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THE DENSITY OF INTEGRAL QUADRATIC FORMS HAVING A
k-DIMENSIONAL TOTALLY ISOTROPIC SUBSPACE

LYCKA DRAKENGREN AND TOM FISHER

ABSTRACT. We investigate the probability that a random quadratic form in Z[xy, ..., x,] has a totally
isotropic subspace of a given dimension. We show that this global probability is a product of local
probabilities. Our main result computes these local probabilities for quadratic forms over the p-adics.
The formulae we obtain are rational functions in p invariant upon substituting p — 1/p.

1. Introduction

An integral quadratic form in » variables is a homogeneous polynomial of degree 2

(D O(x1,X2,...,Xp) = Z a;jXxix;
1<i<j<n
where the coefficients g;; belong to Z. A non-zero vector (x1,x2,...,x,) € V = Q" is called isotropic

(with respect to Q) if Q(x1,x2,...,x,) = 0. A subspace of V is totally isotropic if all its non-zero
vectors are isotropic. We say that Q is k-isotropic if V has a k-dimensional totally isotropic subspace.
A quadratic form that is 1-isotropic is simply called isotropic. In Section 2 we make corresponding
definitions with Q replaced by any field FF.

Generalising the results of [2], where only the case k = 1 was considered, we investigate the
probability pgiob(k,7) that a random integral quadratic form in 7 variables is k-isotropic. More formally
we define

quadratic forms Q = Y a;jxix; € Z[x1,...,xp]
. { with |a;;| < H that are k-isotropic over Q }
= A, (QH )2

() Pglob (ka n)

) if this limit exists.

Combining the Strong Hasse Principle [3, p. 75] and Witt’s Cancellation Theorem (see Theorem 2.8),
we know that an integral quadratic form is k-isotropic over Q if and only if it is k-isotropic over QQ,, for
all primes p and over R. Applying a theorem of Poonen and Stoll [7] we deduce the following result.

Theorem 1.1. The probability pgoy(k,n) that a random integral quadratic form in n variables is
k-isotropic exists and is given by

Pglob (k> n) = Poo (k’ I’l) pr (k> n)
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1 where the product is over all primes p, and the local contributions are the probabilities of k-isotropy
2 over R and over Q). These local probabilities are defined as in (2), but with the numerator counting
‘3 integral quadratic forms that are k-isotropic over R or Q,, as appropriate.
4

We fix a prime number p. The probability p,(k,n) may also be interpreted as the probability that a
% random p-adic integral quadratic form in n variables is k-isotropic over QQ,. Here, by a random p-adic
— integral quadratic form, we mean a quadratic form with coefficients in Z, where the coefficients are
" chosen independently at random according to Haar measure. Choosing the coefficient a;; € Z,, with
5 respect to Haar measure means that each congruence class modulo p is equally likely, and inductively
% for n > 1, the classes

11 a,a+p" L a+2p" L a+(p—1)p"! mod p”

n—1

2 are equally likely where 0 < a < p"~! — 1 is the reduction of a; j modulo p
13

= We now state our main theorem. It extends [2, Theorem 1.2] which treated the case k = 1.
14

15 Theorem 1.2. The probability p,(k,n) that a random p-adic integral quadratic form in n variables is
16 k-isotropic over Q,, is given by

n—

% (0 ifn < 2k—1;
19 L0 (B + T () ifn=2k;

o ppll) =4 b - (1) T () ifn=2k+1;
z; 1—%.Q¢+1+1).(61%%;%rT, IV+1<2;ET>> ifn—2k+2;
24 1 ifn>2k+3.

25
o Combining Theorems 1.1 and 1.2 we deduce the following.

27_Corollary 1.3. We have pgoy(k,n) = 0 for all n < 2k + 1,
28

il k+1 k+3 k+1  2r—1
29 P+ P —1 p -1
2 pglob( ) p ( ) Ipl ( 4 <(p+l)(p2k+3—1) rI;Il p2r_]

% and Pgon (k,1) = poo(k,n) for all n > 2k + 3.

33 We note two striking features of the formulae in Theorem 1.2. The first is that they are rational
34 functions in p, where the same rational function works for all primes p including p = 2. The second is
35 that the rational functions are invariant upon substituting p — 1/p. Exactly the same two observations
36 were made in [1] in connection with roots of polynomials in one variable. Moreover in that paper the
37 substitution p — 1/p also related two auxiliary probabilities appearing in the recursion, denoted there
38 by a and 3. We find that an analogous statement holds in our case; see Corollary 5.8.

39 We employ two strategies for proving Theorem 1.2. The first is a direct generalisation of the method
40 in [2] (which only treated the case k = 1), with the additional idea of splitting off hyperbolic planes
41 _(see Definition 2.5). This leads to recursive formulae that may be used to compute p,(k,n) for any
42 given k and n, and also show that the answer is always a rational function in p. However further work
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1 1s needed to prove Theorem 1.2 (as discussed in the next paragraph) as for this we must find formulae
2 that hold for all k.
'3 The second strategy is to deduce Theorem 1.2 from a theorem of Kovaleva [6], who computed
‘4 the probability that a random p-adic integral quadratic form in n variables belongs to a given Q-
‘5 equivalence class of quadratic forms. The answers she obtained are not rational functions in p, do not
‘6 exhibit the p «» 1/p symmetries, and do not explicitly cover the case p = 2, where in any case it makes
7 adifference whether we consider random quadratic forms or random symmetric matrices. However
‘s her work leads to a proof of Theorem 1.2 when p is odd. Since we already know from the first strategy
o that the answer is a rational function in p it follows that the theorem is also true when p = 2.
10 Both strategies work by dividing into cases according to the I ,-equivalence class of the quadratic
11 form reduced mod p, and from this obtaining recursive formulae for the probabilities. One difference,
12 not already noted above, is that in the second strategy the quadratic form is diagonalised, whereas in
13 the first we split off hyperbolic planes, and so allow 2 x 2 blocks on the diagonal.
14 In Section 2 we review some background on quadratic forms. In Section 3 we discuss the global
15 applications of our work, and in particular explain how Theorem 1.1 and Corollary 1.3 follow from
16 Theorem 1.2. In Section 4 we prove some results on counting quadratic forms over finite fields,
17 in preparation for our first strategy for proving Theorem 1.2. The two strategies are explained in
18 Sections 5 and 6 respectively. Finally in Appendix A we adapt the methods of Kovaleva to solve the
19 recurrence relations in our first method directly.
20  This work originated as a summer project carried out by the first author and supervised by the second
o1 author. We thank the Trinity Summer Studentship Scheme and the Research in the CMS Programme
o> for their support. We also thank the referee for a careful reading of our paper and some suggested
o3 improvements.

