ON THE GENERAL TRIPLE CORRELATION SUMS FOR GL3 x GLy x GLo

FEI HOU

ABsTrACT. Fix X > 2. Let f be a Hecke newform of prime level p. In this paper, we investigate
the general triple correlation sum

SN D Arm)As(n+ h))\f(n+l)U(%)V(%)R<%)

R>11>1 n>1
for H, L > 1 in the level aspect. As a result, we prove a non-trivial bound for any H, L satisfying
that L > X% and max{L*X 2, VL, X'/*} < H < min{X?*?LY3 [?}. Tt can be shown that
there exist certain newforms such the non-trivial bound for the triple sum can be achieved, so
long as max{H,L} > X 1/4+¢  Particularly, whenever L = H, we present a non-trivial estimate
for any p such that H?/X < p < min{H?X "2 H}, and further obtain the more significant
cancellations for these sums in the different segments of H.

1. INTRODUCTION

In number theory, a basic question is to explore the nature of the associated Fourier coefficients of
cusp forms, a challenging topic of which being the shifted correlation sums problem. This, however,
plays a tremendously important réle in many other related topics, such as the moments of L-functions
(or zeta-functions), subconvexity, the Gauss circle problem and the Quantum Unique Ergodicity (QUE)
conjecture, etc (see, for instance, [21, [0, 2, (5 @1 7] 8 16} 3], 12] and the references therein).

While a lot of of attention was being paid to the bounds for the double correlation sums, yet much less
is known for the triple sums problem in the literature, on account of the extra complexity of its own. In
the classic case of all the arithmetic functions being the divisor functions, in 2011, Browning [4] showed
that, if H > X3/4+¢

2
> > dm)d(n+ h)d(n + 2h) :Lglgﬁ(h) 11 (1 - ;) (1 + Z) HXlog® X + o(HX log® X)

1<h<H 1<n<X P
up to an explicit multiplicative function ¢(h). After that, Blomer [3] used the spectral decomposition for
partially smoothed triple correlation sums to establish an asymptotic formula that

Y W(Z)d(n)dl(n + h)d(n + 2h) = XHW (1) P41 (log X)

R>11<n<X

3
volxe (e x4 xvE+ ) ),
VEH

for any [ € N, where W is a smooth function supported on [1/2,5/2], W denotes its Mellin transform
of W, d; is the I-th fold divisor function and P, is a polynomial of degree [. Notice that, here, Blomer
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improved the range of H substantially to H > X/3+¢ and produced a power saving error term. In
addition, in [3], he was able to attain a more general version that, for any complex sequence a = {a(n)},

>N W(H)d(n)a(n +h)d(n+2h) = HW(1) > a(n)y e
h>11<n<X n<X d>1

(logn + 2y — 2log d)* +0<X€ (HQ +HXT +VXH + X) [l )
where ||al|2 is the £2-norm. Let k, k" > 2 be any even integers. Let fi € B;(1) and f» € B, (1) be two
Hecke newforms on GLy with Ag, (n) and Ay, (n) being their n-th Hecke eigenvalues, respectively (see §2
for definitions). Subsequently, Lin [22] proved that

h X1+5 X
}; 1§nZ§X w (H> Af, (n)a(n 4+ h)Ay, (n 4+ 2h) < = (\/ﬁ + \/ﬁ) a2,

which, however, beats the “trivial” bound barrier O(X°H+/X||a||s), provided that H > X?2/3+¢. Here
and thereafter, the trivial bound means to take absolute value for each summand followed by using
Deligne’s bound. As an immediate consequence, one has seen that

D W(E))\fl(n))\fg(nJrh))‘fs(n+2h) <X* <XH\)/(;)

R>11<n<X

for any f3 € By, (1) with k" € 2N. In contrast to Lin’ s work, recently, Singh [30] was able to attain

Z ZW1<Z>W2(;))\f1(n)/\f2(n+ h)Ap(n+2h) < X° (\/)?H +X%> ,

h>1n>1

extending the range of H to H > X/2*¢ where Wy, Wy are two smooth bump functions supported on
the interval [1/2,5/2]. Until now, the best result is due to Lii-Xi [23] [24] who achieved that

h
> W(H)a<n>b<n+ R)As (n 4 2h) < X°A;(X, H) [all2 b
1<n<X

for any complex sequence b = {b(n)}, which allows one to take H > X?/5+¢; the definition of A (X, H),
however, can be referred to [24, Theorem 3.1]. More recently, Hulse et al. [I4] successfully attained

h e
573 A (W) Aga (1) Aga (20— ) exp (H - ;) € XA 0 e

h>1n>1

where ¥ < 7/64 denotes the currently best approximation towards the Generalized Ramanujan Conjec-
ture. Here, Ay, (n), Ag,(n) and Ay, (n) denote the n-th non-normalized coefficients of holomorphic cusp
forms g1, go and g3, each of weight k > 2, level M > 2 and trivial nebentypus. It is noticeable that, just
lately, Munshi [29] considered the more involved problem of pursuing the most intrinsic cancellations of
the correlation sums with the levels of the associated forms being allowed to vary. As a result, he achieved
that, for any newform f € Bj(p) of weight k and level p, whenever X/3+¢ < p < X

Z Ar(n)Af(n+ ph) < piXite
1<n<X
for any fixed integer h such that |h|< X/p. It is reasonable to expect that there exist certain families of
forms which reveal strong cancellations, and produce fairly wider ranges for H securing the non-trivial
estimates for the triple sums. This, on the other hand, is the motivation of the paper.

