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A GAUGE THEORETIC ASPECT OF PARABOLIC BUNDLES OVER REAL CURVES

SANJAY AMRUTIYA AND AYUSH JAISWAL

ABSTRACT. In this article, we study the gauge theoretic aspects of real and quaternionic parabolic
bundles over a real curve (X ,σX ), where X is a compact Riemann surface and σX is an anti-holomorphic
involution. For a fixed real or quaternionic structure on a smooth parabolic bundle, we examine the
orbits space of real or quaternionic connection under the appropriate gauge group. The corresponding
gauge-theoretic quotients sit inside the real points of the moduli of holomorphic parabolic bundles having
a fixed parabolic type on a compact Riemann surface X .

1. Introduction

In [13], Narasimhan and Seshadri proved that the vector bundles associated with irreducible unitary
representations of the fundamental group of a compact Riemann surface are precisely the stable vector
bundles on a compact Riemann surface. In [9], Donaldson proved the Narasimhan-Seshadri theorem
using the results of [24]. When a compact Riemann surface X is equipped with an anti-holomorphic
involution σX , an analogue of Narasimhan-Seshadri theorem for real and quaternionic bundles is
studied in [22], see also [7].

The notion of parabolic bundles on compact Riemann surfaces was first introduced by C. S. Seshadri
and their moduli was constructed in [12], using GIT, by Mehta and Seshadri. In [12], they have proved
that stable parabolic bundles of degree zero on a compact Riemann surface are precisely those vector
bundles associated with irreducible unitary representations of the fundamental group of a punctured
Riemann surface. In [4], Biquard improved (allowing real parabolic weights) the result of Mehta
and Seshadri following [9] by considering appropriate Sobolev spaces using results of [11]. See also
[10, 15, 8] for a gauge-theoretic approach to parabolic bundles. The parabolic bundles over a real curve
(X ,σX) is studied in [2, 3, 6]. In [6], Biswas and Schaffhauser established a bijective correspondence
between the isomorphism classes of polystable real and quaternionic parabolic vector bundles and the
equivalence classes of real and quaternionic unitary representations of the orbifold fundamental group
of (X ,σX).

This paper studies the gauge-theoretic aspects of parabolic bundles over a real curve. Section 2
reviews some basic concepts and results concerning parabolic bundles on compact Riemann surfaces.
In Section 3, we examine the stability of real (resp. quaternionic) parabolic bundles and S-equivalence
classes of such bundles. In Section 4, we study the induced real structure on the space of connection and
parabolic gauge group. We show that the corresponding quotients parametrize the real S-equivalence
classes of semistable real (resp. quaternionic) parabolic bundles.
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2. Preliminaries

This section recalls some basic notions and results about parabolic bundles. More details can be found
in [12, 4].

2.1. Parabolic bundles. Let X be a compact Riemann surface and S a finite subset of X . Let E be a
smooth complex vector bundle of rank r on X . A quasi-parabolic structure on E at a point x ∈ S is a
strictly decreasing flag

Ex = F1Ex ⊇ F2Ex . . . FkxEx ⊇ Fkx+1Ex = 0

of linear subspaces in Ex. We define

rx
j = dimF jEx−dimF j+1Ex.

The integer kx is called the flag’s length, and the sequence (rx
1, . . .r

x
kx
) is called the flag type. The points

in S are called parabolic points.
A parabolic srtucture in E at x is a quasi-parabolic structure at x as above, together with a sequence

of real numbers 0 ≤ αx
1 < · · ·< αx

kx
< 1. We call rx

1, . . . ,r
x
kx

the multiplicities of αx
1 , . . . ,α

x
kx

. The α j
are called the weights, and we set

dx(E) =
kx

∑
j+1

r jα j and wt(E) = ∑
x∈S

dxE.

We say that E is a holomorphic parabolic bundle with a parabolic structure on S if given a parabolic
structure on the underlying smooth complex vector bundle E at each point x ∈ S. We denote it by
E• = (E,F iE(x),αx

i )x∈P.
By a parabolic type τp, we mean a fixed flag type (r1, . . .rkx), fixed weights 0≤ αx

1 < · · ·< αx
kx
< 1

and degree d.
The parabolic degree is defined by

(2.1) pardeg(E) = deg(E)+wt(E).

We set

(2.2) parµ(E) =
pardeg(E)
rank(E)

.

A holomorphic parabolic bundle E• is called semi-stable (resp. stable) if for all sub-bundles F of
E, we have parµ(F)≤ parµ(E) (resp. parµ(F)≤ parµ(E)), where F has induced parabolic structure
from E•.

Let Mss
X (τp) be the set of S-equivalence classes of semi-stable parabolic bundles on X having

parabolic type τp.

Theorem 2.1. [12] There exists a natural structure of a normal projective variety on Mss
X (τp) of

dimension r2(g−1)+1+∑x∈S
1
2(r

2−∑
kx
i=1(r

x
i )

2).

Theorem 2.2. [12] A holomorphic parabolic bundle E• of parabolic degree 0 is stable if and only if
there is an irreducible unitary representation ρ : π1(X \S)−→U(r) such that E• ∼= Eρ

• , where Eρ
• is a

holomorphic parabolic bundle associated to ρ .
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2.2. Gauge theoretic formulation. For a smooth complex parabolic vector bundle E of rank r on X
with parabolic type τp, let C denote the space of holomorphic structure on E, more precisely, the space
of operators

∂ E : A0(E)−→ A0,1(E); ∂̄E( f s) = f ∂̄E(s)+(∂̄ f )s .

Throughout the article, Ap(E)(Ap,q(E), respectively) denotes space of smooth p(smooth (p,q), respec-
tively) forms on base space with values in bundle. Then, there is a bijective correspondence between
Gpar-orbits in CE and the isomorphism classes of holomorphic parabolic bundles on X having parabolic
type τp, where

Gpar := {g ∈C∞(Aut(E)) | g respect the flag of Ex, for all x ∈ S} .

Let us first review Biquard’s formulation of Mehta-Seshadri theorem [12, 4].

Sobolev spaces. Let E• be a smooth complex vector bundle on X with parabolic structure over S. The
weighted Sobolev norm for s ∈ A`(E) is defined as

‖s‖
W k,p

δ

:=
k

∑
j=0
‖5 j s‖Lp

δ

,

where ‖ · ‖Lp
δ

weighted Lp norm with weight δ (for more details, see [11, 4] ). We denote by W k,p
δ

(E)

the completion of A`(E) with respect to the weighted Sobolev norm ‖ · ‖
W k,p

δ

.

