CHARACTERIZATIONS OF MATRIX VALUED
ASYMMETRIC TRUNCATED TOEPLITZ OPERATORS

REWAYAT KHAN, YAGOUB AMEUR, AND JAMROZ KHAN

ABSTRACT. Matrix valued asymmetric truncated Toeplitz opera-
tors are compressions of multiplication operators acting between
two possibly different model spaces. In this paper, we characterize
matrix valued asymmetric truncated Toeplitz operators by using
compressed shifts, modified compressed shifts and shift invariance.

1. INTRODUCTION

Let H? be the classical Hardy space in the unit disk D = {\ € C :
|A] < 1}. Truncated Toeplitz operators (TTO’s) and asymmetric trun-
cated Toeplitz operators (ATTO’s) are compressions of multiplication
operator to the backward shift invariant subspaces of H? (with two
possibly different underlying subspaces in the asymmetric case). Each
of these subspaces is of the form K, = (0H?)* = H? © 0H?, where 0
a complex-valued inner function: § € H> and |#(z)| = 1 a.e. on the
unit circle T = 0D = {z € C : |z| = 1}. Since D. Sarason’s paper [27]
TTO’s, and later on ATTO’s [3,6,7], have been intensly studied (see
[1,9,11,13,15,28] and [5,16-19,23,24]).

It is natural to consider TTO’s and ATTO’s defined on subspaces of
vector valued Hardy space H*(H) with H a separable finite dimensional
complex Hilbert space (see Sections 2 and 3 for detailed definitions). A
vector valued model space Kg C H?*(H) is the orthogonal complement
of OH?*(H), that is, K¢ = H*(H) © ©H?*(H). Here O is an operator
valued inner function: a function with values in £(H) (the algebra of all
bounded linear operators on #), analytic in D, bounded and such that
the boundary values ©(z) are unitary operators a.e. on T. These spaces
appear in connection with model theory of Hilbert space contractions
(see [25]). Let Po be the orthogonal projection from L?(H) onto Ke.
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For two operator valued inner functions 01,0, € H*(L(H)) and
¢ € L*(L(H)) (again, see Sections 2 and 3 for definitions) let

(1.1) ASVO? f = Po,(Bf), f € Ko, N H¥(H).

The operator Agl’ez is called a matrix valued asymmetric truncated

Toeplitz operator (MATTO), while Agl = Agl’el is called a matrix
valued truncated Toeplitz operator (MTTO, see [22]). Both are densely
defined. Let MT (01, 03) be the set of all MATTO’s of the form (1.1)
which can be extended boundedly to the whole space Kg, and for
@1 = @2 = @ let MT(@) = MT(@, @)

Two important examples of operators from MT(©) are the model
operators
(1.2) Se =AY =AY, and S5=A? =AY .
It is known that each Cy contraction with finite defect indices is unitar-
ily equivalent to Sg for some operator valued inner function © (see [25,
Chapter IV]). On the other hand, operators from MT(©,0,) with
certain bounded analytic symbols appear as the operators intertwining
Se, and Sg, (see [2, p. 238]).

Some algebraic properties of MTTO’s were studied in [22], while
the asymmetric case was investigated in [21]. Here we continue the
investigation started in [21].

Sections 2 and 3 contain preliminary material on spaces of vector
valued functions (Section 2), model spaces and MATTO’s (Section 3).
In Section 4 we consider some model space operators and their action
on MT(01,0,). Section 5 is devoted to characterizations of MATTO’s
in terms of Sg,, Se, and their adjoints. In Section 6 we consider the
notion of shift invariance of operators from M7 (01, 0;). In section 7
we use modified compressed shift to characterize MATTO’s.

2. SPACES OF VECTOR VALUED FUNCTIONS AND THEIR OPERATORS

Let H be a complex separable Hilbert space. In what follows || - ||
and (-, )3 will denote the norm and the inner product in H, respec-
tively. Moreover, we will assume that dimH < oo. The space L*(H)
can be defined as

L*(H) ={f: T — H : f is measurable and/ £ ()3, dm(z) < oo}
T

(m being the normalized Lebesgue measure on T). As usual, each
f € L?(H) is interpreted as a class of functions equal to the representing
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f a.e. on T with respect to m. The space L*(H) is a (separable) Hilbert
space with the inner product given by

(. 9o = / () (2 dm(z),  fog € LA(H).

Equivalently, L?(H) consists of elements f : T — H of the form

f(z)= > apz™ (ae. onT)
(2.1) =T 00
with {a,} C H such that > |la,l3 < oco.

n=—oo

The n-th Fourier coefficient a, of f € L*(H) is determined by

(2.2) (p, )y = /T?‘(f(z),x)ydm(z) for all x € H.

If f € L?(H) is given by (2.1), then its Fourier series converges in the
L*(H) norm and

1122000 / O dnE = S .

n=—oo

Moreover, for g(z Z b,2" € L*(H) we have
<f7 g>L2(H) = Z <an7bn>H-

For # = C we denote L* = L?*(C).

The vector valued Hardy space H?(H) is defined as the set of all
the elements of L*(H) whose Fourier coefficients with negative indices
vanish, that is,

H*(H) = {f€L2 : Zan }

Each f € H*( Z a,z", can also be identified with a func-
tion
=> a,\", AeD,
n=0

analytic in the unit disk D (the boundary values f(z) can be obtained
from the radial limits, which converge to the boundary function in the
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L?*(H) norm). Denote by P, the orthogonal projection P, : L*(H) —
H?(H),

o o
P, E a2 | = E an, 2",
n=-—0o n=0

and let H? = H?(C).
We can also consider the spaces
L®(H) = {f: T — 4 - [ is measurable and }

[flloe = ess sup.ep [1f(2)[ln < o0
(clearly, L>®(H) C L*(H)) and
H>®(H) = L™(H) N H*(H),

the latter seen also as the space of all bounded H—valued functions
which are analytic in D.

