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Abstract: The present paper aims to solve some problems proposed by Lassak about the
reduced spherical polygons. The main result is to show that the regular spherical n-gon
has the minimal perimeter among all reduced spherical polygons of fixed thickness less
than π/2 and with at most n vertices. In addition, we determine the maximal diameter
of every reduced spherical polygons with a fixed thickness less than π/2. We also find
the smallest spherical radius that contains every reduced spherical polygons with a fixed
thickness less than π/2.
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1 Introduction

Reduced convex bodies have been investigated in Euclidean space, normed space and
spherical space, respectively, one can refer to [7, 9–11]. The present paper focus on the
reduced polygons on the sphere. Particularly, the investigation of reduced spherically
convex polygon was first introduced by Lassak in [8].

One can check that, the last paragraph of the article [8] establishes four conjectures
about the perimeter and area of reduced spherically convex polygons with a fixed thick-
ness less than π/2. In particular, the four conjectures have been solved in [1] with a
given thickness π/2. Furthermore, two conjectures about the area of reduced spherical
polygon of thickness less than π/2 have been solved in [4]. The main result of this paper
confirms one of the remaining conjectures which shows that the regular spherical n-gon
has the minimal perimeter among all reduced spherical n-gons of a fixed thickness less
than π/2. In addition, there are still some other problems about the reduced spherical
polygons proposed by Lassak in [8] and [9], respectively. We consider these problems in
the following.

P1. Is it true that the regular spherical n-gon has minimal perimeter among all reduced
spherical polygons of the same thickness less than π/2 and with at most n vertices?

P2. Is it true that the equality in Theorem 4.2 [8] holds only for regular triangle?

P3. What is the smallest radius of a disk which contains every reduced polygon of a
given thickness on S2?

In Section 2, we review some results from the literature and several useful lemmas
are established. Section 3 confirms the Problem P1. Actually, we use a similar method
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to solve this problem as the proof process in [4]. Although the answer to Problem P2
in Section 4 is negative. We determine the supremum of the diameter of any reduced
spherically convex polygons and confirm P2 in our investigation. In Section 5, based on
the consideration of P2, we get the smallest radius of a disk that contains every reduced
spherical polygons of a fixed thickness less than π/2, which answers the Problem P3.

2 Preliminaries

For the notions of the reduced convex polygons on S2, one can see [1, 4, 8, 9]. Let S2

be the unit sphere of E3. The intersection of S2 with any two-dimensional subspace
of E3 is called a great circle. A pair of antipodes are the intersection of S2 with any
one-dimensional subspace of E3. If a, b ∈ S2 are different points and not antipodes,
then there is exactly one great circle containing them; Denote by arc ab, shortly ab, the
shorter part of the great circle containing them. The distance |ab| is the length of ab.

Let C be a spherical set, for any two points a, b ∈ C, if we have ab ⊆ C and |ab| < π,
then C is a convex set. The convex body is a closed convex set with non-empty interior.

The spherical disk of radius r ∈ (0, π/2] and center k ∈ S2 is the set of points
having distance at most r from k; the spherical circle is the boundary of the spherical
disk. Spherical disks of radius π/2 are called hemispheres. If G and H are different
hemispheres and their centers are not antipodes, then L = G ∩ H is called a lune of
S2. The parts of bd(G) and bd(H) contained in G ∩H are denoted by G/H and H/G,
respectively. We define the thickness ∆(L) of the lune L = G∩H as the distance between
the centers of G/H and H/G. The thickness of a spherically convex polygon C is the
minimal thickness of a lune which contains this polygon, and we denote it by ∆(C). A
convex body C ⊂ S2 is said to be reduced if ∆(R) < ∆(C) for each convex body R being
a proper subset of C.

Some useful definitions given in [8] are established here. If C is a subset of a convex
set of S2, then the intersection of all convex sets containing C is called a convex hull of
C. The convex hull of k ≥ 3 points on S2 such that each of them does not belong to
the convex hull of the remaining points is called a spherically convex k-gon. If V is a
spherically convex k-gon, we denote by v1, . . . , vk the vertices of V in the counterclockwise
order. We define the counterclockwise direction as the positive orientation. A spherically
convex polygon with sides of equal length and interior angles of equal measure is called
a regular spherical polygon.

