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ABSTRACT. In this paper, we study the long time behavior of solutions of
the three dimensional (3D) generalized Navier-Stokes equations with nonlin-
ear exponential damping term a(eb‘“r —1)u (a > 0,b>0,r > 1) in a periodic
bounded domain. We first study the existence and uniqueness of weak solu-
tions. Then, we investigate the asymptotic behavior of weak solutions via at-
tractors. The difficult issue is that the Cauchy problem could have non-unique
solution and then we cannot use directly the classical schemes. To solve this
problem, we use a new framework developed by Cheskidov and Lu which called
(closed) evolutionary system to obtain various attractors and its properties.
Finally, we investigate the determining wavenumbers and this seems to be the
first result for a fractional equation.

1. INTRODUCTION

We study the 3D generalized Navier-Stokes equations with exponential damping
determined by

Opu+ v(=A)u+ (u- V)u+ a(eb™l” — 1)u+ Vp = f,

V.oue0 (L.1)

where u = u(t,z) = (u1(t,z),us(t,z),us(t,z)) and p = p(t,z) denote the fluid
velocity vector field and the scalar pressure at the point (¢,z) € Rt x T; (—A)®
is a-fractional Laplacian; f(z,t) is the external body force; v > 0 is the constant
kinematic viscosity; a is the positive damping coefficient; the exponents b and r
are positive constants. It is well-known that the damping term and the fractional
power of the Laplacian are very helpful from the mathematical point of view. The
damping can be raised as the resistance to the motion and it describes various
physical situations such as porous media flow, drag or friction effect, etc (see, e.g.,
[16, [65] and references therein). Dissipation corresponding to the fractional power
of the Laplacian can in principle arise from modeling real physical phenomena. The
fractional diffusion operators can model the anomalous diffusion and have now been
widely used in turbulence modeling to control the effective range of the non-local
dissipation (see, e.g., [Bl 15l B3] 35, 39, (6, 57] and references therein). But our
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2 L. T. TINH

motivation for studying is mainly mathematical and the goal is to understand
how the nonlinear exponential damping term affect the asymptotic behavior of the
weak solutions. We know that it is flawed because we cannot refer to the many
exciting results of the 2D case and there are a lot of differences between the 2D and
3D cases. However, we only consider the 3D case.

The 3D incompressible Navier-Stokes equations were studied for long ago. There
are many great results in different issues. In the approach of dynamical systems via
attractors, the existence of weak (uniform) global attractors has been established
in [27, 29, 45] by using the abstract theory for multivalued semi-flow (processes)
and evolutionary systems. Moreover, under some additional assumption, the exis-
tence of strong (uniform) global attractors has also been established in [27, 29| [45].
The existence of trajectory attractors were also proved in [54]. On the other hand,
the finite number of determining parameters is also interesting issue as we study
partial differential equations. As we have known that the finite number of deter-
mining modes of the 3D Navier-Stokes equations is not known for lack of regularity
(see [18]). Recently, in [25], without making any assumptions regarding regularity
properties of solutions or bounds on the global attractor, the existence of a time
dependent determining wavenumbers for the forced 3D Navier-Stokes equations de-
fined for each individual solution is investigated (see also [24] 26]). Even though
this wavenumber blows up if the solution blows up, its time average is uniformly
bounded for all solutions on the weak global attractor. The bound is compared to
Kolmogorov’s dissipation wavenumber and the Grashof constant.

The 3D incompressible Navier-Stokes equations with polynomial damping has
been studied extensively. The existence of weak solutions for this system was es-
tablished at first in [I6]. Then many authors have considered this system for the
well-posedness and the long-time behavior of solutions (see, e.g., [40, [41] [42] 48], 58|
60, [61], 621 63, [71], (75}, [76] ). In [60, 6], 63], the existence of global attractors, uniform
attractors and pullback attractors has established in V and H? NV by combining
asymptotic a priori estimates with Sobolev compactness embedding theorems. The
existence of an exponential attractor in V' was proved in [62] by using the squeezing
property. Specially, the existence of a global attractor in H for weak solutions was
proved in [48] 58] by using the abstract theory for multi-valued semi-flow and the
upper bound of its fractal dimension by using the methods of ¢-trajectories.

Recently, the 3D generalized Navier-Stokes equations has been extensively in-
vestigated. This system was first studied by J. L. Lions [50] for the existence and
uniqueness of weak solutions with o € [%, 00). In our exponential damping case, we
will see that the existence and uniqueness of weak solutions still hold for a € [%, 00).
Moreover, by using the convex integration technique, the existence of non-unique
weak solutions with o < 2 was pointed out by T. Luo and E. S. Titi [55]. The
global existence and decay of solutions for the 3D generalized Navier-Stokes equa-
tions have investigated in [32] 43| [73] (see also in [31 [68] [69, [70] and references
therein). The existence of inertial manifolds has studied in [34] for some subcritical
case (a > %) on torus. The finite dimensional global attractor and asymptotic de-
termining operators in subcritical case have obtained in [6] as a special case (see also
n [74], the MHD equations reduces to the generalized Navier-Stokes equations).
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GENERALIZED NAVIER-STOKES EQUATIONS WITH EXPONENTIAL DAMPING 3

Especially, the 3D incompressible Navier-Stokes equations with exponential damp-
ing has been first studied in [I0] by J. Benameur. Then, the existence and unique-
ness of its strong solutions and the large time decay for some nonlinear exponential
damping term have been considered by J. Benameur and et. al. [I1, 12} [13].

It is worth noting that so far there are few results studying the properties and
the asymptotic behaviour of weak solutions of (L.1). Therefore, analyzing
seems as an interesting problem. As in the case of the 3D Navier-Stokes system,
several difficulties appear and many problems remain open. We still have to cope
with the main difficulties such as the absence of results concerning the continuity
of weak solutions and the lack of good dissipativity estimates for all weak solutions.
The issue how to describle the limit behavior of solutions of evolution equations for
which the Cauchy problem can have non-unique solution arouses much interest in
recent years (see [19] 20} 22] [46], [54]). In this situation we cannot use directly the
classical scheme of construction of a dynamical system in the phase space of initial
conditions of the Cauchy problem of a given equation and find a global attractor
of this dynamical system. To our knowledge, there are several abstract frameworks
for studying dynamical systems without uniqueness such as the abstract theory for
multivalued semi-flow (processes). Recently, a new framework work was developed
by Cheskidov and Lu in [22] 27, 28] 54] and was called the (closed) evolutionary
system. It was first introduced in [27] to study a weak global attractor and a
trajectory attractor for the autonomous 3D Navier Stokes equation, and the theory
was developed further in [22] 28] [54] to make it applicable to arbitrary autonomous
and nonautonomous dissipative partial differential equation without uniqueness.
The avantage of this framework lies in a simultaneous use of weak and strong
metric and avoid the construction of symbol spaces. The tracking properties of
attractors still can be proved which may be the restriction of another frameworks
(see [22] 27, 28] [64] for more details).

The main purpose of this paper is to investigate the long time dynamical behav-
ior of the weak solutions of via attractors and their properties by using the
(closed) evolutionary system (see, e.g., [22, 27, 28] 29, [54]). Then we investigate
the determining wavenumbers. The paper is organized as follows. In Section 2,
we recall the functional setting and some auxiliary results. In Section 3, we study
existence and uniqueness of weak solutions. In Section 4, we prove the existence
of various attractors and its properties. In Section 5, we study the determining
wavenumbers. Moreover, for completeness, we also summarize the theory of the
(closed) evolutionary systems in appendix A and the Littlewood—Paley decompo-
sition for periodic functions in appendix B. In this paper, we sometimes use the
symbol C' to denote a non-dimensional constant which may change from line to
line. We also denote by A < B an estimate of the form A < C'B with some positive
constant C.

2. PRELIMINARIES

For simplicity, we work on the torus T = [—7, 7]* with periodic boundary condi-
tions. Because of the periodic setting and the lack of natural boundary conditions,
we can restrict ourselves to deal with initial data and f with vanishing spatial
averages; then the solutions will enjoy the same property. This allows us to repre-
sent any divergence free velocity vectors u which are periodic and have zero spatial
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4 L. T. TINH

averages as follows
U= Zukqﬁk with ug, € C?, u} =u_p, up -k =0 Vk € J,
keJ
where ¢ = e** J =73\ {0}. For s € R, we define the following spaces

Vei={u= Zuk¢ka up € C?, uj = u_y, up -k =0,
keJ
o = e and Z lug |2 k|** < oo}
keJ
These spaces are also Hilbert spaces with scalar product
(u0hve = 3 e - o b
keJ

For simplicity, we use the notation (-, -) denoted the scalar product in V° and also
the dual pairing of V* — V=% by (u,v) := >, ;ur - v_r. We have the following
compact embedding V1€ <3< V* for any € > 0. Let s; < so and u € V*2, we

have
Jullver < lullve. (2.1)
Moreover, if s = ys1 + (1 —7)s2, 0 < < 1, then
1—
lullve < llullie Il (2.2)
Assume that p > 1. If 0 < s < % and % > % — %, then V* — LP(T) and there
exists a constant C' depending on s and p such that
llullzr(ry S llullvs, for allu € V= (2.3)
If s= %, then

lull Lo (ry S llullvs for any finite p and all u € V?, (2.4)

and if s > %, then
lullpoe(my S lullvs, for allu € V= (2.5)

We define the linear operator A = (— A)% as follows
Au = Z |k|ukdr with u = Z“kd’kv b = 7,

keJ keJ

and its powers A® by
ANu = Z |k|suk¢k,
keJ
hence (—A)* = A?%. Since A® preserves the divergence free condition k - us, = 0, we
infer that A° maps V< onto V*~*. It follows from the construction of A® that
l[ullve = [[A%ullyo. (2.6)

In particular, A* maps V* onto VO for all s > 0 and so D(A%) = V5.
Denote by P, the Leray-Helmholtz projection. It is the orthogonal projection
from L?(T) onto V° and P,A® = A*P,. Setting
3
v,
b(u,v,w) = / Z uia—xjiwjd:c.
T 7,7=1
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GENERALIZED NAVIER-STOKES EQUATIONS WITH EXPONENTIAL DAMPING 5

Let F be the space of formal Fourier series
{u = Z@k(ﬁk, Uy € (C3, O = eik'm}.
keJ
and
Hf :={uecF:|ul}:= Z ug|?|k|?* < o0, uy = Ty, and TGy = 0}.

keJ
Let V be the space of divergence free trigonometric polynomials consisting of all
u € F such that k- Uy = 0 for all k£ € J and 4y = 0 for all but finitely many values
of k € J. We see that V* is the closure of V in H® with respect to the || - || g= norm.
We need the following lemma, which we quote from [I4], [I7, 44, [47], to look into
the properties of the trilinear form b

Lemma 2.1. Let u,v,w € V, it holds that
(1) b(ua v, U) =0,
(ii) b(u,v,w) = —b(u,w,v),
(iil) b(u — v, u,u — v) = b(u, u,u — v) — b(v,v,u — v)
This result may be extended to larger spaces by the density of V in V7 for
the appropriate values of ¢ that the trilinear forms are continuous. The following
proposition is taken from [38, Proposition 2.5] (see also [9]).