In the present paper, we shall go further to explore the more general types of the triple correlation
sums. The main result is the following;:
2
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Theorem 1.1. Fizx X > 2. Let H/L > 2 and p > 2 a prime satisfying that max{H,L} < /Xp
and p < X. Let U,V,R be three smooth bump functions supported [1/2,5/2]. Then, for any newform
f € Bj(p), we have

AWE . XHL
STOSTS A rm)As(n + h)Af(n—H)U(;)V(H)R(L) <X [X3p+ So  XpVHL
h>11>1 n>1 /P

(1.1)
T Xt (H + L)}

as k — oo, where the implied constant depends merely on the weight k and €.

Observing that the triple sum is trivially O(X'*¢HL), the upper-bound in (I.1]) is seen to be non-
trivial, so long as
L Tl (P TS LI -5 AL (1.2)
max < —, — min<{ —— —, = .
X ) X — p \/y? ) X ) X 9
with L > X'/* and max{L3X 2 VL, X'/*} < H < min{X?/3L'/3 [?}. Meanwhile, it can be seen that
the there exist certain newforms f € B} (p) such that the bound above is non-trivial for any H,L > 1
satisfying that min{ H, L} > X'/4*¢, In the special case where L = H, one sees that the estimate in (T.1)
is non-trivial for H2/X < p < min{ H?X /2, H} with H > X'/%. Particularly, as a direct application
of Theorem we obtain:

Corollary 1.2. For X'/**¢ < H < /X and X3/* < H < X, there exists a family of newforms f € B (p)
with p < HY3TX1/3 such that

SONTS T A m)As(n + W)Ap(n+1) U(?)V(Z)R(é) pe max {XETemd, X3tem T
h>11>1n>1

as k — oo; while, on the other hand, for VX < H < X3/*, there, however, exists a family of newforms
f € Bi(p) with p < H?/3¢, such that

D22 A n+h)>\f(n+l)U(;)V<?I>R<;[> e XMHEHE

h>11>1n>1

as k — oo.

Notations. Throughout the paper, ¢ always denotes an arbitrarily small positive constant which might
not be the same at each occurrence. n ~ X means that X/2 < n < X for any positive integer n > 1;
i is the Mébius function and d(n) is the divisor function of n. We introduce the characteristic function
1s which equals one, if the assertion S holds true, and zero otherwise. The symbol N denotes the ring of
positive integers. As usual, we denote by S(m,n;c) the Kloosterman sum which is given in the following

way S(m,n;c) = Z*x CdlE ((mZ + nx)/c) for any positive integers m,n and ¢, where x indicates that

the summation is restricted to (x,c) = 1, and T is the inverse of x modulo c.

2. PRELIMINARIES

2.1. Modular forms. We will first give a recap of the theory of modular forms for SLs(Z). Let k > 2
be an even integer, and N > 0 an integer. Let x be a primitive character to modulus ¢ such that Nl|g,
satisfying x(—1) = (—1)*. We denote by Si(N, x) the vector space of holomorphic cusp forms on T'y(N)
with nebentypus x and weight k. For any f € Sk(N, x), one has

Zi/)f n'z enz)
n>1
3
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for z € h. Here, e(z) means e2™* for any z € C, and b is the upper half-plane. Observe that Sy (N, x) is
a finite dimensional Hilbert spaces which can be equipped with the Petersson inner products

(f1, f2) :/ f1(2) f2(2)yF~2dady.
To(N)\b
Let us recall the Hecke operators {T},} with (n, N) = 1, which satisfy the multiplicativity relation
TuTw= > xX(d)Tzg. (2.3)
d|(n,m)

It thus follows that, for any f1, fo € Sp(N, x), one has (T, f1, f2) = x(n){f1,Tn f2) for all (n, N) = 1. One
can also find an orthogonal basis By (N, x) of Sk(N,x) consisting of common eigenfunctions of all the
Hecke operators T,, with (n, N) = 1. For each f € By (NN, x), denote by As(n) the n-th Hecke eigenvalue,
which satisfies the relation T, f(2) = Af(n) f(z) for all (n, N) = 1. It thus follows from that

brmd) = 3 ey ()
d|(n,m)

for any m,n > 1 with (n, N) = 1. In particular, ¥ ¢(1)A(n) = 9¥(n), if (n, N) = 1. It is therefore can be
enunciated that

() = XmAr), Am)dsm) = 30 x(@Ar (55 ) (2.4)

@
d|(n,m)
whenever (mn, N) = 1.

The Hecke eigenbasis By (N, x) also contains a subset of newforms B (N, x), those forms which are
simultaneous eigenfunctions of all the Hecke operators T, for any n > 1, and normalized to have first
Fourier coefficient ¢¢(1) = 1. The elements of B} (N, x) are usually called primitive forms (the symbol
is simply abbreviated to Bj(NN), if x is trivial). In particular, for any primitive form f € B (N, x),
the relations in holds for any m,n > 1, from which one may have the exact factorization that
As(dm) = Ap(d)Ag(m) for d|N. It is, on the other hand, worth to record that, for general n > 1,
Deligne’s bound asserts that |A;(n)|< d(n); while, the Rankin-Selberg theory implies

> n)P<i (XN X (2.5)
1<n<X

uniformly in any X > 2.

