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A GAUGE THEORETIC ASPECT OF PARABOLIC BUNDLES OVER REAL CURVES
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ABSTRACT. In this article, we study the gauge theoretic aspects of real and quaternionic parabolic
bundles over a real curve (X, 0y ), where X is a compact Riemann surface and oy is an anti-holomorphic
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involution. For a fixed real or quaternionic structure on a smooth parabolic bundle, we examine the
orbits space of real or quaternionic connection under the appropriate gauge group. The corresponding
gauge-theoretic quotients sit inside the real points of the moduli of holomorphic parabolic bundles having
a fixed parabolic type on a compact Riemann surface X .
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1. Introduction

-
>|a|

17 In[13], Narasimhan and Seshadri proved that the vector bundles associated with irreducible unitary
15 representations of the fundamental group of a compact Riemann surface are precisely the stable vector
1o bundles on a compact Riemann surface. In [9], Donaldson proved the Narasimhan-Seshadri theorem
oo using the results of [24]. When a compact Riemann surface X is equipped with an anti-holomorphic
-; involution oy, an analogue of Narasimhan-Seshadri theorem for real and quaternionic bundles is
> studied in [22], see also [7].

o3 The notion of parabolic bundles on compact Riemann surfaces was first introduced by C. S. Seshadri
5, and their moduli was constructed in [12], using GIT, by Mehta and Seshadri. In [12], they have proved
-5 that stable parabolic bundles of degree zero on a compact Riemann surface are precisely those vector
-5 bundles associated with irreducible unitary representations of the fundamental group of a punctured
>> Riemann surface. In [4], Biquard improved (allowing real parabolic weights) the result of Mehta
s and Seshadri following [9] by considering appropriate Sobolev spaces using results of [11]. See also
oo [10, 15, 8] for a gauge-theoretic approach to parabolic bundles. The parabolic bundles over a real curve
30 (X,0x) is studied in [2, 3, 6]. In [6], Biswas and Schaffhauser established a bijective correspondence
5; between the isomorphism classes of polystable real and quaternionic parabolic vector bundles and the
5 equivalence classes of real and quaternionic unitary representations of the orbifold fundamental group
33 of (X , Gx).

s« This paper studies the gauge-theoretic aspects of parabolic bundles over a real curve. Section 2
35 Teviews some basic concepts and results concerning parabolic bundles on compact Riemann surfaces.
56 In Section 3, we examine the stability of real (resp. quaternionic) parabolic bundles and S-equivalence
57 Classes of such bundles. In Section 4, we study the induced real structure on the space of connection and
g parabolic gauge group. We show that the corresponding quotients parametrize the real S-equivalence
59 Classes of semistable real (resp. quaternionic) parabolic bundles.
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1 2. Preliminaries

% This section recalls some basic notions and results about parabolic bundles. More details can be found
o in [12, 4].

E 2.1. Parabolic bundles. Let X be a compact Riemann surface and S a finite subset of X. Let E be a
6 smooth complex vector bundle of rank r on X. A quasi-parabolic structure on E at a pointx € Sis a
7 strictly decreasing flag

E. = F'E, D F?E, ... F*E, D FRHIE, = 0

o]

10 of linear subspaces in E,. We define

I ry =dimF/E, — dimF/*'E,.

12
13 The integer k is called the flag’s length, and the sequence (... r,’gx) is called the flag type. The points

in § are called parabolic points.

15 A parabolic srtucture in E at x is a quasi-parabolic structure at x as above, together with a sequence

16 of real numbers 0 < of < - < Oc,fx < 1. Wecall +,.. .,r,fx the multiplicities of af, ..., (x,fx. The o;
are called the weights, and we set

14

17

18 k

9 dy(E) = er(xj and wt(E) = deE.
5 j+1 x€S
51 We say that E is a holomorphic parabolic bundle with a parabolic structure on § if given a parabolic

o structure on the underlying smooth complex vector bundle E at each point x € S. We denote it by
o3 Ee = (E,F'E(x),0t")xep.

2a By aparabolic type T,, we mean a fixed flag type (r1,...7x,), fixed weights 0 < o <--- <o <1
-5 and degree d.

-5  The parabolic degree is defined by

27 (2.1) pardeg(E) = deg(E) + wi(E).

28

— We set

o deg(E)
par

0 (2.2) paru(E) = .

py rank(E)

32 A holomorphic parabolic bundle E, is called semi-stable (resp. stable) if for all sub-bundles F of
33 E, we have parpt(F) < pari(E) (resp. parit(F) < pari(E)), where F has induced parabolic structure
24 from E,.

35 Let M5 (7,) be the set of S-equivalence classes of semi-stable parabolic bundles on X having
36 parabolic type 7).

*”_Theorem 2.1. [12] There exists a natural structure of a normal projective variety on My (t,) of
38 . .
o dimension r2(g — D)+ 14+Y,cs %(r2 — Zf;l (rf)z)

g Theorem 2.2. [12] A holomorphic parabolic bundle E, of parabolic degree 0 is stable if and only if
41 there is an irreducible unitary representation p: 7 (X \ S) — U (r) such that E, = EY, where EY is a
42 holomorphic parabolic bundle associated to p.
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1 2.2. Gauge theoretic formulation. For a smooth complex parabolic vector bundle E of rank r on X

"2 with parabolic type 7, let € denote the space of holomorphic structure on E, more precisely, the space
'3 of operators
g AYE) — AYN(E);  9g(fs) = foe(s)+ (df)s.
5 Throughout the article, A?(E)(A”4(E), respectively) denotes space of smooth p(smooth (p,q), respec-
6 tively) forms on base space with values in bundle. Then, there is a bijective correspondence between
7 %par-orbits in €% and the isomorphism classes of holomorphic parabolic bundles on X having parabolic
type 7,, where

> |

8
- Goar = {g € C”(Aut(E)) | g respect the flag of Ey, for all x € S}.

—_

0
11 Let us first review Biquard’s formulation of Mehta-Seshadri theorem [12, 4].