Let p be a point in a hemisphere different from its center and let l be the great
circle bounding this hemisphere. The projection of p on l is the point t such that |pt| =
min{|pc| : c ∈ l}. For a spherically convex odd-gon V = v1v2 · · · vn, by the opposite
side to the vertex vi we mean the side vi+(n−1)/2vi+(n+1)/2, where the indices are taken
modulo n.

A few formulas of spherical trigonometry in [14] are useful for our research. For
a right spherical triangle with hypotenuse c and legs a, b, denote by A,B and C the
corresponding angles of edges a, b and c, respectively. Then we have

cosA = tan b cot c, (1)

cosB = tan a cot c, (2)

sin b = sin c sinB, (3)
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cos c = cos a cos b, (4)

cos c = cotA cotB, (5)

cosB = cos b sinA. (6)

For any spherical triangle, by the sine theorem on sphere, we have

sinA

sin a
=

sinB

sin b
=

sinC

sin c
. (7)

Our paper is based on the following results given in [8] and [4], respectively.

Lemma 2.1 [8, Theorem 3.2] Every reduced spherical polygon is an odd-gon of thickness
at most π

2 . A spherically convex odd-gon V with ∆(V ) < π
2 is reduced if and only if the

projection of every its vertices on the great circle containing the opposite side belongs to
the relative interior of this side and the distance of this vertex from this side is ∆(V ).

Lemma 2.2 [8, Corollary 3.3] Every spherical regular odd-gon of thickness at most π
2

is reduced.

Lemma 2.3 [8, Corollary 3.6] For every reduced odd-gon V = v1v2 · · · vn with ∆(V ) <
π
2 , we have |viti+(n+1)/2| = |tivi+(n+1)/2|, for i = 1, 2, . . . , n, where ti denotes the projec-
tion of vi on the opposite side.

Lemma 2.4 [8, Corollary 3.9] If V = v1v2 · · · vn is a reduced spherical polygon with
∆(V ) < π

2 , then βi ≤ αi for every i ∈ {1, . . . , n}.

We use the similar method as in [4] to prove the Problem P1, then the notations given
in [4, Section 3] are applicable and we rewrite it here. In a reduced spherical polygon
V = v1v2 · · · vn, let ti be the projection of vi on the opposite side vi+(n−1)/2vi+(n+1)/2.
Let oi be the intersection point of viti and vi+(n+1)/2ti+(n+1)/2. Put αi = ∠vi+1viti,
βi = ∠tivivi+(n+1)/2, and ϕi = ∠vioiti+(n+1)/2 = ∠tioivi+(n+1)/2, where i ∈ {1, 2, . . . , n}.
Fig. 1 presents some notations in a reduced spherical pentagon.

Figure 1: Related notations in a reduced spherical pentagon
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Lemma 2.5 [4, Lemma 3.2] For every reduced spherical odd-gon V = v1v2 · · · vn with
∆(V ) < π

2 , the spherical triangles vioiti+(n+1)/2 and vi+(n+1)/2oiti are congruent, where
i ∈ {1, 2, . . . , n}.

Lemma 2.6 [4, Fact 3.4] For every reduced spherical polygon V = v1v2 · · · vn with a
thickness ∆(V ) < π

2 , we have 0 < ϕi <
π
2 , where i ∈ {1, . . . , n}.

Lemma 2.7 [4, Lemma 3.5] For any reduced spherical polygon V = v1v2 · · · vn of thick-
ness less than π

2 , we have
∑n

i=1 ϕi ≥ π. Moreover,

(1) if V is a non-regular reduced spherical polygon, then
∑n

i=1 ϕi ≥ π;

(2) if V is a regular spherical polygon, then
∑n

i=1 ϕi = π and ϕi = π
n , where i ∈

{1, 2, . . . , n}.

In the following, we investigate the length of side, interior angle and circumradius
of regular spherical triangle with a given thickness. Since different formulas of spherical
trigonometry derive different expressions, here we establish one of them.

Lemma 2.8 Let V = v1v2v3 be a regular spherical triangle with thickness less than π
2 .

