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Abstract

This paper deals with the problem of practical h-stability for certain classes of non-
autonomous semilinear systems in Banach spaces with Lipschitz nonlinearities in Ba-
nach spaces. Our original results generalize well-known fundamental results: practical
stability, practical asymptotic stability, and practical exponential stability for non-
autonomous infinite-dimensional systems. The main aim is to give necessary and
sufficient conditions on the linear and the perturbed term for the global existence of
solutions and the practical h-stability based on some nonlinear integral Gronwall type
inequalities. Two examples are given to illustrate the effectiveness and advantages of
the obtained results.
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1 Introduction

Many problems in partial differential equations which arise from physical models can be
considered as ordinary differential equations in appropriate infinite dimensional spaces,
for which elegant theories and powerful techniques have recently been established, see
[6, 7, 13, 19, 20] and the references cited therein. The evolution operators and its neigh-
boring areas have developed into an abstract theory that has become a necessary discipline
in functional analysis and differential equations. In the last century, a general concept of
stability was introduced by M. Pinto in [22, 23| called h-stability. The intention of this no-
tion is to obtain stability result for evolution operators in Banach spaces, see [14, 16, 17, 18].
Moreover, The stability theory of semilinear evolution equations is well developed and at-
tract the attention of many specialists despite its long history in [10, 15, 24] and other
papers. However, there are some systems that may be unstable and yet these systems may
oscillate sufficiently near this state that its performance is acceptable. To deal with this
situation, we need a notion of stability that is more suitable than Lyapunov stability such a
concept is called practical stability, see [5, 12|. This approach leads to a new result called:

*E-mail: hanen.damak@yahoo.fr
TE-mail: mohamedali.hammami@fss.rnu.tn

29 Sep 2022 10:32:19 PDT 1
220929-Hammami Version 1 - Submitted to Rocky Mountain J. Math.



practical uniform h-stability, see [8, 9]. This notion is quite flexible because it includes the
classical notion of practical exponential stability within one common framework. Damak in
[9] studied practical h-stability of non-autonomous evolution equations in Banach spaces.
Many works have shown the effectiveness of the theory of inequalities, which is one of the
analytic methods of the perturbation theory, see [3, 8, 11].

Motivated by the above consideration and particularly inspired by the work of [9, 11], a
natural and interesting idea is to study the practical h-stability of non-autonomous evo-
lutions equations with Lipschitz nonlinarities. The main tool used to prove our results is
some Gronwall type inequalities. They can be used in the study of existence, uniqueness,
continuation, boundedness, oscillation and stability properties of the solutions of differen-
tial equations. Then, we obtain necessary and sufficient conditions to ensure the practical
h-stability of non-autonomous semilinear systems. A practical stability approach is ob-
tained.

The rest of this paper is organized as follows. In section 2, we recall some definitions and
some tools used in the proofs. The main results are provided in Section 3. In Section 4,
two examples are given to show the effectiveness of our result. Our conclusion is given in
Section 5.

2 Mathematical Preliminaries
Throughout this paper we adopt the following notations:
e Ry ={x €R: x>0}, where R is the set of real numbers.

e Rt ={zecR: z >0}

X denotes a real or complex Banach space with the norm ||.|/ x.

L(X) denotes the Banach space of all linear bounded operators P mapping X into
X endowed with the norm

|1P|| = sup{[|Pz[| : 2 € X, [lf| < 1}.

e D(A) denote the domain of the operator A.

clM denotes the closure of a set M and I the identity operator.