12
e Sobolev spaces. Let E, be a smooth complex vector bundle on X with parabolic structure over S. The
— weighted Sobolev norm for s € A*(E) is defined as

k
o Isllyy e 12126\! Vsl

18 where || - || % weighted L” norm with weight 6 (for more details, see [11, 4] ). We denote by Wg P(E)

19 the completion of A’(E) with respect to the weighted Sobolev norm || - [
20 8

,;  Ford=k—2/p, welet W ::Wg’p.

oo Let F =1 x C” be a trivial vector bundle with the standard metric. Let 0 < o; < 0p--- < oty < 1 be
o3 the fixed real numbers, let o be the matrix

24 Qi

25 o =

% a

27
. where 0 < @) < & --- < &, < 1 in which ¢ are re-labeled according to their multiplicities.

oo Consider the decomposition of F by the eigenspaces Eq, of & = diag(&, ..., & ). Then, for any
5 4 €End(E), we have

31 u” € @GHom(Eg,, Eq;) and u" € EBHOTH(Ea,-,Eaj)-

32 i i£]

33 Consider the space

2% 2} (End(F)) = {u € End(F) | u” € L} (End(F)), u" € WF (End(F))}

36 with the norm leell 5p = ||uD||L£ + ||”H||W,f-

37 Let E, be a smooth complex parabolic vector bundle on X with parabolic structure over S. Let
38 x €8, and let z be a local coordinate on X at p such that z(x) = 0. Let {s;} be a local frame of E at
SE x. We say that a local frame {s;} of E at p respect the flag structure at x if F/E(x) is generated by
40 {Sl< )}z>r dimFJE (x)+1-

41 Consider a Hermitian metric / in Ex_g. We say that a metric & is a-adapted if for any parabolic
42 point x € S, the following holds: Choose a local coordinate z and a local frame {e;} of E near x which
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1 respect the flag structure at x. Then, there is a gauge transformation g near x such that in the local
o frame {g(e;)}, one has

’Z|2a1 0
(2.3) h= .
0 2

Let (E,,h) be a smooth Hermitian vector bundle on X with parabolic structure over S, where / is an
adapted Hermitian metric with respect to the given parabolic structure over S.
Recall that the Chern connection associated with the adapted hermitian metric on holomorphic

parabolic bundle E is
d
d"=d+h'oh=d+a”™
Z

S
[2l8[R|Z[3]e]e|~|o|a]s]e

‘ZT; ), we have

d"(() = ed(a) + gowd" (e)

With respect to the adapted frame (

-
(é)]

-

6

- s _ o
17 = —e¢; 72\Z|a[i+2 (ZdZ+ZdZ) +etz|z‘la,- dz

18

9 a2 (5= %)
20

21 From this, it follows that d" = d + %(% - g) in the adapted frame (IzT‘i"i ).
Let <7 denote the space of h-unitary connections associated with the holomorphic structure dg € €.

23 Consider the unitary gauge group of (E,h) defined by

24

s =18 € Ypar | 8lys 1 h-unitary }.

26 et 47 be the space of Daulbault operator dg of class Llf on X — S and is of the form

27

i = 1 dz

28 a—f(xfz%—a
2z

22

29

5o hear x € S in any local frame adapted to E with a € @f . Let %(g be the space of Sobolev gauge
5, transformations of E of class Lg on X — S and of class @f near x € S.

s Let .@/” be the space of h-unitary Sobolev connections on E of class Lf on X — S and is of the form

33 dz
o9 d+oa—+a
34 z

% near x € S in any local frame adapted to E with a € 2. We denote by %‘l" a group of unitary Sobolev

% gauge transformations.

87 The action of the Lie group ¢” on a connection A = D +a € <77 is given by
38
o g(D+a)=D+gag™' —(Dg)g™".

g The curvature of a connection A = D+a € /7 is given by
41

1
4 FA:FD—FDa—i—E[a,a].
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If p € (1,2), then DY (AY(u(E, h))) = L} (A (w(E, h))), and hence we have the curvature map F : o/? —
LP(A%(u(E,h))) ([24, Lemma 1.1]).
Let p € (1,2) satisfying

2

~
.[
&

~—

p<
2

m lf (Xj < OCJ

Then, the operator

[efe|~]ofo]s]e]n]-

—_
o

0 g : DY (End(E)) — D?(A™ @ End(E))
11

E is Fredholm. Using Fredholmness of this operator, it follows that any operator dr € € is equivalent
13 under the complex gauge group %g to a smooth operator on X (i.e. which is in &) [4, Proposition 2.8]

14 (cf. [1, Lemma 14.8]). There are bijective correspondences
15

16 AP |G ~ of |G~ C |G

17
1z Theorem 2.3. [4] Let &, be an indecomposable parabolic bundle with an adapted Hermitian metric h.

1o Then &, is parabolic stable if and only if there exists on & a connection A € o satisfying

20

o *Fy = —2n/—lparu(E).

°2_This connection is unique up to the action of the gauge group .
23

24 Let

Z% %, :={dg € €| (E.,dE) is stable parabolic bundle}
2Z and

A = 0~ Tpar ()

Z% P ={A € Ff | dy is irreducible}

32 . . .
. Then, we have the following commutative diagram

34

B G ———— Al
1
37 » »
% My (1)) —5= L 9]

39
40 The set M, (7)) 1= €°/%par = " /9] has a natural structure of Kihler manifold. In fact, Konno
41 [10] studied the moduli of more general objects, namely parabolic Higgs bundles, using the weighted
42 Sobolev spaces defined by Biquard [4].
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1 2.3. Vector bundles on real curves. By a real curve we will mean a pair (X,0x), where X is a
2 Riemann surface, and oy is an anti-holomorphic involution on X. Let o¢ : C — C be the conjugate
3 mapz—Z.

4 A vreal (resp. quaternionic) holomorphic vector bundle E — X is a holomorphic vector bundle,
together with an anti-holomorphic involution (resp. anti-involution) o of the total space E making

the diagram
GE
E—E

!