24

25 2. Background on quadratic forms

® We collect together some standard definitions and results on quadratic forms. See Cassels [3] for

2" further details. We write I for a general field, and V for a finite dimensional vector space over [F.
28

29 Definition 2.1. A quadratic form of dimension n over I is a polynomial
:2 (3) Q('xlax27"'7~xn) = Z aijxixja

31 I<i<j<n

32 where the coefficients a; jfor 1 <i< j< nbelong toF. We may also consider Q as a function V — F
% where V =", and refer to the pair (V,Q) as a quadratic space. The corresponding symmetric bilinear
% form ¢ : V xV — Fis given by

35

% ¢(x,y) = Q(x+y) — O(x) — O(y),

sz where x = (x1,x2,...,x,) and y = (y1,¥2,--,Vn)-

38

o We refer to properties of a quadratic space (V, Q) and properties of V or Q interchangeably.

g Definition 2.2. Let (V,Q) be a quadratic space and let ¢ be its associated symmetric bilinear form.
41 The radical of (V,Q), when not over a field of characteristic 2, is the vector space consisting of vectors
42 x € V such that ¢(x,y) =0 for all y € V. In characteristic 2, we further require that Q(x) = 0. A
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1 quadratic space is regular if its radical is zero-dimensional and singular otherwise. The rank of the
2 quadratic form Q is n — r, where r is the dimension of the radical.

% Definition 2.3. Quadratic spaces (V;,Q;) and (V2, Q) over the same field F are isometric if there is a
= linear isomorphism 7 : V; — V; such that Q| (x) = Q»(Tx) for all x € V). In this situation, the forms
— Q1 and Q; are said to be equivalent over . In other words, quadratic forms over [F are equivalent if
— they are related by a linear substitution given by a matrix P € GL,(FF). This defines an equivalence
" relation on the set of quadratic forms with coefficients in F. More generally, if R C [ is a subring,
° then we say that quadratic forms are equivalent over R (or R-equivalent) if they are related by a matrix
% P € GL,(R).

E The next two definitions are closely related. The first naturally extends the definitions we already
12 gave in the introduction in the case F = Q.

% Definition 2.4. Let (V, Q) be a quadratic space. A non-zero vector x € V is called isotropic if Q(x) = 0.
5 A quadratic space (V, Q) is isotropic if V contains an isotropic vector, and totally isotropic if all its
;g hon-zero vectors are isotropic. If V has a subspace V) of dimension k such that the quadratic space
- (Vo, Q) is totally isotropic, then we say that the quadratic space (V, Q) is k-isotropic. In particular, a

. quadratic space is 1-isotropic if and only if it is isotropic.

E Definition 2.5. A hyperbolic plane is a quadratic space (V, Q) of dimension 2 where Q is equivalent

20 gver FF to the form g(xj,x2) = x1x2.
21
5, Lemma 2.6. A regular quadratic space (V,Q) is isotropic if and only if V has a subspace Vy such that

o3 the quadratic space (Vo, Q) is a hyperbolic plane.

24 Proof. See [3,p. 15]. O
25
o6 We now introduce some results that will be useful for studying isotropic spaces.

?” Lemma 2.7. Let Q and Q' be quadratic forms over a field F related by
28

29 Q(xl,...,xn) ZX1XQ+Q/(X3,...,X,,).

%0 Letk > 1. Then Q is k-isotropic if and only if Q' is (k — 1)-isotropic.

31

32 Proof. Let U C F" be a k-dimensional isotropic subspace for Q. Let ey, ..., e, be the standard basis
a3 for F". Since U N (e, ez) is an isotropic subspace for Q it can only be {0}, (e1) or (es). Let w : F" —
34 F"~2 be projection onto the last n — 2 coordinates. Then either £(U N {x; = 0}) or £(U N {x, = 0}) is
35 an isotropic subspace for Q' of dimension at least k — 1. Therefore Q' is (k — 1)-isotropic. The converse
36 is clear. O

::% Theorem 2.8 (Witt’s Cancellation Theorem). Let (V, Q) be a quadratic space. Let Vy, V be subspaces
o of V. Denote by Vi- and V3~ the orthogonal complements of Vy resp. Vo in V. If (V1,Q) and (V»,Q)
o e regular and isometric, then (Vﬁ, Q) and (VQL, Q) are also isometric.

E Proof. See [5, pp. 89-92] for quadratic forms over a field of characteristic not 2, and [5, p. 118] for
42 the case of characteristic 2. O
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Let p be a prime. We write I, for the finite field with p elements, Q, for the field of p-adic numbers,
and Z,, for the ring of p-adic integers. The following argument is one we will revisit in the proof of
Lemma 5.2.

Lemma 2.9. Let Q be a quadratic form with coefficients in Z, that reduces over I, to a form that is
both k-isotropic and regular. Then Q is k-isotropic (and regular) over Q,,.

Proof. The case k =1 is a consequence of Hensel’s lemma. In fact if we go via Lemma 2.6 then we

g only need Hensel’s lemma for a quadratic polynomial in one variable. For general k > 1 we proceed
9 by induction on k. Once we know that Q is isotropic, we may assume via a Zp-equivalence, first that
10 0(1,0,...,0) = 0, and then that

1 O(x1,...,x,) =x1x02 + Q' (x3,...,%,)

[~ |ofs]e]r]~

% for some quadratic form Q' with coefficients in Z,. Note that for the latter deduction we use that
— (1,0,...,0) is not in the radical of Q reduced mod p. The reduction of Q' mod p is then (k— 1)-isotropic
- (and regular) over IF, by Lemma 2.7, and the induction hypothesis applies. 0

16 Theorem 2.10. (1) A quadratic form over ¥, in 3 or more variables is always isotropic.
17 (ii) A quadratic form over Q, in 5 or more variables is always isotropic.

il Proof. (i) This is a consequence of the Chevalley-Warning theorem. See for example [8, p. 5].
9 (i1) This is Meyer’s theorem. See for example [3, p. 41]. O
20

»1  We make the following definition concerning quadratic forms over [¥),.
%2 Definition 2.11. A quadratic form over F, belongs to the class [I,m,n] if it is equivalent to a form
23

!

>4 OQ(X1,%2, - Xn) = Y Xr2i1%r42i + f (X424 15 - -5 Xn)
25 i=1

26 where f is a regular anisotropic form of dimension m. Note that / is the number of hyperbolic planes in
27 the orthogonal decomposition, m € {0, 1,2} by Theorem 2.10(i), n is the dimension of the form, and
28 r=n—2l—mis the dimension of the radical.