e BC(J,Q) is the space of Q-valued bounded functions endowed with the norm

[[h]loc = sup |A(t)].
tel

We consider non-autonomous evolutions equations, defined in Banach space X, of the form:

uw=A(t)u+ f(t,u), t>ty >0,
(1)

u(to) = uo

where u € X is the system state, {A(t) }+>0 is a linear operator acting on X and f(¢,u) :
R, x X — X is a nonlinear operator continuous in ¢ and locally Lipschitz continuous in
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x, uniformly in ¢ on bounded intervals, that is, for every ¢ > 0 and constant ¢ > 0, there

is a constant K (c,t), such that

1£(t,w) = f(t,0) | x < K(e,D)llu—wvllx

holds for all u,v € X, with |jul| < ¢, ||v|]| < ¢, and t € [0,7]. We assume that A(t) :
D(A(t)) € X — X is a family of (possibly unbounded) linear operators depending on
time with ¢lD(A(t)) = X for all ¢t and generates a strongly continuous evolution operator
(R(t,s))t>s- That is, there exists a bounded linear operator R(t,s) : X — X satisfying the
following properties.

(i) R(s,s) =1, R(t,s) = R(t,r)R(r,s) for all t > r > s > t.
(1i) (t,s) — R(t,s) is strongly continuous for ¢t > s > .
(7it) For every v € D(A(s)), R(t,s)v is differentiable both in ¢ and s satisfying

0
ER(t, s)v = A(t)R(t, s)v,

0
%R(t, s)v = —R(t,s)A(s)v.

Let u(t) = u(t,up) be denoted by the solution of (1) at moment ¢ > ¢, > 0 associated with
an initial condition ug € X at t = .

Let A the set of all the pair (¢,s) € R% with ¢ > s.

We also need to recall some notations about evolution family (see [17]).

Definition 1 Let h € BC(Ry,R%). An evolution operator R : A — L(X) is said to be
uniformly h-stable if there exists S > 1, such that

|R(t,s)|| < Sh(t)h(s)™t, for allt > s> 0.

_ 1
Here h(t)™! = )

Remark 1 If h(t) = e P, with 3 > 0, t > 0 then h-stability coincide with exponential

1
stability, if h(t) = A+
stability.

, with v > 0, t > 0, then we coincide with uniform polynomial

Remark 2 There is no connection between the concept of polynomial stability and expo-
nential stability as shown in [9, 16]. If A(t) = A is independent of t and generates the
Co— strong continuous semi-group T(t), then the evolution operator T(t) = R(t,0) = e'4,
for all t > 0. For instance, if the operator A(t), t > 0 is bounded on Ry, then the semi-
group evolution operator R(t,s) satisfying the above conditions is always exists. Indeed,
if A(t), t > 0 is unbounded, then the evolution operator R(t,s) exists provided additional
conditions see [1, 2, 4, 20] for the details.

The nominal system of (1) is described by
u=A(t)ut),  u(to) = uo, t >ty =0, (2)
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where u € X is the system state, A(t) is a linear operator acting on a Banach space X.
Note that, the solution of (2) through (g, up) can be represented as

u(t) == u(t, to,Uo) == R(t,to)ﬂo, t Z to Z 0.

We present now the notion of uniform h-stability for system (2) which is recently introduced
in [21].

Definition 2 Let h € BC(Ry,R% ). The system (2) is said to be globally uniformly h-stable
if there exists S > 1, such that for all tg € Ry and all ug € X,

[u(®)ll < Sluollh(t)h(to) ™", for allt >ty > 0.

_ 1
Here h(t)~! = 0k

Remark 3 If h(t) = e Pt with B > 0, t > 0 then we recover the concept of uniform

1
)

exponential stability and if h(t) = , with v > 0, t > 0 then we recover the concept

of uniform polynomial stability.

Now, we recall some definitions about practical stability due to (|12]) when the origin will
not be an equilibrium point of the semilinear non-autonomous system (1), that is, the
trajectory tends towards a small neighborhood of the origin.

Definition 3 The system (1) is said to be
(1) practically stable if given (\,n) with 0 < X\ < n, we have

luoll <A == llu(®)| <n,  Vt=>to.

(11) quasi-asymptotically stable (in the large) if for each e > 0, a > 0, there exists a positive
number T'=T(e, o), such that

|luo| < o= |u(t)|| <e, Vt>T.
(1i1) practically asymptotically stable if (i) and (ii) hold at the same time with o = \.