Proposition 2.1. The trilinear form b : Vo1 x V72 x V3 — R is bounded provided
that all following conditions hold:

(i) o1+ 02+ 05 > g,

(ll) o1+ 09 > s,

(111) g9 +O’3 Z 1,

(iV) o1+ 03 Z 178,
for some s € {0,1}. If the last three conditions are satisfied and if o; is a nonpositive
integer for some i € {1,2,3}, then the condition (i) can be replaced by the nonstrict
version of the inequality. The nonstrict inequality is also allowed if for some s €

{0,1},

01207 0-2287 0321_8

We now apply the projection operator P, on (|1.1)). Due to the periodic setting,
the weak formulation (1.1)) can be rewritten by

Opu + vA**u + B(u,u) + aPU((eb‘“lr —1)u) = P, . (2.7)

where B(u,v) := P,{(u-V)v}. To study ([2.7), let us start with a definition of weak
solutions for (2.7) with L? initial data u..

Definition 2.1. Let v,a,a,b be positive and let r > 1. Given f € L? (R;V?),

loc

u, € VO and a fivred T > 7. A weak solution to ([2.7) on the interval [7,T)] is a

function u(t, z) such that
ue L™(r,T; VO N L (7, T; V) N Gy (7, T; L' (T)) N Co ([, T} V),
where
Gy (7, T; LN(T)) := {u: [7,T] x T — R® measurable, (""" — 1)|ul* € L*(r,T; L} (T))}.

Moreover, given any t € [1,T] and v € VYNL>(T), v > max{g —a; al, it satisfies
u(T) = u, and
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6 L. T. TINH
<u(t),v>—|—y/ <Aau(8),Aa’U>dS—/ (B(u(s),v),u(s))ds
+a / (O 1)u(s), v)ds = (ur, 0) + / (F(s),v)ds, (2.8)

for a.e. t €[r,T].

Remark 2.1. In the weak formulations above, we see that the trilinear terms are
well defined. Indeed, it easily implies that v > max{g — ;) > 1 and it follows
from Proposition with o1 = 0,09 = 7,03 = a that

[(B(u,v),u)| = [b(u, v, u)| S [[ullvellv]lv~ullve. (2.9)
Lemma 2.2. Ifr > 1 and u is a weak solution of determined by Definition
then
(" — 1)u € L (r,T; LY(T)). (2.10)
Proof. Indeed, we define
Q:=[r,T] x T,
Qy ={(t,z) € [1,T] x T; 0 < |u(t,z)| < 1},
Oy :={(t,z) € [, T) x T; |u(t,x)| > 1}.
We then have

/ (1 1) |u(s) | dzds = / (N _ 1) u(s)|dads
Q Q1UQ5
= / (PO 1) |u(s)|dzds —|—/ (P11 — 1) |u(s)|dxds
Q Qs

/ =1 ju(s) Pad +/ T (@O 1)fu(s) Pdrd
= —————|u(s)|*dzds ——(e - uls)|"aras
a,  |u(s)] a, [u(s)]
gMb,./ \u(s)\Qdajds—i-/ (O — 1) [u(s) Pdads

Ql Q2

™
ebt’ —1

where M, := sup
0<t<1

< My (T = 7)[Jull Lo (r,1v0) + / (P11 — 1) |u(s)|2dads
Q

< My (T = 7)l[ull oo (rmivoy + [ = Dl prrmiprryy- (2:11)

<ooforr>1,6>0

This implies the desired result. O
Lemma 2.3. If (?I" —1)u € L' (7, T; LY(T)), thenwu € () L™**+2(r,T; L"*+*(T)).
k=1
Proof. We have
u|” - bk r
(™ =Dl =) - ol kt+2, (2.12)
k=1

This implies that

T
/ H( blu(s)|" )|u( | ||L1(T)d8 Z k'/ zlirfz T)ds. (2.13)
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GENERALIZED NAVIER-STOKES EQUATIONS WITH EXPONENTIAL DAMPING 7

We deduce from ([2.13)) that

(V" — 1)u € L (r, T; LX(T)) implies u € () L™*+2(r, T; L™*2(T)).  (2.14)
k=1
O

We now recall the following strong continuity result for the velocity (see [14]
Lemma 6]).

Lemma 2.4. Assume that u € L?(7,T; V") and % € L*(r,T;V*~") for s € R
and h > 0, then u € C([1,T];V?) and
du

d i, — apnh
Sl =207

We also have the following weak continuity result in time (see [I4, Lemma 7])

(t), Ahu(t))ys. (2.15)

Lemma 2.5. Let X and Y be Banach spaces such that Y — X with a continuous
injection. Then

L®(r,T;Y)NCu([r, T); X) = Co ([7, T); Y).
In particular, we also have the following important inequalities for the damping
(see [8, Lemma 2.2] and [12, Lemma 2.3]).
Lemma 2.6.
(1) Assume that p € (1,00) and 6 > 0. There exist positive constants ¢; and
ca such that for all x,y € R3,
2P =22 — [y[P2y| < crlz —y* =0 (|2] + [y])P >,
and
(lelP~2z — |ylP~2y) - (& —y) = colw —y|*** (2] + [y )P~
2) Assume that b > 0 and r > 0. There exists positive constant c3 such that
(
for all z,y € R3,
(€1 = 1)z — (41" — 1)) - (2 — ) > egle — g2 (M1 — 1) + (€17 = 1)).
3. EXISTENCE AND UNIQUENESS OF WEAK SOLUTIONS

In this section, we will give some results about the existence, uniqueness and
regularity of the global weak solutions of system (2.7)). Let us first formulate the
weak solution existence theorem.

Theorem 3.1. Assume that v, o, a,b are positive and r > 1. Given u, € VO and
f € L2 (R;VY). Then, the system (2.7)) possesses a global weak solution obeying

Definition with initial condition w,. Furthermore, if o > 1, the global weak
solution then is unique and depends continuity on the initial data.

Proof. i) Existence. The existence of a weak solution of is obtained via
using the Galerkin approximation method. Therefore, we only outline the main
points here.

We define the finite dimensional projectors II,, in V' as

IL,u= Z U@ for u = Z up@r and ¢p = et

0<|k|<n keJ
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8 L. T. TINH

Setting B, (u,v) := II,,B(u,v). We consider the finite dimensional approximation
of system (2.7)) in the unknowns u,, = IL,,u. This is the Galerkin approximation for
n=123,---

Oruy, = _VAzaun - Bn(un»un) - aHnPU{(eblunlr - 1)“71} + HnPcrfv (3 1)
Un (1) = pu,. ’

Obviously, u, () strongly converges to u, in V°. We take L?-scalar product of the
first equation with itself u,,; bearing in mind Lemma we get

1d w |
iﬁ\mn(t)llio + vfun(®)5a + all (€ = D)un*|| 1 (ry = /Tf(t)un(t)dﬂc
v 2 1 2
< Sl @l + 515 o, (32

where we have used (2.1)) and the Cauchy-Schwarz inequality. Therefore,

r

2 Dl P sy < IO (33)

For all ¢ € [, T], we integrate (3.3 in time from 7 to ¢ and obtain

d
—llun(@)Fo0 + vl (Ol + 2a] (1O

t t
fun @0+ [ (o) eds + 20 [ 1O = Dlun(6) 13y
2 1 ! 2
<lurlfo +5 [ 15 Rods.  (3.)

Since [|u-||}, and f: [ £(s)]|2.0ds are bounded, it follows from (3.4) and (2.14)
that the sequence {u,} is uniformly bounded in L*(7,T;V%) N L?(r,T; V) N

{ N LT™42(7, T5 L™2(T) ).
k=1
We now consider the first equation of (3.1). We see that the dissipative term
A%y, € L(1,T; V=) and it follows from (2.9) that B, (u,,u,) € L*(r,T; V7).

Setting 7o := max{3,2a,~v} and we see that v < ~9. Since L}(T) — V=7, we
deduce that

t t
/ 1O~ 1) ()] [y o ds < / 1O~ 1 ()1 oyl
< Mbr(T - T)HUHHLW(T,T;VD)
I = DunP sy, (35)

where we have used (2.11)). We infer from (3.4) and (3.5) that (e’l“~!" — 1)u, €
LY(7,T; V=), Therefore, d;u,, is bounded uniformly in L!(,T;V~7°). Since

Ven{() L*3(T)} == VO Vo,
k=1
and
Ven{() L*(T)} o Ve Vo,
k=1

for some @ € (0, ) such that &+~ > 2. We deduce from the Aubin-Lions lemma
(see [64]) that {u,} is compact in L?(7,T; V?) and so we can extract a subsequence,
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GENERALIZED NAVIER-STOKES EQUATIONS WITH EXPONENTIAL DAMPING 9

still denoted by wu,,, such that

u, — u weakly in L*(,T; V%), (3.6)
U, — u weakly in L™**2(7, T; L"**2(T)), for any positive integer k, (3.7)
u, —* u weakly star in L>(7,T; V"), (3.8)
u, — u strongly in L*(7,T; V"), (3.9
u, — u strongly in L?(7,T; V). (3.10)

We now prove the convergence of nonlinear term. First, we have
T
[ 1b6un),0n(0),0) = u(t) u®). o)t < 53+ 52
0

where v € V7 and the terms S} and S2 are defined as follows
T
Sh= [ Ibun®)ua(t) = ult), vl

T
- / b(atn (1), 0, tn (£) — ()]t
[By using Lemma
T
< / l[tn @) lvollvllvy llun (t) = u(t)[lvadt
[By using Proposition [2.1]
S Illvallunll 2 rsvo) un(t) — (@)l L2 rive)-

Using (3.10)) implies that lim,, . St = 0.

2 = / bt (t) — u(t), un (£), v)|dt

T
:/ |b(un (t) — u(t), v, u,(t))|dt
[By using Lemma
T
S [ lun® = wlt) v ol fun () o
[By using Proposition
S vliva llunll 22 ¢ rsvo) [un () — w(®)| L2 (v 1v9)-

Using (3.10)) implies that lim,, o, S? = 0. Therefore, we have

T T
/b(un(t),un(t),v)dt%/o b(u(t), u(t),v)dt.