29
s Repeated application of Lemma 2.6 shows that every quadratic form over [F,, belongs to the class
v [I,m,n] for some [,m,n, and Theorem 2.8 shows that /,m,n are uniquely determined by the quadratic
~, form.

32

Z% 3. Global densities
BE In this section we explain how Theorem 1.1 and Corollary 1.3 follow from Theorem 1.2. First we read

36 off from Theorem 1.2 the asymptotic behaviour of p,(k,n) as p — oo.

37
a Corollary 3.1. Let k > 1. As p — oo, we have the following approximations.

3 3 +0(3) if n=2k;
40 1 1 . _ .
2 l— g5 +0(5)  ifn=2k+2.
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Proof. In the case n = 2k +2 we consider the Taylor series expansions

1
2 k3 I o1 1
3 . 2k+3 =i\l Tt 3t0 3 ) )
- (p+1)(p*—1)  p* p PP p
. and

k+1 201
— p7 -1 1 ( 11 2 ( 1 ))
6 ~ = l-——+—5—-—=+0(—=]]|,
7 E pr—1 p p P p*
‘s using the big O notation. Substituting these expansions into the formula for p,(k,n) in Theorem 1.2
‘9 gives the approximation for p,(k,n) as claimed. The other cases are similar but easier. 0J
1 Fix values of k and n, and let d = (”“;1) We write U for the set of quadratic forms in R[xy, ..., x,]
— that are not k-isotropic over R. Likewise we write U, for the set of quadratic forms in Z[x1, ..., x,]

— that are not k-isotropic over QQ,. Let U denote the standard Lebesgue measure on R4, and let Ky

= denote the Haar measure on Zd normalised to have total volume 1.
14

15 Lemma3.2. Let | <k<nandd= (”H) Suppose that the following condition holds for all sufficiently
16 large primes p:

7 Every quadratic form in Zp|x1, .. .,x,) whose reduction mod p has rank at least n — 1

8 is k-isotropic over Q).

;% Then pqgiop (k,n) exists and is given by

1 11d
) paon(ln) = LA 1),

- p

2 Proof. As noted in the introduction, a quadratic form is k-isotropic over Q if and only if it is k-isotropic
o5 over Q,, for all primes p and over R. We then apply [7, Lemmas 20 and 21] with U, and U, as defined
oo above,S=0and f,g € Zlair,aiz,. .., an) two distinct (n — 1) x (n— 1) minors of the generic n X n
- symmetric matrix of coefficients. (l

2E It is not hard to show that, with notation as defined in the statement of Theorem 1.1, the factors on
29 the right hand side of (5) may be written

30 d

- 00 - 1 9 1 Uoo
o © pution) = FEL I g ) = 1 1y ().
32

55 Proof of Theorem 1.1. Let Pelob (k, 1) be as defined in (2), and let Py, (k,7) be the same quantity with
> the limit replaced by lim sup. We write p,(k,n) for the probabilities computed in Theorem 1.2. A
—— standard argument (see for example [4, Proposition 3.2]) uses the local conditions at finitely many

35
e — primes to show that

a7 (7) Paon (k) < TT pp(k,n).

38 p<M

39 If n < 2k+ 1 then by Corollary 3.1 the right hand side of (7) tends to 0 as M — oo. Therefore
40 Pgiob(k,n) = 0 and the equality claimed in Theorem 1.1 holds since both sides are zero.

41 If n > 2k + 2 then we claim that the condition in Lemma 3.2 is satisfied. To see this we let
42 Q€ Zp[xi, ..., X, be a quadratic form whose reduction mod p has rank at least n — 1. In the terminology
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1 of Definition 2.11, the reduction of Q mod p belongs to the class [/,m,n]| for some [,m,n with
2 me€ {0,1,2}. Our assumptions then give 2/ +m > n—1 > 2k+ 1. Since k and [ are integers it follows
'3 that [ > k. Then Q is k-isotropic over Q, by Lemma 2.9. This proves the claim. Then combining (5)
4 and (6) gives

pglob(kan) = Pol(k,n) pr(kvn)

as required. 0

[ |~ oo

Corollary 1.3 follows immediately from Theorem 1.1, Theorem 1.2 and the observation in the last

2 proof that the local product is zero for n < 2k + 1.
10

11 Remark 3.3. We do not know an accurate method for computing the probabilities p..(k,n), but we
12 can estimate them using a Monte Carlo simulation. On this basis we record the following numerical
13 values that are likely to be accurate to the number of decimal places recorded.

. k| T1,pp(k,2k42)  po(k,2k+2) paiob(k,2k+2)
5 1| 0.98743625 0.9823 0.9699
16 2| 0.98229463 0.9705 0.9533
7 3| 0.98007620 0.9623 0.9431
'8 41 097906880 0.9561 0.9361
9 5| 0.97859528 0.9512 0.9309

20
o1 Remark 3.4. In [2] (which only treats the case k = 1) some alternatives to the definition (2) were

oo considered. The global densities so defined may still be computed as a product over all places, and
o3 the local contributions at the finite places are the same as before. However the local contributions
o4 at infinity can change, and for one natural choice of distribution these were computed exactly. It is
-5 possible that something similar could be done for £ > 1, but we did not pursue this.

26

o7 4. Counting quadratic forms over [,

2 . . . . . .
?® In this section we prove some formulae counting quadratic forms over IF,. We consider quadratic

2 forms over IF,, according to their class [I,m,n] as defined in Definition 2.11.
30

31 Definition 4.1. Consider a quadratic form

32
= OQ(x1,X2,. - Xn) = Y, aijxix;
33 1<i<j<n

% over IF,, where the coefficients a;; are chosen independently at random according to counting measure.
—  Let m(I,m,n) be the probability that Q belongs to the class [/, m,n].

—  Let m(I,m,n) be the probability that Q belongs to the class [/,m,n] given that aj; # 0.

o Let my (1, m,n) be the probability that Q belongs to the class [/, m, n] given that a, 1x% +apxixy+ azzx%

o is a regular anisotropic form.

g Note that Theorem 2.10(i) implies that 7;(/,m,n) =0 if m > 3.
41 The group GL,(IF,) acts on the set of n-dimensional quadratic forms over ¥, by linear substitutions.
42 The class [I,m,n] is the union of either one or two orbits (see below for references), and so its size may
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1 be computed as a sum of orbit sizes. To begin with we only consider forms that are regular. In these
> cases the orbit sizes can be computed using the orbit-stabiliser theorem and the following theorem.