A precise definition of the practical uniform h-stability is given as follows, which will be
used in subsequent main result.

Definition 4 (/9/) Let h € BC(R,,R%). The system (1) is called globally uniformly prac-
tically h-stable if there exist S > 1 and r > 0, such that for all tg € Ry and all up € X,

|u(®)|| < S|luol|h(t)h(te) ™" 4+, for allt >ty > 0. (3)
In this case, the positive number r is called the convergence radius.

Remark 4 The inequality (3) implies that u(t) will be globally uniformly bounded by a
small bound r > 0, that is, ||u(t)|| will be small for sufficiently large t. Moreover, for some
special cases of h, the h-stability coincides with known types of stability:

— If h(t) = e for A > 0, then the system (1) is practically exponentially stable.

— If h(t) = for v > 0, the system (1) is practically polynomially stable.

1
(141t
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— If h(t) is a strictly decreasing function, such that h(t) tends to 0 when t — +o0o, then
the system (1) is practically asymptotically stable.

Now, we recall the Gronwall-Bellman Type Integral Inequality [11] which will be use in
our work.

Lemma 1 Let ¢, A and o be non-negative continuous functions on Ry, for which the fol-
lowing inequality holds

o(t) <c+ /t A(s)p(s) + o(s)ds, c>0, YVt > 1. (4)

to
Then,

t t 1
o(t) < cexp (/t A(s)ds) + exp (/t A(s) + fQ(S)dé’) , vVt > to, VE>0.

We point out a new nonlinear integral inequality which can be used in applications as
handy tools, and in the analysis of various problems in the theory of the partial differential
equations (PDEs) and ordinary differential equations (ODEs).

Lemma 2 Let ¢,a,b,0, and o be non-negative continuous functions on Ry, for which the
following inequality holds

o(t) < alt)+ b(t)/ 0(s)p™(s) + o(s)ds, vVt >to, «€]0,1].

to

Then, for allt >ty and all { >0

o(t) < alt) +b(1) / 6()¢° (aa(s) + ¢(1 — @) + o(s)] exp ( / acalew)bmcﬁ) ds.

to

Proof. Let
t
w(t) = [ 6(s)p™(s) + o(s)ds, t >ty >0, 0<a<l.
to
Then,
e(t) <a(t) +b(t)w(t), t>1to>0. (5)
We have,

w'(t) = 0(t)e™(t) + o(t) < 0(t)(a(t) + b(t)w () + o(t).
Using that € — &% is concave if a € (0, 1), we deduce that e* < (“1(ae + ((1 — a)) for
any ¢ > 0. Thus, for all t >ty and all { >0

w'(t) < ()¢ Hala(t) + b(t)w(t)) + (1 — ) + o(t).
It follows that, for all ¢ > tg and all { > 0
w'(t) < aC*Hb(Hw(t) + ()¢ (aa(t) + (1 — @) + oft).

By the Generalized Gronwall-Bellman Inequality ([8]), we deduce that for all ¢ > ¢ty and
all ¢ >0

wlt) < [ 19066 aats) + <1 )+ alolewp ( [ gt oopriar ) s ©

to s

Substituting (6) into (5), yields the desired inequality. This completes the proof. O
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3 Main Results

Pinto |22] obtained the characterization of uniform h-stability of linear systems in finite-
dimensional spaces. Also, we have the same characterization for the linear non-autonomous
systems (2) in what follows.

Lemma 3 (/9]) The system (2) is uniformly h-stable if and only if the evolution operator
of the linear system (2) is uniformly h-stable.

Remark 5 Note that, if A(t) = A and generates the Cy-strong continuous semi-group,
then we have the following result for linear time-invariant systems.

