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Abstract. A k-regular partition into distinct parts is a partition into distinct parts
with no part divisible by k. In this paper, we provide a general method to establish
the unimodality of k-regular partitions into distinct parts where the largest part is
at most km + k — 1. Let dj,,,(n) denote the number of k-regular partitions of n into
distinct parts where the largest part is at most km +k — 1. In line with this method,
we show that dy,,(n) > dym(n—1) form > 0,1 <n <3(m+1)* and n # 4 and
dgm(n) > dgm(n —1) form > 2 and 1 < n < 14(m + 1)2. When 5 < k < 10 and

k # 8, we show that dy ,(n) > dgm(n —1) form >0and 1 <n < {WJ
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1 Introduction

The main theme of this paper is to investigate the unimodality of k-regular
partitions into distinct parts where the largest part is at most km + k — 1. A k-
regular partition into distinct parts is a partition into distinct parts with no part
divisible by k. For example, below are the 4-regular partitions of 10 into distinct

arts,
! (10), (9,1), (7,3), (7,2,1), (6,3,1), (5,3,2).

Let dj m(n) denote the number of k-regular partitions into distinct parts where the
largest part is at most km+k — 1. From the example above, we see that dy;(10) = 4
and ds2(10) = 6. By definition, it is easy to see that the generating function of
di.m(n) is given by

N(k,m) m
Diw(a) = ) dim(n)g" =] L+ ™) L+ %) (14, (LD
n=0 7=0
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Recall that a polynomial ag + a1q + - - - + ang” with integer coefficients is called
unimodal if for some 0 < 7 < N,

ag <ay <---<a; > ajp 20 2 ap,

and is called symmetric if for all 0 < j < N, a; = ay_j, see [10, p. 124, Ex. 50]. It
is well-known that the Gaussian polynomials

m G 1€ el RO G
k (1=q)(1—=¢%) - (1 gk

are symmetric and unimodal, as conjectured by Cayley [1] in 1856 and confirmed
by Sylvester [18] in 1878 based on semi-invariants of binary forms. For more in-
formation, we refer to [3,9, 11, 13]. Since then, the unimodality of polynomials (or
combinatorial sequences) has drawn great attention in recent decades. In particular,
the unimodality of several special k-regular partitions have been investigated by
several authors. For example, the polynomials

(I+q)(1+¢*) - (1+¢™) (1.2)

are proved to be symmetric and unimodal for m > 1. The first proof of the uni-
modality of the polynomials (1.2) was given by Hughes [3] resorting to Lie algebra
results. Stanley [15] provided an alternative proof by using the Hard Lefschetz The-
orem. Stanley [11] also established the general result of this type based on a result
of Dynkin [6]. An analytic proof of the unimodality of the polynomials (1.2) was at-
tributed to Odlyzko and Richmond [10] by extending the argument of van Lint [19]
and Entringer [7].

Stanley [15] conjectured the polynomials
I+ (1 +q") - (1+¢™") (1.3)

are symmetric and unimodal for m > 26, except at the coefficients of ¢? and
g™ 1’2 More precisely, let

m+1

Z o (n)q" = (L+q)(L+¢°) -+ (L+¢*"F).

Stanley conjectured that da,,,(n) > dam(n — 1) for m > 26,1 <n < {WJ and
n # 2. This conjecture has been proved by Almkvist [1] via refining the method
of Odlyzko and Richmond [10]. Pak and Panova [12] showed that the polynomials
(1.3) are strict unimodal by interpreting the differences between numbers of certain
partitions as Kronecker coefficients of representations of S,,. By refining the method
of Odlyzko and Richmond [10], we show that the polynomials

1_'_q3]+1 1 +q3]+2) (14)
7=0
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are symmetric and unimodal for m > 0, see [5].

In this paper, we aim to establish the symmetry and unimodality of Dy, (q) for
k > 4. It should be noted that the polynomial (1.2) is associated with D; ,,,(¢), while
the polynomial (1.3) is associated with Ds,,(q). When k = 3, Dy ,,,(¢q) reduces to
the polynomial (1.4).

One main result of this paper is to show that Dy ,(q) is almost unimodal.