For δ = k−2/p, we let W p
k :=W k,p

δ
.

Let F =D×Cr be a trivial vector bundle with the standard metric. Let 0≤ α1 < α2 · · ·< α` < 1 be
the fixed real numbers, let α be the matrix

α =

α̃1
. . .

α̃r


where 0≤ α̃1 ≤ α̃2 · · · ≤ α̃r < 1 in which αi are re-labeled according to their multiplicities.

Consider the decomposition of F by the eigenspaces Eαi of α = diag(α̃1, . . . , α̃r). Then, for any
u ∈ End(E), we have

uD ∈
⊕

i

Hom(Eαi ,Eαi) and uH ∈
⊕
i 6= j

Hom(Eαi ,Eα j) .

Consider the space

D p
k (End(F)) = {u ∈ End(F) | uD ∈ Lp

k (End(F)), uH ∈W p
k (End(F))}

with the norm ‖u‖D p
k
= ‖uD‖Lp

k
+‖uH‖W p

k
.

Let E• be a smooth complex parabolic vector bundle on X with parabolic structure over S. Let
x ∈ S, and let z be a local coordinate on X at p such that z(x) = 0. Let {si} be a local frame of E at
x. We say that a local frame {si} of E at p respect the flag structure at x if F jE(x) is generated by
{si(x)}i≥r−dimF jE(x)+1.

Consider a Hermitian metric h in E|X−S. We say that a metric h is α-adapted if for any parabolic
point x ∈ S, the following holds: Choose a local coordinate z and a local frame {ei} of E near x which
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respect the flag structure at x. Then, there is a gauge transformation g near x such that in the local
frame {g(ei)}, one has

(2.3) h =

|z|
2α1 0

. . .
0 |z|2α`

 .

Let (E•,h) be a smooth Hermitian vector bundle on X with parabolic structure over S, where h is an
adapted Hermitian metric with respect to the given parabolic structure over S.

Recall that the Chern connection associated with the adapted hermitian metric on holomorphic
parabolic bundle E is

dh = d +h−1
∂h = d +α

dz
z

With respect to the adapted frame ( ei

|z|αi ), we have

dh( ei
|z|αi ) = eid( 1

|z|αi )+
1
|z|αi dh(ei)

=−ei · αi
2|z|αi+2 (zdz+ zdz)+ ei

αi
z|z|αi dz

= ei
|z|αi

αi
2 (

dz
z −

dz
z ) .

From this, it follows that dh = d + α

2 (
dz
z −

dz
z ) in the adapted frame ( ei

|z|αi ).

Let A denote the space of h-unitary connections associated with the holomorphic structure ∂ E ∈ C .
Consider the unitary gauge group of (E,h) defined by

Gh = {g ∈ Gpar | g|X–S is h-unitary}.

Let C p be the space of Daulbault operator ∂ E of class Lp
1 on X−S and is of the form

∂̄ − 1
2

α
dz̄
z̄
+a

near x ∈ S in any local frame adapted to E with a ∈ D p
1 . Let G p

C be the space of Sobolev gauge
transformations of E of class Lp

2 on X−S and of class D p
2 near x ∈ S.

Let A p be the space of h-unitary Sobolev connections on E of class Lp
1 on X−S and is of the form

d +α
dz
z
+a

near x ∈ S in any local frame adapted to E with a ∈D p
1 . We denote by G p

h a group of unitary Sobolev
gauge transformations.

The action of the Lie group G p on a connection A = D+a ∈A p is given by

g(D+a) = D+gag−1− (Dg)g−1 .

The curvature of a connection A = D+a ∈A p is given by

FA = FD +Da+
1
2
[a,a] .
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If p∈ (1,2), then Dp
1(A

1(u(E,h)))=Lp
1(A

1(u(E,h))), and hence we have the curvature map F : A p−→
Lp(A2(u(E,h))) ([24, Lemma 1.1]).

Let p ∈ (1,2) satisfying

(2.4) p <


2

2+α j−αi
if αi > α j;

2
1+α j−αi

if αi < α j

Then, the operator

∂̄E : Dp
2(End(E))−→ Dp

1(A
0,1⊗End(E))

is Fredholm. Using Fredholmness of this operator, it follows that any operator ∂̄E ∈ C p is equivalent
under the complex gauge group G p

C to a smooth operator on X (i.e. which is in C ) [4, Proposition 2.8]
(cf. [1, Lemma 14.8]). There are bijective correspondences

A p/G p
h 'A /Gh ' C /Gpar.

Theorem 2.3. [4] Let E• be an indecomposable parabolic bundle with an adapted Hermitian metric h.
Then E• is parabolic stable if and only if there exists on E a connection A ∈A satisfying

?FA =−2π
√
−1parµ(E) .

This connection is unique up to the action of the gauge group Gh.

Let

Cs := {∂̄E ∈ C | (E•, ∂̄E) is stable parabolic bundle}

and

A p
ss := F−1(2π

√
−1par-µ(E))

A p
s := {A ∈A p

ss | dA is irreducible}

Then, we have the following commutative diagram

Cs
ι

//

q
��

A p
s

π

��

Ms
X(τp)

ϕ
// A p

s /G p
h .

The set Ms
X(τp) := C s/Gpar ∼= A p

s /G p
h has a natural structure of Kähler manifold. In fact, Konno

[10] studied the moduli of more general objects, namely parabolic Higgs bundles, using the weighted
Sobolev spaces defined by Biquard [4].
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A GAUGE THEORETIC ASPECT OF PARABOLIC BUNDLES OVER REAL CURVES 6

2.3. Vector bundles on real curves. By a real curve we will mean a pair (X ,σX), where X is a
Riemann surface, and σX is an anti-holomorphic involution on X . Let σC : C−→ C be the conjugate
map z 7→ z̄.

A real (resp. quaternionic) holomorphic vector bundle E −→ X is a holomorphic vector bundle,
together with an anti-holomorphic involution (resp. anti-involution) σE of the total space E making
the diagram

E σE
//

��

E

��

X
σX
// X

commutative, and such that, for all x ∈ X , the map σE |E(x) : E(x)−→ E(σX(x)) is C-antilinear:

σ
E(λ ·η) = λ̄ ·σE(η), for all λ ∈ C and all η ∈ E(x).

We refer to the map σE as the real structure of E. Giving a real structure σE on E is equivalent to
giving a C-linear isomorphism φ : σ∗X E −→ E such that σ∗X φ ◦φ = IdE .