Example 1 We consider the linear system

. 3—5u(1) _
u = mu(ﬂa ue X, u(to) = o, 1>t =0 (7)

where v : Ry — R* | such that v(t) = (t +1)3 + 1. The evolution operator R : A — L(X)

s given by
(s +1)%v(s)
R(t,s) = —=——=1, V(t A.
(78) (t+1)2’l)(t) ) (78)6
Then,
(s +1)2
< -—r A.
IR < G Vs e
Therefore, by applying Lemma 3 the linear system (7) is globally uniformly h-stable with
S=1andh(t) = is a positive and continuous function.

(1+1¢t)2

Let us consider the differential equation (1) when the origin may not be necessary an
equilibrium point. In what follows, we will investigate the global existence of solutions and
the practical uniform h-stability under different conditions on the perturbed term.

The existence of the trajectories of this class of models (1) has been studied by several
authors. For instance, Pazy [20]| contains an investigation of the general abstract model
(1) where A(t), t > 0 is the generator of linear evolution operator on a abstract Banach
space X, and the nonlinear operator f is continuous in ¢ and locally Lipschitz continuous
in z, uniformly in ¢ on bounded intervals. It is shown in Pazy [20] that equation (1) has a
unique local mild solution on some interval [to,to + 7|, 7 > 0, top > 0 given by

t
u(t) = R(t, to)uo + | R(t,s)f(s,u(s))ds, to<t<ty+T, (8)
to
with 7 > 0 and R(.,.) is the evolution operator of the linear system (2).
Moreover, if T' = tg + 7 < oo, then thrr% |u(t)]] = oco.
—

Next, we will study the global practical uniform h-stability of non-autonomous evolution
equation (1) under conditions on the perturbed terms via Gronwall-Bellman Type Integral
Inequality. This result can be considered as further extensions of Hammi and Hammami
[11] in finite-dimensional spaces when h(t) = e™#*, f > 0, t > 0 : practical exponential
stability.
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Theorem 1 Assume that the nominal system (2) is globally uniformly h-stable and sup-

pose that
If & wl <v@)ull + (), VueX, — Vix=0, (9)
where v and p are non-negative continuous functions on Ry, with v is integrable on R
and .
Ah@)%@MSSML M; >0, Yt>0. (10)
Then,

(1) The mild solution u of (1), if there exists, is defined on [tg, 00).
(11) The perturbed system (1) is globally uniformly practically h-stable.

Proof. Let T' =ty +7, 7 > 0 be such that I = [y, T) is the maximal interval of existence
of the mild solution of (1). By h-stability of system (2), there exist S > 1 and a positive
bounded function h, such that

|R(t, )| < Sh(t)h(to)™t, Vit >to. (11)

From the condition (9) and (8), we get
t

lu®)l < Sliuollh(®)h(to) ™ + 5 [ r©)A() ™ (v()u(s)] + p(s) ) ds.

to
Dividing both sides by h(t) and denote o(t) = h(t)~!|u(t)]], yields
t
o(t) < So(to) + [ Sv(s)o(s) + Sh(s)p(s)ds.

to

Applying Lemma 1, we obtain

t t S [t
o(t) < So(to)exp ( Sv(s)ds) + &exp (S/ v(s)ds + € h(s)lp(s)ds)
to to to
< SMZQ(tO) + £M2 exp <§M1> ’ Vﬁ > 07 vt > to,

where My = exp <S/ U(S)dS) . Then,
0

lu()] < SMol|uo||A(t)h(to) ™" + EMal|hl|oo exp (§M1> , VE>0.

Therefore, the solution u(t, to, ug) verifies the estimation

lu(®)]l < Sulluollh(t)h(to) ™" + 1, (12)

S
with S; = SMs and r = £Ms]|h||eo exp (§M1> Thus, using Theorem 1.4 in [20] the
solution wu(t) of (1) is defined on [tp,00). From (12), we can see that the system (1) is
globally uniformly h-stable. The proof is complete. O
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Remark 6 If we replace the condition (10) by p(s) < h(s)e™P%, for s € Ry, and B > 0,
we obtain the global practical h-stability of system (1). Moreover, one can see that the
theorem 1 generalizes the one’s given in [8] in finite-dimensional spaces. Also, Theorem 1
in [9] can be regarded as a special case of Theorem 1 when p(t) = 0.