Theorem 1.1. The polynomials

m

H(l + g1+ g (1 + ¢ (1.5)

are symmetric and unimodal form > 0, except at the coefficients of ¢* and ¢8m+1)°—4
More precisely, let

m+1 m

Z dam(n)g” = [J(1+ g9 (1 + ¢ (1 4 ¢¥F9).

J=0

Then for m >0, dym(n) > dym(n —1) for 1 <n < 3(m+ 1)%and n # 4.

We also provide an effective way to establish the unimodality of Dy ,,(q) for
k >5.

Theorem 1.2. For k > 5, if there exists mg > 0 such that Dy, (q) is unimodal
and for mo <m < 8k2 and {W—TWW <n< LWJ
dk,m(n) > dkm(n — 1), (1.6)

then Dy m(q) is unimodal for m > my.

By utilizing Theorem 1.2 and conducting tests with Maple, we obtain the follow-
ing two consequences.

Corollary 1.3. When 5 < k <10 and k # 8, the polynomials

ﬁ ]k+l 1 4 qjk+2) . (1 4 qjk’+kfl)
7=0

are symmetric and unimodal for m > 0.

Corollary 1.4. The polynomials
H 1 i q83+1 14 q8j+2) o (1 i q8j+7)

are symmetric and unimodal for m > 2.
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2 A key lemma

This section is devoted to the proof of the following lemma. It turns out that this

lemma figures prominently in the proofs of Theorem 1.1 and Theorem 1.2.

Lemma 2.1. If k>4, m > 8k3 and M <n< Mﬂ, then

dk,m(n) > dkym(n — 1)

(2.1)

Before demonstrating Lemma 2.1, we collect several identities and inequalities

which will be useful in its proof.
" = cos(z) + isin(z),

cos(2x) = 2cos?(z) — 1,

sin(2z) = 2sin(z) cos(z),

2sin(«) cos(f) = sin(a + §) + sin(a — ),

sin(x) > ze 3 for0 <z < 2,

cos(x) > e for |z| <1, (v = —logcos(1) = 0.615626.. . .),
e

x—ggsin(a:)gx for z > 0,

Y

cos(z) < e /% for |z| <

bo| 3

| cos()] < exp (—% sin(z) — isin4<x>> |

sin(nx)

<n forx#ir,1=0,1,2,...,

sin(x)

2 4sin(z)

_ in((2n + 1 1
Zsinz(kx):n—SIH((n+ )x)JrZ for & #im, i = 0,1,2, ...
k=1

SN _3n sin((2n+1)z)  sin((2n+1)22) 3
;sm (he) = 8 4sin(x) 16 sin(2x) 16

forx;«é%r,izo,l,Z,....

(2.10)

(2.11)

(2.12)

(2.13)

The identity (2.2) is Euler’s identity, see [17, p. 4]. The formulas (2.3)—(2.5) of
trigonometric functions can be found in [2, Chap. 8]. The inequalities (2.6)—(2.11)
are due to Odlyzko and Richmond [10, p. 81]. The identities (2.12) and (2.13) have

been proved in [5].

We are now in a position to prove Lemma 2.1 by considering dj ,,(n) as the

Fourier coefficients of Dy ,,(q) and proceeding to estimate its integral.

4
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Proof of Lemma 2.1: Putting ¢ = €2 in (1.1), we get

m

Dy () = TT(U+ (7)) (14 (20P52) - (14 (7))
22) ﬁ 1:[ (1 + cos (2(jk + 1)8) + isin(2(jk + 1)6))
j=0 =1
(2:3)&(2.4) ﬁ 1:[ 2 cos?((jk + 1)0) + 2isin((jk 4 1)8) cos((jk + l)@))

m k—1
HH2COS (jk 4+ 1)0) exp(i(jk +1)0)
I=1

7=0
m k—1
= 2=+ oxp (iN (k, m) HHCOS (jk +1)0 (2.14)
7=01=1

Using Taylor’s theorem [17, pp. 47-49], we derive that

z 20 .
drm(n) = L/ Dim ) (e )d (e*)

21 (621'9)77,+1

s
2

jus

1 2 ) A
— ;\/_ Dk,m (627'9) €—2zn9d0

ean 200D NG 90 TT1 &+ 1)6)do
——;—Amw<mmwnggmw+n

™

sy 2k=Dn+D)
() u/_ (cos((N (I, m) — 2n)8) + i sin((N (k, m) — 2n)6))