X—X
Ox

je|e]~]ofo]s

—_
o

11
;2 commutative, and such that, for all x € X, the map 6*|g(,) : E(x) — E(0x(x)) is C-antilinear:

13 of(A-n)=2-cf(n), forall A € C and all n € E(x).

14
5 We refer to the map oF as the real structure of E. Giving a real structure 6 on E is equivalent to
e giving a C-linear isomorphism ¢ : 63 E —> E such that 635 ¢ o ¢ = Idg.

A homomorphism between two real bundles (E, ") and (E’, o' is a homomorphism

18 f:E—FE

'® of holomorphic vector bundles over X such that fo & = 6% o f.

20 A holomorphic subbundle F of a real holomorphic vector bundle E is said to be a real subbundle of
2 Eif 6f(F)=F.

22 We refer to [7] for topological classification of real and quaternionic bundles. See also [21] for
#_discussion on the stability of such bundles over a real curve.

24

25 3. Parabolic bundles over real curves

26
o7 Let (E, o) be a smooth real (resp. quaternionic) vector bundle over a real curve (X, oy ). Let S be a

og finite subset of X such that ox(S) = S.

29 Definition 3.1. A parabolic structure on (E, %) over S is a quasi-parabolic structure on (E,c”) over
0 5.
31

- e for each x € S, there is a strictly decreasing flag

3 E(x)=F'E(x) DF?E(x) D--- D FRE(x) D F&TE(x) =0
34 of linear subspaces in E(x) satisfying o£ (F'E(x)) = F'E(ox(x))

z% together with a sequence of real numbers 0 < of <--- < og < 1, with the following property:

- e the weights over x and Ox (x) are same.

g A smooth real (resp. quaternionic) vector bundle (E, o) together with a parabolic structure as in
39 Definition 3.1 will be referred to as a smooth real (resp. quaternionic) parabolic vector bundle, and we
40 denoted it by (E.,o%). A real (resp. quaternionic) holomorphic vector bundle (E, oF) together with a
41 parabolic structure as in Definition 3.1 will be referred to as a real (resp. quaternionic) parabolic vector

42 bundle.

10 May 2023 05:32:56 PDT
230510-Amrutiya Version 1 - Submitted to Rocky Mountain J. Math.



Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION

A GAUGE THEORETIC ASPECT OF PARABOLIC BUNDLES OVER REAL CURVES 7

1 Remark 3.2. Let E, be a holomorphic parabolic bundle on (X,S). Then, o4E gets an induced
"> parabolic structure, and the resulting holomorphic parabolic bundle is denoted by 65 E,. If (E,,c%) is
'3 areal parabolic bundle over (X, Ox), then there is an isomorphism ¢ : E, — 0y E, of holomorphic
"4 parabolic bundles such that 6*¢ o ¢ = Idg (see [6]). A similar statement holds in the quaternionic case.
% Let us recall the definition of real parabolic semi-stable bundles over a real curve (see [2, 6]). A
— real parabolic bundle (E, ) is called real semistable if for every real parabolic subbundle F of E, we

— have
8

ERERY pi(F) <pu(E).
10
1 We say that a real parabolic bundle (E,c%) is real stable if the inequality (3.1) is strict, i. e.,

o PU (F) < pu(E) for every proper real subbundle F of E.

13 Proposition 3.3. Let (E,c*) be a real (resp. quaternionic) semistable parabolic bundle on (X, ox).
14 Then, the underlying holomorphic parabolic bundle E, is parabolic semistable.

15

16 Proof. Let ¢: E, — 0*E, be an isomorphism of holomorphic parabolic bundles such that 6*¢ o ¢ =
17 Idg. If E, is not parabolic semistable, then by [19, Theorem 8], there exists a unique maximal
;s destabilizing subbundle F of E. Note that ¢ (05 F) and F are subbundles of E having same rank and
19 parabolic degree with respect to the induced parabolic structure. Since F is the maximal destabilizing
20 subsheaf of E (for parabolic semistability), it follows that ¢ (G5 F') is the maximal destabilizing subsheaf
o1 of (o4 E). Hence, by the uniqueness, we have ¢ (05 F) = F. Since (E, 6%) is real (resp. quaternionic)
> semistable parabolic bundles, we have pu(F) < pu(E), which is a contradiction. O

* " The following result is a generalization of [21, Proposition 2.7] to real parabolic bundles. The proof

24, ., . . e
e is identical, with some additional arguments.

EE Proposition 3.4. Let (E,cF) be a real (resp. quaternionic) stable parabolic bundle on (X, cy). Then,

27 one of the following holds:

28 (1) The underlying holomorphic parabolic bundle E, is stable parabolic.

29 (2) There exists a holomorphic subbundle F of E such that F, is stable parabolic and (E,cF) is

80 isomorphic to Fy ® (04 F )4 as real (resp. quaternionic) parabolic bundle.

31
32 Proof. If the underlying holomorphic parabolic bundle E, is not stable parabolic, then there exists a
33 non-zero subbundle F of E such that pu(F) > pu(E). By Proposition 3.3, E, is parabolic semistable,
34 and hence we have pyt(F) = pu(E). In particular, F, is parabolic semistable. Let E’ be the subbundle
35 generated by o -invariant subsheaf F N o3 F of E, and E” be the subbundle generated by of-invariant
36 subsheaf F + o5 F of E.