3
o Lemma 4.2. Let Qg be a quadratic form over I, belonging to the class [l,m,n]. Suppose that Qy is
. regular, equivalently n = 21 +m. Then the stabiliser in GL,(IF,) of Qq is an orthogonal group of order
o S(m,n) where
7 k—l
— S(0,2k) = 2pkk
i 1:1

9
= i . .
0 S(1,2%+1) = Zﬁl}ﬂ%. SAGES
11 Pl (p™ =1 ifp=2

k—1

12
3
4

- =

S(2,2k) =

2pM Dk D TP - D).

i=1

E Proof. See [5, pp. 81-82] for p an odd prime, and [5, pp. 147-150] for the case p = 2.

16

O

17 To find the orbit size when the radical has dimension r = n — 2] —m, we multiply the orbit size of
1g the regular part under the action of GL,_,(F,,) by the number

19

20

21

(

r—1 .n i
p —D
=11-—

i—0 P —P

= of r-dimensional subspaces of . The orbit size O(/,m,n) of a form in [/,m,n] under the action of
28 GL,(F,) is therefore given by

24

25

26

27
28

ottmn =

oo Orbit (see [5, p. 79]). Hence, using that |GL,(F

3

n
n—2l—m

) | GLoym (Fp)|
, S(m2l+m)

= If m=1 and p is odd, there are two orbits belonging to [l,m n] other values of m give a unique

)| =TT (p" — p'), and dividing by the total number

33Lemma4.3. Forl+m>0andn=2l+m-+rwe have

33

P / . _ :

34 1 —1 p" p’_ . szol(le p') zfm —0:
g pn(nJrl)/Z :0 pr—pt 2])1( )( 1 I)H 1( 2 1) )
— i 21 20+1 i

36 _ 1 11 p—p . H,‘:o(!’ -p') . 1.
- no(l’m’n) - pn(n+l>/2 i=0 p pi ]712 H[ (pZi—l) lf‘m - 1’
37 i—1

>y Y o S i ke M
N L pn(n+l)/2 i=0 pr—pt 2p1(1+1)( l+1+1)H§:](172171) .

39

" Moreover; m5(0,0,n) = 1/pn+D/2,

41

g Next we compute the probabilities 7 (I,m,n) in terms of the probabilities my(I,m,n).
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Lemma 4.4. We have

mo(l—1,1,n—1)/2 ifm=0andl > 1
m(l,mn) =< m(l,0,n—1)+m(l—1,2,n—1) ifm=1andl > 1,
m(l,1,n—1)/2 ifm=2.

Moreover, m(0,0,n) = 0 and m,(0,1,n) = 1/p""=1D/2,

Proof. We first suppose that p is an odd prime. Let Q be a quadratic form in n variables over I,
with first coefficient a;; # 0. We must compute the probability 7, (1,m,n) that Q belongs to the class
[[,m,n]. By a linear substitution to eliminate the cross-terms containing x;, we may assume that
" Q(x1,X2, .., X) = ax} + F(x2,%3,...,%,) for some F € Fp[x,...,x,]. The class of Q is determined
2 by the class of F' and the value of a;;. Since the coefficients of F, like those of Q, are randomised
13 according to counting measure (suitably normalised), we can compute 7 (/,m,n) in terms of the
14 mo(I'ym',n—1) for suitable I’ and m’. More precisely, using Lemma 2.6 and Theorem 2.10(i), we note
15 that if F belongs to the class [[,0,n— 1] or [ —1,2,n— 1] then Q belongs to the class [, 1,n], whereas
16_if F belongs to the class [/ — 1, 1,n— 1] then it is equally likely that Q belongs to the class [/,0,n] or
7 [1—1,2,n]. The stated formulae follow.

18 To prove the lemma when p = 2 we outline an alternative method for computing 7, (/,m,n) that
19 gives the answer as a rational function in p. In this alternative method we compute 7 (I,m,n) by
20 finding the probability that a form in [/,m, n| satisfies aj; # 0, and then multiply by mo(I,m,n) -

jele|~[ofa]s]e]m]-

—_
o

»—._.

"Q’t:

z% according to Bayes’ formula. The second factor comes from the fact that a;; # 0 with probability
o Since a1 = Q(1,0,...,0) and GL,(F,) acts transitively on F \ {0} it suffices to show that

2 N(Q) = #{x €T} | Q(x) =0}

25

2E is a polynomial in p, where the polynomial depends only on /,m,n. We prove this claim by induction
27 on I, noting that if Q(x1,...,x,) = x1x2+Q'(x3,...,%,) then N(Q) = 2p—1)N(Q") +(p—1)(p" 2 —
28 N(Q')), whereas if I = 0 then N(Q) = p" ™.
29

O

30 To determine the values of m,(/,m,n), we use a method similar to the one we used for calculating

31 m(I,m,n) for p an odd prime. However, this proof also includes the case p = 2.
32
33 Lemma 4.5. We have

Z% m(l—2,2,n—2) ifm=0andl>?2
3 m(lmn) =4 m(l—1,1,n-2) ifm=1andl>I;
37 mo(1,0,n—2) ifm=2.

%8 Moreover, m(0,0,n) = m(0,1,n) = m(1,0,n) = 0.
39

g Proof. Tt suffices to consider Q(x1,x2,...,%,) = f(x1,x2) + F(x3,...,x,) for f € F,[x;,x;] regular
41 anisotropic and F € F[x3,...,x,]. The class of F then determines the class of Q, and again using
42 Lemma 2.6 and Theorem 2.10(i), this gives the formulae as stated. O
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1 5. First method: Reduction modulo p and recursion

o In this section we give our first method for computing the probability p,(k,n) that a random p-adic
e integral quadratic form in n variables is k-isotropic.

‘5 Definition 5.1. Let Q be a random p-adic integral quadratic form in 7 variables.

6  Let &(k;l,m,n) be the probability that Q is k-isotropic given that its reduction mod p belongs to the
7 class [I,m,n].

‘s Let 81 (k;1,m,n) be the probability that Q is k-isotropic given that its reduction mod p belongs to the
class [I,m, n|, the coefficients aj,ai»,...,a, are all divisible by p, but p? does not divide ay.

o  Let &y(k;1,m,n) be the probability that Q is k-isotropic given that its reduction mod p belongs to
11 the class [I,m,n], the coefficients ay1,a12,...,a1, and ax,as,. .., as, are all divisible by p, but the
12 reduction of %(a ux% +apxixy + azzx%) mod p is a regular anisotropic form.