X H H cos((jk + 1)0)de.

j=01=1

Observe that

jus m k—1
/ sin((N(k,m) — 20)0) T] [ cos((ik + D))o = 0,

§=0 I=1

Wl

so we conclude that

9k=1)(m+1)+1 (3 m k-1
dgm(n) = ——— / cos((N(k,m) = 2n)0) [T [ cos((ik + 1)6)ds.
T 0 .
7=01=1
)
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To show that dj ., (n) increases with n, we take the derivative with respect to n,

P ok=1)(m+1)+2 3 m k-1
%dkm( ):7/ Osin ((N(k,m) — 2n)0 HHCOS (Jk +1)0)d6.
0 §=0 I=1

Let N(k,m) —2n = u, and let

m k—1
Ik’m(m:/o 0 sin (ub) HHCOS (Jk +1)0)dé.
7=01=1

Thus it suffices to show that

k(k —1)(2m + 1)

Limn(pt) > 0 for k>4, m >8k? and 0 < pu < (2.15)
We will separate the integral Iy ,,(u) into three parts,
27 s ™ m k—1
E(k—1)(2m+1) 2km+2(k—1) 2
Lem(p) = {/ —|—/ +/ }Qsm u0) HHCOS((jk: +1)60)do
0 k(kﬂ?(ﬂzmﬂ) 2km+72r(k—1) 7=01=1
1 2 3
= Ll (1) + L2 () + I3, ().
and aim to show that when £ > 4, m > 8k2 and 0 < n< w,
) > |12, )] + | 1) (2.16)
from which, it is immediate that (2.10) is valid.
We first estimate the value of I, (1) 7 (1) Recall that
@ ROE=T) (e T) i
L () = / Osin (u6) [ [ [ ] cos((ik + 1)6)do. (2.17)
0 §=0 1=1
When 0 < § < m,weseethatog/ngandOg (JE+1)0 <1for 0 <
j<mand1<1<Fk-—1. Using (2.6) and (2.7), we deduce that

2(92

MB ) and cos((jk + 1)0) > exp (—y(jk +1)*6%) .

sin (@) > pd exp (—

Hence

0 sin (ub) H 1:[ cos((jk +1)0)

212 m k-1
2 po 2 - 2
> b exp (— 3 )exp (—79 ZZ(]kJ+l)>
7=0 I=1
k2(k — 1)%(m + 1)26?
s (L
3
3 —1 2k —1
><exp<—792k:(k‘—1) (k%—i-kmz—i-((ik 5 )m+ k6 ))
6
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Put

cx(m) :kQ(k—l)Q( ! ! ! 3)+7k:(k—1) <§+ﬁ+6k_1 +2k_1).

3m  3m?  12m m 6m?2 6m3

When k£ > 4 and m > 8/{%, we find that

3

ce(m) < ¢ (8]{5)

1 1 | 1
=kz(k—1)2
k2 (k—1) (3-8+3.82k§ +12-83k3)

1 1 6-—k1' 2—k!
E(k—1)( =
R )<3+8k3+6-82k‘3+6-83k3)

< 1 1 n 1 . 1 L 1+ 1 n 1 . 1

- 24 199k53 = 6144k3 T\3 ’ks 6413 1536k5
1 1 1

<k =

- (24 + 192 . 45 + 6144 - 43

1 1 1 1
+0.616 - [ = + + + by k > 4
<3 8.45 64 -43 1536-43)) (by k2 4)

< 0.26k" := ¢y,
and so
m k—1
0sin (u0) H H cos((jk 4+ 1)0) > pb* exp (—cxm?6?) . (2.18)
7=01=1

Applying (2.18) to (2.17), we deduce that when k > 4, m > 8k2z and 0 < p <
k(k—1)(2m+1)
2 Y
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m k—1