Now let L(H) be the algebra of all bounded linear operators on H
equipped with the operator norm || - [|z(z). In the case dimH = d < oo
each element of £(#) can be identified with a d x d matrix. Denote

_ F is measurable and }

(a function F: T — L(H) is measurable if F(-)x: T — H is measur-
able for every x € H). Each F € L*(L(H)) admits a formal Fourier
expansion (a.e. on T)

(2.3) F(z) = Z F,z" with {F,} C L(H)

defined by

(2.4) Foo = / 2B\ dm(z) forz € H
T

(integrated in the strong sense). Let

H>®(L(H)) = {F € L*(L(H)): F(z) = ZFnz"} :

The space H*(L(H)) can equivalently be defined as the space of all
analytic functions F : D — £(#H) such that

[F[oo = sup [[F(A)]£2) < o0
AeD
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Each such bounded analytic F is of the form

(2.5) F(\) = i E ", \eD,

and can be identified with then_b(())undary function

(2.6) F(z) = i F.z" € L*(L(H)).
n=0

Conversely, each F € L>(L(H)) given by (2.6) can be extended by (2.5)
to a function bounded and analytic in ID. In each case the coefficients
{F,} can be obtained by (2.4) and the norms || - ||, of the boundary
function and its extension coincide (see [2, p. 232]).

Note that for each A € D the function ky(z) = (1 — Az) I3 belongs
to H®(L(H)). Moreover, for every x € H the function kyz : 2z —
k) (z)x belongs to H*(H) and has the following reproducing property

(f .oz 20 = (FN),2hw, [ € H(H).
To each F € L>(L(H)) there corresponds a multiplication operator
Mg : L*(H) — L*(H): for f € L*(H),
(Mpf)(z) =F(2)f(z) a.e. onT.
We will write F f instead of Mg f. For a constant F, that is, F(z) = F
a.e. on T for some F € L(H), we will also write F'f instead of Ff.

By Tg we will denote the compression of My to the Hardy space: T :
H2(H) — H*(H),

Tef =P Mgf for f e H*(H).

It is clear that (Mg)* = Mg« and (Tg)* = T+, where F*(z) = F(2)*
a.e. on T. Tt is also not difficult to verify that for F € L>®(L(H)) we
have that F € H*(L(H)) if and only if My (H?*(H)) C H*(H). In par-
ticular, for M, = M., we have M} = M; = My, and M,(H?*(H)) C
H?*(H). The operator S = T. = M, y2(3) is called the (forward) shift
operator. Its adjoint, the backward shift operator S* = Tz, is given by
the formula

S°F(2) = 2(f(2) - F0)).

Here we assume that dim’H < oo so we can consider L(H) as a
Hilbert space with the Hilbert-Schmidt norm and we may also define
as above the spaces L*(L(H)) and H?*(L(H)). Recall that the norm
and the corresponding inner product are defined as follows: for Hilbert-
Schmidt operators A, B € L(H) we have

1Al = tr(A"4) = Y (Ae, Ae),

ece
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and
(A,B) =tr(B*A) = (Ae, Be)y

¢ being any orthonormal basis for H (see [13, Chapter 3]). Hence for
F,G e L*(L(H))

(F. G x(e0) = / (F(2), G(2))adm(2)

T

- /T S (F(2)e. Gle)e)pdml(2).

ece
Since (A, B)y = (B*, A%),, it follows that (F, G) r2(2()) = (G*, F*) r2(2(3))-
Since here the Hilbert—Schmidt norm and the operator norm are
equivalent, we have
L*(L(H)) C L*(L(H)), H™(L(H)) C H*(L(H)).
Moreover, it is not difficult to verify that if F € L?(L(H)) is given by

F(z) = i F.z", F, € L(H),

n=—oo

where the series is convergent in the L?(L£(#))-norm, then

We thus have
L*(L(H)) = [zH*(L(H))]" © H*(L(H)).

For F € L*(L(H)) the operators My and Tf can be densely defined,
on L®(H) and H*(H), respectively. For more details on spaces of
vector valued functions we refer the reader to [2,25,26].

3. MODEL SPACES AND MATTO’s

An element © € H*(L(H)) is called an (operator valued) inner
function if its boundary values ©(z) are unitary operators a.e. on T
(in general it is assumed that the boundary values are isometries, see
e.g. [2, p. 113], but here dimH < oo0). We will consider only pure
inner functions, that is © such that ||©(0)||z) < 1.

The model space

Ko = H*(H) © ©H*(H)

corresponding to an inner function © is invariant under the backward
shift S*. Moreover, by the vector valued version of Beurling’s invariant
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subspace theorem, each closed (nontrivial) S*—invariant subspace of
H?(H) is a model space ([2, Chapter 5, Theorem 1.10]). Let Pg be the
orthogonal projection from L?(H) onto Kg. Then

Note that MegP, Mg+ is the orthogonal projection from L?*(#H) onto
OH*(H).
For each A € D we can consider

kY (2) = 1=5: (I — ©(2)0(N)") € H*(L(H)).

1-Xz

For z € H we will denote the function z — k(2)z simply by k.
Then, for each x € H and A € D, the function k§z = Pg(kyz) belongs
to K& = Ko N H*(H) and has the following reproducing property

(f, k?xﬁz(%) = (f(N\),z)y forevery f € K.

It follows in particular that K& = K¢ N H>*(H) is a dense subset of
Ko.

Now let ©1,05 € H>*(L(H)) be two inner functions. For any & €
L*(L(H)) define

Agl’sz:P@QMq)f:P@g(éf)7 fE K(gol

The operator A9"? is called a matrix valued asymmetric truncated
Toeplitz operator (MATTO) with symbol ® € L*(L(H)). Tt is densely
defined and if bounded, it can be extended to a bounded linear operator
A9 . Ko, — Ko, (in which case we simply say that Ag"©” is
bounded). Let us denote

MT(01,0,) = {497 : & € L*(L(H)) and A5 is bounded}.