2.2. GLy Voronoi formula. We will have a need of the following Voronoi-type summation formula; see,
for instance, [20, Theorem A.4].

Lemma 2.1. Let k > 2 be an even integer and N > 0 be an integer. Let f € B (N) be a newform. For
(a,q) =1 set Ny := N/(N,q). If h € C®(R*T) is a Schwartz function vanishing in a neighborhood of
zero, then there exists a complex number [ of modulus one, which depends on a, q and f, and a newform
f* € Bi(N) such that

S ()0() =g o (5 )a(Ggon). @0

n>1 n>1

where

ash) = [ 1T am/a) s

4

16 May 2023 18:19:52 PDT
220711-FeiHou Version 4 - Submitted to Rocky Mountain J. Math.



For any = > 0, one may write Jy,_1(z) = 2~ V2(H; (z)e(x) + H,, (v)e(—x)) for some smooth functions

H#* satisfying that ;ijlzt (j)(az) <y x/(14 )32 for any j > 0; the existence is guaranteed, for instance,
by [31] Section 6.5], if x < 1 and [31), Section 3.4}, if z > 1.

2.3. The Wilton-type bounds. Let X > 2. Suppose that the function w(y) satisfies that

w(y) is smooth with support in the dyadic interval [X,2X],
¥ (y)|< ¢

for all j > 0 and some positive real numbers c¢;. We call w(y) an X -dyadic weight function. We now have

the following Wilton-type bound involving the cusp forms on G Lo, which we shall use after a while, and

from which the final bound in our main theorem would follow; see [I5, Corollary 1.8].

Lemma 2.2. Let X > 2 and w(y) be an X-dyadic weight function. Then, for any o € R and newform
f € Bi(N) with square-free level N, we have

> Af/(g)e(m)w(n) Chere; XENTHE, (2.7)
n>1

2.4. The delta method. The §-symbol method was developed in [B] [6] as variant of the circle method.
Further development and applications can be found in Jutila [I8] 19], Heath-Brown [11], Munshi [27], and
more recently [I] to name a few. The main purpose is to express §(n,0) the Dirac symbol at 0 (restricted
to the integers n in some given range: |n|< X), in terms of ‘harmonics’ e(an/q) for some integers a, ¢
satisfying (a,q) = 1 and ¢ < @, with @ being any fixed positive real number. In order to be of practical
use, one expects the J-symbol method should be capable of providing an expression for §(n,0) in terms
of harmonics of a small moduli. Nevertheless, the modulus in the circle method cannot be less than v X,
which corresponds to using Dirichlet’s approximation theorem to produce values ¢ < @ (see [I1]).

Instead of directly appealing to the version due to Duke, Friedlander and Iwaniec (see, for instance, [17]
Chapter 20]), in this paper, we shall exploit an important new input - the ‘conductor lowering mechanism’
due to Munshi; see [25], [26] or the survey [28].

Lemma 2.3. Let Q > 1. Then, for any n up to X and £|n, one might thus detect the symbol §(n,0) in

the following manner
an nr
el — ,Te | ——= | dr,
2 <qﬁ)/n@g(q ) (qQﬁ>

a mod gR
(a,q)=1

1 1

where
9(q,7) =14 h(q,7) with h(q 7-):0<1 (|T|+q)>A
N 7 ’ qQ Q))

7 —¢(q,7) < log Q min QL for any integer j > 0,
orI q ‘7—|
and g(q,7) < |7|=4 for any sufficiently large A. In particular, the effective range of the T-integral is
[-X&, X

5
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3. PROOF OF THEOREM [I.1]

3.1. Initial configuration. In this section, we are dedicated to the proof of Theorem Recall that
we shall be concerned about the triple sum

DD > Al n+h)Af(nH)W(;)Vb(Z)V”G) (3.8)

h>11>1n>1

for H,L < X. Appealing to d(n,0), the Dirac symbol at 0, one may re-write the above as

;%;é;Af(n))\f(m)/\f(t)é(m = h,0)8(t—n—1,0) Ub(%)
(3 (2 ()

where U, U%, V*, Vi, W are five smooth functions supported [1/2,5/2] with bounded derivatives, respec-
tively. We manage to detect the shifts m = n + h and ¢t = n + [ by invoking Lemma [2.3| with & = p. We
are thus led to an alternative form for the sum in (3.8)) as follows:

E(p7H7L7X): E E Kq17q2(H7L7X;a)ﬁaqlpanp)7
1<q¢1,92<9 a mod q1p (39)
B mod qa2p

(04,1]1):1,([3,(12):1
where the multiple sum K is defined as

Q177'1 Q277'2 am
’Cth qz(H L, X;a,p, 61752 pQ // Z )\ <€1>

1192 m>1

v, (Z)mee(ﬁf) ()ZM <W>

n>1

e (DS R (5) % (5) (6) (2)

for any ¢1, ¢ € N, with the functions U”, U%, V?, Vh, W being
Ury(m) = U (m)e <mXﬁ> - UL =U(D)e (tXTQ)  Wama(n) = W(n)e <nX<ﬁ+T2>>

P9 pqQ pqQ
hHT LLT
b _yb 1 by — 0 =2
V72 (h) =V’ (h)e ( 220 ) VE() =Vi(l)e ( qu> .
Here, the parameter Q will be taken as
X
Q=,/— 3.10
» (3.10)

which is below the square-root of the length of the summation X over n in (3.8)); this, however, is what
the philosophy of the ‘conductor lowering mechanism’ embodies.