A homomorphism between two real bundles (E,σE) and (E ′,σE ′) is a homomorphism

f : E −→ E ′

of holomorphic vector bundles over X such that f ◦σE = σE ′ ◦ f .
A holomorphic subbundle F of a real holomorphic vector bundle E is said to be a real subbundle of

E if σE(F) = F .
We refer to [7] for topological classification of real and quaternionic bundles. See also [21] for

discussion on the stability of such bundles over a real curve.

3. Parabolic bundles over real curves

Let (E,σE) be a smooth real (resp. quaternionic) vector bundle over a real curve (X ,σX). Let S be a
finite subset of X such that σX(S) = S.

Definition 3.1. A parabolic structure on (E,σE) over S is a quasi-parabolic structure on (E,σE) over
S:

• for each x ∈ S, there is a strictly decreasing flag

E(x) = F1E(x)⊃ F2E(x)⊃ ·· · ⊃ FkxE(x)⊃ Fkx+1E(x) = 0

of linear subspaces in E(x) satisfying σE
x (F

iE(x)) = F iE(σX(x))
together with a sequence of real numbers 0≤ αx

1 < · · ·< αx
kx
< 1, with the following property:

• the weights over x and σX(x) are same.

A smooth real (resp. quaternionic) vector bundle (E,σE) together with a parabolic structure as in
Definition 3.1 will be referred to as a smooth real (resp. quaternionic) parabolic vector bundle, and we
denoted it by (E•,σE). A real (resp. quaternionic) holomorphic vector bundle (E,σE) together with a
parabolic structure as in Definition 3.1 will be referred to as a real (resp. quaternionic) parabolic vector
bundle.
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Remark 3.2. Let E• be a holomorphic parabolic bundle on (X ,S). Then, σ∗X E gets an induced
parabolic structure, and the resulting holomorphic parabolic bundle is denoted by σ∗X E•. If (E•,σE) is
a real parabolic bundle over (X ,σX), then there is an isomorphism φ : E• −→ σ∗X E• of holomorphic
parabolic bundles such that σ∗φ ◦φ = IdE (see [6]). A similar statement holds in the quaternionic case.

Let us recall the definition of real parabolic semi-stable bundles over a real curve (see [2, 6]). A
real parabolic bundle (E,σE) is called real semistable if for every real parabolic subbundle F of E, we
have

(3.1) pµ(F)≤ pµ(E).

We say that a real parabolic bundle (E,σE) is real stable if the inequality (3.1) is strict, i. e.,
pµ(F)< pµ(E) for every proper real subbundle F of E.

Proposition 3.3. Let (E,σE) be a real (resp. quaternionic) semistable parabolic bundle on (X ,σX).
Then, the underlying holomorphic parabolic bundle E• is parabolic semistable.

Proof. Let φ : E• −→ σ∗E• be an isomorphism of holomorphic parabolic bundles such that σ∗φ ◦φ =
IdE . If E• is not parabolic semistable, then by [19, Theorem 8], there exists a unique maximal
destabilizing subbundle F of E. Note that φ(σ∗X F) and F are subbundles of E having same rank and
parabolic degree with respect to the induced parabolic structure. Since F is the maximal destabilizing
subsheaf of E (for parabolic semistability), it follows that φ(σ∗X F) is the maximal destabilizing subsheaf
of φ(σ∗X E). Hence, by the uniqueness, we have φ(σ∗X F) = F . Since (E,σE) is real (resp. quaternionic)
semistable parabolic bundles, we have pµ(F)≤ pµ(E), which is a contradiction. �

The following result is a generalization of [21, Proposition 2.7] to real parabolic bundles. The proof
is identical, with some additional arguments.

Proposition 3.4. Let (E,σE) be a real (resp. quaternionic) stable parabolic bundle on (X ,σX). Then,
one of the following holds:

(1) The underlying holomorphic parabolic bundle E• is stable parabolic.
(2) There exists a holomorphic subbundle F of E such that F• is stable parabolic and (E,σE) is

isomorphic to F•⊕ (σ∗X F)• as real (resp. quaternionic) parabolic bundle.

Proof. If the underlying holomorphic parabolic bundle E• is not stable parabolic, then there exists a
non-zero subbundle F of E such that pµ(F)≥ pµ(E). By Proposition 3.3, E• is parabolic semistable,
and hence we have pµ(F) = pµ(E). In particular, F• is parabolic semistable. Let E ′ be the subbundle
generated by σE -invariant subsheaf F ∩σ∗X F of E, and E ′′ be the subbundle generated by σE -invariant
subsheaf F +σ∗X F of E.

Consider the short exact sequence

0−→ E ′• −→ F•⊕ (σ∗X F)• −→ E ′′• −→ 0

of parabolic bundles, where the map F•⊕ (σ∗X F)• −→ E ′′• is a morphism of real parabolic bundles,
where F⊕ (σ∗X F) is endowed with real structure σ̃+ (resp. quaternionic structure σ̃−) (see [21, page
7]). Since E ′ and E ′′ are σE -invariant subbundles of E, and (E,σE) is real stable parabolic bundle, we
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have
deg(E ′)+wt(E ′)

rank(E ′)
= pµ(E ′)< pµ(E) = pµ(F)

and
deg(E ′′)+wt(E ′′)

rank(E ′′)
= pµ(E ′′)< pµ(E) = pµ(F)

Hence, we have

(3.2) rank(F)(deg(E ′)+wt(E ′))< rank(E ′)(deg(F)+wt(F))

(3.3) rank(F)(deg(E ′′)+wt(E ′′))< rank(E ′′)(deg(F)+wt(F))

Note that deg(E ′)+deg(E ′′) = 2deg(F) and rank(E ′)+ rank(E ′′) = 2rank(F). Using this, from (3.2)
and (3.3), we have wt(E ′)+wt(E ′′)< wt(F), which is a contradiction. Hence, E ′ = 0 and E ′′ = E (if
E ′′ is a proper subbundle of E, then we will have pµ(E ′′)< pµ(F). From this, one has

deg(F)+wt(F)

rank(F)
=

deg(E ′′)+wt(E ′′)
rank(E ′′)

<
deg(F)+wt(F)

rank(F)

i.e. deg(F)+wt(F)< deg(F)+wt(F), a contradiction). �

From the above result, we can deduce the following result that real stability implies simplicity in the
category of real semistable parabolic bundles.

Corollary 3.5. Let (E,σE) be a real stable parabolic bundles on (X ,σX).