For ©; = O, = © we put A9 = AY® (a matrix valued truncated
Toeplitz operator, MTTO) and MT(©) = MT(0,0). Observe that
(Agl’%)* = A" s0 A € MT(©4,0,)ifand only if A* € MT (05, 0).

Two important examples of MTTQO’s are the model operators: the
compressed shift S¢ and its adjoint S§, defined by (1.2). Clearly,
Sef = PoSf = Po(M.f) and since Kg is S*-invariant, we have S§ f =
S*f = Py(Mf).

These operators are models for a class of Hilbert space contractions.
For example, each Cj contraction with finite defect indices is unitarily
equivalent to Sg for some operator valued inner function © (see [25,
Chapter IV]).

Let

Do = {(Iyy —00(0))r: z € H} ={kjr: v € H} C Ko.
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Then for f € Ko we have f L Dg if and only if f(0) = 0. Indeed,
f L Dg if and only if

0= (f, k?:z:)Lz(H) = (f(0),z)y for every z € H.
It follows that

(Sef)(z) = { —2(0(2) ifg()o))@m)*x i }C . Eg?:é € Do,
Now denote (the defect operator)
Do = I, — SeS5.
Since for each f € H*(H) we have (Iy2¢) — SS*)f = f(0) (a constant
function in H?(H)), it follows that for f € Ko,
(3.1) Dof = (Iks — 5056)f = Po(In2) — SS™) f
— (I — ©0(0))£(0) = K& £(0) € Do,

More precisely,

Def = 0 for f 1 De,
977 k(I — ©(0)0(0)*)x for f =k§x € De.

Since k§ is invertible in H>*(L(H)), the formula
Qo(kja) =z, z€H,

gives a well defined operator g : Dg — H. Clearly, (g is bounded
(here for example as an operator acting between two finite dimensional
Hilbert spaces). Since H can be identified with a subspace of H?(H)
(the space of all constant H-valued functions), (g can be seen as an
operator from Dg into H?(H). For each f € Kg we then have

(3.2) QoDof = Qo(ks £(0)) = f(0) = (Iy2p) — SS*)f.
4. MATTQO’S AND SOME MODEL SPACE OPERATORS

In this section we consider the action of some model space operators
on MT (01, 0,).

In [20] the author considers the generalized Crofoot transform. A
bounded linear operator W € L(H) is called a contraction if ||W || £z <
1 and a strict contraction if ||W||£(H) < 1. The operators Dy =
(I = W*W)z and Dy~ = (I — WW*)2 are called the defect opera-
tors of W. For a pure inner function © € H*(L(H)) and W € L(H)
such that |[W{|z@ < 1 define the generalized Crofoot transform J, :
L*(H) — L*(H) by

T f = Dw«(Ip2ay — OW*)"'f,  f e L*(H).
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CHARACTERIZATIONS OF MATTO’S 9

Then J§, is unitary and maps Ke onto Kgw, where
@W(Z) =-W + DW* (ILQ(H) - @(z)W*)”@(z)DW

The following theorem describes the action of the Crofoot transform on
MT (01, 0,) (see [21] for asymmetric matrix valued truncated Toeplitz
operators and [17] for the scalar case):

Theorem 4.1. [21] Let ©1,0, € H>®(L(H)) be two pure inner func-
tions and let Wy, Wy € L(H) be such that |[W1| gy < 1 and ||[Wal|z) <
1. A bounded linear operator A : Ko, — Ko, belongs to MT (01, 0,)
if and only if J%A(J%)* belongs to MT (O, ©32). More precisely,
Wy LW
A =AYV € MT(04,0,) if and only if J%A(J‘%)* = Agl 2" ¢
MT (O, 052) with
U = Dy (Izp0) — ©2W3) @Dy (I + O W)™
Recall that if © € H*°(L(#)) is an inner function, then so is
O(z) = O(2)".

Let us now consider the map 7o : L*(H) — L*(H) defined for f €
L*(H) by

(4.1) (tef)(2) = 20(2)* f(2) = 20(2) f(z) a.c. on T.

The map Tg is an isometry and its adjoint 7§ = 75 is also its inverse.
Hence 7¢g is unitary. Moreover, it is easy to verify that

To(OH*(H)) € HX(H)* and 71o(H*(H)Y) C OH*(H),
which implies that
T@(K@) = Ké.

Theorem 4.2. Let ©1,05 € H*(L(H)) be two pure inner functions.
A bounded linear operator A : Ko, — Ko, belongs to MT (01,05)

if and only if Te,ATg, belongs to MT(él, ég) More precisely, A =
AZV? € MT(04,0,) if and only if Te,A TS, = ASVO2 ¢ MT(64,0,)
with

U(z) = 02(2)"®(2)01(2)

(4'2) _ éz(z)q)(g)él(z)* a.e. on T.

Proof. Let A : Ko, — Ko, be a bounded linear operator. Assume
that A = ASY9? € MT(04,0,) with some ® € L3(L(H)), and take
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f e Kg and g € Kg . Note that 75 f € K§, and 75,9 € Kg,.
Therefore
<T®2A751f, >L2(H (AQI 92791f>Té2Q>L2(H)

=(® Tel‘f’ 7_(329>L2(H) = (Te, (P Té1f>ag>L2(H)

_ / (20:(2)(D 75, £)(2), 9(2))m dm(z)
_ A(zéQ(z)@(z)z@l(z)f(z)a9<Z)>H dm(z)

:/T<@<z>f<z>,g<z>>ﬂdm<> (A2 £, g) o

with U € L2(L(#H)) given by (4.2).