B By definition & (k;0,0,n) is the probability of k-isotropy given that Q vanishes mod p. This is the

14 . . . .
— same as p,(k,n). Our next two results establish recursive relations for computing the J;(k;!,m,n).
15

o]

—_

16 Lemma 5.2. Foric€ {0,1,2} we have

17 _ [ Sk—L0mn—20) ifk>1;
18 51(k’l7m7n)_{ 1 lf‘kgl

oo Proof. A quadratic form whose reduction modulo p belongs to the class [I,m,n] is equivalent over Z,

, toa form which satisfies
i

22
o 3) O(x1,.. Xn) = Y Xpri2i1Xr2i + f (Xrg20415 - Xa)  mod p,
i=1

 for f aregular anisotropic form over I, of dimension m € {0, 1,2}. We claim that Q is equivalent over

2 Z, to a form
26
!

27
@ Q' (x1,- X)) = Y Xry2i1Xr2i+ Q" (X1, X, Xr 21155 %),
i=1

29 where Q" (X1, ..., Xr, Xrg2141s - - - Xn) = f(Xps2i415---,X%,) mod p. If k < 1 it follows immediately that

%0 0 is k-isotropic. If k > [ then by Lemma 2.7, the form Q is k-isotropic if and only if the form Q"
s (k —1)-isotropic. So it only remains to prove the claim, and at the same time convince ourselves
%2 that, subject to the conditions in Definition 5.1, the coefficients of Q" are independently distributed

% according to Haar measure.
% For simplicity we consider the case r = 0 and [ = 1. Then the Z,-equivalence taking (8) to (9) is
% built out of two sorts of transformations. First we let GL,(Z p») act on the variables x; and x by linear

% substitution. By the case k = 1 of Lemma 2.9, such a transformation exists taking 0(x1,x2,0,...,0) to

" x1x,. This shows that Q is Zp-equivalent to a quadratic form Qy satisfying

38

:g QO(xl)x27 v 7xn) = X1X2 +p—xl 81 (x37 ce 7xn) +Px2 : gZ(-x37 s 7xn) + Q(0,0,X3, v ,Xn)

g for some linear forms g1, g2 in Z,[x3, ..., x,]. Then we make the substitutions x| <—x; —p-g2(x3,...,X,)

41 and xp <~ xp — p-g1(x3,...,x,) to obtain a quadratic form Q' of the shape (9) with Q" (x3,...,x,) =
22 0(0,0,x3,...,x,) mod p>.
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For general r > 0 (but still / = 1) we follow the same strategy. First we let GL,(Z,) act on the
variables x,, 1 and x,. Then we make substitutions for x,; and x,.;» where we add to each p times a
linear combination of the other variables x,...,x,,x,13,...,X,. Again we have

_ 2
Q”(xla' <o Xy X3y - :xn) = Q(xla' .- 7xr70507~xr+37' .. 7xn) mOdp .

Since the extra conditions on Q in the definition of the §; for i = 1,2 are conditions on the coefficients
7 mod p?, these are not affected by this change. The result for general  follows by induction. 0

[o || »]e]m]~

i LemmaSS Fori,j€{0,1,2} and n > i+ j we have

1 0i(k;0, j,n) ZZﬂ,lmn 7)8j(k;l,m,n).

1 [>0m=

12
— Moreover, if n =i+ j then

) 1 ifk=0;
i 6i(k;07]7n):{ 0 l;k>1

16 The condition n > i+ j ensures that 7;(I,m,n — j) is defined. It can only be non-zero if 21 +m < n— j,
17_in which case 8;(k;/,m,n) is defined. In particular the sum over / is finite.

19 Proof. Let Q be a p-adic integral quadratic form of dimension n whose reduction mod p belongs to
oo the class [0, j,n]. By an equivalence over Z, we may suppose that the reduction of Q mod p is an
,; anisotropic form in the last j € {0,1,2} variables. We replace Q(x1,...,x,) by

22

s EQ(xl,...,xn,j,pxn,jﬂ,...,pxn).

24 This is again a p-adic integral quadratic form, but now the reduction mod p involves only the first n — j
2> variables. If i = 1 or 2 then the additional conditions in Definition 5.1 give the additional conditions in
26 Deﬁnition 4.1. The reduction mod p now has class [/, m,n] with probability m;({/,m,n — j), and in this
" case the form is k-isotropic with probability d;(k;/,m,n). In checking this last statement, notice that
21 the extra conditions in Definition 5.1 when j = 1 or 2 are satisfied relative to the last j variables rather
29 than the first j variables. This change clearly does not matter. Summing over all possibilities for / and
%0 m gives the result.
81 For the final part we show that if n = i + j then the forms considered in the definition of &;(k;0, j,n)
%2 are anisotropic over Q . For example, if i = j = 2 and n = 4 then the reduction of Q(x,...,x4) mod p
> is an anisotropic form in x3 and x4, and the reduction of L Q(x1 ,X2, pX3, pXx4) mod p is an anisotropic
** form in x; and x,. Supposing that Q(ay,...,as) =0 for some aj,...,as € Z, not all divisible by p

% these conditions quickly lead to a contradlctlon The other cases are 51m11ar O
36

37 Proposition 5.4. The relations in Lemmas 5.2 and 5.3 are sufficient to determine all the &;(k;1,m,n)
s and to show that they are rational functions in p. The same is therefore true of pp(k,n) = 8o(k;0,0,n).

39 .
o Proof. Combining the two lemmas shows that

an 6i(k;0,j,n) = — =
42 P( 2 )

8;(k;0,i,m)+ ..
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1 where the terms omitted involve either a smaller value of n or a larger value of i + j. Assuming all such
‘2 previous values have been computed, we can uniquely solve for &;(k;0, j,n) and §;(k;0,i,n) provided
3 that n > i+ j. It is clear from Definition 5.1 that we must have n > i+ j and the remaining case
4 where n =i+ j is covered by the last part of Lemma 5.3. Finally we use Lemma 5.2 to compute the

5 Oi(k;l,m,n) with [ > 0.

©fe|~]o]

Since we saw in Section 4 that the 7;(/,m, n) are rational functions in p, it follows that the &;(k;1,m,n)
are also rational functions in p.

O

Proposition 5.4 together with the results of the next section are all we shall need for the proof of

o Theorem 1.2. It is nonetheless still interesting to find explicit closed formulae for the J;(k;l,m,n). We
? do this now, leaving some of the details to Appendix A.