Then we have

(1) the interior angle of V is 2γ;

(2) the length of one side of V is 2 arccos( 1
2 sin γ );

(3) the circumradius of V is arcsin( 2√
3

√
1− 1

4 sin2 γ
),

where γ = arcsin
− cos ∆(V )+

√
cos2 ∆(V )+8

4 .

Proof Lemma 2.2 permits that V is reduced. Hence we apply the above notations to
V .

From the knowledge of regular spherical trigonometry, we know that αi = βi and ti is
the midpoint of vi+1vi+2, where i = 1, 2, 3 and the indices are taken modulo 3. Consider
the right spherical triangle vitivi+2, then we have |viti| = ∆(V ). Let |tivi+2| = a, thus
|vivi+2| = 2a. Denote by γ the angle ∠tivivi+2. By Equation (4), we get that

cos 2a = cos ∆(V ) cos a, (8)

and thus cos a =
cos ∆(V )+

√
cos2 ∆(V )+8

4 . By Equation (7), we get that

sin γ

sin a
=

sin π
2

sin 2a
,

from this and (8), we obtain that

γ = arcsin
− cos ∆(V ) +

√
cos2 ∆(V ) + 8

4
.

The interior angle of V is as desired. Since ∆(V ) ∈ (0, π2 ), it follows that γ ∈ (π6 ,
π
4 ) and

2γ ∈ (π3 ,
π
2 ).

Consider the right spherical triangle v1t2o in V , where o is the center point of the
circumcircle of V . By using (6), we obtain that the length of v1t2 is arccos( 1

2 sin γ ).

Hence the length of one side of V is 2 arccos( 1
2 sin γ ). From Equation (3), it follows that

the circumradius of V is arcsin( 2√
3

√
1− 1

4 sin2 γ
). 2
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In fact, γ is half of the interior angle of a regular triangle of thickness ω ∈ (0, π2 ).

For convenient, we denote the number arcsin − cosω+
√

cos2 ω+8
4 by γ in the whole research,

where γ ∈ (π6 ,
π
4 ).

By Lemma 2.4, for each reduced spherical n-gon V , it is true that βi ≤ αi, (if V is a
reduced polygon in the plane, the relation is βi ≤ π

6 ≤ αi, one can refer [5, Theorem 8]).
Here we intend to find a similar relation between βi and αi as in the plane.

In a spherically convex polygon V , for arbitrary two points x, y ∈ bd(V ), denote by
x̂y the arcs of bd(V ) from x to y in a positive orientation. By |x̂y| we mean the length
of x̂y.

Lemma 2.9 For each reduced spherical polygon V = v1v2 · · · vn of thickness less than
π
2 , we have βi ≤ γ ≤ αi, where i ∈ {1, . . . , n}. Especially, βi and αi attain γ at the same
time and only when V is a regular triangle, we can get that βi = γ = αi.

Proof Consider the right spherical triangle vitivi+(n+1)/2 in V . Lemma 2.1 implies that
|viti| = ∆(V ). By Lemma 2.5, we have ∠vivi+(n+1)/2ti = αi + βi. By Equation (7), we
have

sin π
2

sin |vivi+(n+1)/2|
=

sin(αi + βi)

sin ∆(V )
,

then ∆(V ) ≤ αi + βi ≤ π
2 . By Equation (6), we have

cos(αi + βi) = cos ∆(V ) sinβi. (9)

Lemma 2.4 permits that cos(αi + βi) ≤ cos 2βi, then (9) satisfies

cos ∆(V ) sinβi ≤ cos 2βi. (10)

As a result, we get sinβi ≤ sin γ and thus βi ≤ γ.
Lemma 2.4 also permits that cos(αi + βi) ≥ cos 2αi, then (9) satisfies

cos ∆(V ) sinαi ≥ cos 2αi. (11)

Therefore, we get the inequality sinαi ≥ sin γ and thus αi ≥ γ.
Consequently, the inequality βi ≤ γ ≤ αi holds.
Claim that βi and αi attain γ at the same time. For some i ∈ {1, . . . , n}, if βi = γ,

we can check that (10) becomes the following equality

cos ∆(V ) sin γ = cos 2γ,

from this, Equation (9) becomes

cos(αi + γ) = cos 2γ.