Now, if 79,A 78, = Agl’ég € MT(04,0,) for some ¥ € L2(L(H)),
then A = TéQA?’éQTgl and by the first part of the proof A = Agl’% €
MT(©4,02) with
(4.3) D(z) = ( z)* (5) 1(2) = O2(2)¥(2)04(2)* ae. onT.
Hence ¥(z) = O9(2)*®(2)O;(Z) and (4.2) is satisfied. O

Denote B
Do =1 - 5§556.
Applying Theorem 4.2 to the model operator Sg (01 = O = O) we
obtain

(4.4) TeSeTs = TeSeTg = Sg
(see [22, p. 1001]). It follows that

(4.5) Do = T6DgTe = 15 Dg T
and by (3.1),

Dof = 75(k§(t0 £)(0)) for all f € Ke.
For A € D let k/\x = T®(k(§x), x € H. Then (a.e. on T)
kS (2)a = 75(kS (2)7) = 20(2)kS (2)a
= Z5:0(2) (I — 6(2)6(\))z
= A@(Z)(IH— O(2)"0(\))x
= L (6(z) —O(\)z € Ko for cach z € H.

N

In particular,

k$(2)r = 2(0(2) — ©(0))x
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and
Def =k§ (e f)(0) € Do,
where
Do = 75D ={kQz:z e H} = {2(0(2) — ©(0))z : = € H}.
Observe that for f € Kg, v € H,

(AR w 200 = (F 7 (K5 ) g
= (rof, K2 200) = ((T0 /)(N), ).
It follows that for f € Kg we have M, f € Kg if and only if f L Deo.
Indeed, M. f € Kg if and only if ©P, (©0*M.f)) = 0. Since
(O7M.f)(2) = O(2)"2f(2) = (1 ) (),
we have P, (©*M.,f)) = (1of)(0) and so M, f € Kg if and only if

= ((70/)(0), ) = (£, k§ )20y for every z €7,
ie, f L 5@. Therefore

B 2f(2) for f L D )
(Sef)(z) = { —(]’H — @(2)9(0)*)@(0)x for f = ng € Do.

Hence

D f= 0 for f L 5@,

© kO (I — ©(0)0(0)")z for f = kOz € De.

Let us now consider conjugations. A conjugation J in a Hilbert space
H is an antilinear map J : H — H such that J? = I; and

(Jf,Jg) = (g, f) forall fgeH

The importance of conjugations comes, for example, from their connec-
tion with complex symmetric operators. Recall that a bounded linear
operator T': H — H is said to be J-symmetric (J being a conjuga-
tion on H) if JTJ = T*. We say that T is complex symmetric if it
is J-symmetric with respect to some conjugation J (see, e.g., [14] for
more details on conjugations and complex symmetric operators).

In [4] the authors consider certain classes of conjugations in L*(H).
One such conjugation is J* : L*(H) — L*(H) defined for a fixed con-
jugation J in ‘H by

(4.6) (Jf)(z)=J(f(Z)) ae. onT.
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It is not difficult to verify that for f(z) =3 00 an2™ € L*(L(H)) we
have

I N = D Jan)"

Hence, J* is an M,-commuting conjugation, i.e, J*M, = M,J*, and
J*(H?(H)) = H*(H), J*P, = P.J* (see [4, Section 4]).

For F € L>*(L(H)) and an arbitrary conjugation J in H let
(4.7) F,(z) = JF(z)J aeonT.
Then F; € L>(L(H)). As observed in [4], F; € H>®(L(H)) if and
only if F € H*(L(H)), and F is an inner function if and only if F is.
Clearly, (F;); = F. Let us also observe that if F is J-symmetric, that
is, JF(z)J = F(2)" a.e on T (or equivalently F()) is J-symmetric for
Ain D, see [4]), then F; = F, where F(z) = F(2)*.

For two conjugations J; and Jo in H let Ji and J} denote the cor-
responding conjugations in L*(#H) given by (4.6). For each f € L?(H)
we have

(4.8) (J3Me[)(2) = L(F(2)f(2)) = LF(Z) L f(Z) = (MaJif)(2)
where G(z) = J,F(Z)J; a.e. on T. In particular
(4.9) I Mg = MpJ*

(see [4, Lemma 8.3]).
Note that F; is also defined for F € L*(L(H)). In that case (4.8)
and (4.9) hold for L>(H).

Proposition 4.3. [4] Let © € H®(L(H)) be a pure inner function
and let J be a conjugation on H. Then

(a) J(OH*(H)) = ©,H*(H);
(b) J*Po = Pe,J*;

(c) J*(Ke) = Ke,;

(d) J*(kQx) = k3 Ja.

Proof. Clearly, (a) and (b) are consequences of (4.9), while (c) follows
from (b). To see (d) take A € D and € H. Then a.e. on T we have

(3 (E0)(2) = TS E) = T ) (I~ OO )
1 — *
= (I~ JOE)ITON)) )
= : (T~ ©,(2)0, (%)) ) =K.
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If © is J-symmetric we obtain [4, Proposition 7.7].

Theorem 4.4. Let ©1,0, € H*®(L(H)) be two pure inner functions
and let Ji,Jy be two conjugations on H. A bounded linear operator
A Ko, — Ke, belongs to MT(01,02) if and only if J5AJT; belongs
to MT((©1)1,,(02)4,). More precisely, A = ASV®* € MT(04,0,) if
and only if J5AT; = Aspel)‘]l’(ez)h e MT((©1),,(02),) with

(4.10) U(z) = Jo,®(z)Jy a.e. on T.

Proof. Assume that A = AS"®* € MT(01,0,) with ® € L*(L(H)).