We shall now proceed to distinguish whether (a,p) = 1 (resp. (8,p) = 1) or not in the following
analysis. We are thus led to nine parts for =, i.e., the ‘degenerate term’ ZP°, the ‘non-degenerate’ term
zZNon-de. " the two ‘cross terms’ ZCrosl: ZCros2. and the error term =P with & = ZPes 4 gZNon-de. 4
gCrosl. | ZCros2. 4 =t Here, the degenerate and non-degenerate terms are respectively defined as

EDEg'(p’ H’L’X) = Z Z IC(117<12 (HvLaX;%@(thQ), (3.11)
1<q1,42<2 a mod g1
(p,q192)=1 B mod g
6
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*
ENon-dc.(p, HvLaX) = Z Z K:thn(H’LvX;aaﬂaQIpv QQp)a (312)
1<q1,q2<Q a mod q1p
(p,q192)=1 B mod gz2p

and the two cross terms are defined as

ECYOSI'(]),H,L,X) = Z Z qu,qz(H7L7X§C%Ba‘]lpﬂh)» (313)
1<¢1,92<2Q a mod q1p
(p,q192)=1 B mod g2

*
ECrosQ-(p7 H7L)X) = Z Z K:ql,qz(H,L,X;a,ﬁ,qthp); (314)
1<q¢1,42<9 a mod ¢;
(p,q192)=1 J mod q2p

while, the remaining error term Z¥™ (p, H, L, X) is given by the following

> Z* Koygo(H, L, X;0, 8,019, 2p) + Y _ Z*

1<q1,92<Q a mod q1p 1<q1,42<9Q a mod q;
(p,q1)=1 B mod q2p (p,q1)=1 B mod gap
plgz plgz
*
Iqu,qQ(H,L,X§OZ,,B,Q1,QQp)+ E E ICCI17Q2(H7LaX;O‘aﬁ»lev(hp)+ E
1<q1,92<Q a mod q1p 1<q1,92<9Q
(p,g2)=1 B mod g2p (p,q2)=1
pla1 pla1
* *
E : IC(IlJIz(H)LaX;O‘vﬂvqlpa(D)+ E § : ’qu,qz(H7LyX;075,Q1P»QQP)~
a mod q1p 1<q1,g2<Q o mod ¢1p
B mod g2 plq1,plg2 B mod gap

To take care of the subsums above now will be the objectives of the remaining parts of this paper. We
shall begin with Z9¢&:; the analysis of the term ZN°"-9¢: and then the two cross terms ZCTosl: ZCros2. ]|
be postponed to the end of this paper. While, truly ZF™ serves as a noisy error term, which provides a
relatively small magnitude to = by an entirely analogous argument as that for the major term =Non-de:

in §3.3.
3.2. Treatment of =P°&, In this part, we deal with the multiple sum ZP°® as shown in (3.11). For
any ¢, v,v, p,s € R, write

WTI,7—2 (L7 1/7/U7p7<) = U‘If"l (L) U’EZ (U) WTIJ’Q (U) V‘I'bl (p)VThQ (§)' (3'15)

One finds 2P is dominated by

T1,T2Ke X 4192

X 1,T , T * * Ar(m
Oy sup Z 9(q1,71)9(q2, 72) Z mz;l f/(m)

1<q1,g2<9 amod ¢; 8 mod g2
(q192,p)=1
Ae(t t
e (ozm) Z f( )e (6> Z A (n)e (_ (Oéq2 +5Q1)n> (3.16)
a1 t>1 NG q2 n>1 q192
ah Bl m t n h I
e\——— — — Wﬁ,"’z faf7faﬁvz
h>11>1 q1 q2
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We will now apply the Voronoi formula, Lemma to transform the sums over m,t into their dualized
forms, which reveals that the expression in (3.16)) would be no more than

Lo 3 9(q1,71)9(q2, 72) Z Z/\f

D ri < Xe 1<q1,92<9Q 9192 mt<e X¢ n>1
(q192,p)=1
mX n h tX n |
S(=pm,—(n+ h);q1)S(=pt, —(n +1); qz)Wiﬁ_Tf (, —, ) WiT1 - <, —, ) .
;; b\ gip XTH ) P \ggp’ XU L
(3.17)
Here, for any p,v,v € RT \/\71 . 18 explicitly given by
1
2y
Wfﬁm (p,v,v) =W 1, (V) Vf1 (u)/ (477\/ ) (47r\/p§) e (i47r\/p§) d¢,
R+
upon combining with the basic approximations of J-Bessel functions in §2.2; while, \/\72 1,7, Corresponds

Ly With V2 (resp. U?,) replaced by VJ (resp. UZ). By repeated integration
by parts for enough times, one quickly sees that essentially p <. X¢ - (1 + X71/(q1p2))? and

07 (4) (f) ( X1 J
L 2) < (14
Poim \p) ™ q1pQ

for any j > 0. It thus follows that

to the exact form of Wi

+

s X
+ pJEWZTl,Q(p?U’V)

pi Xr\’
PO o) < : (1+278) (3.18)

(1+p)® q1pQ

as k — oo, upon changing the variable in the integral above. Moreover, it can be seen that essentially
m <. @Gp/ X (1+ X71/(q1pQ))? and t <. q%p/Xl’E 1+ X XTQ/((]QPQ))2 It is also remarkable that,

here and in the sequel, one might identify W1 1,7 and Wi
decay, respectively.