Hence we obtain αi = γ = βi. For the case when αi = γ, we can also get the same
conclusion.

With the assumption that αi = γ = βi, we will prove that V degenerates into a regular
spherical triangle. Denote by ui the intersection point of the arcs which contains vivi+1

and vi+(n−1)/2vi+(n+1)/2, respectively. Fig. 2 illustrates the corresponding notations on
a reduced spherical pentagon.
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Figure 2: Some proof details shown in a reduced spherical pentagon

Claim that viuivi+(n+1)/2 is a regular spherical triangle. By the definition of regular
triangle, we only need to show that the lengths of the three sides of viuivi+(n+1)/2 are
the same with each other. Since ∠uivivi+(n+1)/2 = ∠vivi+(n+1)/2ui = αi + βi = 2γ, it
follows that |uivi| = |uivi+(n+1)/2|. Let c = |uivi| and c′ = |vivi+(n+1)/2|. Then we intend
to show c = c′.

Let t′ be the projection of ui on the arc vivi+(n+1)/2. Since |uivi| = |uivi+(n+1)/2|, t′
is the mid-point of vivi+(n+1)/2 and uivit

′ is a right spherical triangle. Then by Equation

(2), we obtain cos 2γ = tan c′

2 cot c, and thus

tan c =
tan c′

2

cos 2γ
=

sin c′

(1 + cos c′) cos 2γ
. (12)

In the right spherical triangle vitivi+(n+1)/2. Equation (5) implies that cos c′ = cot γ cot 2γ,
thus we get

cos c′

1 + cos c′
=

1

1 + tan γ tan 2γ
= cos 2γ.

Consequently, we obtain (1 + cos c′) cos 2γ = cos c′. From this and Equation (12), it
follows that tan c = tan c′. So c = c′, and hence viuivi+(n+1)/2 is a regular triangle.

The following discussion is similar as that in [5, Theorem 8]. From the above analysis,
we get

| ̂ti+(n+1)/2ti| ≤ |ti+(n+1)/2ui|+ |uiti| = |vivi+(n+1)/2| ≤ | ̂vi+(n+1)/2vi|. (13)

By Lemma 2.3, we note that

| ̂ti+(n+1)/2ti| = | ̂vi+(n+1)/2vi|.

Hence the inequality (13) becomes

| ̂ti+(n+1)/2ti| = |ti+(n+1)/2ui|+ |uiti| = |vivi+(n+1)/2| = | ̂vi+(n+1)/2vi|.

This means that (13) attains the equation only when V degenerates into a regular spher-
ical triangle. This completes the proof. 2
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The above lemma plays an important role in our consideration of the maximal di-
ameter of reduced spherical polygons in Section 4.2. The following discussions are very
useful for Section 3.

Lemma 2.10 Let f1(x) = arccos 1+λx√
1+λ2

and f2(x) = arccos x(1+λx)
λ−x . Then f1(x)

f2(x) is a

decreasing function of x, where λ ∈ (0,+∞) and x ∈ (0, −1+
√

1+λ2

λ ).

Proof We use a series of elementary calculation methods to solve this problem. Let
f(x) = f1(x)

f2(x) , then the first derivative of f(x) is

f ′(x) = − λ · h(x)

(λ− x)
√
−λ(1 + x2)(2x+ λx2 − λ)f2

2 (x)
,

where
h(x) = (λ− x)

√
1 + x2f2(x) + (x2 − 2λx− 1)f1(x).

Here we have x < −1+
√

1+λ2

λ < λ, hence λ − x > 0. If h(x) > 0 in the domain x ∈
(0, −1+

√
1+λ2

λ ), then we confirm the result f ′(x) < 0.
By a simple calculation, we get that the first derivative of h(x) is

h′(x) =
(−2x2 + λx− 1)f2(x)√

1 + x2
+ 2(x− λ)f1(x),

and the second derivative of h(x) is

h′′(x) =
λ(λx3 + 3x2 − 3λx+ 2λ2 + 1)

(1 + x2)(λ− x)
√
−λ(2x+ λx2 − λ)

+
λ− 3x

2 −
x3

2

(1 + x2)3/2
f2(x) + t(x),

where t(x) = − 3x
2
√

1+x2
f2(x) + 2f1(x). According to the root discrimination of quadratic

function, we find that
3x2 − 3λx+ 2λ2 + 1 > 0. (14)