Let f € KF&M'
4.3(b) and (4.9),

J3AJf = J5Pe,MaJ1f = Fe,),,JsMeJ1 f
01)7,,(02) 1y
= P(@z)Jz My f = AEIJ 1 (G2)s /

Note that J7f € Kg . Therefore, by Proposition

with U given by (4.10). Thus J5AJ; € MT((©1)4,,(02)1).

(91)J1 7(62)

On the other hand, if A = J5A, 2Jr e MT((©1),,(02),)
with some ¥ € L*(L(H)), then A = J;A&el)"“(@ﬂ‘]ﬂ’{ and as above,

A= AV with
O(z) = JL¥(2)J; a.e. on T.

For the scalar case Theorem 4.4 can be found in [16] (see also [11]

for the symmetric case).

In the scalar case each model space Ky is equipped with a natural
conjugation Cy defined in terms of boundary functions by (Cyf)(2)

0(2)Zf(z). f © € H*®(L(H)) is an inner function and J is a conjugation

in H we can similarly define CJ : L*(H) — L*(H) by
(CLH)(2) =O6(2)zJ(f(2)) ae. on T.

Although CJ is obviously an antilinear isometry, it is not in general
an involution. A simple computation shows that CJ is an involution
(and so a conjugation) if and only if ©(2)JO(z)J = I a.e. on T, i.e.,

if and only © is J-symmetric.

If © is J-symmetric, then C{(©OH?*(H)) = H*(H)* and so

Cl(Keo) = Ko.

Note that in that case
Cl =Jrs.
By Theorem 4.2 and Theorem 4.4 we get the following.
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14 R. KHAN, Y. AMEUR, AND J. KHAN

Theorem 4.5. Let ©1,0, € H*(L(H)) be two pure inner functions
and let Jy, Jo be two conjugations in H such that ©y is Jy-symmetric
and Oy is Jy-symmetric. A bounded linear operator A : Ko, — Keg, be-
longs to MT (01, 0s) if and only if CE ACE. belongs to MT(O1,0s).
More precisely, A = AS"®* € MT(01,0,) if and only if C’é’éACéll =
A$17®2 € MT(@l, @2) with
(4.11)
U(z) = Jo05(2)"®(2)01(2) 1 = O2(2) o®(2)J101(2)" a.e. on T
For the scalar version of Theorem 4.5 see [16].

Remark 4.6. Recall that in the scalar case H = C every TTO on the
model space Ky is Cyg-symmetric, i.e.,

CoALCy = (AL)" = AL
(see, e.g., [27]). In that case however the only conjugation in H we
need to consider is J(z) = Z (and each ¢ € L? is J-symmetric). In the
vector valued case, the equality
(4.12) CHALCS = AS..

is not necessarily true for an arbitrary ® € L?(L(H)) (even though
we assume here that © is J-symmetric). It is however satisfied if also
® is J-symmetric and commutes with © (see [22]). In general, using
Theorem 4.5 we have that (4.12) holds if and only if A® = AS.,

that is, if and only if
00" 0" — &* € OH?(L(H)) + (OH(L(H)))*.

CI3CcR

5. CHARACTERIZATIONS WITH COMPRESSED SHIFT OPERATORS

In [22](see Theorem 5.2 and Remark 5.4) characterizations of matrix
valued truncated Toeplitz operators in MT (©) were given by using
the model operators Sg, S¢§ and the defect operators Deg, 5@. These
characterizations generalized D. Sarason’s results for the scalar case
[27]. Here we obtain analogous results for matrix valued asymmetric
truncated Toeplitz operators from MT(01,05). We use a reasoning
analogous to that from [22] (see [16] for the scalar case).

Lemma 5.1. If ® € H*((L(H)), then
AghO? — S, AQV2SE, = Po,May(Im2py — SS*)  on K.

Proof. Recall that S¢ = PeM. |k, and Sg = Py M;g,. Hence, for
I € Kg,

Agl,@zf N S@QAgl,@bsglf — P@gM‘I’f — P@ZMZPGQMti)P@lMEf
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CHARACTERIZATIONS OF MATTO’S 15
(note that S§ f € Kg). Since Po,M.Po, = Po,M. on H*(H) (as
M, (©.H*(H)) C ©,H?*(H)), we have
AGHO2 f — S, AQVO? Sy f = Po,Mef — Po, M, Mg P, M f
— Po,(Mgy — M. MyP, M) f
= Po,(My — Mo M, P, M;)f
= Po,Mo(Ig2(3) — SS™) f.

Recall that
Do = I, — S0S5, De = Ik, — 5550
and
Do = {(I—O(2)0(0))z : 2 € H}, De = {2(0(2)—0(0))z : = € H},
while the operator Qg : Dg — H C H?*(H) is defined by
Qo(kSr) = .

Theorem 5.2. Let ©1,0, € H*®(L(H)) be two pure inner functions
and let A : Ko, — Ko, be a bounded linear operator. Then A be-
longs to MT (©1,O2) if and only if there exist bounded linear operators
By :De, = Ko, and By : Dg, — Ke,, such that

(5.1) A — So,AS%. = B, De, + De, B;.

Proof. The proof follows the same line of reasoning as the proof of
Theorem 5.2 in [22].

Assume first that A € MT(0,,0,), A = A9 with U, = €

UE*
H?(L(H)). Then for each f € Kg (note that S§ f € K& ) we have

(A —56,456,)f =
= (AQ"?? = 8o, Ay S5, ) f + (AZHO? — So,AZ2S5,) f.
Since U, = € H?(L(H)), it follows from Lemma 5.1 and (3.2) that
(Agl’eb — S@2A§1’®2Sgl>f = P@zM\p(IHQ(H) — SS*)f
= P®2M\I/Q@1(]K(—)1_ 561861)f
= B1D®1f7

where By = Pg, MyQe, : Do, — Ke,. Similarly, for each g € Kg,

(AZ2°' — 8o, A2*®1S%, )9 = Po, M=(Ig23) — SS™)g
- BQD@297
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16 R. KHAN, Y. AMEUR, AND J. KHAN

where By = Pg, M=Qe, : Do, — Kg,. Note that both B; and B, are
bounded since (g, and {2g, are bounded. Thus

(A2 — S0,A20*55,) = Do, B f.