2.11,7, a8 two Schwarz functions with rapid

To proceed further, let us pay attention to the case where ¢ = g2 in . It is verifiable that an
argument which has the flavors of that for the dominated case of q; # g2, however, indicates the much
less importance of this scenario (as far as the contribution is concerned). Indeed, if g1 = g2 = ¢, say, the
secondary application of the Cauchy-Schwarz inequality shows an contribution by an amount

A: (¢°p/ X, H;q) A3 (¢*p/ X, L; q)
q2

1
1 (3.19)
Pi<a

to ZP¢& where, for any V > 2,

V) = 30 5 |3 S G0+ W (T

n>1m>1|h>1

2

) , (3.20)

| =

/—\_/ /—\_/

and A, indicates the same expression with Wi . replaced by Wi ‘r1 72 Possion shows that the A;-sum

(resp. the Ag-sum) is bounded by < XV Hgq. This implies that ( is no more than O(X+vHL/p)
which is well controlled by the estimate (3.26]) below.
8
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Next, we shall be devoted to the analysis of the typical scenario where ¢; differs always from ¢ in
(3-17). One applies the Cauchy-Schwarz inequality, which produces (essentially)

1
=P (p, H,L,X) <~ sup Qf(p,m.H,X)Qj(p.t,L,X) (3.21)
D1 m<X®
m,t< . X*

with

g(t _ mX n h
31 (p,m H X Z Z Z ( pma*(nJrh) )Wit'rl To <2’X’H> ’
n>1]1<¢<Q h>1 ap

(ap)=1 (3.22)

tX n |
Wt LX) =S| S LD S G g g WE ()

2
n>111<¢<Q h>1 ap XL
(g,p)=1

In the following analysis, it suffices to evaluate 21; the same argument works for 5, observing that they
bear a striking resemblance to each other. Here, more precisely, one has

Q(p,m, H,X) = Z w Z ZS —pm, —(n+ h1);q1)

1<q1,42<9 9192

= T mX n h\. 12— [mX n hs
S(=pm, —(n+ h2);a2) Wi 7, -, (qlzp7X7H> Wi m <‘]22P7X’H ’

As is customary in studying the multiple sum Q;, we shall identify it depending on whether ¢; and ¢
are equal or not. The contributions from both cases to §2; are denoted by 9 and QT, respectively. We
shall now begin with . In the case of ¢; = g2 = ¢, say, after an application of the Poisson to the n-sum
(with the modulus ¢), it is presented in the following form

X Z |97'q Z Z S(—=pm, — (v + h1);q)S(=pm, — (v + ha); q)

1<¢<Q hi,h2>1~v mod ¢
n /—\_/ mX hg
/]R+ Wl,n,rz < 757 ) 1,171,712 (qu7§7 H) dg

(¢,p)=1
It is remarkable that, here, the non-zero frequencies do not exist in practice, in view of that ¢ < X172,
Opening the Kloosterman sums, and executing the y-sum shows that the inner-sum on the first line
is roughly ¢*1p,,=p, mod g; upon employing the relation involving Ramanujan sum that S(n,0;q) =
> ab=q 1(@) D25 moa 4 € (Bn/b). We thus find

H H
N(p,m, H X) < X' Y~ — (1 + q) < X2, (3.24)

1<¢<Q

h1,ho>1n>1 (323

Now, let us move on to the investigation of Qf The initial procedure is to invoke the Poisson (with the
modulus g1 ¢z ), which transforms the multiple sum Qf into

X Z 9(7,41)s qu Z Z S(=pm, —(0 + h1);q1)

1<q1,q2<9Q (qqu h1,he>1 & mod q1q2

(q192,p)=1
n . + mX h2
S(_pm’_(6+h2)’q2) A+ Wl,n,”rz ( 757) 1,71,72 ((bzpvgvH) df
9
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The non-zero frequencies do not exist as well, since of ;g2 < X. We claim actually the display above
vanishes. To show this, one proceeds by writing ¢1 = qih, g2 = ¢bh, with (¢1,¢2) = % and (¢}, ¢5) = 1.
Notice that 7 is co-prime with one of factors ¢}, ¢; without loss of generality, we assume that (%, ) = 1.
We find the J-sum thus can be expressed as

SOy oy 6<_pxm+(/oz+h1):c+pym+(/a+h2)y)

h h
amod ¢; z mod ¢}k y mod gyh 4 ©

_ Z* Z* Z* 3 e(_phxl—km(?+h1)hx1>

q
x1 mod ¢} z2 mod ghh y1 mod hi @ mod g} 1

Z . (P(Iiylm + (B4 h)din | pram A (B + h2)$2> —0

/
B mod g4h h 2 R

This, however, confirms the prior assertion immediately. Altogether, one arrives at

Q(p,m, H, X) < X' H? Qo(p,t,L,X) < X L2 (3.25)
for any € > 0, from which, it thus can be inferable that
X*teHL
EDeg.(p7 H,L,X) < ) , (326)

upon recalling (3.21]).