/k(k L 0 sin (ud) HHCOS (jk +1)0)dé

7=01=1

m k—1

AT (16) T TT cos((k + 1)6)do

7=01=1

v
o

ER—D(@mI1) n@m n
> / " 62 exp (—ckm?’ez) dé
0
= { } 1h? exp (—ckm392) de
kw n@m+m
= 3 . (/ vie " dv — s v%”dv)
2ctmz \J0 Py oy
= ;l . <3Z§-— o vée”dv>
chmi kQ(k_l)Cé:(’,;lm+1)2
When m > Sk%, we see that
16¢cxm? 16 - 0.26k° - 8%k2
K2 (k= 1)2(2m +1)2 = k2(k — 1)2(2 - 8k2 + 1)2
16 0.26k3 - 83k>
N k2k2(17k2)
2129.92vk
289
21294
> VA g (by k > 4), (2.19)
289
SO - -
“do < j( vie dv < 1.64 x 107°
6oy m? 14.7
k2(k—1)2(2m+1)2
As a result, we can assert that when k& > 4, m > 8k and 0 < u< w,
3.34
1Y) > L <ﬁ —1.64 x 10—6) > 2R (2.20)
We now turn to estimate the value of I ,gQT)n(p) given by
I@) ﬂ%ﬂ%@fﬁ m kol
pon (14) :/ N 6 sin (10) HHCOS (jk +1)6)do. (2.21)
k(k—1)(2m+1) 7=01=1
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2
When s 0

< Srarspory We have 0 < (jk + 1)
m and 1 <1 <k — 1. In light of (2.9), we derive that

cos((jk +1)0) < exp <_w) .
Hence
HHCOS((jk +1)0)

3 - E—
IeXp(_%k(k—l)Hz(km o, (6k—1)m 2k—1

)
w? km
= o 2k(k

SIE

o)
(by k(k 127T

—1)(2m+1) sbs

= 2km + 2(k
w kmom? 4 3mA B0+ S
—exp | ——— .2,
Pl7ok—1) 3 e

coxp (o T EmY g (T
< exp Qk(k—l) 3 = exp G(k

(2.8)

=)

m°m
- . 2.22
—1))<eXp( 6k) (2.22)
Applying (2. 22) to (2.21), and in view of (2.8) and (2.20), we derive that when
k>4, m>8ks and 0 < p < Ek=DEmED)

2
2 St 20e=T)
’[lg)n(,u)’ < pexp (_%> /2 To(k—1 0240
’ __2r

k(k—1)(2m+1)
o p 1 8
= 3 \(2km+2(k

—D)  ktk—D@m+ 1))3) o (‘WQm)

6k
um? 2

exp [ — 2
3(2km +2(k— 1) "0\ 6k
3 2
ozl ™m
< —3(8m)3 exp (— o ) (by k > 4)
ng%m%

I .
5130 eXp( 6k) ko (1)
Define

WSK%m% 7T2m
film) = =55 P \ =g )

9

(2.20)

(2.23)
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We claim that f/(m) < 0 for k > 4 and m > 8k2. Since f,(m) > 0 for k > 4 and
m > 8]{:%, we have

d d d
Observe that when k£ > 4 and m > 8/{%,
d 3 n? 3 2
—1 =— =X
dm . fi(m) 2m

Sy (U
6k — 2.8ks 6k Ok \ 812> ’
and this yields that f(m) <0 for k > 4 and m > 8k? as claimed. Consequently,

3 8%71'3
fr(m) < fi(8k=) =

k% o 471'2]{2%

X — .
5130° P 3
Applying (2.25) to (2.23), we obtain

(2.25)
8273 a1 An2k3
L5 ()] < —ak T exp <— . ) T (1) (2.26)
Define )
214\
hi(k) := exp (—47T3k > =
Since hy(k) > 0 for k > 4, we find that
d d d
@}H(k) = @elnhl(k) = hl(k)@ Inhy(k),
and since

(2.27)

it follows that A} (k) < 0 for £ > 4. Hence hy (k)

(2.26) {5 3
D < X

87‘(’2 27 (1
LA TS0
5130 P ( 3 ) ok,

<5.89 x 1071 ().