Since
√
−λ(2x+ λx2 − λ) > 0 and 0 < x < −1+

√
1+λ2

λ < 1, it follows that

λ > 2x+ λx2 >
3x

2
+
x3

2
> 0. (15)

From the inequalities (14), (15), λ− x > 0 and if t(x) > 0, then we obtain h′′(x) > 0.
By a simple calculation, we check that the first derivative of t(x) is

t′(x) =
λ(x3 + 2λx2 + 7x− 4λ)

2(1 + x2)(λ− x)
√
−λ(λx2 + 2x− λ)

− 3

2(1 + x2)3/2
f2(x).

From
√
−λ(λx2 + 2x− λ) > 0 and 0 < x < −1+

√
1+λ2

λ < 1, we get

4λ > 4λx2 + 8x > x3 + 2λx2 + 7x.

Then t′(x) < 0, thus we obtain t(x) > t(−1+
√

1+λ2

λ ) = 0.

Consequently, the above analysis show us h′′(x) > 0 in the domain x ∈ (0, −1+
√

1+λ2

λ ).

From h′′(x) > 0, we find that h′(x) < h′(−1+
√

1+λ2

λ ) = 0, hence h′(x) < 0 and thus

h(x) > h(−1+
√

1+λ2

λ ) = 0. By h(x) > 0 and λ − x > 0, they confirm f ′(x) < 0, which
completes the proof. 2
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Lemma 2.11 Let F (x) = arccos 1+λg(x)√
1+λ2

, where g(x) =
−(1+cosx)+

√
(1+cosx)2+4λ2 cosx

2λ ,

λ ∈ (0,+∞) and x ∈ (0, π2 ). Then F ′(x) > 0 and F ′′(x) > 0.

Proof For convenience, set r(x) =
√

(1 + cosx)2 + 4λ2 cosx. We find the first derivative
of F (x) is

F ′(x) =
cos x2

√
1 + 2λ2 + cosx− r(x)

r(x)
.

Therefore, we obtain F ′(x) > 0. The second derivative of F (x) is

F ′′(x) =
λ2 sin x

2 (3 + 4λ2 + cosx− (1− cosx)(r(x)− cosx))

r3(x)
√

1 + 2λ2 + cosx− r(x)
.

One can check that in the domain x ∈ (0, π2 ), the following inequality holds

3 + 4λ2 + cosx− (1− cosx)(r(x)− cosx) > 0.

Hence F ′′(x) > 0 and thus F (x) is a convex function of x. 2

3 The perimeter of reduced spherical polygons

In this section, we consider the Problem P1 proposed by Lassak in [8]. Let V be a
spherically convex n-gon, for simplicity, we use ω to replace ∆(V ) in this section, where
ω ∈ (0, π/2). Let λ = tanω, then λ ∈ (0,+∞). Denote by perim(V ) the perimeter of V .
Let us define several functions which are needed in the following theorems. Set

f1(x) = arccos
1 + λx√
1 + λ2

and

f2(x) = arccos
x(1 + λx)

λ− x
,

where x ∈ (0, −1+
√

1+λ2

λ ). Set

g(ϕ) =
−(1 + cosϕ) +

√
(1 + cosϕ)2 + 4λ2 cosϕ

2λ
,

where ϕ ∈ (0, π2 ). And thus g(ϕ) ∈
(
0, −1+

√
1+λ2

λ ).

Lemma 3.1 For a reduced spherical polygon V = v1v2 · · · vn with thickness less than π
2 ,

the perimeter is perim(V ) = 2
∑n

i=1 f1(yi), where yi = g(ϕi).