12 Definition 5.5. For i, j € {0,1,2} and n > i+ j we define

8 ; d -1

4 ¢(i,j,n) = ((j—Dp +(i_1))'HT1’

E =1 P7

16 Wi, jon) = (G=Dp?+(—D)(( = D)p"? = (i—1)) = up+ 8 p***!
17 Js (p+1)(pXM+tl —1)

18

1o where d = LMJ and §;; is the Kronecker delta.

20 Proposition 5.6. Let i, j € {0,1,2} and n >

21

22
23

24 o
- and if n is even then

26

- v(i, j,n

27

— o(i,j,n) =

i+ j. Then

ZZTEI lmn ])¢(]7m7n_2l)7

[>0m=0

Z Z mi(l,mn— j)y(j,mn—2I).
1>0m=0

Z% Proof. We prove this in Appendix A by adapting methods of Kovaleva [6].

30 Theorem 1.2 is the special case i = j = 0 of the following result.

., Theorem 5.7. Foranyi,j € {0,1,2} and n >

33

34

35

36 6i(k;0,j,n) =

37

38

39

~

e

i+ j we have

0 ifn<2k—1;
Y=o, jm)+w(i,jn)  ifn=2k

2(1=9(i, j,n)) ifn—=2k+1;
1= 120G, j,n) +w(i,jon)  ifn=2k+2;
1 ifn > 2k +3.

bl

g Proof. By Proposition 5.6 these are solutions to the recurrence relations in Proposition 5.4. These
41 particular linear combinations of 1, ¢ and y also satisfy the initial conditions, that is, we checked they
42 give the correct answers when n =i+ j.
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1 As explained in the introduction, the following corollary is interesting since it generalises a phenom-
» enon studied in [1].

% Corollary 5.8. The probabilities §;(k;l, j,n) and 8;(k;l,i,n) are rational functions in p that are

- exchanged when we replace p by 1/p. In particular p,(k,n) = &(k;0,0,n) is unchanged when we
e replace p by 1/p.

" Proof. By Lemma 5.2 it suffices to prove the case [ = 0. The symmetries claimed then follow from
8 Definition 5.5 and Theorem 5.7. Il
9

10 6. Second method: Using a theorem of Kovaleva
11

1o In this section we deduce Theorem 1.2 from a result of Kovaleva [6]. First we recall the classification
13 of quadratic forms over Q,, up to equivalence.

% Definition 6.1. Leta, b € Q;. The Norm-Residue symbol, denoted (”I;b ) or more simply as (a,b), is

16 settobe 1 when the form ax® + by? — 7> vanishes for some x,y,z € Q p» not all zero, and —1 otherwise.

" Definition/Lemma 6.2. Let Q € Qp[x1,...,x,) be a quadratic form of rank n which is equivalent to a
'8 diagonal form Q/(xy,...,x,) = Y1, a;x?. The Hasse-Minkowski invariant of the form Q is defined as

® Q) =Tl j(ai,a;). This is independent of the choice of diagonal form.
20

21 Proof. See [3, pp. 56-58]. O

22
v Theorem 6.3. A quadratic form Q € Qp[x1,...,X,] of rank n is uniquely determined up to Q,-
oa equivalence by its determinant d(Q) € Q;,/ (Q}",)z and its Hasse-Minkowski invariant ¢(Q) € {£1}.

2 Proof. See [3,p. 61]. O
26

22 The next lemma explains why we only need to consider forms of full rank over Q,.

28
oo Lemma 6.4. A p-adic integral quadratic form, with coefficients chosen independently from Z,, accord-

ing to Haar measure, is singular with probability zero.

30

81 Proof. We write the form as Q(x1,x2,...,%,) = a“x% +x1- f(x2,...,%0) +g(x2,...,x,) for some linear
2 form f € Zp[xa,...,x,] and quadratic form g € Z,[x2, ..., Xy].

% If n = 1, the form is singular when ay; is zero, which happens with probability zero. Inductively, for
% 5> 1, we can assume the form g to be non-singular. For each linear form f and non-singular form g,
% _ there is only one value of a; that makes Q singular, corresponding to the determinant of the coefficient
% matrix being zero. This value is attained by a;; with probability zero, hence the form is singular with

87 probability zero by induction. O
38

39 We now take p an odd prime. The following theorem, due to Kovaleva, gives for each triple (n,d,c)
40 the probability that a random p-adic integral quadratic form Q in n variables has determinant d(Q) = d
41 and Hasse-Minkowski invariant ¢(Q) = c. Since p is an odd prime, the quotient Q,/ (Q;)2 has order 4,
42 with coset representatives {1,u, p,up} where u is a quadratic non-residue modulo p.
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1 Theorem 6.5 (Kovaleva). Let p be an odd prime, and let Q € Z,[x1,x2,...,x,] be a random p -adic
2 integral quadratic form in n variables. Let € and s denote the Legendre symbols ( LY resp. ( ) and
3 let u be a quadratic non-residue modulo p. Then the probability P,(d(Q) =d c(Q) =c) that Q has
4 determinant d € @*/(@*) and Hasse-Minkowski invariant ¢ € {£1} is given by

5 § :

i 1 p 1 1 k+1 p21—1 _ '

6 _— —.C- . [— de 1’ ;

— 4 p+1+4”’ gp%—l if de{lu}

? IPZkJrl (d(Q) = d,C(Q) = C) = 1 1 k1 2i1 1

& p -1 .

10

— 1 pk+2 —S8k k pZi—l -1 .

m —(pF+s€h)- ( 2k+1) —l—C'HT if de{l,u};
12 4 (p+1)(p —1) i-1 P —1

o Puld(Q)=d,c(Q) =¢) =

il 1 p pk—1 i d

% 4 p+1 phtl_q if d€{p,up}.
16 Proof. See [6, Theorem 1.3]. O

17 We deduce Theorem 1.2 for p odd using the following lemma. Recall that we wrote p,(k,n) for the
18 probability that a random p-adic integral quadratic form in n variables is k-isotropic.

;% Lemma 6.6. We have p,(k,n) =0 for n <2k —1and p,(k,n) =1 for n > 2k +3. If p is odd then

2 Pk, 2K) = Py (d(Q) = (1, ¢(0Q) = 1);

22 pp(ka2k+ 1) = Z IEDZlﬁtl(d(Q) = (—l)ka,c<Q) = (_17a)k);
Z% acQ;/(Qp)?