Using all convergences above, it is classical results to pass to the limit in the vari-
ational formulations (2.8]) and prove that u is the solution of (2.7)) and inherits all
the regularity from u,, i.e.,

uw € L®(r,T; VO N L*(r, T; V) N G} (7, T; L*(T)),
where
Gy (1, T; LY(T)) := {u: [r,T] x T — R® measurable, (!I*I" —1)[u|* € L'(r,T; L'(T))}.
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10 L. T. TINH

We integrate in time the equations for the velocity v and we obtain

t
u(t) = u, + / [—vA2%u(s) — B(u(s),u(s)) — aPy{ (" —1)u(s)} + P, f(s))ds
This implies that u € C([r,T];V~°). In addition, since u € L>®(r,T;V?), we
deduce from Lemma [2.5] that
we L=(r, T; VO N LA, T; V) N Gy (7, T; LN(T)) N Co (7, T; V).
ii) Uniqueness and continuous dependence on the initial data. Assume

that u; and ug are two weak solutions of (2.7) with initial data ui,, us, € VY,
respectively. Setting U = u; — ug and then U satisfies

U 4+ vA2°U + B(uy,U) + B(U,ug) + aPy{(e?1I" — 1)uy — (eP1¥2I" — 1)uy} =0,
V.-U=0.
(3.11)

We first take the L?-scalar product of the first equation of (3.11)) with U and using
Lemma 21 leads to

HU”VO +u|[U[Ve + (U, uz, U +a/{ bleal” _ 1yuy — (eP2l” — 1)uy} - Udz = 0.
(3.12)

2dt

Using Lemma [2.6] we get that
/{ blual” — (ebl*2l" —1)uy} - Udz > 0. (3.13)

Now, we are going to estimate the nonlinear term b(U, ug,U).
Case 1. a = 1. It follows from (2.14]) that we can take rk > 3 so that u € L™*T2(T).
Estimation of the nonlinear term now can be done as follows
|b(U7 Uz, U)l = ‘b(Uv U, U2)|

5 ||U||L2('rfl:r2) o HVU”LZ('[F) ||u2||er+2(T)

[By using the Hoélder inequality]
SN0 a1 52 IO,
[By using interpolation]
+5

< ||U||””+2 Juz | Lrr+z(r ||U||’k+2
[Since VY < L? and V! < L)

*||U||v1 + C||U2||ka+12(T)||U||%/o
[By using the Young inequality]

v T
< SIUIT: +C+ lual| 542 U 7o (3.14)
2rk +4
i < 2].
[Since T = rk + 2]

It follows from (3.12)), (3.13)) and (3.14]) that

d v
MU0 S (U luall 2t o) IU 1o (3.15)
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GENERALIZED NAVIER-STOKES EQUATIONS WITH EXPONENTIAL DAMPING 11

Using the Gronwall’s inequality, we deduce from (3.15)), (2.14) and (3.4) that the

weak solution depends continuously on the initial data and is unique.
Case 2. 1 <a< % This implies that there exists rk € (3;3‘;, 5(;2;")
We could estimate the nonlinear term b(U, ug,U) as
‘b(Uv Uz, U)‘ = ‘b(U7 U7 U2)|

<
< ||U\|me”vw|mfm 2!

Lrk+2(T)
[By using the Holder inequality]

S luzllprsszm [Ullva Ul exts

[Since Vo1 < L5 (T) and V8~ <y [7r@atnri@=D (T)]

-6
S luzll sz eny 10130 1O
[we have used interpolation inequalities and

M—a:9'0+(1—9)-aand0§0:2— kS
rk 42 o

(rk+2) —
v
< §||U||\2/a + Clus|

1]

5 2
L7k+2(T) ||U||V0

[By using the Young inequality]
v T
< SN0 e + ClluallZ2s ) U 1o (3.16)

[Since % <rk+2].

It follows from (3.12)), (3.13)) and (3.16]) that

d v
MU0 S (U a5 e IU 1o (3.17)
Using the Gronwall’s inequality again, (3.17)), (2.14) and (3.4)), we obtain clearly

the continuous dependence of the weak solution on the initial data, in particular
its uniqueness holds provided that 1 < a < %.
Case 3. a > g.

In the hyperdissipative cases (o > 2), the nonlinear term b(U,uz,U) can be

estimated by using Proposition [2.] as follows
(U, uz, U)| S [[U|lvolugllve|U|ve
[By using the Holder inequality]
< S0l + Clluzle U 1o (3.18)
[By using the Young inequality].
Combining (3.12)), (3.13)) and (3.18)), we get

d
MU0 < llua = 1T (3.19)

We also infer from the Gronwall’s inequality, and the uniqueness of the
global weak solution of the system can be obtained with the less restriction
of the damping.

Moreover, using Lemma [2.4] implies that u € C([r,T]; V°). O

Remark 3.1. We now give some comments on our result.
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12 L. T. TINH

(i) The existence of the weak solutions of still holds with the less regu-
larity of f, i.e., f € L? (R;V~%). We also see that the weak solution can
be extended to the [r,00) for any 7 € R. Hence, a weak solution defined
globally in times exists for any initial data u(7) € V°.

(ii) This theorem shows us how the strength of nonlinearity and the degree
of viscous dissipation can work together to yield the global existence and
uniqueness of the weak solution of . This result is in addition to
previous results in [10], 111, 12}, [13].

(iii) In case of r < 1, since Lemma 2.2 may not be satisfied. This could make

our situation much more difficult.

4. ATTRACTORS FOR THE GENERALIZED NAVIER-STOKES EQUATIONS WITH
EXPONENTIAL DAMPING

In this section, we apply the theory of the evolutionary systems established to
our generalized Navier-Stokes equations with exponential damping.
Following the ideas in [54, Section 4], [22, Section 8], [29, Section 5-6] and [27],
we first define the strong and weak distances as
ds(ug,us) := |Jug — usl|yo, Yui,us € VO,
and

_ Ul — U2k
() = 37 gl L okl
= + w1k — uokl

where u;, i = 1,2, are Fourier coefficients of u;, respectively. Note that the weak
metric d,, induces the weak topology in any ball in VY.

Let fo be a fixed external force which is translation bounded in L7 .

(R; VY), ie.,
t4+1
ol = ol gy =50 [ fo(s) s < oc.
teR J¢

We denote by L (R; V°) the space L2 (R; V?) endowed with the local weak con-

loc loc
vergence topology. Then fj is translation compact in L2’w(R; V), i.e., the trans-

lation family of f, e
S = {fo(- + h) : h € R},
is precompact in L2 (R; V°) (see [21]). Moreover,
I£17 < Ifoll, Vf €= (4.1)
Let u(t), t € [1,00), be a weak solution of with the initial data u(7) € V°
and f € ¥ guaranteed by Theorem [3.1] Repeating the same arguments in Theorem
[3-1) implies that
%HU(UH%O +vfu®)[fe + 2a) (O = Dju(t) P g < %Ilf(t)ll%/o- (4.2)
Thus

d 1
@ + vlu@lvo < —[F@)Vo,
for t large enough and hence
d

1
(@ 1Voe”) < [ FB)7oe”
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GENERALIZED NAVIER-STOKES EQUATIONS WITH EXPONENTIAL DAMPING 13

Integrating in time from ¢y to ¢, we receive

I ‘
lu®loe” = [u(to)Foc™™ < = [ 1(s)l[}oe"ds.
v
to

On the other hand,

t—1

t t
/ 1£()|Boerds < / 1F()|Zoe"ds + / 1F()|Zoe”sds + -
to t—1 t—2

<A +e™ 4o e
< TNl
< ST lfollze
Therefore
[u(®)[I30 < llulto)llfoe™ ") + I/(efiy_l)”f()”l%v (4.3)

for all t > tg, tp a.e. in [1,00). Note that we are just looking for estimations and
we use the same units of “1” because of simplicity. In fact, units in (4.2) and (4.3)
are not dimensionally correct.

It follows from that there exists a uniformly (w.r.t. 7 € R and f € %)
absorbing ball Bs(0,R) C VY, where the radius R depends on v and ||fol|Z . We
denote by X uqp a closed uniformly absorbing ball

Xewad = {u € VO ¢ [[ullyo < R}. (4.4)

Therefore, for any bounded set B C VO, there exists a time £ > 0 independent of
the initial time 7, such that

u(t) € Xeyap, VE > 11 :=7 + 1, (4.5)

for every weak solutions u with f € ¥ and the initial time u(7) € B. Moreover,
X cuap is weakly compact in VO and metrizable with a metric d,, deducing the weak
topology on X yap-

The following important result holds.

Lemma 4.1. Let v, a,a,b be positive and let r > 1. Assume that u, is a sequence
of weak solutions of (2.7) with f, € ¥ satisfying u,(t) € Xeuap for allt > t1. Then

Uy, is bounded in L*(ty,ta; V), G (t1,ta; LY(T)) and L™ (ty,ta; VO),

d
2 Un 1 bounded in L*(ty,ty; V=°),

for all ty > t; and o := max{3,2a}. Moreover, there erists a subsequence
converges to some solution u in Cy([t1,t2]; V), i.e.,

(Un,, V) = (u,¥) uniformly on [t1,t2], as n; — oo, for all 1 € V°.

Proof. The proof is a straightforward modification of the results of Theorem [3.1}
Therefore, we omit it here (the readers can consult more details in [29, Lemma 5.4],
[54, Lemma 5.3], [53, Lemma 3.2] and [59] Lemma 2.1]). O
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14 L. T. TINH

Let us define the following evolutionary system.

E([r,00)) := {u(-) : u(-) is a weak solution of (2.7) with f € ¥ on [r,00) and
u(t) € Xeyap, Yt € [T,00)}, 7 € R,

E((—00,00)) :={u(-) : u(-) is a weak solution of with f € ¥ on (—o0, )
and u(t) € Xeyap, Vt € (—00,00)}.

We deduce from the translation identity of that all conditions in Definition
[5:1) hold for the above evolutionary system.

Since we use the theory of the evolutionary systems, this leads us to check the
properties (A1), (A2) and (A3) for our evolutionary system (see in Appendix A
for these properties). Thus, we will use the following condition for the force which
is called a normal function and was introduced in [51}, [52].

Definition 4.1. Let B be a Banach space. A function g € L2 _(R;B) is said to be

loc
normal in L}, (R; B) if for any € > 0, there exists § > 0, such that

t+45
sup / lo(s)]13 ds < e
teR J¢

It is a classical result that the class of normal functions is a proper closed subspace
of the class of translation bounded functions (see [51l, [52]). We now prove the
following result.

Lemma 4.2. Let v,a,a,b be positive and let v > 1. The evolutionary system &
of (2.7) with the force fy satisfies (A1) and (A3). Moreover, if fo is normal in
L? (R; V), then the evolutionary system € of ([2.7)) also satisfies (A2).

Proof. We first verify that (A1) holds. Indeed, we deduce from Definition
Theoremand that £([0,00)) C Cy([0,00); V). Let {u,}3; be a sequence
in £([0, 00)).
e It follows from Lemma[L.1] that there exists a subsequence, still denoted by
{un}52, which converges in C,,([0,1]; V?) to some u' € C,([0,1]; V) as
n — oo.
e Passing to a subsequence and dropping a subindex once more, we have that
this subsequence converges in C,,([0,2]; V%) to some u? € Cy([0,2]; V°) as
n — oo. Note that u'(t) = u?(t) on [0, 1].
e Continuing this diagonalization process, we obtain a subsequence {uy;} of
{u,}22; that converges in Cy,([0,00); V) to some u € Cy([0,00); V?) as
n; — 00.
Therefore, (A1) holds.