Proof For each i ∈ {1, 2, . . . , n}, we focus on the right spherical triangle oitivi+(n+1)/2

in V . Let |tivi+(n+1)/2| = ai, |oiti| = bi and |oivi+(n+1)/2| = ci. By Lemma 2.5, we obtain
perim(V ) = 2

∑n
i=1 |viti+(n+1)/2| = 2

∑n
i=1 ai. Moreover, we have |oiti|+ |oivi+(n+1)/2| =

bi + ci = ω. Note that bi < ω. From Equation (1), we obtain

cosϕi =
tan bi
tan ci

=
tan bi

tan(ω − bi)
=

tan bi(1 + tanω tan bi)

tanω − tan bi
.
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Let tan bi = yi, from this and λ = tanω, the above equation becomes

cosϕi =
yi(1 + λyi)

λ− yi
, (16)

thus

ϕi = arccos
yi(1 + λyi)

λ− yi
. (17)

Moreover, we have

tan ci =
tan bi
cosϕi

=
λ− yi
1 + λyi

,

and thus ci = arctan λ−yi
1+λyi

. By Equation (4), we get that

cos ai =
cos ci
cos bi

=
1 + λyi√

1 + λ2
,

hence ai = arccos 1+λyi√
1+λ2

= f1(yi). Therefore, perim(V ) = 2
∑n

i=1 f1(yi), where

yi =
−(1 + cosϕi) +

√
(1 + cosϕi)2 + 4λ2 cosϕi

2λ
= g(ϕi),

which can be calculated by Equation (16). 2

Theorem 3.2 The regular spherical n-gon has the minimum perimeter among all regular
spherical k-gons of fixed thickness ω ∈ (0, π2 ), where k, n are odd and 3 ≤ k ≤ n.

Proof Let Vk = v1v2 · · · vk be a regular spherical odd-gon. Lemma 2.2 shows that Vk is
reduced, then by Lemma 3.1, we have

perim(Vk) = 2
k∑
i=1

f1(yi),

where yi = g(ϕi). Vk is a regular polygon, then Lemma 2.7 (2) shows that ϕ1 = · · · =
ϕk = π

k . Thus we have y1 = · · · = yk = g(πk ), where

g(
π

k
) =
−(1 + cos πk ) +

√
(1 + cos πk )2 + 4λ2 cos πk

2λ
.

For brevity, we denote ϕi and yi by ϕ and y, respectively, where i = 1, 2, . . . , k. Then

ϕ = π
k and y = g(ϕ), where y ∈ (0, −1+

√
1+λ2

λ ). Equation (17) shows that

ϕ = arccos
y(1 + λy)

λ− y
= f2(y),

then k = π
ϕ = π

f2(y) . As a result,

perim(Vk) = 2kf1(y) = 2π
f1(y)

f2(y)
, (18)

where y ∈ (0, −1+
√

1+λ2

λ ).

Lemma 2.10 permits that f1(y)
f2(y) is a decreasing function of y. Since

y = g(
π

k
) =
−(1 + cos πk ) +

√
(1 + cos πk )2 + 4λ2 cos πk

2λ
,

it follows that y is an increasing function of k. Thus the perimeter of the regular spherical
polygon decreases with the increase of k. The conclusion is as desired. 2

927 Jun 2022 03:45:35 PDT
220627-Chang Version 1 - Submitted to Rocky Mountain J. Math.



Theorem 3.3 The regular spherical n-gon has the minimum perimeter among all re-
duced spherical n-gons with the same thickness ω ∈ (0, π2 ).

Proof Let V = v1v2 · · · vn be an arbitrary reduced spherical n-gon, then by Lemma 3.1,
the perimeter of V is perim(V ) = 2

∑n
i=1 f1(yi), where yi = g(ϕi) and

g(ϕi) =
−(1 + cosϕi) +

√
(1 + cosϕi)2 + 4λ2 cosϕi

2λ
.

Let F (ϕi) = f1(g(ϕi)) = arccos 1+λg(ϕi)√
1+λ2

, where ϕi ∈ (0, π2 ) and λ = tanω ∈ (0,+∞).

Thus perim(V ) = 2
∑n

i=1 F (ϕi). Lemma 2.11 states that F (x) is a convex function of x.
Thus from Jensen’s inequality [3], we obtain that

F (ϕ1) + · · ·+ F (ϕn)

n
≥ F (

ϕ1 + · · ·+ ϕn
n

),

the equality holds when ϕ1 = · · · = ϕn. Then the perimeter of V satisfies

perim(V ) = 2n(
F (ϕ1) + · · ·+ F (ϕn)

n
) ≥ 2nF (

ϕ1 + · · ·+ ϕn
n

).