25 Ppk,2k+2) =1 =Py y2(d(Q) = (1) 1,¢(Q) = —1).

26 Proof. We first note that if n < 2k — 1 then every k-isotropic form of dimension 7 is singular, and so
27 pp(k,n) =0 by Lemma 6.4. We now suppose that n > 2k. By Lemma 2.6 every regular quadratic form
28 of dimension n over QQ, is equivalent to one of the form

29

=~ l

30 (10) Ox1,..,%n) = Y X2i 1%+ f(X21115- -1 X2 4m)

31 i=1

32 where [ is the number of hyperbolic planes in the decomposition, f(x/+1,...,X2/1,) IS an anisotropic

33 form over Q, of rank m, and n = 2/ +m. By Theorem 2.10(ii) we have m < 4. It follows that if
s4 n>2k+3 then k <[ and so p,(k,n) = 1.

35 We now take p an odd prime. If n = 2k then for the form in (10) to be k-isotropic we need [ = k
s6 and m = 0. There is only one such form up to Q,-equivalence. It has determinant d(Q) = (—1)* and
37 Hasse-Minkowski invariant ¢(Q) = 1. This gives the formula for p,(k,2k) as stated. If n = 2k + 1
38 then for k-isotropy we need [ = k and m = 1. The anisotropic form in (10) is f (x,) = ax2 for some
30 a € {1,u,p,up}. This gives four Q,-equivalence classes of forms, with invariants d(Q) = (—1)*a and
20 ¢(Q) = (—1,a)*. Finally we take n = 2k + 2. For Q not to be k-isotropic we need / =k — 1 and m = 4.
41 The rank 4 anisotropic form f has determinant d(f) = 1 and Hasse-Minkowski invariant ¢(f) = —1
42 (see [3, p. 59]). It follows that d(Q) = (—1)*"! and ¢(Q) = —1, giving the result as stated. O
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Theorem 1.2 for p odd now follows from Theorem 6.5 and Lemma 6.6. The interesting thing to note
is that the Legendre symbols € and s cancel, giving answers that are rational functions in p. Indeed
when 1 = 2k we have se* = 1. When n = 2k + 1 the contributions for a € {1,u} have ¢ = 1 and the
contributions for a € {p,up} have ¢ = €k, When n = 2k + 2 we employ the corresponding formula in
Theorem 6.5 with k replaced by k+ 1 and s replaced by e~ 1.

We saw in Proposition 5.4 that p,,(k,n) is given by a rational function in p, where the same rational
function works for all primes p including the prime p = 2. Since we proved Theorem 1.2 in the last
paragraph for infinitely many primes (in fact for all odd primes), the theorem is therefore true for all
primes.

je|e~[ofa]s]ofm]-

—_
o

Appendix A. Solving the recurrence relations for the first method

—_ | =
A

— In this appendix we prove Proposition 5.6. This is not needed for the proof of our main theorems as
e stated in the introduction, but is needed to compute all the 6;(k;1,m,n) (see Theorem 5.7) and hence
— to see that they satisfy some interesting symmetries (see Corollary 5.8). The proof is based on that
15

— of Theorem 6.5, but we could not see a way to directly cite Kovaleva’s work without reworking the
" details.

o The identities we seek to prove are ones between rational functions in p. So it suffices to prove them
o for any infinite set of primes. There is therefore no loss of generality in assuming (as we now do) that
o P is odd. This allows us to identify quadratic forms and symmetric matrices in the usual way.

21 Definition A.1. Let A(s,n) be the probability that a randomly chosen 7 X n symmetric matrix over I,
22 has rank s. In the notation of Section 4 we have

23 .
= | m(1,0,n)+mo(l—1,2,n) ifs=2I;

24 ’l(s’”)_{ mo(1,1,n) ifs=2041,

25

os Where the right hand sides are given explicitly in Lemma 4.3. Alternatively, following [6, Section 4.1],
>7 we have

28 N T,

11 A _ (n—s)(n—s+1)/2

%if( ) (s,n)=p T sBs’

30 2 iy

3Twhere T, =IT-,(1—p~i) and B; = S/ J( —p2).

%2 Lemma A.2. For any x € R we have

33

> x—1 e

34 W if nis even;

35 Z A(s,n) n-H -+ Z A(s,n) . o

63 n— s even n— s Udd pn+1 lfl’l is odd.

37

38 Proof. Since each side is linear in x, it suffices to prove the identity for just two values of x. If x = p"*+!

39 then this is just the fact that Y7 ;A (s,n) = 1. If n = 2k and x = 1 then the left hand side is
40

- k 2t
41 l—p

o > <)~(2’ )T

2t
42 =1 p

+7L(2t—1,n)>
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whereas if n = 2k + 1 and x = 0O then the left hand side is

1
2 k I

7 t=0 p -Pp

~ It may be checked using (11) that in each of these last two sums all the summands are zero. 0J
E Lemma A.3. Let 7, = [, (1 — p~'). Then for any m,n > 0 we have

% mm(m,n) T, _1

E = pmIImm, ms

— Proof This is [6, Corollary 2.3]. The sth summand is the probability that an m X n matrix over I, has

1 sank s. This may be computed by considering the action of GL,,(F,,) x GL,(F,) via (A,B) : X — AX BT

2 and applying the orbit-stabiliser theorem. 0
14 We define

15 5L o 152 201

— p'-p -1

16 (12) A(l) = B(l) = —_—

17 g p? = Pl

18 In Kovaleva’s notation, as already used in (11), these may be written

19 m m

2 a3 A(l) = Y () p— —

20 " Bibi " pIE BB

% Lemma A.4. Forany x,y,z € R we have

- n

“ Y AlsmBri—s)(x+yp") + z A(s,m)Bn—5)(x-+2p"1)
24

o5 n—s even ne sodd

. 1

dl (x—l—y—l— <1—> z)A(n) if nis even;

27 _ P

28 N 1 o

2E x+ I_W y+z)A(n) ifnisodd.

o Proof. Tt suffices to prove this identity for three linearly independent choices of (x,y,z). If (x,y,z) =
> (1,—1,0) and n is even or (x,y,z) = (1,0,—1) and n is odd then by (11) and (13) the terms with s = 2¢
— and s = 2t + 1 cancel, giving the result in these cases. The proof is completed by the next lemma which

Z% proves the cases (x,y,z) = (0,1,0) and (x,y,z) = (0,0,1). O

BE Lemma A.5. We have

% i An—Ln)B()p' { A(n) if nis even;

37 n—IL.n p = o

e = (l )A(n) if nis odd,

- 1 even

¥ and

40 _ 1 e .

o Z Aln—1,n)B()p+! = <1 p,,)A(n) if nis even,

o A(n) if nis odd.
Vodd
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1 Proof. As before we let 1, = M-, (1—p~) and Bo, = [T (1 — p~2)). If n = 2k or 2k + 1 then
2 n 2k
- I Tt i 1

4 1=0 1=0 p\2)mBy_y PP
- [ even [ even

5 2k 2
Y _ By
2 — a2 2

7 By = p"/BauiB?
— [ even
8 k 2

9 _ B
— — n2 _4)2 2 .