3.3. Treatment of ZN°r-de- Now, let us concentrate on the analysis of ZNode Recall (3.12)). One
finds that the quantity we are faced with is the following

sup 3 9(q1,71)9(g2, 72) Z Z Z)\f

(pQ)? T, T2 X q192

1<q1,q2<9Q a mod pgq; B mod pgz m>1
(g192,p)=1
. <am> ppp ( pt ) S s ( (agz + Bg1)n ) (3.27)
wp) = vVt \aepr/) = q1q2p
ah Sl m t n h I
Zze - - WTl,‘rg Y7Y7Yaﬁ7z )
h>11>1 qQp  qz2p

where W, ;, is defined as in (3.15). We intend to apply the Voronoi formula, Lemma again, the
multiple sum in the absolute value thus being recast as

3 9(a1,71)9(g2, 72) 3 Z)\ )Y D S(=m,—(n+ h);qup)

1<q1,g2<9Q 1192 mtL plte n>1 h>11>1
(q192,p)=1
mX n h tX n I
S(=t, —(n+1); ¢2p) Wi, — = | Wi —— =], (328
( (n+ ) q2p) 1,71,72 <(q1p)2 X H) 2,71,T2 ((q2p)2 X L) ( )

up to a multiplier factor of modulus O(X¢) at most. We first come to extracting the contribution from

the case where q1 = g2 = ¢, say, in (3.28). In that case, (3.28]) reads

Z 9(1,71 q,Tz) Z Z)\ ZZS n+h) )

1<¢<Q m <L oplte n>1 h>11>1
(¢,p)=1
10
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mX n h tX n I
S(—t,— 1); gp) Wi ) Wi —_— =, = |-
(=t, —(n+1);qp) 1,71,72 ((qp)z’ X’ H) 2,71,72 ((qp)Q’ X’ L)
To see quickly what will be the shape of the transformed expression, one may apply the Cauchy-Schwarz
inequality twice bounding the display above by

> B ((ap)2/ X, H; qp)B3 ((ap)2/ X, L; qp)

2 (3.29)
1<q<0
where, as in (3.20)), for any 7' > 2, BB is given by
2
+ mn h 3.30
THq ZZ ZS TL+h) )W171T2(T7X7H> ’ ( )

n>1m>1|h>1

and By means the same expression just with Wi . replaced by Wi .- Notice that there holds the
estimate that B1 (7T, H;q) < XTHgq which follows by an application of the Possion, whence the sum in
is O(Xp?>vHL). The contribution from the case of ¢; = go to ZN°™4¢ is majorized by O(pXvHL),
upon recalling .

As presented before, here, the salient point is to analyze the scenario where ¢ # g2 in (3.28]). Akin to
(3.21)), the Cauchy-Schwarz inequality thus implies

1 3 3
ENon—de.(p’ H LX) < ],) sup UZ(p,H,X)¥3(p,L,X) erX\/ﬁ (3.31)
71,72 K X ¢

with Uy, Uy being taking the following forms

gTq Af(m T mX n h
B0 =Y | Y DS S M s WE, L (o )]
n>111<¢<Q h>1m< ptte
(g,p)=1
and

L=y Y 4 5 ZS (—t,—(n+ Da )Wz((f];();i> ,

n>1[1<¢<Q tL plte >1
(¢,p)=1

respectively. Here, the term pX+/ HL on the right-hand side of (3.31]) means the contribution from the
case of g1 = g2 in (3.27)). We shall now merely consider ¥; in what follows; the argument for ¥, follows
similarly. Upon expanding the square, one sees, more explicitly,

U, (p, H, X) Z Z g(7,q1)g(T, (J2 Z Z Af(m;z;\;nb(:h)

n>1 1<q1,g2<Q 1192 hihe>1 ma ma<eplte
(q192,p)=1

S(—mi,—(n+ h1); 1p)S(—ma, —(n + h2); g2p)

/:E\/ le n h1 /:E\/ mgX n h2
WlTT N2 v oI W].TT T N2 v oo |
5T1,T2 (q1p)2 X' H sT1,T2 (q2p)2 X' H
In analogy to €7, we now proceed from the non-generic terms q; = g2 and the generic terms q; # g2, the

contributions to ¥; from the both being denoted by ¥ and \I/f, respectively (in other words, one has
11
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the decomposition ¥; = U9 + \Ilf) We first treat ¥9. Assume that ¢; = g2 = ¢. One has already seen

that
A Ar(mg)
Wip, H,X) =Y Z Z 3 Ag(ma)As(mz)
n>1 1<q<Q hi,ho>1 my,me<eplte mimsa
(¢,p)=1

S(=m1, —(n+ h1);qp) S(=mz, —(n + h2); qp)
X n h —— [(mesX n h
(2 ) ()
brom \(gp)2’ X' H ) b\ (qp)?’ XU H

—Contribution from hy = hs. Let us have a look at the non-generic situation where h; = hy = h, say.
An application of the Poisson to the n-sum reduces the right-hand side to

A ml/\ mo
Xp 2: E: 3 £( n;;é )