Next, we prove that (A3) is valid. Take a sequence {u,}2; C £([0,00)) be
such that it is a d¢,, ([0,;v0)-Cauchy sequence in Cw([0,T);VO) for some T > 0.
Using Lemma again and the sequence {u,}>° ; is bounded in L2(0,T; V%), we
deduce that there exists some u € Cy,([0,7]; V°), such that

T
/ tn(s) — u(s)|Zads = 0, as n — oc.
0

In particular, ||u,(¢)||yo — ||u(t)|vo as n — oo a.e. on [0,7T], which means that
{un(t)}52, is a ds-Cauchy sequence a.e. on [0,T]. Thus, (A3) is valid.
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GENERALIZED NAVIER-STOKES EQUATIONS WITH EXPONENTIAL DAMPING 15

Finally, for any v € £([0,00)) and ¢ > 0, using the property of normal functions,
we can infer from (4.1]) and (4.2)) that, for any € > 0, there exists § > 0 such that

[u(®)]lve < lulto)lvo +e¢,

for ¢y a.e. in (t — 0,t¢). This implies that (A2) holds.
The proof is adapted from [29, Lemma 5.7] and the readers can consult more
details in there. 0

We now apply the general theory of the evolutionary system which is summa-
rized in Appendix A to get the following results. The following result is a direct
consequence of Theorem [5.3] Theorem Theorem and Lemma

Theorem 4.1.

(i) Assume that v, «, a,b are positive and r > 1. Let fy be translation bounded
in L (R;VY). There exist the weak uniform global attractor A, and the
weak trajectory attractor A, for with the fived force fo. The weak
uniform global attractor A, is the mazimal invariant and mazimal quasi-
invariant set w.r.t. the closure € of the corresponding evolutionary system

& and
Ay = wy (Xcuab) = ws(Xcuab) = {’LL(O) U € ’6},
Q[w = H+I€ = {u()|[0700) U e K},
A = () = {ult) : u € A}, VE > 0.

Moreover, 2, satisfies the finite weak uniform tracking property and is
weakly equicontinuity on [0, 00).

(ii) Furthermore, assume that fo is normal in L} (R;V°) and every complete
trajectory of & is strongly continuous, then the weak global attractor A,
becomes a strongly compact strong global attractor Ag, and the weak trajec-
tory attractor A, becomes a strongly compact strong trajectory attractor As.
Moreover, A, = 11 K satisfies the finite strong uniform tracking property
and is strongly equicontinuous on [0,00).

We now give some supplementaries with the better condition of f; which is
translation compact in L? (R;V?), i.e., the closure of the translation family ¥ of
fO in L2 (Rv VO)’

loc

_ L? _(R;V°
S o=l + 1) hery =™,

is compact in L? (R;V?). Following the results in [21, 51, 52], we infer that
LZQOC(R; V) is metrizable and the corresponding metric space is complete; and the
class of translation compact functions is also a closed subspace of the class of trans-
lation bounded functions, but it is a proper subset of the class of normal functions.

The results in Lemma are valid for ¥ replaced by . We only give the result
and omit the proof here since it can be adapted from Theorem [3.1] [29] Lemma 6.1]

and the property of the class of translation compact functions as follows

Lemma 4.3. Let v,a,a,b be positive and let v > 1. Assume that u, is a sequence
of weak solutions of (2.7) with f, € ¥ satisfying un(t) € Xeuap for allt > t1. Then

Up 18 bounded in L*(t1,t2; V), Gi (t1,ta; LY(T)) and L™(ty,t2;V?),

d
%un is bounded in L*(ty,ty; V™°),
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16 L. T. TINH

for all to > t; a_nd Yo = max{3,2a}. Moreover, there gxists a subsequence n;
such that f,, € ¥ converges in L (R;VO) to some f € ¥ and Up, COMVETGES in

Cuw([t1,t2]; V°) to some solution u with the force f € %, i.e.,
(Un,, ) = (u,¥) uniformly on [t1,ts], as n; — oo, for all ¢ € V.

We now define the following evolutionary system with ¥ as a symbol space. The
family of trajectories for this evolutionary system consists of all weak solutions of
(2.7) with the force f € ¥ in X 4 determined by

Es([r,00)) := {u(-) : u(-) is a weak solution on [, 00) with f € ¥
and u(t) € Xeyab, Vt € [T,00)}, 7 € R,

Es((—00,00)) := {u(:) : u(-) is a weak solution on (—oo, 00) with
fe¥and u(t) € Xeyap, Vt € (—00,00)}.

Following step by step as in arguments of [29, Section 6] and [54, Section 4.1] with
the straightforward modification of these results, we can prove the following results.
Because the proofs are only adapted, we also omit them here.

Lemma 4.4. Let v,«,a,b be positive and let r > 1. Assume that the external body
force f belongs to . Then, the following results hold for the evolutionary system
Es, of the family of the 3D generalized Navier-Stokes equations with damping
(i) It satisfies (B1), (B2) and (B3).
(i1) It is closed.
(iii) &5 = Es.
Theorem 4.2.

(i) Assume that v,c,a,b are positive and r > 1. Let fy be translation compact
in L2 (R;VY). Then the weak uniform global attractor A and the weak
trajectory attractor ng for with the external body force f € X exist,
A% is the mazimal invariant and mazimal quasi-invariant set w.r.t. the

corresponding evolutionary system Es and

A% = {u(0) 1 u € Eg((—00,00)) = | &r((—00,00))},

fes

AL =11, | & ((—00,0)),
fex

AS —22(p) = {u(t) Lue 215} vt >0,

where E;((—00,00)) is nonempty for any f € . Moreover, A2 satisfies
the finite weak uniform tracking property and is weakly equicontinuous on
[0, 0).

(ii) Furthermore, assume that the external body force f € ¥ and every complete
trajectory of the family of the 3D generalized Navier-Stokes equations with
damping is strongly continuous, then the weak uniform global attractor A%
is a strongly compact strong global attractor AX, and the weak trajectory
attractor A= is a strongly compact strong trajectory attractor A~. More-
over, AT satisfies the finite strong uniform tracking property and is strongly
equicontinuous on [0, 00).
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GENERALIZED NAVIER-STOKES EQUATIONS WITH EXPONENTIAL DAMPING 17

We deduce from Lemma that £ C £ C &. We now concern with the
question: Are the attractors Ae, 2Ue and A?, Ql.i in Theorem and Theorem
are identical ? We may get the negative answer as the weak solutions of are
not unique. The positive answer is the content of the following results

Theorem 4.3. Assume that v,a,b are positive and o, > 1. Let fy be translation
compact in L2 (R; VO). Let Es; be the evolutionary system of ([2.7)) with the external

body force in ¥ and Es; be the closure of Es.. Let Es; be the evolutionary system of
(2.7) with the external body force in X. Hence, the following results hold.

(1) The three weak uniform global attractors A%, AZ and A% for evolutionary
systems Ex;, Ex, and Es,, respectively, exist.

(2) AZ, AZ and AZ are the mazimal invariant and mazimal quasi-invariant
set with respect to Es. and satisfy the following

A = A5 = A5 = {u(O) Su e 52((—00,00))}.

(8) The three ‘weak trajectory attractors AZ AZ and ng for evolutionary sys-
tems Es, Es and s, respectively, exist and satisfy the following

AT =AY = Ay =14 (| E((—00,00)).
fes
Hence, the three weak trajectory attractors satisfy the finite weak uniform
tracking property for all the three evolutionary systems and are weakly
equicontinuous on [0, 00). )
(4) AZ, A% and AZ are sections of AZ, AZ and AZ -

AZ _ AE _ Ai
—AZ() = AS(1) = A (1) = {u(t) Lue mg} vt > 0.

(5) The three weak uniform global attractors A%, AZ and A% for evolutionary
systems Es, Es and Es., respectively, are strongly compact strong uniform
global attractors and the three weak trajectory attractors A%, AZ and AZ
for evolutionary systems Es, s and Es,, respectively, are strongly compact
strong trajectory attractors. Moreover, the three trajectory attractors satisfy
the finite strong uniform tracking property for all the three evolutionary

systems and are strongly equicontinuous on [0,00).
Remark 4.1. These results also extend and improve the recent results for the
Navier-Stokes equations in [22] 27, [29] 54].
5. DETERMINING WAVENUMBERS

In this section we will point out the finite uniform tracking property of attrac-
tors via determining wavenumbers. We define the determining wavenumber in the
following way:

NZ(t) :=min{\, =27 : )\;a“*‘s)\;a*‘s\\upﬂmo(m < cov, Vp > ¢q

q
and A;2% S\ gl o my < cov, g €N}, (5.1)
§=0

28 Jun 2023 03:52:18 PDT
221206-TinhLe Version 2 - Submitted to Rocky Mountain J. Math.



18 L. T. TINH

where 0 < § < « is a fixed (small) parameter, and ¢g is an dimensionless constant
that depends only on a and Ay, up, = Apu which is the localized Fourier projection
operators (see in Appendix B for more details).

We are now ready to state and prove our main results.

