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9
10 ABSTRACT. In this paper, nonuniform exponential dichotomy (NED for short) is characterized for
o nonautonomous differential equations in terms of the admissibility of two classes of weighted bounded
— continuous functions. Sufficient conditions are obtained for the existence of NED on R_, R, and R. In
2 a contrast to most previous literature charactering NED, neither Lyapunov norms nor bounded growth
13 condition are used in this paper. Recently, Wu and Xia [PAMS, 2023] presented a discrete version
14 of admissibility without Lyapunov norms or bounded growth condition for the difference equations.
15 However, the discrete version of the admissibility for the difference equations can not cover our results
16 (the continuous version). Since there are essential differences between the differential equations and the
- difference equations, novel proving techniques should be employed in this paper.
18
19 1. Introduction
20

> LetJbeoneof R_, Ry, R where R_ := (—o0,0], R := [0, 4c0). We consider the following nonau-
-, tonomous differential equation

2 (1) (1) = A(n)x(t),

o wheret € J, x(t) € R", and A(¢) is a matrix-valued function which is continuous on J. It is clear that
o5 foreach (9,x0) € J x R", there exists a unique solution x(z) of system (1) satisfying x(#9) = xo. Then
>, we denote by @ : J x J — R the fundamental matrix of system (1), i.e., the initial value problem (1)
os With x(s) = & has a solution ®(¢,5)&. Now we introduce some notations and concepts. Let C(J,X)
oo be the set of all continuous functions from J into X. Let | -| and || - || denote the Euclidean norm and
50 operator norm, respectively. Let Z(P) and .#"(P) be the range space and null space of matrix P,
5 respectively.

s  Aninvariant projector of system (1) is a map P : J — R"*" of projections P(t), ¢ € J satisfying
% (2) P(t)®(t,s) = D(t,5)P(s), t,s€J.

Z% Besides, for o € R, let

- Cold)i={f € CLLR) zsup | F(0)]e™ < es). |flos = suplf(e)le !
37 te te
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1 Clearly, | -|e,7 is a norm and (Cy(J), | - |w.s) is a Banach space. Set
2 Qp(J) ={x e R": |D(t,0)x|,s < +oo}.
3

, We say system (1) has a nonuniform exponential dichotomy (NED) if there exists an invariant projector

o P of system (1) such that

5 3) [@(z,5)P(s)|| < KeoU=s)telsl ¢ > g,
7 |@(t,5)Q(s)|| < Ke @l=tell - p <5,

8 for some constants K > 1, ot > 0, € > 0, where Q(s)=I—P(s)and t,s € J.

9 In particular, if we take € = 0 in (3), then the concept of NED mentioned above reduces to the notion
19 of exponential dichotomy. Besides exponential dichotomy extends the hyperbolicity from autonomous
" gystems to nonautonomous systems. For the theory of exponential dichotomy, one can refer to the
'2 books [24, 12, 13]. Exponential dichotomy plays an important role in the investigation of dynamical
'3 behaviors of dynamical systems, e.g. linearization [6, 27, 14, 8], invariant manifolds [17, 19, 10, 40],
4 spectral theory [32, 33, 37, 38, 43], homoclinic orbits and heteroclinic orbits [27, 18, 44], reducibility
> 134, 9] and so on.

'®  Studying the relation between dichotomy and admissibility is one of the most important topics in the
7 study of dichotomy. As introduced in [24], we say that a pair of function classes (X,Y) is (properly)

'8 admissible for system (1) when the nonhomogeneous differential equation
=@ X() = AWOx() + £), 1€, x(t) ER”.
21 has a (unique) solution in ¥ for each function f € X. The pioneering study is of Perron [28] in 1930, in
22 which he proposed the notion of exponential dichotomy for ODEs and described it by the admissibility
23 of the pair (Co(R4),Co(R4)). Later, Maizel’ [22] proved that all the systems x'(r) = A(r)x with
24 A(t) € BC(Ry,R9*9) are equivalent. In 1958, Massera and Schiffer [23] proved that the exponential
25 dichotomy is equivalent to the admissibility on a Banach space with J = R . In 1974, Dalec’kii and
26 Krein [13] proved the equivalence between that system (1) has an exponential dichotomy on R and that
27 the pair (Co(R),Co(R)) is properly admissible under the assumption of local integrability. In the 1970s,
28 Coppel [12] established the equivalence on R, and R without the condition of local integrability.
29 Besides the works of characterizing exponential dichotomy mentioned above, efforts are also
30 made to characterize NEDs by admissibility. In 2010, Barreira and Valls [3] used Lyapunov norms
31 to characterize nonuniform exponential contractions by admissibility. Later, Barreira and Valls [7]
32 extended the work in [3] to the case of NEDs under the assumption of bounded growth. In 2014,
33 Barreira et al [5] studied the notation of a strong exponential dichotomy and characterized it in terms
34 of the admissibility. Besides, they gave the robustness of strong exponential dichotomies. Later, these
35 authors [4] characterized the dichotomy completely interms of the admisibility of bounded solutions.
36 In 2017, Zhou et al [42] considered the admissibility with forward bounded growth. For the work of
37 characterizing NEDs over linear skew-product semiflows, one can refer to Batdran, C. Preda and Preda
38 [1].
39 Note that the works mentioned above all use Lyapunov norm. For instance, in [7], the authors
40 employed Lyapunov norm || - ||; to define the function classes, where
o IVl = sup{ T (s, P(e)vlle™ 5~} 4 sup {7 (s,0)Q00)w]le %0},