37 Consider the short exact sequence

z; 0—E,—F®(05F)e — E. —0
g of parabolic bundles, where the map F, & (05 F )e — E_ is a morphism of real parabolic bundles,
41 where F @ (03 F) is endowed with real structure 6 (resp. quaternionic structure 6 ) (see [21, page

42 7]). Since E’ and E” are ¢*-invariant subbundles of E, and (E, 6%) is real stable parabolic bundle, we
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1 have
2 deg(E’) +wt(E) ,
i = E E)= F
B rank(E') PU(E") < pp(E) = pu(F)
* and

5
- deg(E") +wt(E") "
2 rank (E) PH(ET) <pu(E) = pu(F)
'8 Hence, we have
i / !/ /
0 (3.2) rank(F)(deg(E") + wt(E")) < rank(E")(deg(F) +wt(F))
11
E (3.3) rank(F)(deg(E") +wt(E")) < rank(E")(deg(F) + wt(F))

13
12 Note that deg(E’) + deg(E"”) = 2deg(F) and rank(E’) +rank(E") = 2rank(F'). Using this, from (3.2)

15 and (3.3), we have wt(E’) + wt(E") < wt(F), which is a contradiction. Hence, E/ = 0 and E” = E (if
16 E” is a proper subbundle of E, then we will have pu(E”) < pu(F). From this, one has

v deg(F)+wt(F) deg(E")+wt(E") deg(F)+wt(F)
% rank(F) B rank(E") rank(F)
2E i.e. deg(F)+wt(F) < deg(F) + wt(F), a contradiction). O

21
22 From the above result, we can deduce the following result that real stability implies simplicity in the
o3 category of real semistable parabolic bundles.

24

o5 Corollary 3.5. Let (E, oF) be a real stable parabolic bundles on (X, ox).

2% (1) If the underlying holomorphic bundle E, is parabolic stable, then the set of real parabolic

27 endomorphism of (E,c*%) is

2% (ParEnd(E,))®" = {A | Aldg € R} 2 R.

Z:) (2) If (E, O'E) is isomorphic to Fy ® (W}. as real parabolic bundle, then
%2 (ParEnd(E.))°" = {(A,2) |1 € C} = C.

33

34 Proof. If E, is parabolic stable, then it is known that

35
36 ParEnd(E,) = {A | Aldg € C} = C.

Z% The induce real structure on ParEnd is given by A — A, and hence

39 (ParEnd(E,))°" = {A | Aldg € R} 2 R.
40

zz The proof of (2) follows in the same way as that of [21, page 9] using the fact that the homothety gives
42 the parabolic endomorphism of a stable parabolic bundle. O
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Jordan-Holder filtrations. In this section, we study Jordan-Holder filtrations of real (resp. quater-
nionic) semistable parabolic bundles of fixed type 7).
If E, is a holomorphic semistable parabolic bundle, then there exists a filtration

O=EyCE|C---CE/=E

such that for each i = 1,2,... ¢, the parabolic quotient bundle (E;/E;_1). is stable with pu(E;/E;_1) =
pu(E). Such a filtration is called a Jordan-Hélder filtration of E,, which generally may not be unique.
However, the associated graded object

J4
10 gr(Es) == D (Ei/Ei-1)e
11 i=1

"2 is unique up to isomorphism. A holomorphic parabolic vector bundle, which is a direct sum of stable

'3 parabolic bundles of the equal parabolic slope, is called a poly-stable parabolic bundle. Note that the

' associated graded gr(E,) is a poly-stable parabolic bundle.

> We say that two semistable parabolic bundles E, and F, are S-equivalent if the associated graded
1° objects gr(E,) and gr(F,) are isomorphic as parabolic bundles. The isomorphism class of an associated

7 graded object of E, is called the S-equivalence class of E,.
18

19 Definition 3.6. A real (resp. quaternionic) parabolic bundle (E,c%) on (X, oY) is called real (resp.
20 quaternionic) polystable if there exists real (resp. quaternionic) stable parabolic bundles {(F;, 6}z 2«
21 of equal parabolic slope such that 6% = 61 @ --- @ o' and

22

k
3 E.=P(F). -
24 i=1

12

Z% Theorem 3.7. Let RPary (X, 0x) (resp. QPary (X, 0x)) denote the category of real (resp. quater-
— nionic) semistable parabolic bundles on (X, ox) having fixed parabolic type 7,. Then, RPary (X,0x)
o5 (Tesp. QParif7 (X,0x) ) is an abelian category. Moreover, the simple objects in RPar? (X,0x) are
oo precisely the real (resp. quaternionic) stable parabolic bundles having parabolic type 7).

80 Proof. Let Parii (X) be the category of semistable holomorphic parabolic bundles on X having fixed
81 parabolic type 7,. By Proposition 3.3, the category RParii (X, 0x) is a strict subcategory of ParsT; (X).
%2 Since Par?’ (X) is an abelian category, we only need to check that if ¢: (E ,of) — (F,0") is
= morphism in RPar? (X, ox), then Ker(¢) and Im(¢) are real vector bundles. Since ¢ is a morphism
= of real vector bundles, we have ¢ o 6F = 6 o ¢. From this, it follows that Ker(¢) is o -invariant and
— Im(¢) is of -invariant.

36
—  Let (E,oF) be a real stable parabolic bundle having parabolic type 7,. If (E, o) admit a non-trivial

Z% subobject, say (E’,6£) in RPar? (X, 0x), then it gives a contradiction to the fact that (E, of)bea
39 real stable parabolic bundle. Hence, (E, o) does not admit a non-trivial subobject in RPar? (X, ox).
‘E This implies that (E, o) is a simple object in RParSTi (X,0x). Conversely, if (E,cF) is a simple
41_object RPary (X, ox), then for any non-trivial real subbundle F of E, we have pp(F) < pi(E). This
42 completes the proof. O
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1 Definition 3.8. Let (E,c”) be a real semistable parabolic bundles on (X,ox). By a real (resp.
"2 quaternionic) parabolic Jordan-Holder filtration of (E, c*), we mean a filtration

S O0=EyCE|C---CE/=E

4

— by o -invariant subbundles of E such that for each i = 1,2, .../, the quotient real (resp. quaternionic)
- parabolic bundle (E;/E;1, ;) is real (resp. quaternionic) stable with pt(E;/Ei—1) = pu(E).

Z Proposition 3.9. Every real (resp. quaternionic) semistable parabolic bundle (E, o) admits a real
'8 Jordan-Holder filtration.