1<¢<Q h21 my mo<ep'te
(¢,p)=1 mi=ms mod gp (332)

X X
/ Wil:_Tl T2 <m1 27§a > 17-1 To (m2 276, )df < HX1+5p.
re 7\ () (gp)

—Contribution from hy # he. Next, we turn to the generic situation where h; # ho. Assembling with
the Poisson (to the hq, ha-sums with the modulus gp this time), we are thus, however, led to

ey 2 L oG 2 )

n>1 1<g<Q || <eqp/H ¢ ll2|<cqp/H*—¢

(¢,p)=1
Z /\f(ml))\f(mg) (mlllﬂ’Lng) (le n Hll) <m2X n ng)
€ s N N2 v
My ap (gp)*>" X" qp (gp)>" X° qp
(3.33)

my,mo<L plte

where the resulting integral ) is defined as

Y(@,y,1) W1 o (259, 8) e (=€) dE

for any =,y € Rt and | € Z with [ # 0. We now wish to apply the Wilton-type bound in Lemma to
the inner sums over mi, mso in (3.33)). To this end, we denote by Y (m1,mao;n,li,l3) this double sum, and
decompose dyadically it in the mq, mo-variables such that

Y(ma,moin,bla) = Y Y Yz, (mu,masn, i, o)) (3.34)
Z121Z>>1

with Tz, 7z, being a smooth function of mq,me supported on my ~ Z; and mg ~ Zy, where Z; (resp.
Z5) runs through the powers of 2 independently and satisfies that Z; < p'™¢ (resp. Zo < p'*¢). We
thus infer that the expression in (3.33)) is

< (XH)PXQp* sup | D Y Tz, z,(ma,main,ly,l)|. (3.35)
Zl<<p1+5 Z1>1 Z2>1
Zoyptte
12
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One finds, from (3.18)), that Yz, z,(m1, ma;n, li,l2) isa Z; (resp. Zs)-dyadic weight function with respect
to the variable my (resp. ms), with

729y (le - Hl) <y —BXE <1+ Xﬁy
i \ @) X ) M (g4 vzix)E qpQ

and

09 (myX n HI ZyX)i X\’
2 ( 5 s )<<M qp(Z2 X)) . <1+ 5)
(gp)?" X7 qp (qp + VZ:X)? qp

my
for any 4,7 > 0. An application of Lemma finally shows that the contribution from hy # hy in W9 is
bounded by

< (XH)*XQp? - (Xp)p2te < (pH)* X 21ep?. (3.36)

Having established the estimates for ), we are left with ‘1@é To evaluate this term, one invokes the
Poisson (with the modulus pg1¢2), so that it can be verifiable that actually there holds the following

Weax)=xy Y drasne) s g Arlmd(me)

mim
T camea  (MRP G 12
(9192,p)=1 (3.37)

hy he miX meX X —A
Shaham7ma 3Dy ) yT<77 ’ ) o(X
( 1,72 1 2,J5P, q1 Q2) H H (Q1p)2 (qu)g PG> ( )

for any sufficiently large A, where the exponential sum § is given by

8k, hamama, gip i) = D 5(—m1,—(w+h1);q1p)5(—M2,—(W+h2);q2p)e(p;jQz)’
v mod pqiqz

and the resulting integral YT is of the form

P —

yt(hla h23 ma, m?a]) = - Wit;rl;m (mla {7 hl) Wit’T17T2 (mQa 57 h’z) € (76‘7) d€

It can be enunciated that, by repeated integration by parts for many times, that (essentially) 7 is truncated
at |7]<. X°Q%p/X 1% <« X¢. Here, of course, V! enjoys the analogous properties with that for a Schwarz
function, which is controlled by O.(X¢) for any € > 0. As already hinted §3.2 in handling Qf, it suffices
to investigate the focal case where (¢1,¢g2) = 1 (from which the dominated contribution thus can be
captured). In this sense, from now on, we shall carry out the discussions under the assumption of the
coprimality between ¢; and gs. Now, if one writes v = q1¢2q1 2= + ¢1pq@1 DY + q2pGepz, with  mod p, y
mod g2 and z mod g1, such that (z,p) =1, (y,¢q2) =1 and (z,¢1) = 1, the sum § thus reads

Y S(=mugr, —(z + ha)ai; p) S(—mads, —(x + ha)@; p) € (xq;q”) S o (ypqu)

y mod g2 42

z mod p

S(=map, —(y + h2)D; q2) Z S(—map, — (Z+h1)p;fh)€< 0

z mod q1

2pq2) >

which is equal to

I (m2q1 P+ hay-Pqi  miga-pj+ hl]'P@)
a2 a!