Now, we obtain some result about the practical h-stability of non-autonomous evolution
equation (1) in the following corollaries.

Corollary 1 Suppose that the system (2) is globally uniformly h-stable and the map f
verifies the following condition:

IfEwl <p),  ViE=0,

where p is non-negative continuous on Ry, and satisfies the condition (10). Then, the
system (1) is globally uniformly practically h-stable.

Corollary 2 We consider the perturbed system in Banach space X :
= Au(t) + B(t)u +<(t)1, u(to) = wo, t >ty >0. (13)

where A is a linear operator in X with domain D(A), generating a strongly continuous h—
stable semigroup T'(t), that is,

A= lim L(h) —1
h—0 h

in the strong topology and B(t), t > 0 is a linear bounded operator on X. ¢ is a non-
negative continuous function on R, such that h=' is integrable on R, and B(t) satisfies
the following condition:

+o00
/ |B(s)||ds < oo, YVt >0.
0

Then, the system (13) is globally uniformly practically h-stable.

Next, we will show the global existence, uniqueness of solutions and the practical uniform
h-stability of the system (1) under a general condition on the right-hand side of the system
via nonlinear integral Gronwall type inequality.

Theorem 2 Let h € BC(Ry,RY) be a decreasing function. Assume that the system (2) is
globally uniformly h-stable and suppose that there exists o €]0, 1], such that

£t W)l <o(w@®)|ul® +pt), YueX, Vt>0, (14)
where

e 0 : Ry — Ry is a differentiable increasing function on ]0,+oo] with continuous
nonincreasing first derivative o’ on 10, +o0|.

e v and p are continuous non-negative on Ry, and there exist positive constants M
and N, such that

+00 +oo
/ ' (p(s))v(s)ds < M < +oo, / a(p(s))ds < N < +oo. (15)
0 0
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Then,
(1) The mild solution w of (1), if there exists, is defined on [tg, c0).

(7i) The perturbed system (1) is globally uniformly practically h-stable.

Proof. Let T' =ty +7, 7 > 0 be such that I = [tp,T) is the maximal interval of existence
of the mild solution of (1). Using (8) and (11), we get that for every t € I,

lu()Il < SluollA(t)h(to) ™" + Sh(t)/ h(s)~ o ((v(s)u(s)|* + p(s)ds.  (16)

to

Applying the mean value Theorem for the function o, then for any y > x > 0, there exists
k €]z, y[, such that

o(y) —o(x) =o'(k)(y — z) < o'(x)(y — ).

We obtain,
a((v(s)[[u(s)* + p(s))) < o'(p(s))v(s)u(s)|* + a(p(s))- (17)
Hence, from (16) and (17), one gets that

lu(®)]| < SlluollA(t)h(to) ™" + Sh(t)/ [0 (p(s))v(s)h(s) " Hlu(s)|* + o (p(s))h(s) ™ ]ds.

to

Using Lemma 2, we obtain from (18)

lu@] < SHUlo(t)h(to)_l+Sh(t)/t o' (p(s))h(s) ™ v ()¢ [aSh(s)h(to) ™ [luol

+ ¢ - )+ o(p(s)h(s) ") exp ( / aca—lsa%p(ﬂ)v(f))m) ds, V¢ >0,

Then,

[u(®)]] < (S+82¢>Lad e M) Jug|[h(t)h(to) " +(SCH (1—a) M+ SN)eS M y¢ > 0.
(19)
Hence, using Theorem 1.4 in [20] we have the solution w(t) exists in [tp, 00). From (19),
we can see that the system (1) is globally practically uniformly practically h-stable. This
ends the proof. O

Remark 7 Theorems 1 and 2 are hold for practical exponential stability: h(t) = e Pt

practical polynomial stability: h(t) = and practical logarithmic stability h(t) =

