wy is absolutely
n€Z, ver \1r’/
uniformly convergent on subsets V.o = {(1,2) € H xClv > ¢, [yp™ ' < C, |z| <%, u < %}

for given € > 0 and C > 0.

E’

For a proof we refer to [4]. Now we prove the theorem. We first prove the following
identity:

2% —
Lim(PYT) = (4Nm — R? — . )Pﬁ?m +4(2k — )m > o)L (12)

k+2,m
n>1

By definition Lk,m(P]f "I equals

Lk,m( Z eQTI'i(NT‘FRZ)‘k’mfy) _ Z Lk,m(€2m (NT+Rz) ‘ m'}/)

YELLAT YELLAT
_ 2 (Qk B ) N,R 2mi((N+n)T+Rz)
=(ANm —R —T)PHQW—FZL (2k —1)m Za Z e |kt2.m7Y
n>1 ’YGFCJ,O\F‘]
2 @2k—1)m nr n+N,R
— (4Nm—R —T)Pk+2m+4(2k;—1 m > o(n) P

n>1

where in rearranging the sum we have used Lemma 4.2. Now theorem follows by taking
inner product of a Jacobi cusp form ¢ € J;7, with both sides of eq.(12).

4.3. Proof of Theorem 3.3. Detailed proof of Theorem 3.3 is omitted. Key points in the
proof are Rankin unfolding arguments for Hermitian Jacobi forms setup and the fact that a
fundamental domain for action of I'Z (O) on H x C? is given by ([0, 1] x [0, 00]) x ([0,1] x
[0,1])(R x R). One can calculate analogous integrals I; and I, as in case of Jacobi forms of
matrix index to obtain the proof of Theorem 3.3.

5. APPLICATIONS

As a consequence of Theorem 3.2 we get the following corollary.

Corollary 5.1. Let p101=2 nrez, Cgy0.1(n,7)q"(" € fg;sf’ and ¢p121=Y n ret, Cora.1(n,7)q"

Amn— r2>0 4mn—r2>0
€ Jip1. Then we have the following identity:

1[¢12,][? 323(Dy.r) % [(Dng — 2) 01
e Ca (V. B ’ : Cy.. (N, R) +76L,,, (N, R:
6H¢1071H2 $10, ( ) An (DN,R)% ¢121( ) ¢121( )
Coln + N.R)

where Dy g = 4N — R? and Ly(N, R;s) =3, - (D )s
n+N,R
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Proof: We know that Jig}" and Ji57 are one dimensional and Lig,1(¢10,1) € Ji57 . Hence
by comparing Fourier coefficients we get L101(¢101) = —%<Z512,1- Now let Ly (d12,1) = agio,
we have

1
a||p101|? = (g0, dr01) = (Lo (121); P10.1) = (P12,1, L10,1(d101)) = —6||¢12,1H2-
Now from Theorem 3.2 we get the desired identity.

Remark 5.1. One can obtain similar type of identities by computing the adjoint map between
certain spaces of Hermitian Jacobi cusp forms.

Remark 5.2. Observe that Jy; and Jg; are one dimensional spaces generated by F,; and
FEg1 respectively. Comparing the constant term we get Ly (Ey;1) = —%E&l. Hence we get
relation between generalized class numbers

ﬁ“‘*“‘ﬂﬂ (3. A1) ¢ H (374n—T2)—3§5§_07£n1)H(3, dny—r?)] = —C(fg)mg,zm_r?).
4n2—r2>0
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