(2.28)
10
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Finally, we turn to estimate the value of I ,53731 () defined by

m k—1

LY (1) = / Osin (1u0) [ [ [ ] cos((ik + 1)0)de. (2.29)

2km+72r(k—1) 7=01=1

SE]

Let C = {“’ 1=1,2,. k}, it is easy to see that

m k—1
/ 0 sin (ub) H cos((jk +1)0)df = 0,
c j=0 1=1
SO
m k—1
L) (1) = / 0sin (1) [ T cos((ik + 1)0)do. (2.30)
[zmmrin5]\C j=0 1=1
When g—fr—y <0< §and 0 # 5 (i = 1,2,... k), by (2.10), (2.12) and (2.13)
we deduce that
m k—1
HHCOS (jk+1)0
=0 I=1
v Lgn g (jk+1)0 1mk1'4'k 1)0
< exp —5;;S (jk +1) Z;;&n (K +1)0)

| [lmthe
_Z< Z sin®(j0) — Zsm jk’@))

j=1

(2.12)&(2.13) exp (_ 11(k—=1)(m+1) 3sin((2km + 2k — 1)0)

32 16sin(0)
_sin((2km + 2k —1)26)  3sin((2m + 1)k#)  sin((2m + 1)2k0)
64 sin(20) 16 sin(k0) 64 sin(2k6)
= Epm(0). (2.31)
We claim that for £ > 4, m > 8k2 and m <0< 3 (where 6 7é 5
i=1,2,...,k),
Epm(0) < exp (—0.381m — 0.224) . (2.32)

We approach the proof of (2 32) through a two-step process. First, we consider the

interval <6 < 5. Since <0 <20 <kO <7, by (2.8), we get

_or T
2km+2(k—1) 2km+2(k—1)

11
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that,

v
o) S
sin(i6) > sin (2km+2(k — 1))

, 3
T (2km+z;r(k71))
> —
~ 2km+2(k—1) 6
2
. < km >
s 2km+2(k—1)
> l1- - 2.33
~ 2km+2(k—1) 6 ’ (2:33)

where ¢ = 1, 2, k. Applying (2.11) and (2.33) in (2.31), we obtain
11(k — 1)(m + 1) 3 1 3
+ - + - + :
32 16sin(f) = 64sin(20)  16sin(k)

o)

Eim(8) <exp (—

(2.33)&(2.11) 1(k—1D(m+1) 2m+1 3
+ +

< exp | —
- 32 64 L
0 (st (1 =50

1 3
_l’_

emt2(k—1) 6 Shmt2(k—1) 6
(12 — 11k)ym 23 — 22k 24 + 25k

+ +
32 64 R (st )’
128K <2km+2(k1) <1 — = +2)6<k = >>

(12— 1k)m | 23— 22k (24+ 25K)(2km +2(k — 1))

3 6 1aseh (1 ki)

_|_

= exp

= exp

12
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When k£ > 4 and m > 8]{:%, we have

21.2 21.2
ST 7r2]{:/@‘ =L = 5 (by m > 8k%)
(2km +2(k = 1)) 6(16k:%+2(k—1))

7T2

2
6 (16k% to_ 2k:—1>

—1-

7T2

>1-— - 5 (by k> 4)
6 (1648 +2- 1)

2

v
1™ 0.9999.
006215 > 9999

It follows that for k > 4, m > 8k and 3

T
oty = 0 <

s
2k’

Eem(6) < exp ((12 ~11k)m | 23— 22k (244 25k)(2hm +2(k — 1)))

32 64 0.9999 - 1287k
1211k 24+ 25k L2322k (44 2k)(1— k)
= eX m
P 32 0.9999 - 647 64 0.9999 - 647

< exp ((0.495 — 0.219k)m + 0.479 — 0.219k)
< exp (—0.381m — 0.397) (by k > 4). (2.34)

Next we consider the interval 7= < 6 < 7 and 0 # % (1 =1,2,...,k). Employing
(2.8) and (2.11), we deduce that

11k —=1)(m+1 3
Eym(0) < exp <_ ( 3)2< ) T Tosm (6)
sin((2km + 2k — 1)20) 3sin((2m + 1)k0) sin((2m + 1)2k0)
64 sin(20) 16 sin(k0) 64 sin(2k6)
@311 ( Hk=Dm+1) 3
< exp|-— —
32 16 sin (ﬁ)
+2km+2k—1 N 3(2m+1) N 2m +1
64 16 64
(2.8) _
) op | 10— Dn 1) 3