s>t 0<s<t
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1 and T is the evolution operator. Clearly, it is challenging to construct such Lyapunov norms before
2 establishing the existence of a NED. For the research of characterizing NEDs for discrete systems
'3 without Lyapunov norms, one can refer to [41, 16].

4 Besides this line of research for ODEs, similar results can be obtained for difference equations (see
5 e.g.[21, 11, 19, 35, 36, 29, 30, 31, 20, 25, 26]). In particular, Wu and Xia [39] presented a discrete
5 version of admissibility without bounded growth condition or Lyapunov norms for the difference
7 equations. However, there are essentially differences between the differential equations and the
‘g difference equations. Novel proving techniques should be employed. We characterize NEDs by two
9 admissible pairs on certain weighted subspaces. We do not use either bounded growth condition
10 or Lyapunov norms. However, the discrete version of the admissibility in Wu and Xia [39] for the
11 difference equations can not cover our results (the continuous version).

12 The rest of this paper is organized as follows. Section 2 presents the main results of this paper.
13 Section 3 gives the proofs of main results.

14

15 2. Main results

g Theorem 2.1. Let J =R, or R_. Assume that for i = 1,2, there are constants ;,V; satisfying l; <V,
o Vi < 0and v, > 0, such that the following conditions hold:

9 (i) The pairs (Cy;(J),Cy,(J)),i = 1,2 are both admissible for system (4);
0 (i) Qu(J) =Qu,(J).

21 Then system (1) has a NED on J.

22
— Theorem 2.2. Assume that for i = 1,2, there are constants ;, V; satisfying W; < v;, vi <0and v, > 0,
on such that the following conditions hold:

o5 (i) The pairs (Cy;(R),Cy,(R)),i = 1,2 are properly admissible for system (4);
e (i) Qy (Ry) = Qy, (Ry) and Qy, (R_) = Qy, (R_).

22 Then system (1) has a NED on R.

28
oo Remark 2.1. Recently, Wu and Xia [PAMS, 2023 ] presented a discrete version of admissibility without
— Lyapunov norms or bounded growth condition for the difference equations. However, the discrete

30

o version of the admissibility for the difference equations can not cover our results (the continuous

- version). Since there are essentially differences between the differential equations and the difference
— equations, novel proving techniques should be employed in this paper. For the detail, one can compare

o the proof of Theorem 2.2 and the proof of the results in [39].

g Remark 2.2. In [15], the authors characterized the NEDs for differential equations on R by three
36 properly admissible pairs. In a contrast to [15], we characterize NEDs on R by two properly admissible
87 pairs. Finally, the function classes Cy(J), ® € R used in this paper are different from those in [15] and

38 have a simpler structure. For instance, the set
39

9 1+1
40 % gl =1y : R = X|y is locally integrable and gﬂge‘ﬁt/z ¢y (1)|dT < 400}
41

ﬁg is one of the function classes in [15), which is evidently different from the function classes in our paper.
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1 3. Proofs of main results

2 Lemma 3.1. Assume that there are K1,V € R such that (Cy(R4),Cy(Ry)) is admissible for system
2 (4) with J = Ry. Then for any subspace Q,(R.) complemented to Q,(R..), there exist an invariant
— projector P of system (1) and a bounded linear operator Ty, v : Cy(Ry) — Cy(Ry) such that

(i) Z(P(0)) = Qy(Ry), A (P(0)) = Q (R ), and
(ii) (Tuvf)(0) € A (P(0)).