Theorem 5.1. Assume that v,a,b are positive, o > % and r > 1. Let u(t) and

v(t) be two global weak solutions of (2.7) on the weak global attractor A. Let
N (t) .= max{NZ(t), N3 (t)} and Q(t) be such that N'(t) = Agw- If

u(t) gy = v(t)<gp), Yt <0, (5.2)
then
u(t) =v(t), Vi <0. (5.3)
Proof. Denote w := u — v, which satisfies the equation
wy + vA**w + B(u, w) + B(w,v) + a((eb‘ulr —Du— (el — Dv)=0 (5.4)
in the sense of distributions. We deduce from that w(t) gy = 0.
Applying A, to yields
AW + VAT A + Ay(u- V) + Ay(w - V)
+alg (1" — 1) — (b1 —1)v) =0. (5.5)
Dotting with A,w, integrating by parts and using V - u = 0, we have

1d

3l + A ey + [ Aglu- Vwhugde+ [ Ayt Fojuydo

a el — D — (e — 1)) w,dz = 0. .
o [ Ay(@ = Du— (@ = Do)ude =0, (56)

Integrating in time, taking the ¢2-norm of the sequence in (5.6]), identifying B%2
with V0 and using Lemma [2.6] we deduce that

1 1 b
§Hw(t)||2vo - §Hw(to)ll2vo +V/t [Aw ()| Fodr
0

t
5/ Z|/Aq(u~Vw)wqu|d7'
to T

q>0

t
+/ Z|/Aq(w~V7})wqdm|dT
to T

q>0

t t
::/ IdT—l—/ Jdr. (5.7)
to to

Using Bony’s paraproduct implies

o0 (o) o)
w- Vv = g W<m—2 - Vo, + § W, * vam—z + g Wiy * VU,

m=0 m=0 m=0

where W, = Wym—1 + Wy + Wy41. Therefore,

Ag(w-Vv) = Ag(wem—2- Vo) + Y Ag(wnm - Vocm 2) + > Ag(@m - Vo).

m=0 m=0 m=0
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GENERALIZED NAVIER-STOKES EQUATIONS WITH EXPONENTIAL DAMPING 19

We use the triangle inequality and Lemma [5.4] to decompose J as follows

JSZ Z |/TAq<wgmfz~va)wqu|

q20|g—m|<1

+Z Z ‘/TAq(wm'VUgmfz)wqdaj

20 |g—m|<1

+Z Z |/TAq(@m-va)wqu|

qg>0m=>q—1
=J1+ Jo + J3. (58)

We will estimate the above terms in turn. We adapt the convention that (Q,m — 2]
is empty if m — 2 < @. Thus, the first term J; can be estimated as follows

J1 < Z Z \/ Ag(wem—2 - Vo, )wydz]
m>Q+2|g—m|<1 7T
since w(t) <o) =0 and we need m —2 > Q
S Y D lw@um—allzay Amlvmll L ny lwgll 2 cry (5.9)
m>Q+2 |g—m|<1
by using Hélder’s inequality and Proposition [5.1

It follows from (j5.1)) that

[0m | Lo (ry < covAGTOALTT0, Vm > @, (5.10)
and
Q
A IVv<qllzem S A5 Y Agllvgllzoe(ry < cov. (5.11)
q=0

We deduce from (5.9), (5.10)) and Young’s inequality that
JScor Yo > AT wgllemy D lwpllze

m>Q+2 |g—m|<1 Q<p<m—2
—d §
Scav Y Mllwgley Y. APASlwpllzaer
q>Q+1 Q<p<g—1

since@+1<m-—1 ngm—l—land)\%_‘s,S/\Z‘_‘S
— —dya+d
5 CoV Z )\gH’quLz('ﬂ-) Z )\?pran(T))\p a)\q 6)\Q+

>Q+1 Q<p<g-1

-5

Sav Y Mlwgleemy D AllwpllzemA;’,
q>Q+1 Q<p<g—1

L —a\—0\ya+o —ay—d0ya+d _ =0
since )\p /\q )‘Q S)\p )\q )\p —)\q_p

2
-5
< cov Z Ai“\lwa\%amwov Z ( Z /\SHU’P”N(T))‘q—p)
q=2Q+1 2Q+1 Q<p<qg-1
by using Young’s inequality

-5
< cov Z )\ga\|wq”%2(1r)+001/ Z Z AianPHQLQ(T)Aq—p
q>Q+1 7>2Q+1 Q<p<qg—1
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20 L. T. TINH

by using Cauchy-Schwarz’s inequality and 0 < § < «

-5
< cov Z AganqH%%T) + cov Z /\;QJQHWPHQL?(T) Z Ap
q>Q+1 p>Q+1 q=p+1

< cov Z Aﬁ“\lwa\%zm-
q2Q+1

We now estimate J, by the similar strategy. We have

Ja < Z Z |/Aq(wm-VUSm,2)wqd:€|
T

m>Q+2 [g—m|<1

N Z Z 1w | 2 () IV (@ m—2) | oo () |wg || 2 (1)
m>Q+2|g—m|<1

+ > Y wmlem I Vv<ell o mllwgll 2
m>Q+2 |g—m|<L1

= Jo1 + Joo.

To estimate Jo.

Tn=Y . > Nwmlle2m | Vo@um-2ll o lwgll L2cr)

m>Q+2 |g—m|<1
S YD Mwamlleemllwgliem Y. IVvpllze
m>Q+2|g—m|<1 Q<p<m—2
by using the triangle inequality
S Z Z lwmll£2(m lwgll 2 () Z Apllvpl| Lo ()
m>Q+2|g—m|<1 Q<p<m—2
by using Proposition [5.1
- —§yats
Scov Y A wlldam > AFATOAG
q>Q+1 Q<p<q
since @+1<m—1<qg<m+1and by using (5.10)
< cov Z A7 lwgll 72 m)s
q=2Q+1
since Z )\;2‘1/\?*5/\3”5 is bounded.
Q<p<q

To estimate Joo.

Ja= Y Y lwmleml Vo<l oo mllwgllzae
m>Q+2 |q—m|<1

S Y AwellFe A IVv<ells(m
q>Q+1
since@+1<m—-1<g<m+1land0< g <)
< cov Z A3 w172 m)s
q>Q+1
by using (5.11]).
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We now consider the term Js. It follows from (5.8]) that

Js=> > |/TAq(@m~va)wqu|

q>0m>q—1

23> / 18y (@ © V) Vit |da
q>0m>q—1"T

by using integration by parts and divergence free condition

S Y Y Mwmllemlvml e Vgl
m2Q+1Q<g<m+1

since w(t)SQ(t) = 0 and using Holder’s inequality

< Z @l £2(m) 1om [l o< () Z Agllwgllzz(r)
m2>Q+1 Q<g<m+1

by using Proposition [5.1

—1-4 8
Sev > AT lwmllemy Y. Agllwgllzaem
m>Q+1 QR<g<m+1

by using (5.1), (5.10) and the triangle inequality
=cov Y Alwmlzmy D A lwgllLemAGTO AL A

m>Q+1 QR<g<m+1
—(146
Scov Y Allwmlzem > AllwgllamAnly”
m>Q+1 Q<q<m+1

. atdy—1-5y1—a —1—6y146 . y—(1+9)
since A 0N TOAT Y S ALTTOAT = AL

2
a a —(1496
S CoV § /\En ||wm||%2(’]1') + cov E : ( E )‘q qu”L2(T)>‘m(—q ))

m>Q+1 m>Q+1 Q<g<m+l

by using Young’s inequality

Scov D AllwmllZaer), (5.16)
m=>Q+1

where we have used 1+§ >0 and Q < ¢ <m+ 1.
It follows from (5.8)), (5.12)), (5.13)), (5.14)), (5.15) and (5.16) that

JSav Y A wglFe - (5.17)
q>Q+1

We now investigate estimation for 7. We have
I= Z | / Ag(u - Vw)wgdz|
g>0 T

Applying Bony’s paraproduct to I yields

u-Vw = iuSm,g-Vwm—i— ium~Vw§m,2+ ium-V@m,

m=0 m=0 m=0

where W, = Wy—1 + Wy + Wya1. Therefore,

Ag(u-Vw) =" Ag(ucm—2- V) + Y Ag(tm - Vrcm 2) + D Ag(tm - Viby,).

m=0 m=0 m=0
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22 L. T. TINH

Using the triangle inequality and Lemma [5.4] we can decompose I as follows

I §Z| Z /TAq(ufm—Z - Vwp, )wqdz|

920 [g—m|<1

+ Z | Z /TA(J(U'M ) VwSW—Q)wqu|

20 |g—m|<1

+ Z| Z /TAq(um - VW, Jwedx|

q=0 m>q—1

We deduce from (5.50) that
Aq (Ugm—z . Vu}'rn) :[Aqa U<m—2* v]w'm + U<qg—2 " VAqu}'rn
+ (Ugm_g — qu_g) . VAqwm (519)
We now can further decompose I as

I = Z | Z /TAq(Ugm—Q - Vwp, Jwgdx|

g20 |g—m|<1

=D SID D TV

920 [g—m|<1

+ Z| Z /TUSq,Q - Vwqwqdz|

920 [g—m|<1
$31 Y [(usnes - usyz) - Viogugds
a0 |g-m|<1”T

where we have used E AqWr, = Wy
lg—m|<1

=111 + Lo + I13. (520)

To estimate I17.

Ill = Z ‘ Z /H‘[Aqaugm72 . V]U}qudx‘

920 |g—m|<1
<y > 1[Ags u<m—2 - V]wm|| L2(m lwgl L2 (T)
4>Q+1 m>Q+1,|g—m|<1
by using Holder’s inequality and w(t)SQ(t) =0

Y > IVu<m—2ll Lo (m|wml| L2 (1) 1wl L2 (T)
¢2Q+1m>Q+1,|g—m|<1

by using (5.51)

< ) > IVu<(@m-21ll Lo lwmll z2(m) lwgll 2 (T)
q2Q+1m>Q+1,|lg—m|<1
+ > > IVu<qll = oy 1wl 2 emy lwgll p2ry

92Q+1m>Q+1,|g—m|<1
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GENERALIZED NAVIER-STOKES EQUATIONS WITH EXPONENTIAL DAMPING 23

S Z qu||2L2(’]1‘) Z Apllupllpee ()

q>Q+1 Q<p<q
by using Proposition [5.1] and Young’s inequality

+eordg D lwgllizn
q>Q+1

by using (5.11]) and Young’s inequality

Sya—6
< cov E ||wq||%2(1r) E A%* Ap
q>Q+1 Q<p<q

by using (5.10)

+cov Z )‘3&”1061“%2(’]1‘)
q>Q+1
since A\g < A\g forall ¢ > @Q +1

« a+dya—0y—2«
=cov D Awgldamy D AGTATTON?

7>Q+1 Q<p<g

ey Y AP wgll3a
>Q+1

S cov Z Aganq”%ﬂ(T) (5.21)
q>Q+1

since Ag < Ap < Ag for all Q <p < gandd > 0.
It follows from integration by parts and divu<,,—» = 0 that
I, =0. (5.22)

To estimate I13.

L = Z| Z /T(USWHZ — u<g-2) - Vwyw,dz|

q20 |g—m|<1
S Y Nllug-agllzomlwglZe e
q=Q+1
by using w(t) <o) =0, Young’s inequality and Proposition

< Z )‘q”u(q—él,Q]HLC’C(T)”qu%?('H‘)+ Z )‘q”u(Q,q]HLOC(’[[‘)”'LUQH%?('JT)
Q+4>¢>Q+1 q>Q+4

S cov Z A3 lwqll72 ()
Q+4>9>Q+1

by using (5-1)

—1-4 5
teor Yo Y AT TG gl e
7>2Q+4 Q<p<q

by using the triangle inequality and (5.10)
a « —2aya—1-§ya+d
< cov Z A qu||2L2(T)+COV Z by qu||2L2(1r) Z APt /\Q+

Q+4>9>Q+1 7>Q+4 Q<p<g
—(2a—1) \ —(a+5
=cov D APl e D NElwglam D0 ST
Q+4>¢>Q+1 >Q+4 Q<p<gq
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24 L. T. TINH
< cov Z /\?fan”zw(qr)a (5.23)
7>Q+1

1
where we have used o > 3 and A\g < Ay, <A forall @ <p<q.