% Proof. Since the category RParSTZ (X,0x) is an abelian, Noetherian, and Artinian, the Jordan-Holder
.~ theorem holds in RPar? (X, ox). O

E Corollary 3.10. The holomorphic S-equivalence class of a real (resp. quaternionic) semistable
13 parabolic bundle (E,cF) contains a real (resp. quaternionic) polystable parabolic bundle. Any two
14 such objects are isomorphic as real (resp. quaternionic) polystable parabolic bundles.

o Proof. The first assertion follows from Propositions 3.9 and 3.4 (see Definition 3.6). For the second
1 assertion, it is enough to show that two real (resp. quaternionic) stable parabolic bundles (E1, o) and
7 (Ez,052) such that (E})e =2 (E3)e as holomorphic parabolic bundles are, in fact, isomorphic as real
— (resp. quaternionic) parabolic bundles. By Proposition 3.4, we need to consider the following two
5o cases to conclude the argument using induction.

o Case-1: Suppose that (E|)e and (E;). are stable holomorphic parabolic bundles.

o Let ¢@: (E1)e — (E2)e be an isomorphism of holomorphic parabolic bundle. By following the
s similar arguments as in [21, Proposition 2.8], we can conclude that (Ej,c%!) and (E,,c%2) are
— isomorphic as real (resp. quaternionic) parabolic bundles.

* Case-2: Suppose that (E1,051) 2 (F)e ® (05F1)e and (E2,0%2) 22 (F)e ® (05 F2)e, Where (F)o is
2 stable holomorphic bundle, i = 1, 2.

*° Since (E1)e and (E7)e are isomorphic as holomorphic polystable parabolic bundles, it follows that
?"_ either (F1)e = (F2)e 01 (F1)e = (03 F2)e. From this, it follows that the isomorphism @: (E1)e — (E2)e
2% of holomorphic parabolic bundles is an isomorphism of real (resp. quaternionic) parabolic bundles. [

0 4. Gauge theoretic approach to parabolic bundles over Klein surfaces

31
32 In this section, we study the induced real structure on the space of Sobolev connections and the gauge
33 group, which respect the parabolic structure on the fixed smooth real (resp. quaternionic) parabolic

34 bundle (E,, cF).

z% 4.1. Real structure on the space of Sobolev connections. Now let us fix a real (resp. quaternionic)
o smooth bundle (E,c%) on (X, 0x) with a real parabolic structure over S, where S is a finite subset
o of X such that ox(S) = S. Let ¢: G§E7—> E be the isomorphism, determined by the real (resp.
o quaternionic) structure of E, such that oy ¢ o ¢ = Idg (resp. —Idg). Note that A°(E) and A?*(E) have
o induced real structure from the real structure on E, which we shall denote by simply & and the induced
o isormorphism by ¢. For dg € €, we define a5 (dg): A°(E) — A%!(E) as follows: For any s € A°(E)

42 OCG(EE)(S) :J’(gc;E(‘P_lS))-

10 May 2023 05:32:56 PDT
230510-Amrutiya Version 1 - Submitted to Rocky Mountain J. Math.



Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION

A GAUGE THEORETIC ASPECT OF PARABOLIC BUNDLES OVER REAL CURVES 11

i Itis clear that 2 = Id¢. There is also an involution Y5 : %par — %par given by g — ¢(058)9 ' . As
E usual, @ acts on € as g- I := g(dpg ™).

3 - —
~, Lemma d.1. For g € Gy and dg € €, we have (g ) = Y5(8) - Ao (IE).
5 Proof. Let g € %y and I € €. Then,

f o(9.95) = $0 03805, 5057 )00

% =(¢o0oxgod ' )odo(dgp(9” (9o0o5g '09™)))

0 = ¥5(8) (0t (9E)Yo(8) ")

% = Yo(g)-ac(§E>

3 O
" Let% = {9 €% ag(9r) = Ir) and 4% = (< & %ar | Yo(s) = ). Then. the subgroup 4

I acts on the space ¥’* . The orbit space €%/ %’Z{’r is in bijection with the set of isomorphism classes of
16 real (resp. quaternionic) parabolic bundles whose underlying smooth real (resp. quaternionic) parabolic
'”_bundles are smoothly isomorphic to (E,, o).

'®  Letus fix an adapted Hermitian metric 4 on (E,, ). For D € /P, we define as (D) as follows:

19 _
20 doy(p) =P odgi5 007!

2— where 03D is the induced connection on 64E and ¢ : L} (A'(64E)) — L} (A'(E)) is isomorphism
~~ induced by the real structure on T*X Q E.

23 Also, the space </ is an affine space with the group of translations L! (A' (u(E))). Since u(E)
2— is compact Lie algebra, it admits and Ad-invariant non-degenerate symmetric bilinear form ( , ) :
2? u(E) x u(E) — R and the wedge product A : A! x A! — A? is skew-symmetric. By composing the two

— maps, we have a skew-symmetric bilinear form @ given by
27

2 LE(A (w(E)) x L} (A (u(E))) — L} (A>(u(E) ® u(E))) - R

29
37 (a,b)»—)a/\bH/(a/\b)
X

°_ which is non-degenerate. This skew-symmetric, non-degenerate, bilinear form  is called Atiyah-Bott

%2 symplectic form.

33
34 Proposition 4.2. Let p € (1,2) be such that the condition (2.4) holds. For D € </?, we have 0 (D) €

35 P. The map O : AP — P given by, A t(D) = §o3A¢~" is an anti-symplectic isometric
3? involution.

— Proof Let (¢;)!_, and (f;)/_, be local frames which respect flag structure of E and o3E at x € S.
— Let (q)) be the matrix of ¢ (with respect to frames (e;) and (f;)) which respects ﬂag structure, i. e.,

40
ar which is in Dp (End E), since p satisfies the condition (2.4). Note that {dz;0 ox ® f i}, is alocal frame

42 for T*X ® o4 E around x, and the matrix of ¢ also respects flag structure and lies in Dp P(AY(End(E)).

il (4,) = 01if o; < «j . The matrix of ¢ with respect to adapted frames (‘ 7 ) and (‘ ‘ ,) is |z|%~ a;(q))j,
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If (e;)7_, is a local frame for E on chart (U, z) around x, then (¢ ~!(e;))7_, will be a local frame for
o E on chart (U,z), and also a local frame for E on chart (0x(U),z0 Ox).