(1) If the underlying holomorphic bundle E• is parabolic stable, then the set of real parabolic
endomorphism of (E,σE) is

(ParEnd(E•))σE
= {λ | λ IdE ∈ R} ∼=R R .

(2) If (E,σE) is isomorphic to F•⊕ (σ∗X F)• as real parabolic bundle, then

(ParEnd(E•))σE
= {(λ ,λ ) | λ ∈ C} ∼=R C.

Proof. If E• is parabolic stable, then it is known that

ParEnd(E•) = {λ | λ IdE ∈ C} ∼= C.

The induce real structure on ParEnd is given by λ 7→ λ , and hence

(ParEnd(E•))σE
= {λ | λ IdE ∈ R} ∼=R R .

The proof of (2) follows in the same way as that of [21, page 9] using the fact that the homothety gives
the parabolic endomorphism of a stable parabolic bundle. �
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Jordan-Hölder filtrations. In this section, we study Jordan-Hölder filtrations of real (resp. quater-
nionic) semistable parabolic bundles of fixed type τp.

If E• is a holomorphic semistable parabolic bundle, then there exists a filtration

0 = E0 ⊂ E1 ⊂ ·· · ⊂ E` = E

such that for each i = 1,2, . . . , `, the parabolic quotient bundle (Ei/Ei−1)• is stable with pµ(Ei/Ei−1) =
pµ(E). Such a filtration is called a Jordan-Hölder filtration of E•, which generally may not be unique.
However, the associated graded object

gr(E•) :=
⊕̀
i=1

(Ei/Ei−1)•

is unique up to isomorphism. A holomorphic parabolic vector bundle, which is a direct sum of stable
parabolic bundles of the equal parabolic slope, is called a poly-stable parabolic bundle. Note that the
associated graded gr(E•) is a poly-stable parabolic bundle.

We say that two semistable parabolic bundles E• and F• are S-equivalent if the associated graded
objects gr(E•) and gr(F•) are isomorphic as parabolic bundles. The isomorphism class of an associated
graded object of E• is called the S-equivalence class of E•.

Definition 3.6. A real (resp. quaternionic) parabolic bundle (E,σE) on (X ,σX) is called real (resp.
quaternionic) polystable if there exists real (resp. quaternionic) stable parabolic bundles {(Fi,σ

Fi)}i=1,2,...,k
of equal parabolic slope such that σE = σF1⊕·· ·⊕σFk and

E• ∼=
k⊕

i=1

(Fi)• .

Theorem 3.7. Let RParss
τp(X ,σX) (resp. QParss

τp(X ,σX)) denote the category of real (resp. quater-
nionic) semistable parabolic bundles on (X ,σX) having fixed parabolic type τp. Then, RParss

τp(X ,σX)

(resp. QParss
τp(X ,σX) ) is an abelian category. Moreover, the simple objects in RParss

τp(X ,σX) are
precisely the real (resp. quaternionic) stable parabolic bundles having parabolic type τp.

Proof. Let Parss
τp(X) be the category of semistable holomorphic parabolic bundles on X having fixed

parabolic type τp. By Proposition 3.3, the category RParss
τp(X ,σX) is a strict subcategory of Parss

τp(X).
Since Parss

τp(X) is an abelian category, we only need to check that if ϕ : (E,σE) −→ (F,σF) is
morphism in RParss

τp(X ,σX), then Ker(ϕ) and Im(ϕ) are real vector bundles. Since ϕ is a morphism
of real vector bundles, we have ϕ ◦σE = σF ◦ϕ . From this, it follows that Ker(ϕ) is σE -invariant and
Im(ϕ) is σF -invariant.

Let (E,σE) be a real stable parabolic bundle having parabolic type τp. If (E,σE) admit a non-trivial
subobject, say (E ′,σE ′) in RParss

τp(X ,σX), then it gives a contradiction to the fact that (E,σE) be a
real stable parabolic bundle. Hence, (E,σE) does not admit a non-trivial subobject in RParss

τp(X ,σX).
This implies that (E,σE) is a simple object in RParss

τp(X ,σX). Conversely, if (E,σE) is a simple
object RParss

τp(X ,σX), then for any non-trivial real subbundle F of E, we have pµ(F)< pµ(E). This
completes the proof. �

Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

10 May 2023 05:32:56 PDT
230510-Amrutiya Version 1 - Submitted to Rocky Mountain J. Math.



A GAUGE THEORETIC ASPECT OF PARABOLIC BUNDLES OVER REAL CURVES 10

Definition 3.8. Let (E,σE) be a real semistable parabolic bundles on (X ,σX). By a real (resp.
quaternionic) parabolic Jordan-Hölder filtration of (E,σE), we mean a filtration

0 = E0 ⊂ E1 ⊂ ·· · ⊂ E` = E

by σE -invariant subbundles of E such that for each i = 1,2, . . . , `, the quotient real (resp. quaternionic)
parabolic bundle (Ei/Ei−1, σ̃i) is real (resp. quaternionic) stable with pµ(Ei/Ei−1) = pµ(E).

Proposition 3.9. Every real (resp. quaternionic) semistable parabolic bundle (E,σE) admits a real
Jordan-Hölder filtration.

Proof. Since the category RParss
τp(X ,σX) is an abelian, Noetherian, and Artinian, the Jordan-Hölder

theorem holds in RParss
τp(X ,σX). �

Corollary 3.10. The holomorphic S-equivalence class of a real (resp. quaternionic) semistable
parabolic bundle (E,σE) contains a real (resp. quaternionic) polystable parabolic bundle. Any two
such objects are isomorphic as real (resp. quaternionic) polystable parabolic bundles.

Proof. The first assertion follows from Propositions 3.9 and 3.4 (see Definition 3.6). For the second
assertion, it is enough to show that two real (resp. quaternionic) stable parabolic bundles (E1,σ

E1) and
(E2,σ

E2) such that (E1)• ∼= (E2)• as holomorphic parabolic bundles are, in fact, isomorphic as real
(resp. quaternionic) parabolic bundles. By Proposition 3.4, we need to consider the following two
cases to conclude the argument using induction.
Case-1: Suppose that (E1)• and (E2)• are stable holomorphic parabolic bundles.