— Proof. Tt can be easily seen that there exists a projection IT : J — R"*" such that Z(I1) = Q, (R),
o A (I1) = Q5 (R,). Let P: J — R™" be a map with P(t) = ®(¢,0)[1®(0,¢), t € R;. Obviously, P is
;o an invariant projector with P(0) = IT. Therefore, assertion (i) is true.

o Now we turn to prove assertion (ii). By the definition of admissibility, we know that for any f €
5 Cu (R4), system (4) has a solution xy € Cy (R ). Since the initial value x¢(0) can be uniquely written as
- %7(0) =xF(0) +x(0) with x§(0) € 2(P(0)) and x}/ (0) € A" (P(0)). Let x3(r) = x/(t) — @(1,0)x(0).
g Then x7; is a solution of nonhomogeneous equation (4) with its initial value x7(0) = xy (0) € A/ (P(0)).
16 Suppose that yz(r) is a solution of system (4) in Cy(R+.) with y(0) € A47(P(0)). Then y¢(r) —x}(t) is a
17 solution of (1) with its initial value y/(0) —x}(0) € #/(P(0)), because .#"(P(0)) is a linear subspace.
1 On the other hand, noticing that x7,ys € Cy(IR+.), we obtain that ys — x7 is a solution of system (1) with
19 ¥y —x}p € Cy(Ry). By the definition of Qy(R), we get ys(0) —x3(0) = (yy —x})(0) € Qv(Ry) =
20 %(P(0)). Hence, ys(0) —x3(0) € Z(P(0)) N4 (P(0)) = {0}, which implies that ys(r) = x}(t).
21 Therefore, we define 7,y : Cu(R+) — Cy(Ry) by Tyi,v(f) = x}. According to the above discussion,
22 the map T v is well defined and (7}, f)(0) = x7(0) € A" (P(0)).

23 Now we show that the map 7 is bounded and linear. For any f,¢ € Cy(R;) and a, € R, the
24 function ot(Ty,v f)(t) + B(Tu.vg)(t) = (Ty,vf+ BTyu,vg)(t) is a solution of the system

25

26 (5) X (1) = A(t)x() + af (t) + Bg(t)

27
e with a7y vf+ BTy vg € Cyv(Ry) and (aTy v f + BT, vg)(0) € Z(P(0)). Note that arf +Bg € Cy(Ry)
oy and then we get 7y, v(af + Bg) = aTy v f + BTy vg. Hence, Ty y is linear. On the other hand, suppose
o that there is a sequence of function {f;};"" C C,(R;) such that

3t ks vy

32 fi— f and Tuvfi — o(1)

33

37 as i — —+oo. Note that |T f; — @|y g, > [(T f;)(0) — ¢(0)|, which implies that
= 6) 0(0) = lim (T£)(0) € 4 (P(0)).

‘Qi In order to prove T y is bounded, by the well-known Closed Graph Theorem, it is sufficient to prove
% that ¢ = T}, f. For any fixed 7 € R, and x € R”, it follows that sup,e(o,{|P(#,5)x[} is finite. Then by

37 Banach-Steinhaus Theorem, sup,c( 1 [[®(z, )| is finite. In fact, we have known that
40

41
P (T f2)(1) = D(2,0) (Tyv £)(0 /<I>tsﬁ
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Then for any fixed r € R, we obtain that
(T fi) (1) = @(1,0) (T v £1) (0) — @ (1) + P(,0)9(0))|
(8) ST fi) (1) = (1) + | (2,0)(Tyv £i) (0) — P(2,0)9(0))|
<e"|Tyuvfi=@lvr. +1®(0)[| - [Tuvfi)(0) — 9(0)] = 0
as i — +ooand

‘/Ot¢>(t,s)ﬁ(s)ds—/th)(t,s)f(s)ds

< /0’Hq><t,s>u-|ﬁ<s>—f<s>|ds

) .
< sup [®(t,5)]-|fi — flu. - /0 eFids — 0

s€[0,t]

44
=[elele|~]ofa]a|e]|r]-

1o as i — +oo. From (7)-(9), we get

t
%(10) o(1) :q>(;,s)(p(o)+/ ®(t,s)f(s)ds, teR.
— 0
15 Then, by (6) and (10), we have that T,  f = ¢. 0
g Using essentially the same arguments as above, we get the following lemma.

E Lemma 3.2. Assume that there are |1,V € R such that (Cy(R_-),Cy(R_)) is admissible for system
19 (4) with J = R_. Then for any subspace Q\,(R_) complemented to Q,(R_), there exist an invariant
20 projector P of system (1) and a bounded linear operator Ty, y : Cy(R-) — Cy(R_) such that

20 (i) N (P(0)) =Qy(R_), Z(P(0)) = Q(R_), and
22 (i) (Tyvf)(0) € Z(P(0)).