It follows that A satisfies (5.1).
Assume now that a bounded linear operator A : Ko, — Ko, satisfies
(5.1). Then

S8 ASE — SertASE™Y = S8 By De, S5 + S5, De, By S
for n =10,1,.... We thus see that for each integer N > 0,

N
A=>"(88,B1De, S5 + S8,De, B3S5t) + Sy ASN Y.

n=0

Hence, for for all f € Kg,, and g € Kg, we have

N
<Af 9 L2(H) Z SGQBlDe)lSeIf 9>L2 <S@2D@2B S@1f> >L2 H))
n=0
+(ASENTY £ SE NI g 1oy,
Since S§ f—>0andS Ng—0as N — oo, we obtain

<Af7 g>L2('H) =

5.2 > o n n
(5:2) = ((S8,B1De, S8 [, ) r2(y + ([f+ 56, B2De, S8 9) r231)) -

n=0

Let us now define ¥, = € H*(L(H)) a.e. on T by

U(2)z = (Biky'z)(z) and E(2)z = (Boky?7)(2), z € H.

[e.o]

Take f(z) = Zanz € Kg, and g(z Zb 2" € Kg,. We then

k=0
have

Do, S5 f = k§' (S& £)(0) = (I, — ©:01(0)")a, = kg ax,
and

Do, S5 9 =k (S5:9)(0) = (Iy — ©202(0)*)b, = k§>b,,.
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CHARACTERIZATIONS OF MATTO’S 17
It follows from (5.2) that
(ASY22 £, 9)r20) =
= (¥f, 9>L2(H) +(/f, E9>L2(7-L)

[
Mg

<<Zn\11anv g>L2(’H) + <fa ZnEbn)LQ(H))

3
o

I
Mg

(< nBlko an, 92y + (s ZnB2k *bn) L2(m )

3
Il
=)

I
WE

((S8,B1De, S8 [, 9) 12y + ([f+ 56, B2De,S&9) 12(3))

= (Af.9)1

and so A = AQLS? € MT(6,,0,). O

If a bounded operator A : Ko, — Ke, satisfies (5.1), then A =
Agﬁf € MT(01,0,) with U, = € H?(L(H)) given by the following:
Corollary 5.3. Let ©1,0, € H®(L(H)) be two pure inner functions
and let A : Ko, = Ko, be a bounded linear operator.
(a) If A= Agig? € MT(01,0,), then A satisfies (5.1) with
(5.3) By = Po,MyQe, and Bs = Po, M=Qe,.
(b) If A satisfies (5.1), then A = AQYS? € MT (0, 0,) with
(5.4) Y(z)x = (Blkg)lx) (z2) and Z(2)xz = (BQk(?Qx)(z), r € H.

Remark 5.4. (a) Assume now that ¥ € H?(L(H)) is given by (5.4).
Then, for each H € H?(L(H)), we have

(1, 60H) 12 = [ (V(:). Oul:)H(:))adm(2)
= Z/ Je, Os(2)H(2)e)ydm(z)

ece

=Y (Bikg"e, ©2(H(2)e)) 1220 = 0
ece
since Bik{'e € Ke, and ©,(He) € ©,H?(H) (the function He :
z — H(z)e belongs to H*(H) since H € H*(L(H))). Hence ¥ be-
longs to the orthogonal complement (in H?(L(H))) of O, H?*(L(H)).
Similarly, = belongs to the orthogonal complement of ©; H?(L(H)).
For an inner function © € H*(L(#)) denote

Mo = H*(L(H)) © OH*(L(H)).

3
o
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18 R. KHAN, Y. AMEUR, AND J. KHAN

Therefore, if a bounded linear operator A : Ko, — Kg, satisfies
(5.1), then A = AQV2? € MT(0,,0,) with ¥ € Mo, and = €
Mo, given by (5.4).
(b) Recall that AS*®* = 0 if and only if
® € O.H*(L(H)) + (0:H*(L(H)))*

(see [21]). Clearly, if A = ASY2? with ¥, = € H2(L(H)), then the

U4-E*
operators By and By given by (5.3) do not depend on the parts of ¥

and Z that belong to ©2H?(L(H)) and ©; H*(L(H)), respectively.

As in [22] we can use the unitary operator 7 defined by (4.1) and
obtain the following theorem.

Theorem 5.5. Let ©1,0, € H®(L(H)) be two pure inner functions
and let A : Ko, — Ko, be a bounded linear operator. Then A be-
longs to MT (©1,02) if and only if there exist bounded linear operators

By :De, = Ko, and By : Do, — Ke,, such that

(5.5) A — S5 ASe, = BiDe, + De,B;.