Let ϕ : (E1)• −→ (E2)• be an isomorphism of holomorphic parabolic bundle. By following the
similar arguments as in [21, Proposition 2.8], we can conclude that (E1,σ

E1) and (E2,σ
E2) are

isomorphic as real (resp. quaternionic) parabolic bundles.
Case-2: Suppose that (E1,σ

E1) ∼= (F1)•⊕ (σ∗X F1)• and (E2,σ
E2) ∼= (F2)•⊕ (σ∗X F2)•, where (Fi)• is

stable holomorphic bundle, i = 1,2.
Since (E1)• and (E2)• are isomorphic as holomorphic polystable parabolic bundles, it follows that

either (F1)•∼= (F2)• or (F1)•∼= (σ∗X F2)•. From this, it follows that the isomorphism ϕ : (E1)•−→ (E2)•
of holomorphic parabolic bundles is an isomorphism of real (resp. quaternionic) parabolic bundles. �

4. Gauge theoretic approach to parabolic bundles over Klein surfaces

In this section, we study the induced real structure on the space of Sobolev connections and the gauge
group, which respect the parabolic structure on the fixed smooth real (resp. quaternionic) parabolic
bundle (E•,σE).

4.1. Real structure on the space of Sobolev connections. Now let us fix a real (resp. quaternionic)
smooth bundle (E,σE) on (X ,σX) with a real parabolic structure over S, where S is a finite subset
of X such that σX(S) = S. Let φ : σ∗X E −→ E be the isomorphism, determined by the real (resp.
quaternionic) structure of E, such that σ∗X φ ◦φ = IdE (resp.− IdE). Note that As(E) and Aq,s(E) have
induced real structure from the real structure on E, which we shall denote by simply σ̃ and the induced
isormorphism by φ̃ . For ∂ E ∈C , we define ασ (∂ E) : A0(E)−→ A0,1(E) as follows: For any s∈ A0(E)

ασ (∂ E)(s) = φ̃(∂
σ∗X E(φ

−1s)) .
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A GAUGE THEORETIC ASPECT OF PARABOLIC BUNDLES OVER REAL CURVES 11

It is clear that α2
σ = IdC . There is also an involution γσ : Gpar −→ Gpar given by g 7→ φ(σ∗X ḡ)φ−1 . As

usual, Gpar acts on C as g ·∂ E := g(∂ Eg−1).

Lemma 4.1. For g ∈ Gpar and ∂ E ∈ C , we have ασ (g ·∂ E) = γσ (g) ·ασ (∂ E).

Proof. Let g ∈ Gpar and ∂ E ∈ C . Then,

ασ (g.∂ E) = φ̃ ◦σ
∗
X g(∂

σ∗X Eσ
∗
X g−1)◦φ

−1

= (φ̃ ◦σ
∗
X g◦ φ̃

−1)◦ φ̃ ◦ (∂
σ∗X E(φ

−1(φ ◦σ
∗
X g−1 ◦φ

−1)))

= γσ (g)(ασ (∂ E)γσ (g)−1)

= γσ (g).ασ (∂ E)

�

Let C ασ = {∂ E ∈ C | ασ (∂ E) = ∂ E} and G γσ
par = {g ∈ Gpar | γσ (g) = g}. Then, the subgroup G γσ

par

acts on the space C ασ . The orbit space C ασ /G γσ
par is in bijection with the set of isomorphism classes of

real (resp. quaternionic) parabolic bundles whose underlying smooth real (resp. quaternionic) parabolic
bundles are smoothly isomorphic to (E•,σE).

Let us fix an adapted Hermitian metric h on (E•,σE). For D ∈A p, we define ασ (D) as follows:

dασ (D) := φ̃ ◦d
σ∗X D ◦φ

−1 ,

where σ∗X D is the induced connection on σ∗X E and φ̃ : Lp
1(A

1(σ∗X E))−→ Lp
1(A

1(E)) is isomorphism
induced by the real structure on T ∗X⊗E.

Also, the space A p is an affine space with the group of translations Lp
1(A

1(u(E))). Since u(E)
is compact Lie algebra, it admits and Ad-invariant non-degenerate symmetric bilinear form 〈 , 〉 :
u(E)×u(E)→R and the wedge product ∧ : A1×A1→ A2 is skew-symmetric. By composing the two
maps, we have a skew-symmetric bilinear form ω given by

Lp
1(A

1(u(E)))×Lp
1(A

1(u(E)))→ Lp
1(A

2(u(E)⊗u(E)))→ R

(a,b) 7→ a∧b 7→
∫

X
〈a∧b〉

which is non-degenerate. This skew-symmetric, non-degenerate, bilinear form ω is called Atiyah-Bott
symplectic form.

Proposition 4.2. Let p ∈ (1,2) be such that the condition (2.4) holds. For D ∈A p, we have ασ (D) ∈
A p. The map ασ : A p → A p given by, A 7→ ασ (D) = φ̃σ∗X Aφ−1 is an anti-symplectic isometric
involution.

Proof. Let (ei)
r
i=1 and ( fi)

r
i=1 be local frames which respect flag structure of E and σ∗X E at x ∈ S.

Let (φ)i
j be the matrix of φ (with respect to frames (ei) and ( fi)) which respects flag structure, i. e.,

(φ)i
j = 0 if αi < α j . The matrix of φ with respect to adapted frames ( ei

|z|αi ) and ( fi
|z|α j ) is |z|αi−α j(φ)i

j,

which is in Dp
2(End E), since p satisfies the condition (2.4). Note that {dzi ◦σX⊗ f j}r

j=1 is a local frame
for T ∗X⊗σ∗X E around x, and the matrix of φ̃ also respects flag structure and lies in Dp

2(A
1(End(E)).
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A GAUGE THEORETIC ASPECT OF PARABOLIC BUNDLES OVER REAL CURVES 12

If (ei)
r
i=1 is a local frame for E on chart (U,z) around x, then (φ−1(ei))

r
i=1 will be a local frame for

σ∗X E on chart (U,z), and also a local frame for E on chart (σX(U),z◦σX).
Any connection D ∈A p can be expressed (locally on chart (U,z)) as

dD = d +
α

2

(
dz
z
− dz

z

)
+dz⊗a(1,0)+dz⊗a(0,1) ,

where a(1,0),a(0,1) ∈DP
1 (End E). Similarly, a connection D can be expressed locally on chart (σX(U),z◦σX)

as

dD = d +
α

2

(
d(z◦σX)

(z◦σX)
− d(z◦σX)

(z◦σX)

)
+d(z◦σX)⊗b(1,0)+d(z◦σX)⊗b(0,1) ,

where b(1,0),b(0,1) ∈ DP
1 (End E)(σX(U)).