Any connection D € /" can be expressed (locally on chart (U, z)) as

o (dz dz
dp=d+- (Z - Z) dz®a"" +dz®a "V
Z

where a1, 401 ¢ DY (End E). Similarly, a connection D can be expressed locally on chart (ox (U),z0 0x)
as

-
[Bfefe]~]ofo]s]e]n]-

dy—dt @ (d(zo ox) d(zon)) +d(zoox) @b + d(z0oy) b0
2 (ZOGx)
1

(zoox)
., Wwhere p(10) pO1) ¢ DP(End E)(ox (U)).

;5  Hence, the induced connection o3 D can be expressed locally on chart (U, z) as

14 a (d(zoox) d(zooy) 10 o1
e doip=d+5 (o)~ (eoon) ) HAETT B+ dcoon) o0

16

;7 and on chart (ox(U),zo 0x) as

—_

18 B
o dp=d+ 5 (dz—dz) dz@a" +dz@a®V .

- X 2 z

20

51 Inthe chart (U,z), we have

2 dao(D)(ei) = (ﬁodc;ﬁo(q)il(ei))

24 ) o ) i - .

25 =d+¢o [% (Cl((z%‘;)) - d((;cgf))) ¢! (e;) +d(zo Gx)®Z[b(1’0)]{q) (e))
26 J

26 .

2 +d(z00x)© Y bV 07 (e;)]

2E J

29 . = Ty a7 Ty 47

o =d+ % (L - L)e —|—dz®2[b(170) oox|le; +dz®2[b(0’1) oox|le;
J J

31

5o Hence,

% @ (dz_dz B0 6 oy +dz© b0 0 oy

37 daU(D)Ed—i-E ?_T —|—d2®b? ch—l-dZ@b’ 0 Oyx.

% This shows that as(D) € &/P. Now, in the chart (ox (U),z0 Oy ), we have

36

p— o (d(zoox) d(zoox) — —
87 d Ed—l—( — +d(zoox) ®al9 ooy +d(z00x) @al®V) o oy.
- as (D) 2 (ZOGX) (ZOO'X) (Z X) X (Z X) X

i% The induced connection oy ¢tz (A) can be expressed locally on chart (U, z) as

s _ (04 d(ZOGx) d(ZOGx) — o T0 0D =
E dG;EOt(y(D) :d+2< (ZOGXf) - (ZOGX) +d(ZOGX)®a(19 )OGX +d(ZOGX)®a( :l)OGX.
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Hence, in chart (U, z), we have

daa(aa(z)))(ei> = ‘5 Od0§(aG(A)

= |
I
.
| K
|
|
|
~_
. D
+
.
S
X
]
S
=
=
&‘N

44 4
[@[R[=]3]e]e|~]o]a]s]e]|r]|-~

—
»
~

15 = dD(ei)

' From this, it follows that the map 0 : @/? — </” is an involution.

" The map LY (A" (X,u(E))) — LY (A'(X,u(E))) given by a — a(a) := ¢c*ap~" is anti-linear.
18 . . . ., . . . . . .

— Since (, ) is real valued on anti-Hermitian matrices and o is an orientation reversing isometry of X,

9 we have
2% o(0s(a),0s(b)) = —w(a,b) .
2 O

EE We say that D € 277 is real (resp. quaternionic) if as(D) = D. Let 5 denote the induced involution
24 _on &P. We denote by B the involution on LP(A%(u(E)) given by
= Bs(w):=gooxmod™",

26 N
>>_ where ¢ is the isomorphism induced by the real structure on the bundle AT X ® u(E)) (see (2.3)).

27
The following result is analogous to that of [21, Proposition 3.5].

28
29 Proposition 4.3. With the above notations:

0 (1) Forge 9P and D € o/P, we have ds(g(D)) = ¥5(g) (0 (D)).

st (2) For D € o/P, we have Fy (p) = Bo(Fp).
32
33 Proof. For g € 9P and D € &/P we have,

ol 0s(g-D) =@oog(g-D)od~!

35 = o(oxD+ (doypoyg)(oxg ') o9~

36 = 0g(D)+ ((§odszpod")(pooggod™"))((pooge ' oo™ ))
87 = Otg(D)+(d%(D)}’o(g))}/g(g_l)

% = Y5(g) - 0s(D).

i% For a section s € AY (E), we have

a1 dog(p)(s) =@odgp00 " (s)

42 :gﬁo%((pilosoax)oﬁx
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1 Hence,
2 dog(D) ©dag(p)(s) =¢o(dpodp(9~'osooy)ooy
3 =@ oox(dpodp)od~(s)
A :¢OFG§B¢_1(S)
5
5 From this, we can conclude that Fy,, (p) = Bo(Fp). O
7 Let# := (xF)~'(2my/—Ipar-u(E)). From the above Proposition 4.3, it follows that the involution
8

@ induces an involution on 275 . Moreover, the group ¢7-° acts on the fixed point set 275 % of the

- involtion os. For a real connection D € 27”7, we denote by O» (D) the orbit of D with respect to the

19 action of @7 in «7?, and by Ogp.c (D) the orbit of D with respect to the action of 7% in o7/P:%
11

E Proposition 4.4. [21, Proposition 3.6] If D is a real connection in /7, which defines a poly-stable
13_real (resp. quaternionic) structure, then Ogp (D) N &/ 7% = Ogp.o (D).