Proof. Let A: Ko, — Ko, be a bounded linear operator. By Theorem
4.2, A belongs to MT (01, 0,) if and only if A = 7¢,A 74 belongs to

MT(61,0,). By Theorem 5.2 the latter happens if and only if there
exist bounded linear operators By : Dg — Kg, and By : Dg, — Kg ,
such that

(5.6) A—S5,AS5, =10,A75, — 55,70,A 75,55 = BiDg, + D, B}.
In other words,
A — 7'525(:)27—@214 Télsng@l == 7-52BlDélT®1 + 7—(32Dé23>2k T@l'
By (4.4) we have
76,968,760 = 76,98 = Sg, and 7515517-@1 =75,55,7% = Sey,

k
2TC:)2 @1 91

while from (4.5) it follows that
Déngl = T@lﬁgl and ngDéQ = ﬁ@27(32.
Thus (5.6) is equivalent to
A — S5,ASe, = 78,B1 70, De, + De,5,B; 7o, = BiDe, + De,Bj.
with B L
Bl :7—62317—61|5@1’ Bl ZD@1 —)K@2
and

o * * * % _ D.P
By = (18,B5 70,) =175,B270,p,,: B2:De, — Ko,
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CHARACTERIZATIONS OF MATTO’S 19

Note that 75 Dg- = 591., i = 1,2. This allows us to treat 74, B3 7o, as
an operator from Kg, to 15@2. Moreover, we have
(57) Bl = 7'@2817'51“)~ and BQ = T@lBQng|D~ .
9, ©2
O

Note from the proof of Theorem 5.5 that if A : K¢, — Ke, satisfies
(5.5) with some B, : Do, — Ko, and B, : Dg, — Kg,, then A =
7o, ATy, satisfies (5.6) with B; and B, given by (5.7). By Corollary

5.3, A = AS192 with
U(2)z = (Bik§'2)(2) = (r0,B175,K5"0)(2) = (0, Bik§"x)(2)
and
=(2)z = (Baks'w)(2) = (7o, Baréy, ki 7)(2) = (70, Boks *2) ().
Moreover (see Remark 5.4), ¥ € Mg and = € Mg .
It follows from Theorem 4.2 (see (4.3)) that A = AZV? with
O(2) = 02(2)(¥(z) + 2(2)")0n(2)*
= 02(2)¥(2)01(2)" + O2(2)=(2) 01 (2)”
= 05(2)2(2)01(2)" + (©1(2)¥(2)Oa(2)")".
By Lemma 5.6 below, ® = ¥; + Z; with U; = 0,507 € 05(2Me,)*
and El = @1\1163 € @1(2./\/1@2)*.
Lemma 5.6. Let ® € H2(L(H)). If & € Me, then $O* € (2Mg)*.

Proof. We will show that if ® € Mg, then U(z) = O(2)z(z) € M.
Let H € H?(L(H)). Then

(U, CH)) eu = [ (0, 2H() adm(2)

T

_ / (B(2)20(2), ZH(2) )adm(2)

(0(2)"®(2), H(z))2dm(z)

(®(2), O(2)H(z))2dm(2)

/
/

= <®>Zﬁ>L2(c(H)) =0,
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20 R. KHAN, Y. AMEUR, AND J. KHAN

Moreover,
(0, OH) 12200 = / (6(2)30(3), BH(2))odm(2)
T
— / (D(2)*, zH(2))adm(z)
T
= (", zH) 2((m)) = 0,
which means that ¥ € ./\/lé. O

As in the scalar case, we can use Theorem 5.2 and Theorem 5.5 to
get the following.

Corollary 5.7. Let ©1,0, € H®(L(H)) be two pure inner functions
and let A : Ko, — Ko, be a bounded linear operator. Then A belongs
to MT(0©1,0,) if and only if the following hold:

(a) there exist bounded linear operators B : Do, — Ko, and B :
Do, = Keo,, such that

S5, A — ASS = ByDe, + De,Bj.

(b) there exist bounded linear operators By : Do, — Ko, and B :
Do, — Ke,, such that

Se,A — ASe, = B1De, + De, B;.

Proof. The proof is similar to the scalar case (see [16]). To prove (a)
assume first that A € MT(01,0,). Then, by Theorem 5.2, there exist
bounded linear operators B; : Dg, — Ke, and B; : Do, — Kg,, such
that

A — Se,ASG, = B1De, + De, B;.
Hence
Se,A — 55,50,A88, = S¢,B1De, + Sg,De,B;,
and since S§Se, = IK@2 — 15@2, we get
A —Se,ASg, = S¢,B1De, + Sg,De,B; — De,ASg, .
Observe now that 5§, De, = 5@25’62 and 1592 = 1592Pl~)@2, where Pp_

2
is the orthogonal projection from Kg, to Deg, (see the formula for Dg,
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CHARACTERIZATIONS OF MATTO’S 21

on page 11). It follows that
A — Se,ASS, = S8, B1De, + Do, (S8, Bs — ASg)
= EID@l + ﬁ@2§;7

where

Bl = SZ)QBl : D@2 — K@l'
and _

By = (Ppg, (56,85 — ASg,))" : De, — Ko,

The proof of the other implication is analogous.

To prove (b) one can apply the same reasoning together with Theo-
rem 5.5. Alternatively, one can use the fact that A € MT (04, 0,) if

and only if 79, AT € MT (61, 0,) to show that (b) is equivalent to
(a). O

6. SHIFT INVARIANCE AND MATTO’s

In the scalar case the notion of shift invariance for TTO’s was in-
troduced in [27]. D. Sarason proved that a bounded linear operator
A: Ky — Ky is a TTO if and only if it is shift invariant, i.e.,

(ASf,Sf)r2 = (Af, f)r2 for each f € Ky such that Sf € K.

In [22] we prove that the same is true for MTTO’s.

For ATTO’s the notion of shift invariance was introduced in [8] (
see also [24]). Here we consider shift invariance of MATTO’s. As in
the scalar case (see [16]), we characterize MATTO’s in term of four
(equivalent) types of shift invariance.

Recall that for an operator valued inner function © € H>(L(H))
and for f € Kg we have

Sf=M.f € Keg if and only if f L De (76/(0) = 0)

and

S*f = Mzf € Kg if and only if f L Dg (f(0) =0).