Hence, the induced connection σ∗X D can be expressed locally on chart (U,z) as

d
σ∗X D = d +

α

2

(
d(z◦σX)

(z◦σX)
− d(z◦σX)

(z◦σX)

)
+d(z◦σX)⊗b(1,0)+d(z◦σX)⊗b(0,1)

and on chart (σX(U),z◦σX) as

d
σ∗X D = d +

α

2

(
dz
z
− dz

z

)
+dz⊗a(1,0)+dz⊗a(0,1) .

In the chart (U,z), we have

dασ (D)(ei) = φ̃ ◦d
σ∗X D ◦ (φ−1(ei))

= d + φ̃ ◦
[

αii
2

(
d(z◦σX )
(z◦σX )

− d(z◦σX )
(z◦σX )

)
φ−1(ei)+d(z◦σX)⊗∑

j
[b(1,0)] j

i φ
−1(e j)

+d(z◦σX)⊗∑
j
[b(0,1)] j

i φ
−1(e j)

]

= d + αii
2 (dz

z −
dz
z )ei +dz⊗∑

j
[b(1,0) ◦σX ]

j
i e j +dz⊗∑

j
[b(0,1) ◦σX ]

j
i e j

Hence,

dασ (D) ≡ d +
α

2

(
dz
z
− dz

z

)
+dz⊗b(1,0) ◦σX +dz⊗b(0,1) ◦σX .

This shows that ασ (D) ∈A p. Now, in the chart (σX(U),z◦σX), we have

dασ (D) ≡ d +
α

2

(
d(z◦σX)

(z◦σX)
− d(z◦σX)

(z◦σX)

)
+d(z◦σX)⊗a(1,0) ◦σX +d(z◦σX)⊗a(0,1) ◦σX .

The induced connection σ∗X ασ (A) can be expressed locally on chart (U,z) as

dσ∗X ασ (D) ≡ d +
α

2

(
d(z◦σX)

(z◦σX)
− d(z◦σX)

(z◦σX)

)
+d(z◦σX)⊗a(1,0) ◦σX +d(z◦σX)⊗a(0,1) ◦σX .
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A GAUGE THEORETIC ASPECT OF PARABOLIC BUNDLES OVER REAL CURVES 13

Hence, in chart (U,z), we have

dασ (ασ (D))(ei) = φ̃ ◦d
σ∗X (ασ (A))

◦ (φ−1(ei))

= d + φ̃ ◦
[

αii

2

(
d(z◦σX

z◦σX
− d(z◦σX)

z◦σX

)
φ
−1(ei)

+d(z◦σX)⊗∑
j
[a(1,0) ◦σX ]

j
i φ
−1(e j)

+d(z◦σX)⊗∑
j
[a(0,1) ◦σX ]

j
i φ
−1(e j)

]
= d +

αii

2

(
dz
z
− dz

z

)
ei +d(z)⊗∑

j
[a(1,0)] j

i e j

+d(z)⊗∑
j
[a(0,1)] j

i e j

= dD(ei)

From this, it follows that the map ασ : A p −→A p is an involution.
The map Lp

1(A
1(X ,u(E))) −→ Lp

1(A
1(X ,u(E))) given by a 7→ ασ (a) := φσ∗aφ−1 is anti-linear.

Since 〈 , 〉 is real valued on anti-Hermitian matrices and σ is an orientation reversing isometry of X ,
we have

ω(ασ (a),ασ (b)) =−ω(a,b) .
�

We say that D ∈A p is real (resp. quaternionic) if ασ (D) = D. Let γσ denote the induced involution
on G p. We denote by βσ the involution on Lp(A2(u(E)) given by

βσ (ω) := φ̃ ◦σ
∗
X ω ◦φ

−1 ,

where φ̃ is the isomorphism induced by the real structure on the bundle Λ2T ∗X⊗u(E)) (see (2.3)).
The following result is analogous to that of [21, Proposition 3.5].

Proposition 4.3. With the above notations:
(1) For g ∈ G p and D ∈A p, we have ασ (g(D)) = γσ (g)(ασ (D)).
(2) For D ∈A p, we have Fασ (D) = βσ (FD).

Proof. For g ∈ G p and D ∈A p we have,

ασ (g ·D) = φ̃ ◦σ∗X(g ·D)◦φ−1

= φ̃ ◦ (σ∗X D+(dσ∗X Dσ∗X g)(σ∗X g−1))◦φ−1

= ασ (D)+((φ̃ ◦dσ∗X D ◦φ−1)(φ ◦σ∗X g◦φ−1))((φ ◦σ∗X g−1 ◦φ−1))

= ασ (D)+(dασ (D)γσ (g))γσ (g−1)

= γσ (g) ·ασ (D) .

For a section s ∈ A0(E), we have

dασ (D)(s) = φ̃ ◦d
σ∗D ◦φ−1(s)

= φ̃ ◦dD(φ−1 ◦ s◦σX)◦σX
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Hence,
dασ (D) ◦dασ (D)(s) = φ̃ ◦ (dD ◦dD(φ−1 ◦ s◦σX)◦σX

= φ̃ ◦σ∗X(dD ◦dD)◦φ−1(s)
= φ̃ ◦F

σ∗X Dφ−1(s)

From this, we can conclude that Fασ (D) ≡ βσ (FD). �

Let A p
ss := (?F)−1(2π

√
−1par-µ(E)). From the above Proposition 4.3, it follows that the involution

ασ induces an involution on A p
ss . Moreover, the group G p,σ acts on the fixed point set A p,ασ

ss , of the
involtion ασ . For a real connection D ∈A p, we denote by OG p(D) the orbit of D with respect to the
action of G p in A p, and by OG p,σ (D) the orbit of D with respect to the action of G p,σ in A p,ασ .

Proposition 4.4. [21, Proposition 3.6] If D is a real connection in A p, which defines a poly-stable
real (resp. quaternionic) structure, then OG p(D)∩A p,ασ = OG p,σ (D).

Proof. The proof follows in the same line of arguments as in [21, Proposition 3.6] using Proposition
3.4 and Biquard’s Theorem 2.3. �

Theorem 4.5. Let (E•,σE) be a real (resp. quaternionic) smooth parabolic bundle over (X ,σ)

having parabolic type τp. Let h be an adapted Hermitian metric h on E•. Let N
τp

σ̃
denote the

Lagrangian quotient A p,ασ
ss /G p,σ . Then, the points of the space N

τp
σ̃

are in bijection with the real
(resp. quaternionic) S-equivalence classes of real (resp. quaternionic) semistable parabolic vector
bundles that are smoothly isomorphic to (E•,σE).