(1+1¢)’
1
_. llteR d .
A9 forallt e Ry andy, >0
4 Examples

In this section, two examples are given to illustrate the effectiveness and advantages of the
results obtained
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Example 2 Consider the following non-autonomous evolution equation:
2u

U =tAu+ —— In(e” "/ ||u|| +

+1 t>t9>0, 20
e b tzhe 2

t2

where A is a bounded linear operator on a Banach space X. We suppose that A is exponen-
tially stable, that is, there exist M,c > 0, such that

le]| < Me™, t>0.
System (20) can be written as system (1), with
At) =tA

and 5
U

ftu) = ——

LA fJulf?

The evolution operator generated by A(.) € L(X),

In(e™"V/lull + ==

R(t,s) = e~ wyi>s>0

satisfies .
IR(t,s)] < M50, vt >s>0.

Then, the evolution operator of the unperturbed system is h-stable with h(t) = e 2" €
BC(Ry,R%) is a decreasing function. We have,

1
1£ (¢ w)ll < (e~ /[|ull ety

Hence, the perturbation term satisfies condition (14) of Theorem 2 with o(x) = In(z+1) is a
differentiable increasing function on 10, +00[ with continuous nonincreasing first derivative,
v(t) =et a=1 and p(t) = 1+t2 All the assumptions of Theorem 2 are satisfied, then
the system (20) is globally uniformly practically h-stable.

Example 3 We Consider the perturbed heat equation with Dirichlet boundary conditions:

ou((,t) 0?u((,t) )
R i (e ey KU R e CER

(21)
u(0,t) =0 =wu(mt), t>0, u(¢,0)=1up(()

u((,t) represents the temperature at position ¢ € [0, x| at time t > 0 and ug represents the
witial temperature profile. The two boundary conditions state that there is no heat flow at
the boundary. The partial differential equation can be formulated to an abstract differential
equation on X = L?(0,7) of the form

= A(tyu+ f(t,u),
2

where the family of operator {A(t)}1>o is defined as A(t)v = Av — mv where
2
the operator A = ;C with
9 ov , v 9
D(A) ={v e L*(0,m), ac are absolutely continuous, YT € L7(0,7) and v(0) = 0 = v(m)},
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and

FE(C ) = —u(C,t) + e,

IR
Noting that A is a diagonal operator with the set of eigenvalues {—n?}nen and the normal

etgenvector ¢n(() = \/Esin(no, n > 0.

™
From [20], we can verify that A(t) generates an evolution operator (R(t,s))i>s generated
by A(t) of the form:

t 2
— p(t=s5)A - - > 5> 0.
R(t,s) =e exp</s (1+r)(2+r)dr>’ Vt>s>0

Then, for any v € X, we obtain

[e.e]

2
R(t, s)v = Z(%)Qe—"%—s) <0, 0> by VE> 5> 0.

n=1
Therefore, by applying Lemma 3, we have the linear system (2) is globally uniformly h-
241
1+¢

Moreover, the perturbation f(t,u) satisfies the condition (9) with v(t) = e
e, that are non-negative and continuous functions on Ry, where v € L*(Ry) and the
condition (10) holds. Consequently, by applying Theorem 1, we deduce that the system

stable with S =1 and h(t) = (

2
> , 1S a positive and continuous function.

and p(t) =

241>
(21) is globally uniformly practically (1::_—t> -stable.

Figure 1 shows the evolution of the state u((,t) of the system (21) with initial state
0(C) = sin(m().

Figure 1: Evolution of the state u((,t) of the system (21).
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5 Conclusion

The aim of this paper solves retention stability property of the non-autonomous evolution
equations in Banach spaces, resorting to certain nonlinear integral Gronwall type inequali-
ties based on the choice of the upper perturbation. Sufficient conditions are given to study
the global existence of solutions and the practical h-stability in Banach spaces under some
conditions. This result can be viewed as a generalization of practical exponential stability.
Two examples are included to illustrate the effectiveness and advantages.
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