14
5 Proof. The proof follows in the same line of arguments as in [21, Proposition 3.6] using Proposition

o 3.4 and Biquard’s Theorem 2.3. O

7 _Theorem 4.5. Let (E,,c%) be a real (resp. quaternionic) smooth parabolic bundle over (X,o)
'8 having parabolic type T,. Let h be an adapted Hermitian metric h on E,. Let </VC~:” denote the

9 Lagrangian quotient <75*° /99P°. Then, the points of the space ,/V;” are in bijection with the real

20 ¢ resp. quaternionic) S-equivalence classes of real (resp. quaternionic) semistable parabolic vector

21 bundles that are smoothly isomorphic to (E,, oF).
22

zE Proof. The proof follows in the same line of arguments as in the proof of [21, Theorem 3.7] with the
24 aid of the Theorem 2.3, Proposition 4.3, Proposition 4.4. 0

25
— Remark 4.6. From the above Theorem 4.5, it follows that a real (resp. quaternionic) parabolic bundle
- (E,,o®) is polystable if and only if it admits a real (resp. quaternionic) adapted Hermitian-Yang-Mills
e connection (see [6, Theorem 3.6]).

2E For a connection D € <7, let us consider the connection B = %(D + ag(D)). Then, we have

30

o 1

st FB:*(FD"FF(XG(D))-

"3 2

33 To see this, let {e;}/_, be local frame of E over (U, z) then {¢ ! (e;)}7_, will be local frame of E over

3¢ (ox(U),zooy). Let wp = a1 0dz+ a®Vdz, where

35

% Dlej) = Y {laO)idz+ [ V)idz fe
37 !

%8 and @go(p) = b1 0 oxdz+ b)) 0 0xdz, where
39

40 D(9'(e))) = Z{[bm’o)];d(zio Ox) + [b(o’l)];d(zi o GX)}

41

g i.e., (Dao'(D) = b/(lvo)dz+b/(0,l)dz
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1 Note that .
- , ,
2 Wp :[ 2 zaU(D)]
3
- 1,0 1,0 0,1 0,1 o
5
E _ ab/(zl,o) dz+“bl(20’l>d2,
7
~ where ab'10) = (10) 4 p/10) gp/O1) = (1) 4 p/O1) ¢ AO(End E)
’y Now,
0 Qp = d((DD) + wp N\ 0p
11
o = (242 4z pdz+ 2400 dz 7] + [ O Pdz A dz
13
14 +a19) . gON{dz Adz + dz + dz} + [aOV]Pdz A d7]
15 Hence, we have
16 0401 94(1,0)
- Qp = — dzNdzZ
7 »=[=5; 57 |z
18
= ab/(l,O) ab/(o.,l)

Q = — dzNdzZ
;% a’(D) [ Jz 07 ] <Aaz
o and hence,

10,1) /(1,0) =

o Qp :[811132 _aagz ]dz/z\dz
= 9a%) aa (1.0) ab’ 1.0 9p'O0D) 1 dzndz
24 =[{ Jz } { oz }] 2
25
2 = 3[Q0 +Qqy )]

27 Let D € o/ be such that xFp = —27+/—Iparjt(E) . Consider the connection B = J(D+ 0 (D)). Then,
%8 clearly 0;(B) = B. From the above computation, it follows that xFz = —27+/—Iparu(E). This
2i discussion shows that if there is a holomorphic structure on E such that the resulting holomorphic

30 parabolic bundle E, is semistable, then on can get a holomorphic structure on E which is compatible

31 with the real (resp. quaternionic) structure such that (E,,dp) is semistable.

32
33 Equivariant point of view. Here, we will briefly outline an equivariant approach to address the
34 question of constructing suitable moduli space of real (resp. quaternionic) parabolic bundles (discussed
35 above) using the equivariant description of real (resp. quaternionic) parabolic bundles without specific
36 routine details.

37 Suppose that the weights 0 < of < --- < oy are rational numbers. Let N be a positive integer
38 such that all the weights are integral multlple of I/N. Let p: (Y,0v) — (X, 0x) be an N-fold cyclic
39 ramified covering which is ramified over each point of S [2]. Let I" be a Galois group of the covering
40 p. There is an equivalence between the category of real (resp. quaternionic) I'-equivariant vector
41 bundles over (Y, oy) and the category of real (resp. quaternionic) parabolic bundles over (X, oy;S)
42 whose weights are integral multiple of 1/N. Let B(7) be the set of real S-equivalence classes of real
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1 I'-equivariant semistable bundles over (Y, oy) having local type 7 (cf. [17] for local type). Let B(7),)
2 be the set of real (resp. quaternionic) S-equivalence classes of real parabolic bundles over (X, oy;S)
'3 having parabolic type 7,, where the parabolic type 7, is uniquely determine by the local type 7. Using
4 [2, Proposition 5.4], it is straightforward to check that, under the equivalence ¥ of [2, Theorem 5.3],
there is a bijection between B(7) and B(7),).

Fix a real (resp. quaternionic) smooth I'-equivariant bundle (W, ") on (Y, oy ) having local type

7 T. Let ¥ denote the space of holomorphic structure on W, and let ¢4 be the gauge group of W. A
“s holomorphic structure dy in W is called compatible with I'-equivariant structure on W if the map
9 dw: AY(W) — A% (W) is -equivariant. Let %t be the set of all holomorphic structures compatible
10 with the T-equivariant structure on W. Let 4 be the subgroup of ¢ consisting of I'-equivariant
11 automorphisms of W. There is induced involution on &, which we denote by @&. Similarly, we have
12 the induced involution f5 on J7Z. i
13 Let @fi" = {0w € Ir | ts(dw) = dw} and 4° := {g € % | ¥5(g) = g}- It can be easily checked
14 that the orbit space @196 °/ %12/" is in bijection with the set of isomorphism classes of real (resp. quater-
5 nionic) ['-equivariant holomorphic bundles whose underlying smooth real (resp. quaternionic) bundles
16 are smoothly isomorphic to (W,c") as I'-equivariant bundles.

17 Fix a I'-invariant Hermitian metric Ay on W. Let . be the set of all Ay -unitary connections on
18 W, and the set .o of all hy-unitary I'-equivariant connections on W. Let 24 denote the subgroup of
19 unitary automorphisms of (W, hy ) consisting of unitary I'-automorphism of (W, Ay ).