5, Lemma 3.3. Assume that there are 1, v € R such that (Cu(R4),Cy(Ry)) is admissible for system (4)
s with J =R . Then there exist an invariant projector P of system (1) and a constant M, v > 1 such that
0 |91, 9)P(5)] < My e, 12520,
27 [t )Q(s) | < My ve'™#, 0<1<s,
28 where Q(s) =1 — P(s).

29

20 Proof. Forany s > 0,0 < h < min{s,1} and x € R", let

31 helizsl -y e [s—h,s+h] eMj -

31 . , ,s+h], J@)x, t€ls—hs+h],

32 j(t) = " and f(t) =

= 0, t € Ry\[s—h,s+h], 0, t € R \[s—h,s+h].

33

s+ By Lemma 3.1, there exists an invariant projector P satisfying (i) of Lemma 3.1. Now we construct a
45 function x; as follows

> .
2 (12) / @(t,7)P(1) f(7)dT — / @(t,7)Q(7) f(t)dr.
t
38 QObviously, x;(¢) is a solution of system (4), which can be simplified as
o [, T)P(R)ek j(T)xde, (> s +h,

o (13 x(0) =< [, @, T)P(T)e T j(T)xdT — [T d(r,71)Q(1)e T j(T)xdT, s—h<t<s+h,
2 — [t (1, 7)0(1)etT j(T)xdr, 0<t<s—h.
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We claim that x;, = T, v f. In fact, it can be easily verified that f € Cy(R), |f|yr. < |x| and

2 s+h

B — / ®(0,7)0(7)e ™ j(7)xde

R o

B = 00) [ 9(0,7"(e)xdt € #(0(0)) = (P(0)),

- Furthermore, let

8 s+h s+h

- (1) = /s_h ®(1,7)P(1)eM" j(T)xdT = D(1,0)P(0) /S_h ®(0,7)e"" j(7)xdx,

— which is a solution of (1) with ¢(0) € Z(P(0

1— have that ¢ € C,(R). Noticing that ¢(r) = x,
Tuyvf = xp.

—  Since Ty v is bounded, it follows that |T), v flvr, < ||Tuv| - |f|ur, , implying that e™"|x,(r)| <

— HT“ v|| - |x| for any 2 > 0. Combined with equation (13), we get that for r > s > 0,

)) = Qy(R). Then, by definition of Q, (R, ), we
(t) for t > s+ h, we have that x;, € C,(R). Hence,

ia s+h

E |®(t,5)P(s)x| =e H°|D(t,5)P(s) lim ®(s,7)e! " j(T)xdT
7 h=0t Js—h

18 _,Vi—ls lim —vt t

0 &1 tim b (1)

20 STy lle”H51x].

21 Since ®(t,5)P(s)x : Ry x Ry — R" is continuous, we obtain that

22

23 (15) |D(7,5)P(s)x| < ||Tyvlle” x|, t>s>0.

24 Combined with equation (13), we get that for 0 <1 < s,

25

- s+h

26 |®(2,5)Q(s)x| =e | D(£,5)Q(s) lim ®(s,7)e! " j(T)xdT
27 h—0* Js—h

— _ VI—Us 1 —vt

28 =e ll)r(r)1+e |xn ()]

29 _

30 <[ Tu.vlle™H5]x].

31 Since ®(z,5)P(s)x: Ry x Ry — R” is continuous, we obtain that

32

5 (10) [@(t,5)Q(s)x] < [[Tuvlle™ ' [xl, 0<r<s.

ez Let My, v = max{1, |7y v||}. Then (11) follows by (15) and (16). O
35

. Similarly, we have the following lemma.

i Lemma 3.4. Assume that there are |1,V € R such that (Cy,(R_),Cy(R_)) is admissible for system (4)

38 with J =R_. Then there exist an invariant projection P(s) and a constant My y > 1 such that

39
— D(t,5)P(s)|| <My ye"" M, 0>t>s,
40 | U,

a 1B(7,5)0(s)[| < My,ve"™H, 1 <5 <0,

‘E where Q(s) =1— P(s).
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Proof of Theorem 2.1. Suppose that J = R. From assumption (ii), let .# = Q,, (Ry) = Q,, (Ry)
and & be a subspace complemented to .7, i.e., R, = .% & &. From Lemma 3.1, there exist invariant
projectors Py, P> of system (1) such that Z(P;(0)) = Z(P»(0)) = .% and A (P1(0)) = A (P»(0)) = &.
Therefore, we have that P, (0) = P»(0). Moreover, it can be seen that

Pi(t) = ®(z,0)P,(0)D(0,¢) = P(z,0)P,(0)D(0,¢) = Py(t).
t).