Case 1. In the case V is a regular spherical polygon. By Equation (18), it follows
that perim(V ) = 2nF (πn).

Case 2. In the case V is a non-regular spherical polygon. Lemmas 2.6 and 2.7 imply
that

π ≤ ϕ1 + · · ·+ ϕn <
nπ

2
.

Since F (x) is an increasing function of x within the domain x ∈ (0, π2 ), it follows that

F (
ϕ1 + · · ·+ ϕn

n
) ≥ F (

π

n
).

Consequently, we get

perim(V ) = 2n(
F (ϕ1) + · · ·+ F (ϕn)

n
) ≥ 2nF (

ϕ1 + · · ·+ ϕn
n

) ≥ 2nF (
π

n
).

The conclusion follows by the above two cases. 2

By Theorems 3.2 and 3.3, we confirm the Problem P1.

4 The maximal diameter of reduced spherical polygons

Recall that the Problem P2 is proposed by Lassak after the discussion of [8, Theorem
4.2]. In the following, we establish some related conclusions. Denote by diam(V ) the
diameter of a spherical polygon V .

Lemma 4.1 [8, Proposition 4.1] The diameter of any reduced spherical n-gon is realized
only for some pairs of vertices whose indices (mod n) differ by n−1

2 or n+1
2 .
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Lemma 4.2 [8, Theorem 4.2] For every reduced spherical polygon V on the sphere, we
have

diam(V ) ≤ arccos
(

cos ∆(V )

√
1−
√

2

2
sin ∆(V )

)
, (19)

with equality for the regular spherical triangle in the part of V .

The Problem P2 asks if the equality in Lemma 4.2 holds only for regular triangle?
The answer is negative, so we derive a new inequality different from (19) and confirm
the Problem P2 within our investigation. The following statement is analogous to the
second part of [5, Theorem 9]. Although the proof process is trivial and the method is
the same as [8, Theorem 4.2], for the completeness, we restate as follows.

Theorem 4.3 For every reduced spherical polygon V = v1 · · · vn of thickness less than
π
2 , we have

diam(V ) ≤ 2 arccos(
1

2 sin γ
), (20)

where γ = arcsin
− cos ∆(V )+

√
cos2 ∆(V )+8

4 , and the equality holds only for the regular spher-
ical triangle.

Proof By Lemma 4.1, we assume that diam(V ) = |vivi+(n+1)/2| for some i ∈ {1, 2, . . . , n}
(in the case diam(V ) = |vivi+(n−1)/2|, the following is similar).

Consider the spherical triangle vitivi+(n+1)/2. Put

ai = |tivi+(n+1)/2|, ci = |vivi+(n+1)/2|, and γi = ∠vivi+(n+1)/2ti.

Lemmas 2.4 and 2.5 (resp. [8, Corollary 3.7]) imply that γi = αi + βi ≥ 2βi, where
0 < γi ≤ π

2 (for the range of γi, we can refer to the proof process of Lemma 2.9). From
|viti| = ∆(V ) and Equation (7), we obtain

sinβi
sin ai

=
sin γi

sin ∆(V )
.

Thus from γi ≥ 2βi, we acquire sinβi
sin ai

≥ sin 2βi
sin ∆(V ) and hence

sin ai ≤
sin ∆(V )

2 cosβi
. (21)

Moreover, by Lemma 2.9, we have βi ≤ γ (In the proof process of Lemma 4.2, Lassak
use a slight rough upper bound βi ≤ π

4 to obtain the final inequality. This is the main

difference between our proof with Lassak’s). Hence we get sin ai ≤ sin ∆(V )
2 cos γ and then

cos ai ≥

√
1− sin2 ∆(V )

4 cos2 γ
. (22)

Applying the Pythagorean theorem (i.e. Equation (4)) on sphere to (22), we obtain

cos ci ≥ cos ∆(V )

√
1− sin2 ∆(V )

4 cos2 γ
,
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as a result,

diam(V ) = ci ≤ arccos
(

cos ∆(V )

√
1− sin2 ∆(V )

4 cos2 γ

)
.