Therefore, we deduce from (5.20), (5.21)), (5.22)) and (5.23)) that

LiSar Y A w7z (5.24)
q>Q+1

We continue with the estimation of I. Since w(t)q;) = 0, we have

I, = Z| Z /TAq(um - Vw<m—2)wgdx|

q20 |g—m|<1

= Z | Z /TAQ(Um'ngmﬁ)wqu‘

42Q+1 m>Q+2,|¢g—m|<1

< > > [t ll Lo () VW (@ m—2) | L2 (m) lwg ll L2 (m)
7>Q+1m>Q+2,|g—m|<1

by using Holder’s and Young’s inequalities

Seav Y > AN 0NV w @ um—2) | L2y llwg | 2y
4>Q+1 m>Q+2,lg—m|<1

by using (5-10)

S cov Z )‘3_1_6/\%””%«”(@,(1)||L2(1r)||wq||L2(1r)

q>Q+1
“1-8ya+s
S Y NG lwgllamy D Mellwpllzae
>Q+1 Q<p<gq

by using Proposition [5.1| and the triangle inequality
S D Nllwglleem Y AlwpliamAy A2

q>Q+1 Q<p<q
—(148) \ —(a+6
SC()V Z )‘gqu”Lz(T) Z )‘gpr”L?(T))\q,(p )Apioéz )
q>Q+1 Q<p<q
—(148) \ —(a+6
Seov Y Nlllwgliem +eor Y (D0 MlwpllamA TN G
q>Q+1 q>Q+1 Q<p<gq
by using Young’s inequalities
S cov Z A3 lwq |72 () (5.25)
q>Q+1

where we have used Ao < A\, < A forall Q@ <p <gq.
We can estimate I3 the same as J3 as follows

Is=>"| > /TAq(um-vwm)wqdﬂ

q=0 m2>q—1
< Z Z /|Aq(um ® Wy ) Vwg|dz
q>0m>q—1"T
by using integration by parts and divergence free condition
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GENERALIZED NAVIER-STOKES EQUATIONS WITH EXPONENTIAL DAMPING 25

Y > Nl @ @mll L2 Vgl z2ery
m>Q+1 Q<qg<m+1

since w(t) <o) =0 and using Hélder’s inequality

S Y l@mlmlumlem D Adlwglzzm
m>Q+1 QR<q<m+1
by using Proposition [5.1

Scav Y AT TN lwmllieeny Y. Agllwgllzaen
m>Q+1 Q<q<m+1

by using (5.1)), (5.10) and the triangle inequality
=cov Y, Anllwnllzzmy Y AlwellzamAGTAL AT

m>Q+1 Q<g<m+1

—a -6

Scav Y Mllwmlzey Y AdlwgllamA o A o
m>Q+1 Q<q<m+1

: at+dy—1-5y1—« atdy—0y—a . \—« -6
smce)\Q A Oy g)\Q A Ay .—)\qu)\me

2
Seov 3 Alwmliam v D (D AlwlemAonle)

m>Q+1 m>Q+1  Q<g<m+1

by using Young’s inequality

Scov Y Alwmllza (5.26)
m>Q+1

where we have used Ao < A, for all Q@ < g and Ag < A, for all Q@ < m.

We deduce from (5.18)), (5.24), (5.25) and (5.26]) that

IScor Y A2wglFam)- (5.27)
q>Q+1
Combining (5.17) and (5.27)), we get
I+JScor Y A¥wgl3ar) < Coov||Aw] . (5.28)
q>Q+1

It follows from (2.1)), (5.7) and (5.28)) that if we take ¢o := %, we infer

t
lw(®)Z0 < [lw(to) 2o — v / IA%w(r)|Zodr
to

t
< (o) |20 — v / ()2 0dr
to

for all tg < t. Thus
[w(®)[[5e < lJw(to)[Foe™ ) (5.29)
for all tg < t. Let tg — —o0, the proof is completed. O

We see that if we repeat the same arguments in Theorem [5.1] we also obtain the
following result

Theorem 5.2. Assume that v,a,b are positive, o > % and r > 1. Let u(t) and

v(t) be two global weak solutions of (2.7) on the weak global attractor A. Let
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26 L. T. TINH

N(t) := max{N3(t), N3 (t)} and Q(t) be such that N(t) = Age)- If
ult)<qury = v)<qu V>0,
then
T u(®) — o(t) o = 0.

For simplicity, we will drop the subscript « and superscript o in N®. We still
define @ such that Ao = N.

Lemma 5.1.
(1) If Ao <N < 00, then
Q-1
(cov)? N <16 Y N2[[ugF oo r) + sup 167, 20 F2F2NZO=20 |7 oy (5.30)
q=0 p=

(2) If N = oo, then

sup )\;aHMHuqHLm(T) = o0. (5.31)
q

Proof. If A\g <N < oo, then both conditions in the definition of A/ are satisfied for
q = @, but one of the conditions is not satisfied for ¢ = @ — 1, that is,

Ap_a+1+§A52‘iIé|‘Up||Lw(T) > cov, for some p > Q, (5.32)
or
Q-1 1
Z Agllugllpoe(my = covAF: = 4—acou./\/2". (5.33)
q=0

We deduce from ([5.32)) and 0 < § < « that
(cov)? N < 16“A520‘+2+26N2°‘_26Hup||2Lm(T), for some p > Q. (5.34)
It follows from ([5.33)) that
Q-1

(cov)’N* S 16% Y A2|lugl|7 e - (5.35)
q=0

Combining (5.34) and ([5.35)), we obtain (5.30)).

We now consider the case A' = co. Then for every q € N either

sup /\;O‘H”)\;O‘*‘SHUPHLW(T) > cov, (5.36)
p>q
or
q
)\;QQZ/\jHujHLOO(’JI‘) Z Col. (537)
j=0

If (5.36) is satisfied, then

: —a—8y—a+1+s
limsupsup A, * 77\, l|lupll Loe (1) > Ccov.
g0 p>q

This immediately implies that (5.31) holds.
If (5.37) is satisfied, then

q
lim sup )\(1_2” Z Ajllwl oo (my > cov.
q—00 =0
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GENERALIZED NAVIER-STOKES EQUATIONS WITH EXPONENTIAL DAMPING 27

Using 0 < § < «, we have
q q
—2a« —a— —o+6y — )
A ° Z)‘j”uj”L‘x’(T) =X, 52)\(13; A O | oo my
j=0 j=0

~ q

S ALY sup AT T | oo .-
Ji<q

Since —a — & < 0, we deduce that ([5.31)) holds. O

Remark 5.1. We have established the determining wavenumbers to estimate the
number of determining modes for the 3D generalized Navier-Stokes equations with
nonlinear exponential damping term. We see that the determining wavenumber N
depends on time and may not be bounded. These results also improve and extend
the results in [23] 25]. We also see that these results could be extended in the
limiting case of no damping. Follow the same arguments in [23], 25], we also might
give a bound of the average determining wavenumber in terms of the Kolmogorov
dissipation number or Grashof constant. For more details about the determining
wavenumbers, we refer readers to [23, [25] and references therein.

APPENDIX A

In this appendix, for completeness, we briefly recall here the basic definitions
and main results on the evolutionary systems which was developed in recent years
by Cheskidov and Lu in order to study dynamical systems without uniqueness of
solutions. This theory was developed by series of papers of Cheskidov and Lu and
all results can be found in [22] 27, 28] 29| [54].

5.1. Phase space endowed with two metrics. Assume that a set X is endowed
with two metrics dg (-, -) and d,,(+, -) respectively, satisfying the following conditions:
(1) X is dy-compact.
(2) If ds(un,vn) = 0 as n — oo for some uy, v, € X, then dy,(un,v,) — 0 as
n — oo.
Due to the property (2), d (-, -) will be referred to as a weak metric on X. Denote
by A® the closure of a set A C X in the topology generated by do. Here (the same
below) e = s or w. Note that any strongly compact (ds-compact) set is weakly
compact (d,-compact), and any weakly closed set is strongly closed.

5.2. Autonomous case. Let
T:={I:I=[r,00) CR, or I = (—00,00)},

and for each I € T, let F(I) denote the set of all X-valued functions on I. Now we
define an evolutionary system & as follows

Definition 5.1. A map & that associates to each I € T a subset E(I) C F(I) will
be called an evolutionary system if the following conditions are satisfied:
(1) £([0,00)) # 0.
E(T+s)={u(:):u(-+s) € E(I)} for all s € R.
{u()|r, s u() € E(I1)} C E(L2) for all pairs I, I € T, such that Is C I;.
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28 L. T. TINH

We will refer to £(I) as the set of all trajectories on the time interval I. The set
E((—00,00)) is called the kernel of £ and the trajectories in it are called complete.

Let C([a,b]; Xe) be the space of de-continuous X-valued functions on [a,b] en-
dowed with the metric

de([ap];xe) (U, v) 1= sup de(u(t),v(t)).
t€la,b]

Denote by C([a,00); Xs) the space of de-continuous X-valued functions on [a, 00)
endowed with the metric

de((ao)ixa) (U,0) ==Y
leN

l dC([a,a+l];X.)(u7 ’U)
2l 14 dC([a,a+l];X.)(ua ’U)

Note that the convergence in C([a, 00); X,) is equivalent to uniform convergence on
compact sets.
Let

5 i C[m:00): Xw)

E([r,00)) := &([r,0)) , VT € R,

and

E((=00,00)) = {u(") : u(")
It can be checked that £ is also an evolutionary system and it is called the closure
of the evolutionary system £. We add for £ the top-script ~ to the corresponding
notations for £.

Let K := £((—00,00)) and K := &€((—00,)), which are called the kernel of &
and &, respectively. Let also
MK = {u(-)][0,00) : v € £} and LK := {u(-)]j0,00) : u € K}
We will investigate evolutionary systems £ satisfying the following properties:

(A1) £(]0,00)) is a precompact set in C([0,00); Xy).

(A2) (Energy inequality) Assume that X is a set in some Banach space H sat-
isfying the Radon-Riesz property (see below) with the norm denoted | - |,
such that ds(z,y) = |z —y| for z,y € X and d,, induces the weak topology
on X. Assume also that for any € > 0, there exists § > 0, such that for
every u € £([0,00)) and ¢t > 0,

[u(®)] < Julto)] + e,

[r00) € E([r,00)),VT € R}.

for ¢y a.e. in (t — 0,1).

(A3) (Strongconvergencea.e.) Let u,, € £([0,00)) be such that, u, is de(po,17;x.,)-
Cauchy sequence in C([0,T]; X,,) for some T' > 0. Then u,,(¢) is ds-Cauchy
sequence a.e. in [0, 7.