10 BZk =0 p2(k 2 BZZBQ(k,t)

" The last sum here is 1, as is seen by taking (m,n) = (k,k) in Lemma A.3 and replacing p by p?. (Since
® LemmaA3isan identity that holds for all primes, and there are infinitely many primes, we may regard
® jtasan identity of rational functions.) This leaves us with 7, / ﬁzzk which, upon splitting into the cases n

14 . .
— even and n odd, agrees with the answer in the statement of the lemma.

" Ifn=2k+1or2k+2 then
16

2k+1

n
17 I+1 T T I+1
v An—1L,n)B(l)p'™ = : :
1 l;) l; P By PP B1Br
5 I'odd I odd
2E T Zkil BarBok+2
21 PauBor2 (5 pP 2By a1 B
20 [ odd
2 _ T Zk: PBokBok+2
24 BarBorra S pP K100 By Bo k) Bair 1 1)

25
o6 The last sum here is 1, as is seen by taking (m,n) = (k,k+1) in Lemma A.3 and replacing p by 2.

5, This leaves us with 7, /(2 Bax-+2) which, upon splitting into the cases n even and n odd, agrees with

g the answer in the statement of the lemma. |

2E Lemma A.6. Let m;(l,m,n) be as defined in Section 4.

0. (i) Fori,m e {0,1,2} and n > i we have

31

o 1 i—1)(m—1 .

%2 ﬂi(l,m,n):z(1+5m1+()§/2)>l(s,n—z)

33 p

34 where s = 21 +m— i and 8, is the Kronecker delta.

35 (ii) Suppose that f(i,j,n) =Y 2_o(j—1)"fu(i,n—i— j). Thenfori,j€ {0,1,2} andn’ =n—i—
36 J = 0 we have

?i 2 n'

38 Z Z ﬂi(l,m,n—j)f(j,m,n—Zl) = Z?L(s,n/)fo(j,n/—s)

IE [>0m=0 s=0

41 n/ I’l/

a1 +(l_ 1) Z A(San/)pis/zfl(.jvn,_S)—f— Z A(S,I’l/)fz(j,l’l/—S).
42 N Ye?eon s+§j\9€n
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1 Proof. (i) This follows from the formulae for the 7;(/,m,n) in Section 4. Notice that the term involving

> p*/? only contributes when i and m are both even, in which case s /2 is an integer.
'3 (ii) Replacing [ by (s+i—m)/2 and using (i) the left hand side becomes
0 Fo(3(- ) asmtion-io
2 == s,n')f(j,0,n—i—s
. = 2 P /2
—_— s+i even
= 1/ i-1
0 +2<1+V2>l$mﬂﬂﬂln+2—i—ﬂ>
9
E A( 1 1—i
- + Z (s,/)f(j,l,n+1—i—s).
E H—z odd

E Writing f in terms of fy, f1, f> this becomes
14 ,

. " 1 i—1

© Y (5 (1=55 ) A ol =)= filin' =s)+ falion' =)
16 5=0 2 p/

E s+i even | . |

" w5 (14558 ) M) [ =941 =)+ -9 )
19

2? n

o1 + Z A(s,n") fo(j,n' — ).

22 ¢ odd

23 This simplifies to the expression in the statement of the lemma. Notice that the sum involving f; only
24 contributes for i € {0,2} and so the condition “s+ i even” simplifies to “s even”. O
25

o6  The functions ¢ (i, j,n) and y(i, j,n) were defined in Definition 5.5. The aim of this appendix is to

27 prove Proposition 5.6 which for convenience we now restate.

= Pr0p0s1t10n AT, Leti,j€{0,1,2} andn > i+ j. Then

5(14) o(i,j,n) ;Omzon, (Im,n— j)¢(j,mn—2l),
32

5 and if n is even then

?(15) (i, j,n) ZZﬂ,lmn Hw(j,mn—21).

— 1>0m=0
36

37 The condition n > i+ j ensures that 7;({,m,n— j) is defined. It can only be non-zero if 2 +m <n— j,
38 equivalently n —2[ > j+m, in which case ¢ (j,m,n—2I) and y(j,m,n—2l) are defined.

i% Proof. Wehave ¢(i,j,n)=(j—1)A(n—i—j)+ (i—1)B(n—i— j) where A and B were defined in (12).
o~ It follows that ¢ (i, j,n) = Y2 o(j—1)“¢u(i,n—i— j) where

42 ¢o(i,n) = (i—1)B(n), ¢ 1(i,n)=A(n), ¢(i,n)=0.
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1 By Lemma A.6(ii) the right hand side of (14) is
i n/ n/
3 (j—1) Z Als,n\B(n'—s)+(i—1) Z l(s,n’)pfs/zA(n/ —5)
- 0 soven
s where n’ =n—i— j. By Lemma A 4 the first sum is A(n') and the second sum is B(n'). This gives
7 (j=DA(R)+ (i—1)B(n') = ¢(i, j,n), which is the left hand side of (14) as required.
s Wehave y(i,j,n) =2 o(j— D"y, (i,n—i— j) where
= i o =Dp'pP 1) P (p—1)

wo(i,n) = (p+ D) (pH—1) vi(i,n) = (p+ 1)(pXT—1) Ya(isn) = (p+ D)(pA+i—1)’

—_
—_

12 andd = |"1].
13 Now suppose that n is even. If j € {0,2} then by Lemma A.6(ii) the right hand side of (15) is

14
15 1

6 — A(s,n) A(s,n)
16

= p+1 Z Z

i nfseven nfsodd

18

1o Where n' =n—i —] and x = p"' 12 +@@—-1)(— 1)p"/2(p? — 1). By Lemma A.2 this is equal to
0 (=1 /((p+1D)(p"*t =1))ifi € {0,2} and p/(p+1) if i = 1. This is equal to W(i, j,n) as required.
> If j=1 then by Lemma A.6(ii) the right hand side of (15) is

22

23 P

ot F] Z A(s,n) ’+1 3+ Z A(s,n)
2? n'—s even —sodd

*° By Lemma A.2 this is equal to (p" 1 — p)/((p+1)(p"+' = 1)) ifi=1and 1/(p+1) if i € {0,2}.

27 .. .o .

— This is equal to (i, j,n) as required. O
28

29
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