+2km—i—2k—1 N 3(2m+1) N 2m+1
64 16 64

13
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. 3 5k Sk 1T 3k
= X e — _ _
Pila™1 16" 32 sr(l— 25)
3 5k 5k 17 3k
< S Ly ) by k>4
—eXp(<4 16)m 16+32+0.9742-87r) (by k 2 4)
3 5k 17
< o ~L 0189k
_exp( 1 16>m+32 0 89)
<exp (—0.5m —0.224) (by k > 4). (2.35)

Combining (2.34) and (2.35) yields (2.32), so the claim is verified. Substituting (2.32)
to (2.30), and in view of (2.8) and (2.20), we derive that

s

2

1® () %) 2
[l ()] < prexp (—0.381m — 0.224) 6-do

I
2km+2(k—1)

3
pm (1 1
<M (2 —0.381m — 0.224
=3 (8 (2l<:m—|—2(k—1))3>eXp( " )

3
< “2% exp (—0.381m — 0.224)

o - 9 9
(2.20) 3k2m2

— _ (1)
= 335.94 0P (—0.381m — 0.224) Iy ,, (). (2.36)

Define

k2m?
9m) = 33T a0
Since when k > 4 and m > 8k2, we have gy(m) > 0 and

d d

e gr(m)

anoem) =

exp (—0.381m — 0.224).

d

= gk(m)% In gx(m)

— gu(m) (% - 0.381)

9
< gx(m) 9.8.45

< —0.31gx(m) < 0,

— 0.381)

it follows that g;(m) < 0 when k& > 4 and m > 81{:%, and so for £ > 4 and m > 8]{:%,

8%71'3]{?%5
©3.34-24

ge(m) < g(8k3) exp (—3.048k% - 0.224) . (2.37)

14
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Define

45

ha(k) = exp (—3.0481<;% . 0.224) kT
When k > 4, we have hy(k) > 0 and

d d
—hg(k) _ _elnhg(k)

= ha(k)- I (k)

45 3k2
= ha(k) (E —3.048 - T)

< ha(k) (f—i — 3.048. %Z> (by k > 4)

< —6.3ha(k) < 0,
so hi(k) < 0 for k > 4, and hence for k > 4,

3

3.34 - 24
Substituting (2.38) into (2.36), we have

go(m) < exp <—3.048 45 0.224) 4% < 0.55. (2.38)

I ()] < 0551, (). (2.39)

Combining (2.28) and (2.39) yields (2.16), and so (2.15) is valid. This leads to (2.1)
holds for & > 4, m > 8k? and M <n < w, and so Lemma 2.1 is
verified. I

3 Proofs of Theorem 1.1 and Theorem 1.2

This section is devoted to the proofs of Theorem 1.1 and Theorem 1.2. Prior to
that, we demonstrate the symmetry of Dy ,(q).

Theorem 3.1. For k > 0, the polynomials Dy, ,,(q) are symmetric.

Proof. Replacing ¢ by ¢! in (1.1), we find that

m

Dimla ) =11+ q*(jk+1)> (1+ q*(jk+2)) (14 q*(jk+k71))
=0

— g Nlm) H (1 4 qjk+1) (1 4 qjk+2) . (1 + qijrk—l)
j=0
— qu(k,m)D’ﬁm(q)_
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To wit,
Dim(q) = ¢"*™ Dyl ™),
from which, it follows that Dy ,,,(q) is symmetric. This completes the proof. |

We give an inductive proof of Theorem 1.1 with the aid of Lemma 2.1.

Proof of Theorem 1.1: From Theorem 3.1, we see that Dy ,,(q) is symmetric. Hence
in order to prove Theorem 1.1, it suffices to show that

dym(n) > dym(n —1) form >0, 1 <n <3(m+1)* and n # 4. (3.1)

Recall that dy,,(n) counts the number of 4-regular partitions into distinct parts
where the largest part is at most 4m + 3, it is easy to check that for m > 0,

dym(0) = dym(1) = dym(2) =1, dim(3) =2, dym(4) =1 (3.2)

Here we assume that dy,(n) = 0 when n < 0. It can be checked that (3.1) holds
when 0 < m < 63. In the following, we will demonstrate its validity for the case
when m > 64. However, our main objective is to show that when m > 64,

dym(n) > dym(n—1), 5<n <12m+20 (3.3)

and
digm(n) > dym(n —1)+1, 12m+21<n <3(m+1)% (3.4)

which are immediate led to (3.1). It can be checked that (3.3) and (3.4) are valid
when m = 64. It remains to show that (3.3) and (3.4) hold when m > 64. We
proceed by induction on m. Assume that (3.3) and (3.4) are valid for m — 1, namely

dym-1(n) > dym-1(n—1), 5<n <12m+8 (3.5)

and
digm1(n) > dym1(n—1)+1, 12m+9<n < 3m> (3.6)

We aim to show that (3.3) and (3.4) hold.