Let P(t) = Pi(t) = Py(t). Obviously, P is an invariant projector. Then by Lemma 3.3, there exist
constants Ly, v,, Ly, v, = 1 such that

HCD(Z,S)P(S)H S Ll.tl,vleVIt_uls, t Z h) Z O7
Hq)(f,S)Q(S)H S LHZ»VZevzr_#2s7 O S t S S,

-
[Bfefe|~]ofo]s]w]n]-

—_
—_

2 where Q(s) =1 —P(s). Let K = max{Ly, v,,Lyu, v, }, & =min{—v{,1,}, € = max{v| — u;, v — o }.
3 Tt can be easily verified that K > 1, o > 0, € > 0 and (3) holds for J/ = R.. Therefore, system (1) has
“ aNEDon J. In the case of J = R_, by Lemma 3.2 and Lemma 3.4, the conclusion of this theorem can
> be proved in a similar way.

® " Proof of Theorem 2.2. By assumption (ii), let # = Q, (Ry) =Q,,(R}) and & = Q,, (R_) =
7 Qy, (R_). We claim that R" = .Z @ &. In fact, if £ € F N &, then x; (1) = ®(¢,0)€ and x,(¢) =0 are
'8 both solutions of system (1) in Cy, (R). Then they are solutions of system (15) for f(r) = 0. It follows
9 from assumption (i) and the definition of proper admissibility that x| (t) = x2(¢) = 0, implying that

20 £ =0. Hence, # N& = {0}. Now we show that R” = .% + &. For any x € R”, let
21

22 L—[ef, [fl <1,
~ o(r) {0, o1 M4 FO =000

24
25 Obviously, f € Cy, (R). Let

26

i xp(1) = ®(1,0)x /O " o(7)dr.

27

28 Clearly, x(t) is a solution of (4) and it can be rewritten as
29

30 5®(1,0)x, 1>1,
31 (17) xp(t) = ®(¢,0)x [y o(t)dz, |t] <1,
%2 —1®(t,0)x, t<—1.

33
34 By the definition of admissibility, there is a unique solution x(¢) of system (4) satisfying X € Cv, (R).
SE Therefore, x; (1) = %(t) —x(t) + 3P(t,0)x and x,(t) = X(¢) —x7(t) — 3(¢,0)x are solutions of system
36 (1). Note that xy (t) = x(¢) fort > 1 and x»(r) = x(t) for t < —1. Then we have that x; € Cy, (R, ) and
37 x3 € Cy,(R_), which implies that x1(0) € Qy,(R;) = .# and x,(0) € Qy, (R_) = &. It can be seen
38 that x1(0) —x2(0) = ®(0,0)x = x. Therefore, we get R" C .7 4 &. It follows from .% + & C R”" and
38 FNE={0}that R"=F ¢ &.

40 Let IT be a projection on R" such that Z(I1) = .% and 4" (IT) = &. Let P: R — R"*" is such
41 that P(t) = ®(z,0)IIdP(0,7). Clearly, P is an invariant projector. From Lemma 3.1, Lemma 3.2 and
42 Theorem 2.1, we have that system (1) has NEDs on R and R_ with projections P(¢), r > 0 and P(t),
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1 t <0, respectively. Hence, there exist constants K; > 1,o; > 0 and & > 0 for i = 1,2, such that
= |®(t, $)P(s)|| < Kre-a=9tell 4> >0,
2 i |8(t,5)00s)]| < Kie~@-0#abl, 0<r <,
= D(1,5)P(s)|| < Kpe~@2=9)@bl 0>1 >,
o | (2,5)0(s)|| < Kye~Rb-Dtall < o<,
Z where Q(s) =1 — P(s). Then, fort >0 > s,
% [@(z,5)P(s)|| =|P(2,0)P(0)D(0,s)P(s)]|
o (19) <||®(z,0)P(0)] - [|2(0,5)P(s)]|
? SKI e*altK2€a2S+82|S| .

12 ..
. Similarly, we have that forr <0 <,

" [D(z,5)P(s)[| =[|D(2,0)P(0) | - [P(0,5)P(s) |
— (20)

s
16
17 Let K =K |K>, a =min{oy, o}, € = max{e,&}. Then, by (18), (19) and (20), the inequities in (3)

1s hold forz,s € R. Therefore, system (1) has a NED on R.

19
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