Theorem 6.1. Let ©1,05 € H*®(L(H)) be two pure inner functions

and let A : Ko, = Ko, be a bounded linear operator. Then A belongs

to MT(©1,02) if and only if it has one (and all) of the following

properties:

(a) <As*f75*g>L2(H) = <Af7g>L2(H) fOT all f € K@l? g € K®2 such
that f 1 D@l, g L D@2,‘

(b) (AS*f,9)r2m) = (Af,S9)12() for all f € Ke,, g € Ko, such that
f 1 D@17 g 1 D@2,'
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22 R. KHAN, Y. AMEUR, AND J. KHAN

(c) (ASf Sq) 2y = (Af, g) 12y for all f € Keo,, g € Ko, such that
f 1 D@17 g 1 D@z:
(d) (ASf Dy = (Af,S*g) 2y for all f € Ke,, g € Ko, such that
f 1 D®17 g 1 D@Q}
Proof. (a) If A € MT(01,0,), then by Theorem 5.2,
A— S@QAS(i)l = BlD@1 + D@QB;

for some bounded linear operators By : Dg, — Keg, and By : Dg, —
Keo,. It follows that for all f € Kg,, f € Ko, such that f L Dg,,
g L De,, we have

(AS™f,S%g) 12ty = (ASS, [, 96,9) L2(1) = (S0, AS6, 1, 9) 230

= (Af,9)r2m) — (B1De. [, 9) r2ny — (Do, B5 f 9) 12(30)-
Since Dg, f = 0 and De,B; [ € De,, we get
(6.1) (AS™ [, S"g) 120y = (AS, 9) 2

On the other hand, if (6.1) holds for all f € Kg,, g € Ke, such that
f L De,, g L De,, we have

<(A - S@zAS(t)l)f, g)LQ(H) = <Af7 g> <AS*.f S* > =0.

This means that the operator Ty = A — S@2A561 maps D®1 into Deg,,
or in other words,

(6.2) (Ixo, — Ppo,)Tallke, — Ppe,) =0,

where Pp,_ is the orthogonal projection from Ke, onto De,, i = 1,2.
Recall now that

RangePp, = De, = RangeDe,, i = 1,2,
and so there exist bounded linear operators R; : Ko, = Keo,, ¢ = 1,2,
such that
Pp,, = Do, R; = R!Dg,, i=1,2
(the second equality follows from the fact that Pp, = Pp,, ). Together
with (6.2) this gives
A—S8¢,A55, =Ta= Ppy, Ta+ TaPp,, — Ppo, TaPpe,
= Do, RoT 4 + (IK@2 — PDQQ)TARTD@1
and so A satisfies (5.1) with
Bl = (IK®2 — PD®2)TARI|D®1 : D®1 — K@2

and
By = (PD(_)2 RyT4)* = TZR;D(_)Q : Do, = Ko,.
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CHARACTERIZATIONS OF MATTO’S 23

By Theorem 5.2, A € MT (0, 05).

(b) Here we show that (b) is equivalent to (a). Assume first that A
satisfies (a) and take f € Kg,, g € Ko, such that f L Dg,, g € De,.
Clearly, g = S*Sg and Sg € Ke,, Sg L De,. Hence

<A5*f, g>L2(H) = <A5*f, S*SQ>L2(H) = <Af7 Sg>L2(7-L)

and A satisfies (b).
Similarly, if A satisfies (b), then for each f € Kg,, g € Ko, such
that f L De,, g € De, we have

(AS™f, 5" g) 1200y = (AS, 557 9) r200) = (AS, 9 1200)

since here S*f L 25@2 and S*Sg = g.
The proof of (c) and (d) is analogous to the proof of (a) and (b). O

7. CHARACTERIZATION WITH MODIFIED COMPRESSED SHIFT
OPERATORS

Modified compressed shifts were introduced by Sarason in [27, section
10]. For any nonconstant inner function ©, suppose that Xg : 15@ —
De, and consider Xe € L(Ke) defined by Xef = XePp_f. The
operator modified shift is defined by

Se.xo = Se + (Xe — Se)Pp, .
or
Se,xe = Y6 + PpeYoPp,

which implies that
Se = Se,xe — PreYePp,

where Y@ = )?@ — S@.

Theorem 7.1. Let ©1,05 € H®(L(H)) be two pure inner functions.
Let A : Ko, — Ko, be a bounded operator. Then A € MT (©1,0) if
and only if

(71) A— 5927)(@2145617)(@1 = BPD(_)1 + PD@2 B’*.
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Proof. Consider

A - S@QASZ)l = A - (892,)(@2 - PD®2 Y@2P§@2>A(S(g1,X@1 - Pﬁ(-)l YéklPD@l)
= A— S@z,X@2 ASéLXel + 5927)(@2 Pﬁ@l Y@*1PD®1 + PD®2 Y@2P5@2 AS(BLXGI

~ Pp,,Yo,Ps, AP5, Y3, Pp,

= A-— S’@%X@2 AS(i)l,X(_)l + 5927_)(@2 Pﬁel Y®*1 PD91

+ P’D@2 [Yé§1 P'592 ASg)l,Xel - Y@*2 Pﬁ@2 A'Pﬁ@l Yé;l PD@)l]
= BPD@1 + PD®2 B™* + TlPDel + PD®2T2

= (B+T1)PD61 +PD(92(B,*+T2)7

where Ty = So, xo, Pp, Y3, and Ty = Vg, Py, ASS, x, —Y&,Pp, APp, Y&, Pp, .

From equation (3.8) of [22] it follows that there is an operator Jg, €
L(Kg,) such that

Ppe = (I — Se,58,)Je, = De, Jo, = J§,De,,
and similarly there is Jo, € L(Kg,) such that
Ppe, = (I — Se,58,)Je, = De,Je, = J§,De,.
Then we have
A—Se,ASy, = (B+T)J§, De, + De,Jo,(B"™ +Tb)
(B +T1)J5,De, + De,[(B" + T3)J6,]"
= BDe, + De,B”

where B = (B +T1)Jg, and B' = (B’ + T3)Jg,. The required result
follows from this and Theorem 5.2. U
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