Comparing coefficients of ¢" in
Dim(q) = (1+¢") (1+¢"*2) (14+¢"*°) Dam(q),
we obtain the following recurrence relation:
dym(n) = dym-1(n) + dam-1(n —4m — 1) + dym_1(n — 4m — 2)
+dym-1(n—4m —3) + dym-1(n —8m — 3) + dym—1(n — 8m — 4)
+ dym-1(n —8m —5) + dy m_1(n — 12m — 6), (3.7)
thereby leading to
dym(n) —dym(n — 1) = dym1(n) — dgm-1(n — 1)
+dym-1(n—4m —1) —dym-1(n — 4m — 4)
+ dym-1(n —8m — 3) — dy m—1(n — 8m — 6)
+ dym-1(n—12m —6) — dym-1(n —12m — 7). (3.8)
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When 5 <n < 12m + 20 and n # 12m + 10, applying (3.5) and (3.6) to (3.8), we
see that
d4,m(n) — d4,m(n — 1) Z 0.

When n = 12m + 10, we observe that
Ay (n —12m — 6) — dym_1(n —12m — 7) = dym_1(4) — dypm_1(3) = —1.
But by (3.6), we have
dym—1(n) —dym_1(n —1) = dypm-1(12m + 10) — dyp—1(12m +9) > 1,
which leads to dy,(n) — dgm(n — 1) > 0 when n = 12m + 10. To sum up, we get
dym(n) —dym(n—1) >0, 5<n <12m+ 20,
and so (3.3) is valid. Applying (3.5) and (3.6) to (3.8) again, we infer that
dym(n) —dym(n —1) > 1, 12m+21 <n < 3m> (3.9)
In view of Lemma 2.1, we see that
dym(n) —dym(n —1) > 1, 3m* <n < 3(m+ 1) (3.10)

Combining (3.9) and (3.10), we confirm that (3.4) holds. Together with (3.3), we
deduce (3.1) holds, and so Dy, (g) is unimodal, except at the coefficients of ¢* and
gV 4m)=4 This completes the proof of Theorem 1.1. |

We conclude this paper with the proof of Theorem 1.2 by the utilization of Lemma
2.1.

Proof of Theorem 1.2: Given k > 5 and mg > 0, assume that Dy ,,,(¢) is unimodal.
We proceed to show that the polynomial Dy ,,(¢) is unimodal for m > mg by induc-
tion on m. Considering the symmetry of Dy ,,(q), it suffices to show that for m > my

and 1 <n < LWJ’

Assume that (3.11) is valid for m — 1, that is, for m > mp and 1 <n < Lk(k_41)m2j,
dim—1(n) > digm—1(n — 1). (3.12)

We intend to show that (3.11) holds for m > mg and 1 < n < LWJ By
comparing the coefficients of ¢" in the polynomial

Dk,m(q) — (1 + qkm+1) (1 4 qkm+2) . (1 4 qkm-l-k—l) Dk,m—l(q);

it can be determined that

dem(n) = Y dgmoa(n—ip— - — i),

i;=0 or km-+j
1<j<k—1
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which leads to

dk,m(n) — dk’m(n - 1)

= Z (dgm—1(n—1y — -+ —ig—1) — dgp—1(n — iy — -+ — i1 — 1))
i;=0 or km+j
1<j<k~1
(3.13)

Utilizing (3.12) in (3.13) yields that the validity of (3.11) for m > mgy and 1 <
n < LW_TWJ In view of Lemma 2.1, we see that (3.11) holds for m > 8k?

and fwl <n < LWJ Given the condition that (3.11) holds for
my < m < 8k2 and [M} <n < [WL we reach the conclusion

that (3.11) is valid for m > mp and 1 < n < LWJ Therefore, Dy ,,(q) is
unimodal for m > mg. Thus, we complete the proof of Theorem 1.2. |
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