20 Let @ g = (xF) "' (2w/—1(W)/N). Then, one can check that

21

|||

22

s N = Mr‘f‘;/%ﬁa ~ B (1) ~ B(1,).

24

> The bijection A" — B(7) can be proved by establishing the results of [21] in the equivariant set-up.

26 ~
5. The second bijection B(t) — B(7,) is a consequence of the preservation of stability under the
8 equivalence W of [2, Theorem 5.3] as mentioned above. In this approach, one can avoid the use of the
oo theory of weighted Sobolev spaces; while working with the rational weights.

30
31 4.2. Real points of the moduli scheme. Let My’ (7,) be the moduli scheme of stable holomorphic

5> parabolic bundles of parabolic type 7,. Then, we get a map oy : My (7,) — My (7,) given by
33 |Ee] — [0%E.] on the closed points.

34

35 Proposition 4.7. The map oy : M3 (t,) — My (7)) is a semi-linear involution of C-schemes.

36

BZ Proof. Let T be a C-scheme and E, be a flat family of semistable parabolic bundles of type 7,
38 parametrized by T'. Consider the morphism o7 := oy X Idr: X x¢T — X x¢ T. Then, O} E. is flat
39 over T and for any ¢ € T, we have 6} E;, = 6§ E;, as parabolic bundles over (X,S). Therefore, 6} E,
40 is a flat family of semistable parabolic bundles of type 7,. By universal property of moduli scheme
41 M3 (tp), the map T — M5 (7,) given by ¢ — [07E,,] is a morphism. Since T and E, are arbitrary,
42 and or being semi-linear involution, it follows that the map oy : My (1,) — My’ (7,) is a morphism
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of schemes such that the following diagram

oM
My (Tp) —— My (1))

L]

Spec(C) o Spec(C)

commutes. O

jele|~]o]a]s]e]m]-

The elements of fixed point set M5’ (7,)(IR) of the involution 6, on M3 (7,)(C) may have both (real
—~_ and quaternionic) structures or may be of neither type (see [21, §2.5] for the discussion in the usual

' case). The situation is better in the case of a (geometrically) stable locus.
12

13 Lemma 4.8. Let E, be a stable holomorphic parabolic bundle on X with G}E, = F, Then, E, is
14 either real or quaternionic, and it can not be both.

—_

0

o Proof. Note that the isomorphism ¢ : E, — Oy E, is the same as the anti-holomorphic map 6: E —
— E which respects the parabolic structure over S. Hence, the composition 62 is a parabolic automorphism
— of E,. Since E, is stable, we have 62 = cIdg. The remaining proof follows in the same line as in
— [7 21]. O

2i Lemma 4.9. Let E, be a stable holomorphic parabolic bundle on X. If 6 and &' are two real (resp.
21 quaternionic) structure on E such that (E.,6) and (E.,8’) are real (resp. quaternionic) parabolic
22 pundles, then (E.,5) = (E., ).

= ., Proof. Note that 6 0 6’ is a parabolic automorphism of E Slnce E, is stable, we have 606’ = A € C*.
25 o5 As in the proof of [21, Proposition 2.8], we get 6 = ¢* $6/ei% , where A = ¢/® for some 6 € R. This
o6 proves that (E.,6) = (E,,6"). O

27 .
e By Proposition 4.4, we can see that the map

2 N — MP(5,)(C) 5 Ogra(D) s Ogn(D)

Z% is injective. For D € /7% we have oy (Ogr(D)) = Oyr(D). Hence, it follows that the quotient

., Space </V(~:p embeds into the space My (7,)(R) of real points of the moduli scheme M5 (7,). Let
T T 3

5 Mo =N M (%) (R)

-, For a smooth parabolic bundle E, with parabolic type 7,, let J denote the parabolic gauge conjugacy

34
55 Classes of real or quaternionic structures on E.

%6 Proposition 4.10. M5 (7,)(R) = | | ,/VG_T‘;

87 [6]eT

38

39 Proof. By Theorem 4.5 and Lemma 4.8, we can conclude that My (7))( U N T” I [E

g [6]eT

41 </V~T” </V6," , then by Lemma 4.9, we have (E,, &) = (E., 6'). Hence, a parabolic gauge transformation
42 conjugates the real structures 6 and 6’ 0J
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Remark 4.11. There is an isomorphism of schemes y: M5 (1) — M5¥(1,) given by [W]— [(pW').]
such that the following diagram

M (1) —— M5s (1)

pMJ JGM

M (1) —— M5s (1)

[~[ofofs]e]o]~

¢ commutes, where My’ (7) is the moduli space of I'-equivariant semistable vector bundles on Y having
"5 local type 7, and py the induced semi-linear involution on M}’(7). Moreover, we have

0 My(D(R) = | | A5,

11 [6]eT

2 Where J denote the gauge conjugacy classes of real or quaternionic structures on W, which are

B compatible with the I"-equivariant structure on W.

14
E 4.3. Quillen line bundle. Recall that there is a determinant line bundle . on % (cf. [16]) such that
16 the action of C* on .Z is given by 4 - s — A~2E)g where A € C* and ¥(E) =d +r(1 —g) (see, [5, p.
17 49]). Fix a point x € X \ S. Consider the line bundle

18

= P = " @ (det(E x Ey))*E)

19
20 Then, the action of C* on .Z is trivial. Note that the quotient map @: €5 — Mx/(7,) is a P9 -

21 principal bundle, where 29 5 = %par/C* and
22 s :={dg € € | (E.,0E) is stable parabolic bundle}.

23 -

o, Hence, the restriction of .2’ on ¢ descends to a line bundle Ly, on My (7). Recall that the Lagrangjan
-5 quotient y/: €2 — JVJ” is a @%gﬁr—principal bundle. Then, the restriction of the line bundle .Z to
26 €2 descends to a line bundle Lg’ on JVJ” . Consider the following

27 1
= 6 ——

2 @ }»
80 JVTP s
31 s — M (7))

32

53 commutative diagram of principal bundles. Then, we have j*(Lpar) = L;" .

34
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