Proof. The proof follows in the same line of arguments as in the proof of [21, Theorem 3.7] with the
aid of the Theorem 2.3, Proposition 4.3, Proposition 4.4. �

Remark 4.6. From the above Theorem 4.5, it follows that a real (resp. quaternionic) parabolic bundle
(E•,σE) is polystable if and only if it admits a real (resp. quaternionic) adapted Hermitian-Yang-Mills
connection (see [6, Theorem 3.6]).

For a connection D ∈A , let us consider the connection B = 1
2(D+ασ (D)). Then, we have

FB =
1
2
(FD +Fασ (D)) .

To see this, let {ei}r
i=1 be local frame of E over (U,z) then {φ−1(ei)}r

i=1 will be local frame of E over
(σX(U),z◦σX). Let ωD = a(1,0)dz+a(0,1)dz, where

D(e j) = ∑
i

{
[a(1,0)]ijdz+[a(0,1)]ijdz

}
ei

and ωασ (D) = b(1,0) ◦σX dz+b(0,1) ◦σX dz, where

D(φ−1(e j)) = ∑

{
[b(1,0)]ijd(zi ◦σX)+ [b(0,1)]ijd(zi ◦σX)

}
i.e., ωασ (D) = b′(1,0)dz+b′(0,1)dz
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Note that
ωB = [

ωD+ωασ (D)

2 ]

= [a(1,0)+b′(1,0)
2 ]dz+[a(0,1)+b′(0,1)

2 ]dz

= ab′(1,0)
2 dz+ ab′(0,1)

2 dz,

where ab′(1,0) = a(1,0)+b′(1,0),ab′(0,1) = a(0,1)+b′(0,1) ∈ A0(End E)
Now,

ΩD = d(ωD)+ωD∧ωD

= [∂a(1,0)
∂ z dz∧dz+ ∂a(0,1)

∂ z dz∧dz]+ [a(1,0)]2dz∧dz

+a(1,0) ·a(0,1){dz∧dz+dz+dz}+[a(0,1)]2dz∧dz]
Hence, we have

ΩD = [
∂a(0,1)

∂ z
− ∂a(1,0)

∂ z
]dz∧dz

Ωασ (D) = [
∂b′(1,0)

∂ z
− ∂b′(0,1)

∂ z
]dz∧dz

and hence,
ΩB = [∂ab′(0,1)

∂ z − ∂ab′(1,0)
∂ z ]dz∧dz

2

= [{∂a(0,1)
∂ z −

∂a(1,0)
∂ z }+{

∂b′(1,0)
∂ z −

∂b′(0,1)
∂ z }]

dz∧dz
2

= 1
2 [ΩD +Ωασ (D)]

Let D ∈A be such that ?FD =−2π
√
−1parµ(E) . Consider the connection B = 1

2(D+ασ (D)). Then,
clearly ασ (B) = B. From the above computation, it follows that ?FB = −2π

√
−1parµ(E) . This

discussion shows that if there is a holomorphic structure on E such that the resulting holomorphic
parabolic bundle E• is semistable, then on can get a holomorphic structure on E which is compatible
with the real (resp. quaternionic) structure such that (E•,dB) is semistable.

Equivariant point of view. Here, we will briefly outline an equivariant approach to address the
question of constructing suitable moduli space of real (resp. quaternionic) parabolic bundles (discussed
above) using the equivariant description of real (resp. quaternionic) parabolic bundles without specific
routine details.

Suppose that the weights 0 ≤ αx
1 < · · · < αx

kx
are rational numbers. Let N be a positive integer

such that all the weights are integral multiple of 1/N. Let p : (Y,σY )−→ (X ,σX) be an N-fold cyclic
ramified covering which is ramified over each point of S [2]. Let Γ be a Galois group of the covering
p. There is an equivalence between the category of real (resp. quaternionic) Γ-equivariant vector
bundles over (Y,σY ) and the category of real (resp. quaternionic) parabolic bundles over (X ,σX ;S)
whose weights are integral multiple of 1/N. Let B(τ) be the set of real S-equivalence classes of real
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Γ-equivariant semistable bundles over (Y,σY ) having local type τ (cf. [17] for local type). Let B(τp)
be the set of real (resp. quaternionic) S-equivalence classes of real parabolic bundles over (X ,σX ;S)
having parabolic type τp, where the parabolic type τp is uniquely determine by the local type τ . Using
[2, Proposition 5.4], it is straightforward to check that, under the equivalence Ψ of [2, Theorem 5.3],
there is a bijection between B(τ) and B(τp).

Fix a real (resp. quaternionic) smooth Γ-equivariant bundle (W,σW ) on (Y,σY ) having local type
τ . Let C denote the space of holomorphic structure on W , and let G be the gauge group of W . A
holomorphic structure ∂W in W is called compatible with Γ-equivariant structure on W if the map
∂W : A0(W )−→ A0,1(W ) is Γ-equivariant. Let CΓ be the set of all holomorphic structures compatible
with the Γ-equivariant structure on W . Let GΓ be the subgroup of G consisting of Γ-equivariant
automorphisms of W . There is induced involution on D , which we denote by α̃σ . Similarly, we have
the induced involution γ̃σ on H .

Let D α̃σ

Γ
:= {∂W ∈DΓ | α̃σ (∂W ) = ∂W} and G

γ̃σ

Γ
:= {g ∈ GΓ | γ̃σ (g) = g}. It can be easily checked

that the orbit space D α̃σ

Γ
/G

γ̃σ

Γ
is in bijection with the set of isomorphism classes of real (resp. quater-

nionic) Γ-equivariant holomorphic bundles whose underlying smooth real (resp. quaternionic) bundles
are smoothly isomorphic to (W,σW ) as Γ-equivariant bundles.

Fix a Γ-invariant Hermitian metric hW on W . Let A be the set of all hW -unitary connections on
W , and the set AΓ of all hW -unitary Γ-equivariant connections on W . Let UΓ denote the subgroup of
unitary automorphisms of (W,hW ) consisting of unitary Γ-automorphism of (W,hW ).

Let AΓ,ss := (?F)−1(2π
√
−1µ(W )/N). Then, one can check that

N τ
σ̃ := A α̃σ

Γ,ss/U
γ̃σ

Γ
'B(τ)'B(τp).