Observe that the equality holds only when (21) and (22) attain the equality, which
requires γi = 2βi and βi = γ. This leads to the equality γ = βi = αi and thus V is a
regular spherical triangle by Lemma 2.9. From the above discussions and Lemma 2.8
(2), we obtain the following equality

arccos
(

cos ∆(V )

√
1− sin2 ∆(V )

4 cos2 γ

)
= 2 arccos(

1

2 sin γ
).

This completes the proof. 2

Lemma 2.2 implies that the thickness of every reduced spherical polygon is at most
π
2 . Then in Lemma 4.2, the thickness of V satisfies ∆(V ) ≤ π

2 , while there exists an error
in this lemma. For clarity, we establish the following version.

Proposition 4.4 For every reduced spherical polygon V of thickness at most π
2 , we have

diam(V ) ≤ arccos
(

cos ∆(V )

√
1−
√

2

2
sin ∆(V )

)
, (23)

the equality holds only when the thickness of V is π
2 .

Proof Since (23) has been proved in [8, Theorem 4.2], we omit it.
In the case ∆(V ) < π

2 , by Theorem 4.3, it follows that diam(V ) ≤ 2 arccos( 1
2 sin γ ).

One can check that

2 arccos(
1

2 sin γ
) < arccos

(
cos ∆(V )

√
1−
√

2

2
sin ∆(V )

)
.

In the case ∆(V ) = π
2 , [12, Proposition 2] implies that V is a body of constant width,

thus diam(V ) = ∆(V ) = π
2 . One can also calculate that the right hand side of the

inequality (23) equals π
2 . 2

By the above investigation, Problem P2 holds only when considering Theorem 4.3.

5 The smallest radius of a spherical disk covering reduced
spherical polygons

The problems about covering the reduced convex bodies by a disk in E2 and S2 can be
found in [6] and [13], respectively. For the planar case [6], every reduced body R (resp.

reduced convex polygon) is contained in a disk of radius
√

2
2 ∆(R) (resp. 2

3∆(R)).
In the sphere, [13, Theorem 2] shows that every reduced spherical body R of thickness

at most π
2 is contained in a disk of radius arctan(

√
2 tan ∆(R)

2 ). And we can not improve
the above estimate when considering all reduced spherical bodies. Now we concentrate
on the Problem P3 to find the smallest radius of a disk that contains every reduced
polygon of a given thickness on S2.

In [2], Dekster extends the Jung Theorem to the n-dimensional hyperbolic space and
the n-dimensional sphere (n ≥ 2). We only exhibit the conclusions we need.
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Lemma 5.1 [2, Theorem 2] Let S be a compact set in Sn of diameter D and circum-
radius r. Let B be a metric ball of radius r containing S. Then

D ≥ 2 arcsin(

√
n+ 1

2n
sin r), r ∈ [0, π], for S ⊆ Sn.

This version applies to compact sets. The reduced spherically convex polygon is ex-
actly a compact (bounded and closed) set in S2. So we could get the following statement.

Theorem 5.2 Every reduced spherically convex polygon V of thickness ∆(V ) ∈ (0, π2 )

is contained in a disk of radius arcsin( 2√
3

√
1− 1

4 sin2 γ
), where

γ = arcsin
− cos ∆(V ) +

√
cos2 ∆(V ) + 8

4
.

Proof Denote by r the circumradius of V . In S2, by Lemma 5.1, we have diam(V ) ≥
2 arcsin(

√
3

2 sin r), thus

r ≤ arcsin(
2√
3

sin
diam(V )

2
).

Combining this with (20) of Theorem 4.3, it follows that

r ≤ arcsin(
2√
3

sin
2 arccos( 1

2 sin γ )

2
) = arcsin

( 2√
3

√
1− 1

4 sin2 γ

)
.

The conclusion is as desired. 2

Note that the inequality (20) of Theorem 4.3 attains equality only when V is a regular

triangle, so the estimate arcsin( 2√
3

√
1− 1

4 sin2 γ
) is sharp only for the regular triangle, and

the estimate can not be improved.
The following table lists some values of the radius under specific thickness.

radius \ thickness π
8

π
6

π
4

π
3

arcsin( 2√
3

√
1− 1

4 sin2 γ
) 0.260304 · · · 0.345523 · · · 0.511669 · · · 0.670020 · · ·

Table 1: The values of radius under specific thickness
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