We also recall stronger properties (see [22], 27, 28] 29] 54]) as follows

(B1) £([0,00)) is a compact set in C([0,00); Xy)-

(B2) (Energy inequality) Assume that X is a set in some Banach space H sat-
isfying the Radon-Riesz property (see below) with the norm denoted |- |,
such that ds(z,y) = |z —y| for z,y € X and d,, induces the weak topology
on X. Assume also that for any € > 0, there exists § > 0, such that for
every u € £([0,00)) and ¢t > 0,

[u(®)] < luto)| + ¢,
for tg a.e. in (t — 0,1).
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GENERALIZED NAVIER-STOKES EQUATIONS WITH EXPONENTIAL DAMPING 29

(B3) (Strong convergence a.e.) Let u,u, € £([0,00)) be such that u, — wu in
C([0,T); Xy) for some T > 0. Then w,(t) — u(t) strongly a.e. in [0, 7.
A Banach B is said to satisfy the Radon-Riesz property if for any sequence
{z,} C B,

) Tn — = weakly in B,
T, — x strongly in B < asn — oQ.
[zalls = [|=]8,

In many applications X is bounded closed set in a uniformly convex separable
Banach space H. Then the weak topology of H is metrizable on X, and X is
compact with respect to such a metric d,,. Moreover, the Radon-Riesz property is
automatically satisfied.
If € satisfies the conditions (A1)-(A3), then & satisfies (B1)-(B3) (see [29]).
Let P(X) be the set of all subsets of X. For every ¢ > 0, define a set-valued map

R(t): P(X) — P(X),
R(t)A :={u(t) : u(0) € A,u(-) € £([0,00))}, A C X.
Note that the assumptions on £ implies that R(t) enjoys the following property:
R(t+s)A C R(t)R(s)A, AC X, t,s > 0.
Consider an arbitrary evolutionary system £. For a set A C X and r > 0, denote
Bo(A,r) ={u € X : de(u, A) < r},
where

de(u, A) := ;Ielgd.(u,:r), o= s w.

Definition 5.2.

(1) A set A C X uniformly attracts a set B C X in de-metric (e = s,w) if for
any € > 0, there exists tg, such that

R(t)B C Bo(A,¢), Yt > to.

(2) A set A C X is a de-attracting set (¢ = s,w) if it uniformly attracts X in
de-metric.

Definition 5.3. A set Ae is a de-global attractor (e = s,w) if Ae is a minimal
de-closed do-attracting set.

Note that the empty set is never an attracting set. Note also that since X is not
strongly compact, the intersection of two d,-closed ds-attracting sets might not be
ds-attracting. Nevertheless, the global attractor A, is unique if it exists.

Definition 5.4. The we-limit (¢ = s,w) of a set A C X is
we(4):= () | JRMA .
T>0t>T
An equivalent definition of the we-limit set is given by

we(A) = {z € X : there exist sequences ¢, — oo asn — oo and x,, € R(¢,,)A4,

such that z, — x in de-metric as n — oo}.
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30 L. T. TINH

Definition 5.5. An evolutionary system & is asymptotically compact if for any
t, = 400 and any x,, € R(t,)X, the sequence {x,} is relatively strongly compact.

Theorem 5.3. Let £ be an evolutionary system satisfying (A1), (A2), and (A3),
and assume that its closure & satisfies E((—o00,00)) C C((—o00,00); X;). Then £ is
asymptotically compact.

Definition 5.6. Let £ be an evolutionary system. If an map E' that associates to
each I € T a subset EY(I) C E(I) is also an evolutionary system, we will call it an
evolutionary subsystem of £, and denote by E* C £.

We define the following mapping:
R(t)A := {u(t) : u(0) € A,uec K}, AC X,t €R.
Definition 5.7. A set A C X is positively invariant if

R(t)AC A, Vt > 0.

A is invariant if

R(t)A = A, Vt > 0.
A is quasi-invariant if for every a € A there exists a complete trajectory u € IC with

u(0) = a and u(t) € A for allt € R.

We now reconsider the evolutionary systems & satisfying £([0, 00)) C C([0, 00); Xu)-
Note that £(]0, 00)) may not be closed in C'([0, 00); X,). Define the family of trans-
lation operators {T'(s)}s>o0,

(T(s)u)(-) = u(- + s)|[0,00), u € C([0,00); X).

We consider the dynamics of the translation semigroup {T'(s)}s>0 acting on the
phase space C([0,00); X,,). Due to the property (3) of the evolutionary system, we
see that T'(s)E([0,00)) C £([0,0)),Vs > 0.

Definition 5.8.

(1) A set P C C([0,00); Xo) weakly uniformly attracts a set Q C E([0,00)) if
for any € > 0, there exists tg, such that

T(t)Q C {v e C([0,00); Xp) : ig; de([0,00):X0) (U, V) < €}, Yt > to.

(2) A set P C C([0,00); Xy,) is a weak trajectory attracting set for an evolu-
tionary system & if it weakly uniformly attracts £(]0, 00)).

Definition 5.9. A4 set A, C C([0,00); Xy) is a weak trajectory attractor for an
evolutionary system & if Ay, is a minimal weak trajectory attracting set that is

(i) Closed in C([0,00); X4,).
(il) Invariant: T () = Ay, VE > 0.

Definition 5.10. 4 set P C C([0,00); Xy,) satisfies the weak uniform tracking
property for an evolutionary system & if for any € > 0, there exists tg, such that
for any t* > tg, every trajectory u € £([0,00)) satisfies

et 00):x.) (ul-), 0(- = 7)) <,

for some trajectory v € P.
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Definition 5.11. A set P C C(]0,00); X,,) satisfies the finite weak uniform track-
ing property for an evolutionary system & if for any € > 0, there exist ty and a finite
subset P C P, such that for any t* > to, every trajectory u € £([0,00)) satisfies

de(jt+,00):x.,) (u(-), v(- = 7)) <,
for some trajectory v € Pf.

Theorem 5.4. Let £ be an evolutionary system. Then
(1) The weak global attractor Ay, ezists, and Ay = wy(X).
Furthermore, assume that £ satisfies (A1). Let £ be the closure of £. Then
(2) A = wip(X) = 0u(X) = @0s(X) = Ay B
(3) Ay is the mazimal invariant and mazimal quasi-invariant set w.r.t. & :
Aw = {ug € X : ug := u(0) for someu € K}.

(4) T he weak trajectory attractor A, exists, it 1s weakly compact, and A, =
11, KC. Hence, U, satisfies the finite weak uniform tracking property for €
and is weakly equicontinuous on [0,00).

(5) Ay is a section of Ay :

A = A (t) :={u(t) : u e Ay}, VE>0.
Definition 5.12.

(1) A set P C C(]0,00); Xuw) strongly uniformly attracts a set Q C ([0, 00)) if
for any e >0 and T > 0, there exists ty, such that
T#)Q C {veC(]0,00); Xy) : inf sup ds(u(r),v(r)) < e}, Vt > to.
u€P rc(0,T]

(2) A set P C C(]0,00); Xy) is a strong trajectory attracting set for an evolu-
tionary system & if it strongly uniformly attracts £(]0, 00)).

Note that a strong trajectory attracting set for an evolutionary system & is a
weak trajectory attracting set for £.

Definition 5.13. A set A, C C([0,00); X,) is a strong trajectory attractor for an
evolutionary system £ if A is a minimal strong trajectory attracting set that is

(1) Closed in C([0,00); Xu).

(2) Invariant: T(t)2As = A, VE > 0.
It is said that Us is strongly compact if it is compact in C([0,00); Xs).
Definition 5.14. A set P C C([0,00); X,,) satisfies the strong uniform tracking
property for an evolutionary system & if for any e > 0 and T > 0, there exists tg,
such that for any t* > to, every trajectory u € £([0,00)) satisfies

ds(u(t),v(t —t%)) <e, Vt € [t*,t* + T,

for some T-time length piece v € Pp. Here Pr := {v(:)|jo,r) : v € P}.
Definition 5.15. A set P C C([0,00); X,,) satisfies the finite strong uniform track-
ing property for an evolutionary system & if for any € > 0 and T > 0, there exist

to and a finite subset P:,]: C Usljo,77, such that for any t* > to, every trajectory
u € £([0,00)) satisfies

do(u(t),v(t — %)) < &, Yt € [t*, " + T1,
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for some T'-time length piece v € Py.

Theorem 5.5. Let £ be an asymptotically compact evolutionary system. Then
(1) The strong global attractor A exists, it is strongly compact, and As = A,,.
Furthermore, assume that £ satisfies (A1). Let € be the closure of £. Then

(2) The strong trajectory attractor A, exists and Ay = A, = LK, it is strongly
compact.

(8) Us satisfies the finite strong uniform tracking property for £.

(4) A, =T K is strongly equicontinuous on [0,00), i.e.,

ds(v(tl),v(tg)) < 9(|t1 — t2‘)7 Vi1, to > 0,V € Us,
where 6(s) is a positive function tending to 0 as s — 0T.

Theorem gives us the results that indicate how the dynamics on the global
attractor determine the long-time dynamics of all trajectories of an evolutionary
system (see [54, Corollary 3.13; Corollary 3.14]). Comparing with Theorem [5.4
Theorem [5.5] implies that the strong compactness of both the strong global attrac-
tor and the strong trajectory attractor follow simultaneously once we obtain the
asymptotical compactness of an evolutionary system. Moreover, the global attrac-
tor is a section of the trajectory attractor and the trajectory attractor consists
of the restriction of all the complete trajectories on the global attractor on time
semiaxis [0, 00); the notion of a global attractor stresses the property of attracting
trajectories starting from sets in phase space X while the notion of a trajectory
attractor emphasizes the uniform tracking property.

The following theorem is an important result for the asymptotical compactness
of £.

Theorem 5.6. An evolutionary system £ is asymptotically compact if and only if
its strongly compact strong global attractor A, exists

Corollary 5.1. Let £ be an evolutionary system satisfying (A1) and let £ be the
closure of €. If the strongly compact strong global attractor As for € exists, then
the strongly compact strong trajectory attractor As for € exists. Hence
(1) A, = I, K satisfies the finite strong uniform tracking property for £, i.e.,
for any € > 0 and T > 0, there exist tog and a finite subset P:,J: C Asljo, 1),
such that for any t* > tg, every trajectory u € £([0,00)) satisfies

ds(u(t),v(t —t")) <e, Yt e [t",t"+ T,
for some T'-time length piece v € P:,’:.
(2) Ay =LK is strongly equicontinuous on [0,00), i.e.,
ds(v(ty),v(t2)) < O(|t1 — ta]), Vt1,t2 > 0,Vv € Ay,
where 0(s) is a positive function tending to 0 as s — 0.

5.3. Nonautonomous case and reducing to autonomous case. Let X be a
parameter set and {T'(h)|h > 0} be a family of operators acting on ¥ satisfying
T(h)X =%, Vh > 0. Any element o € ¥ is called (time) symbol and ¥ is called
(time) symbol space.