The bijection N τ
σ̃

'−→B(τ) can be proved by establishing the results of [21] in the equivariant set-up.
The second bijection B(τ)

'−→ B(τp) is a consequence of the preservation of stability under the
equivalence Ψ of [2, Theorem 5.3] as mentioned above. In this approach, one can avoid the use of the
theory of weighted Sobolev spaces; while working with the rational weights.

4.2. Real points of the moduli scheme. Let Mss
X (τp) be the moduli scheme of stable holomorphic

parabolic bundles of parabolic type τp. Then, we get a map σM : Mss
X (τp) −→ Mss

X (τp) given by
[E•] 7→ [σ∗X E•] on the closed points.

Proposition 4.7. The map σM : Mss
X (τp)−→Mss

X (τp) is a semi-linear involution of C-schemes.

Proof. Let T be a C-scheme and E• be a flat family of semistable parabolic bundles of type τp
parametrized by T . Consider the morphism σT := σX × IdT : X×C T −→ X×C T . Then, σ∗T E• is flat
over T and for any t ∈ T , we have σ∗T Et•

∼= σ∗X Et• as parabolic bundles over (X ,S). Therefore, σ∗T E•
is a flat family of semistable parabolic bundles of type τp. By universal property of moduli scheme
Mss

X (τp), the map T −→Mss
X (τp) given by t 7→ [σ∗T Et• ] is a morphism. Since T and E• are arbitrary,

and σT being semi-linear involution, it follows that the map σM : Mss
X (τp)−→Mss

X (τp) is a morphism
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of schemes such that the following diagram

Mss
X (τp)

σM
//

��

Mss
X (τp)

��

Spec(C)
σC
// Spec(C)

commutes. �

The elements of fixed point set Mss
X (τp)(R) of the involution σM on Mss

X (τp)(C) may have both (real
and quaternionic) structures or may be of neither type (see [21, §2.5] for the discussion in the usual
case). The situation is better in the case of a (geometrically) stable locus.

Lemma 4.8. Let E• be a stable holomorphic parabolic bundle on X with σ∗X E• ∼= E•. Then, E• is
either real or quaternionic, and it can not be both.

Proof. Note that the isomorphism ϕ : E• −→ σ∗X E• is the same as the anti-holomorphic map σ̃ : E −→
E which respects the parabolic structure over S. Hence, the composition σ̃2 is a parabolic automorphism
of E•. Since E• is stable, we have σ̃2 = cIdE . The remaining proof follows in the same line as in
[7, 21]. �

Lemma 4.9. Let E• be a stable holomorphic parabolic bundle on X. If σ̃ and σ̃ ′ are two real (resp.
quaternionic) structure on E such that (E•, σ̃) and (E•, σ̃ ′) are real (resp. quaternionic) parabolic
bundles, then (E•, σ̃)∼= (E•, σ̃ ′).

Proof. Note that σ̃ ◦ σ̃ ′ is a parabolic automorphism of E•. Since E• is stable, we have σ̃ ◦ σ̃ ′ = λ ∈C∗.
As in the proof of [21, Proposition 2.8], we get σ̃ = ei θ

2 σ̃ ′e−i θ
2 , where λ = eiθ for some θ ∈ R. This

proves that (E•, σ̃)∼= (E•, σ̃ ′). �

By Proposition 4.4, we can see that the map

N
τp

σ̃
−→Mss

X (τp)(C) ; OG p,σ (D) 7→ OG p(D)

is injective. For D ∈ A p,ασ , we have σM(OG p(D)) = OG p(D). Hence, it follows that the quotient
space N

τp
σ̃

embeds into the space Mss
X (τp)(R) of real points of the moduli scheme Mss

X (τp). Let
N

τp
σ̃ ,s = N

τp
σ̃
∩Ms

X(τp)(R)
For a smooth parabolic bundle E• with parabolic type τp, let I denote the parabolic gauge conjugacy

classes of real or quaternionic structures on E.

Proposition 4.10. Ms
X(τp)(R) =

⊔
[σ̃ ]∈I

N
τp

σ̃ ,s

Proof. By Theorem 4.5 and Lemma 4.8, we can conclude that Ms
X(τp)(R) =

⋃
[σ̃ ]∈I

N
τp

σ̃ ,s . If [E•] ∈

N
τp

σ̃ ,s∩N
τp

σ̃ ′,s, then by Lemma 4.9, we have (E•, σ̃)∼= (E•, σ̃ ′). Hence, a parabolic gauge transformation
conjugates the real structures σ̃ and σ̃ ′. �
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Remark 4.11. There is an isomorphism of schemes ψ : Mss
Y (τ)−→Mss

X (τp) given by [W ] 7→ [(p∗W Γ)•]
such that the following diagram

Mss
Y (τ)

ψ
//

ρM
��

Mss
X (τp)

σM
��

Mss
Y (τ)

ψ
// Mss

X (τp)

commutes, where Mss
Y (τ) is the moduli space of Γ-equivariant semistable vector bundles on Y having

local type τ , and ρM the induced semi-linear involution on Mss
Y (τ). Moreover, we have

Ms
X(τ)(R) =

⊔
[σ̃ ]∈J

N τ
σ̃ ,s

where J denote the gauge conjugacy classes of real or quaternionic structures on W , which are
compatible with the Γ-equivariant structure on W .

4.3. Quillen line bundle. Recall that there is a determinant line bundle L on C (cf. [16]) such that
the action of C∗ on L is given by λ · s 7→ λ−χ(E)s, where λ ∈ C∗ and χ(E) = d + r(1−g) (see, [5, p.
49]). Fix a point x ∈ X \S. Consider the line bundle

L̃ := L r⊗ (det(C ×Ex))
χ(E)

Then, the action of C∗ on L̃ is trivial. Note that the quotient map ϕ : Cs −→Ms
X(τp) is a PG par-

principal bundle, where PG par = Gpar/C∗ and

Cs := {∂̄E ∈ C | (E•, ∂̄E) is stable parabolic bundle}.
Hence, the restriction of L̃ on Cs descends to a line bundle Lpar on Ms

X(τp). Recall that the Lagrangian
quotient ψ : C ασ

s −→N
τp

σ̃
is a PG γσ

par-principal bundle. Then, the restriction of the line bundle L̃ to
C ασ

s descends to a line bundle Lτp
σ̃

on N
τp

σ̃
. Consider the following

C ασ
s

ι
//

ψ

��

Cs

ϕ

��

N
τp

σ̃ j
// Ms

X(τp)

commutative diagram of principal bundles. Then, we have j∗(Lpar)∼= Lτp
σ̃

.
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