Z . <mz 3w —my - ¢ (w + @ qey) — h(w+qge)) + hz@)
P

w mod p
13
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We proceed by applying the Poisson (to the hq, ho-sums) again. It turns out that the right-hand side of
(3-37) thus can be dominated by

2 7,41)9(T, q2 Ae(m)Ar(mg
xE? Y 9(7,q1)9(7, q2) 3 3 T 3 £ ( 77Zlen(2 )

q192
1<q1,92<9Q [ Xe \sl|<<5pq1/H17E \52|<<5pq2/H175 mi,mo<Lplte
(q192,p)=1 (s1,p)=1 (s2,p)=1
s$1=g27 mod q1 s2=gq17 mod g2

q251+q152—)=0 mod p
e <_m2Q1 "P] Mgz -p] M1 G151 +m2'Q252> i <m1X meX Xy Hsp H52>

0 ¢ p (@1p)?’ (@20)? parq2” @p’ q2p
(3.38)

with the weight function V¥ being given by

—

Vi(p1,p2, 7, 51,82) = /R+ /W /R+ Wfrl,m (P17517§2)Wf717m (p2,61,83) e (&1

—&251 — £352) d§1d&pdés

for any py1, p2 € RT and s1, 82,7 € Z. As done in estimating the multiple sum in ([3.33)), we shall employ
Lemma, again. In a similar vein, one might proceed to denote by ©(my, ms;s1, 2, 7, g1, g2) the sums
over mq,my in (3.38)), and decompose dyadically this double sum such that

O(m1,ma; s1,82,7,q1,q2) = Z Z OR,, R, (M1, m2; 81, 82, 7,41, G2).-
R1>1 R2>1
Here, Og, g, is a smooth function of m4, mo supported on m; ~ Ry and my ~ Ry, with Ry (resp. Rs)
running through the powers of 2 independently, and satisfying that R; < p'*¢ (resp. Ry < p'™¢). It
thus follows that

\I’f(p, H,X) <<XH2 Z |g(7_7 Q1)g(7—7 q2)| Z Z

492
1<q1,92<Q [71<eX® |s1|<epqr/H ~¢

(q192,p)=1 (s1,p)=1
$1=g27 mod q1

Z sup Z Z Or, .k, (M1, M2;81,52,7,q1,¢2)| -

1+e
|$2|<epaa/H ¢ R, <p R1>1Ry>1
(s2,p)=1 Rop'te

s2=q1) mod gz
q251+q152—7=0 mod p
Moreover, one might verify that Og, g, is a Ry (resp. Rg)-dyadic weight function in the variable my
(resp. mg), which enjoys the entirely analogous features as that for Tz, z, in (3.34]). Now, an application

of Lemma [2.2] gives
\Ilf(p, H, X) << X1+6H2+€p%+€ Z |g(T? ql)g(T7 q2)| (1 + ]1) )
Lol g q1G2 Hi-=
<¢1,¢2<
(q192,p)=1
14e 1724 L14e D
< X1t g?teps (1+H1_E).

From this and (3.32)) together with ([3.36)), it would be concluded that
Wi(p, H, X) < (XpH)* (X452 + XH2 ), Walp, L, X) < (XpL)* (X3 + XI2\p),
upon recalling that max{H, L} < 1/Xp. Thus, we are allowed eventually to deduce
XHL
SNon-de.(), [J L, X) < X° {Xi’ p+ v + XpVHL + Xipi (H + L)} , (3.39)

14
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upon combining with (3.31)).

3.4. Treatments of ZCrosl: =Cros2. - At the end of the paper, let us devote ourselves to exploring the
two cross terms Z€7°51- and Z€°52 whereby to complete the proof of Theorem It is remarkable that
these two terms are not indispensable to contribute fairly large magnitudes to = in . To illustrate
this, upon recalling (3 and -, one sees that actually Z°s! is boiled down to evaluating

sup 3 9(q1,71)9(q2, 72) Z Z Z/\f

2
(pQ) T1,ToKe X & ](-SQI;QZ)S? 4192 o mod pg1 B mod gz m>1
q192,p)=
e(am)z)\f <5t> Z)\ ( (agq2 + Barp)n >
ap/) & Vi n>1 nap
Zze—a—h—ﬁw mtn h 1
qp 0o T1,72 X7XaXaH7L .

h>11>1

After an application of the Voronoi formula, the quantity in the absolute value is converted into (essen-

tially)
9\q1,71)g\q2, T:
i Ml oD VL) D) D CE RO
1<q1,q2<9 N2 1L X" n>1 h>11>1
(q192,p)=1 mpt e
_ mX n h tX n I
S(fpt,f(TLﬁ*l)’qu) Wit‘rl T2 ((q1p)27X7H) Wg:,Tl,Tg <qu7X’L> . (340)

At the moment, the preceding discussions in §3.2 can be adapted to show that

1 3 3
0ol (p H L, X)< - sup WZ(p,H,X)QZ(p,t, L, X)
p7'1,7'2<<sX6
<L X"

1 1

41 3 Bt ((ap)*/ X, H;qp) A3 (°p/ X, Lig)
D q?

1<¢<Q

Here, the first one on the right-hand side stems from the contribution of the generic terms q; # g2 in
(3.40); while, the second one is related to the non-generic terms g1 = g2. Analogously, one might find

1 1 1
gOrs2(p H L, X) < = sup  QZ(p,m, H,X)WZ(p, L, X)
P <Xt
m<&.X*

41 ) At (¢°p/ X, H;9)B3 ((ap)*/ X, Li gp)

2
Piii<o 9

Notice that ©Q; (resp. 22) is dominated by ¥y (resp. Ws). These two upper-bounds above are thus well
controlled by the estimate in (3.39)).

Now, upon recalling the decomposition at the beginning of this section, one collects the bounds ([3.26)
and (3.39)), from which the desired estimate in (1.1f) follows immediately, and hence Theorem
15
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