Definition 5.16. A family of maps &,, o € X that for every o € ¥ associates
to each I € T a subset E,(I) C F(I) will be called a nonautonomous evolutionary
system if the following conditions are satisfied:
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I+ 5s)={u(:):u(-+s) € Ep)e ()}, Vs > 0.
N s u() € E.(I1)} C Ey(I2) for all pairs I, Io € T, such that Io C I.

Ex(I) = | &), VI € T\{(~00,0)},

oEX

and
Es((—00,00)) := {u(:) : u(*)|jr,00) € Es([1,00)), VT € R}.

Therefore, the nonautonomous evolutionary system can be viewed as an (autonomous)
evolutionary system in the following way

&) :=Ex(I), VI € T.

Consequently, the above notions of invariance, quasi-invariance, and a global at-
tractor for £ can be extended to the nonautonomous evolutionary system {&, }yes.
The global attractor in the nonautonomous case will be conventionally called a uni-
form global attractor (or simply a global attractor). Thus, we will not distinguish
between autonomous and nonautonomous evolutionary systems. If it is necessary,
we denote an evolutionary system with a symbol space ¥ by & and its global
attractor by A*, trajectory attractor by 2A*.

Definition 5.17. An evolutionary system Es; is a system with uniqueness if for
every ug € X and o € X, there is a unique trajectory u € E,([0,00)) such that
u(0) = ug.

Definition 5.18. An evolutionary system Es, is (weakly) closed if for any T € R,
U, € &, ([T,00)), the convergences u, — u in C([1,0), Xy) and o, — o in some
topological space T as n — oo imply u € E,([T,0)).

Lemma 5.2. Let ¥ be some topological space and 3 C T be sequentially compact in
itself. Let Es, be a closed evolutionary system satisfying (A1). Then, E,((—00,0))
is nonempty for any o € &, and

Ex((=00,00)) = | & ((—00,00)),
ceEX
and
Ex(7.00) = | & ([ 0)),
o€Y
is closed in C([1,00); Xy).

Suppose that T is the sequential closure of in some topological space T. Let
Es. be an evolutionary system with symbol space 3.

Theorem 5.7. Let Ex be an evolutionary system with uniqueness and with symbol
space ¥ satisfying (A1) and let Es be the closure of Es. Let ¥ be the sequential
closure of ¥ in some topological space T and Es DO Ex be a closed evolutionary
system with uniqueness and with symbol space ¥.. Then, Es C Ex. Hence,

1) The three weak uniform global attractors AS, A and A for evolutionar
— g w w y

w?
systems Esy, Es and s, respectively, exist.
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(2) AL, AL and AE are the mazimal invariant and mazimal quasi-invariant
set with respect to Ex and satisfy the following

A = A = Af,j = {ug : ug = u(0) for some u € Ex((—00,00))}.

(8) The three weak trajectory attractors AZ, AZ and ng for evolutionary sys-

tems Ex, Ex and Es,, respectively, exist and satisfy the following

A = Ay = Ay =T Ex((~00,0)).
Hence, the three weak trajectory attractors satisfy the finite weak uniform
tracking property for all the three evolutionary systems and are weakly

equicontinuous on [0, 00). i
(4) AZ, AZ and A% are sections of AZ, AZ and A :

A = A = AL = A5(8) = A3 (1) = A5(0), Ve > 0.
Furthermore, assume that ¥ C T is sequentially compact in itself. Then, Es = Ex.

Hence,

(5) The following relationships on kernels hold:

Ex((—00,00)) = E5((—00,00)) = | & ((—00,00)),

oceS
and E,((—o00, o)) is nonempty for any o € X.

Theorem 5.8. Assume that all conditions of Theorem hold and one of the
followings is valid:

(1) Es is asymptotically compact.

(2) Es satisfies (A1), (A2) and (A3), and Ex((—o0,0)) C C((—00,0); X,).

(3) Es possesses a strongly compact strong global attractor.
Then the three weak uniform global attractors in Theorem[5.7 are strongly compact
strong uniform global attractors and the three weak trajectory attractors are strongly
compact strong trajectory attractors. Moreover, the three trajectory attractors sat-
isfy the finite strong uniform tracking property for all the three evolutionary systems
and are strongly equicontinuous on [0,00).

APPENDIX B

In this appendix, we present the Littlewood-Paley decomposition for periodic
functions. Our intension here is to provide the techniques for section of determin-
ing wavenumbers. The review of the convergence results and properties of partial
sums (see, e.g., [30]) allows us to choose the suitable cutoff in the definition of
the Littlewood-Paley blocks (or the localized Fourier projections). We choose the
square-cutoff defined as follows

Snflx)= > Jk)e** =Dy, (5.38)
|kj|<N,j=1,2,3
where Dy denotes the 3D square Dirichlet kernel
. 1k-x T o —ik-x
Dy:= Y &% and f(k):= (27T)3/Tf(x)e dz. (5.39)

|kj|<N,j=1,2,3
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The partial sum defined via the square-cutoff is bounded on any LP for 1 < p < oo
and converges to the original function in LP. They are stated in the following lemma
(see, e.g., [30] 36] 66]).

Lemma 5.3. The partial sum with the square cutoff Sy f satisfies, for any f €
LP(T) with 1 < p < o0,

IS8 fllzeery < CpllfllLe(r)s
and
ISnf — fllzeer) — 0 as N — oo. (5.40)

However, (5.40)) is false for p =1 and for p = co. In addition, if f € LP(T) with
1 <p< oo, then

Snf— fae as N — oo.

For an integer j > 0, we set A; to be the 2/-sized block of 3D integer lattice

points,
Aj =Lk = (k1 ko, k3) € Z* : |ky| <27,m =1,2,3}. (5.41)
We define the following localized Fourier projection operators as
Aof(z) =" flk)e*, (5.42)
keAp
Ajfzy= > flk)e** j>1j€N. (5.43)
k)EAj\Aj—l

For notational convenience, we also write A; =0 for j < 0. With a slight abuse
of notation, we set

Sif@) =3 Anfla) = 3 Fete. (5.44)

m=0 kEA;

In terms of these operators, we can write the Littlewood-Paley decomposition,
for any f € LP(T) with 1 < p < o0,

fl@)=> Anf(x). (5.45)
m=0

The following lemma presents useful basic properties of the operators defined
above.

Lemma 5.4. Let j > 0 be an integer. Let A; and S; be defined as in (5.42), (5.43)
and (5.44). Then the following properties hold.
(a) If f € LP(T) with 1 < p < oo, then
18 flle(ry < Cllfllzery,
1S5 fllzecry < Cllf 2o,

where C’s are constants depending on p and d only.
(b) Let h >0 and j > 0 be integers. Assume f € LP(T) with 1 < p < oo, then

AR f =0ifh# j.
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(¢c) Let j > 0, m > 0 and n > 1 be integers. Assume f,g € LP(T) with
1< p<oo. Then

Aj(Smfanmg> =0 Zf |m _.]| >n,

and
Aj(AnfAmg) =0 if [m—j| >n,
where
ng - A7n—n—‘,—1g + Am—n+29 R Am—‘,—n—lg-
Proof.
(a) This result follows directly from Lemma
(b) We have
Anflz)= Y [,
CEANAL_1
where
7(2@3 i x)e T.
Thus,
AjApf(x) = > Anf(k)e™e,
kEA;\A;j_1
where

—

Knf(k) = % [ Anraet s

2 / A zl-zeik-xdx
m) Tocan\An_y
1 ~ . -
= Gy > Fw / e TR T g,
LEARNARL_1 T

Since [, e!“**)®dy = 0 if £+ k # 0. This implies the proof of (b).
(¢c) We now prove (c). We have

mnf Z f zka:

k€EAm—n
Ang(z) = Z ﬁ(e)eif-a:.
eeAm\Am—l
Hence
Sm—nf(x)Amg(x) = Z f(k)g(g)ei(f+k‘)-z7
keAm*n;ZeAm\AWL—l
where

k = (k1, k2, k3), such that |kg] <2™™ ", d=1,2,3.
0 = (01, 05,03), such that 271 < |44 < 2™, d=1,2,3.
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Therefore,
2T < kg + 4g) < gmtl

Thus, k+£€ € Apt1 \ Am—n. It follows from (b) that if j ¢ (m —n,m+1),
then

This means that |m — j| > n. By the same manner, we can also prove the
remaining equality.
O
We also have the following Bernstein type inequalities for the operators A; (see,
e.g., [30, Proposition 2.8]).
Proposition 5.1. Letoc >0 and 1 < q¢<p < 0.
(a) There exists a constant C > 0 such that

1

1A;A% f|| Loy < C279H3G DA, Fl Locry,s (5.46)
and
1S, Fll oy < C29G DS, £l paer).- (5.47)

(b) Let 1 <p < oco. There exists constants 0 < Cy < Cy (depending on p) such
that, for any integer j > 0,

Cr27 |8 fllinry < I185A7 F o) < o270 |85 ey (5:48)

In terms of the operators A; and Sj, we can write a standard product of two
periodic functions as a sum of paraproducts, as in the whole space case (see, e.g.,

) -
f9="Trg+Tyf + R(f,9), (5.49)

where

Trg =Y Sm-nfAmg,

m=0

Tgf = Z Sm—ngAmfv

m=0
R(f,9) = Z_:O h;ﬂ AnfAng,

with Apg = Ap_pi19 + Ap_nsog + -+ Appp1g.
We have simplified the notation by defining

Q Q
U< = Z Ug, UP,Q] = Z Ug, Uq = Aqu.
m=0 m=P+1

We will also use the following commutator notation
[Aq, U<m—2* V]wm = Aq(USm,Q . Vwm) —U<m—2 VAqwm. (550)
By using integration by parts, the definition of A, and Young’s inequality,

1Ay u<m—2 - VIwn|lLrry S IVucm—2|lLem)llwml LTy, (5.51)
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for all » > 1 (see also [24] 26]).
We now define the Besov type space B;q('ﬂ‘) via the operators A; defined above.
Let S denote the usual Schwarz class and S’ the distributions.

Definition 5.19. Let f € S8'. The nonhomogeneous Besov space B, (T) with
1<p,qg<c0 and s € R consists of functions f € S'(T) satisfying

o0 1
1Fllag m = 2185 e, = [ 22 @185 lam) ] < oo.
=0

The nonhomogeneous Besov spaces contain Sobolev spaces. Indeed, using the
Fourier-Plancherel formula, we find that the Besov space B3, coincides with the
Sobolev space V* (see, e.g., [, p.99]). Moreover, we have the following embedding:
Let s € R, 1 <p <ooand 1 <qo, By, (T) C By (T) (see, e.g., [30, Lemma
2.11]).

We can also define the space-time spaces for periodic functions (see, e.g., [7]).

Peﬁnition 5.20. Fort >0, s € R and 1 < p,q,r < 00, the space-time space
Ly B, , is defined the norm

TP R TNy Pyt I
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