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Abstract

In this paper, we study the multiple L-values and the multiple zeta values of
level N. We set up the algebraic framework for the double shuffle relations of the
multiple zeta values of level N. Using the regularized double shuffle relations of
multiple L-values, we give a sum formula and a weighted sum formula of multiple
L-values. As applications, we give sum formulas and weighted sum formulas of
double zeta values of level 2 and 3.
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1 Introduction

In this paper, we study both the multiple L-values and the multiple zeta values of
level N. Let us recall the definition of multiple L-values from [1]. Let N be a fixed
positive integer. Set R = Ry = Z/NZ. Fix a primitive Nth root of unity w = wy =
exp(2mi/N). For positive integers n, ki, ks, ..., k, and a1, as, ..., a, € R, the multiple
L-values are defined by

imit e tanmn

LNy*(kl,.-~,kn;a17"'7an>: Z k1

my>>mp>0 My,

Ly (k1. knyan, ... a,) = Z

mi>-->mp >0

wa1(m1fm2)+---+an_1(mn—rmn)Jranmn

kl k
ml mnn

The above series are convergent when k; > 2 or k;y = 1 and a; # 0. We have the
following relations

LN,*<I€17'"7kn;ala"'7an):LN,Hl(kla"'7kn;a17al+a2a"'7al+"'+an)7

LN,m(kly .. .,k:n;al, PN ,an) = LN7*(]{?1, ce ,kn;al,@ — A1y ..., Qp — Cl,n_l).
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We also have the iterated integral representation

1 k1—1 kn—1
dt w™dt dt w dt
L ki,... ky;aq,...,a,) = — — .= -
N,LH( 1 ) aq Qa ) /0' (t) 1_wa1t (t) ].—wa"t

where for one forms w; = f;(t)dt, we define

1
/ Wiwsg -+ W = / fi(th) fate) - - - fulte)dtrdts - - - dty,
0

1>t >t > >t >0

If N =1, the multiple L-values become multiple zeta values

1
Clhryeoska) = Y

. . n
my >« >mp >0 my my

where ky,...,k, € N with ky > 2. If N =2, then R = {0,1} and w = —1. Therefore
the multiple L-values are just the alternating multiple zeta values:

(_1)a1m1+m+a"mn
LQ,*(kl,...7kn;a1,...,an): Z - -

. . n
mi>->my>0 my my

As usual, the above value is denoted by ¢(? (, e ,), where
S
ki if a; = 1.

Hence for example, we have Ly . (k1, k2;0,1) = ¢ 2)(k1,k;_2) If N =3, then R = {0,1,2},
and we will denote L .(k1, ..., kn;a1,...,a,) by ¢ < ) with

l{fi ifai:(),
: E if&izl,

For example, we have L, (ki, ko, k3;0,1,2) = §(3)(k1,k_2,k~3). Note that for positive
integers ky, ..., k, with ky > 2,

Lk, . k30, 0) = C(ky, .. k).

In [4], Guo and Xie gave a weighted sum formula of multiple zeta values with the
help of the regularized double shuffle relations. Using the regularized double shuffle
relations of multiple L-values, we obtain a sum formula and a weighted sum formula
of multiple L-values in this paper.

In [9], Xu and Zhao studied a variant of multiple zeta values of level 2 (which is
called multiple mixed values therein), which forms a subspace of the space of alternating
multiple zeta values. This variant includes both Hoffman’s multiple ¢-values [5] and
Kaneko-Tsumura’s multiple T-values [6] as special cases. The multiple zeta values of
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any level are introduced by Yuan and Zhao in [10]. For positive integers n, ki, ks, ..., k,
with k1 > 2 and aq, as, ..., a, € R, the multiple zeta values of level N are defined by

Nn
CN(k17~~-akn;a17-"7an): Z k1 ko

... n
my>-->mp >0 my my

m;=a; (mod N)

We will use the same tilde/bar notation for multiple zeta values of level 2 and 3 as
well. For example,

ok, ko) = ok, ks 0, 1), C3(/f1,/€_2,/%) = (3(k1, k2, k3;0,1,2).

In this paper, we set up the algebra framework for the double shuffle relations of
multiple zeta values of level V.

In Section 2, we recall the double shuffle relations of multiple L-values. In Section 3,
we study the double shuffle relations of multiple zeta values of level N. In Section 4, we
give a sum formula and a weighted sum formula of multiple L-values. As applications,
we provide some sum formulas and weighted sum formulas of double zeta values of level
2 and level 3. In particular, we reprove the weighted sum formula of double T-values
appeared in [6].

2 Double shuffle relations of multiple L-values

We recall the double shuffle relations of multiple L-values from [1]. Let A = Ay =
Q(x,y, | @ € Ry) be the non-commutative polynomial algebra generated by the al-
phabet {z,y, | a € Ry}. Define the subalgebras

A=Ay =Q+ > Ay,
a€RN

and

A=Ay =Q+ Y wAya+ > wAv.

aERN a,be Ry ,b#0

For any k € N and a € R, set 2;,, = 2" 'y,. Define the evaluation maps Ly, : A° —
Cand Ly, : A® — C by Q-linearities and

ﬁN,*(zkl,al te an,an) = LN,*(kla R knv ag, ... 7an)7
'CN,LLI (Zkl,al Tt an,an) - LN,H_I (kh ey kna at,... ,CLn).
Let Zn : A' — A! be the Q-linecar endomorphism of A! determined by
IN(Zkl:alzk%aQ T kaan) = Zk1,a1”ke,a1+as " Rkn,a1+tan -
The linear map Zy is invertible, and the inverse Z' : A' — A! satisfies
-1
IN (Zk1,a1 Zko,as " an,lln) = Zk1,a1”k2,a2—a1 """ Rkp,an—an_1-

Hence we have Ly = Ly, © Ly, or equivalently Ly, = Ly 0 I;,l. More precisely,
for any w € A°, we have

Lyi(w)=Lnw (In(w)) and Ly g(w)= Ly (Ig,l(w)) )
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The harmonic shuffle product * on A! is defined by Q-bilinearity and the rules

lxw=wx*x1=w,

2k aW1 * 2 pWo = Zg o (W1 * 21 pWa) + 21p(2k,0W1 * W2) + Zptiarb (W1 * W2),

forall k,0 > 1, a,b € Ry, and any words w, w;, ws € A'. The harmonic shuffle product
* is associative and commutative. Hence we get the commutative algebra (A!, ) and
its subalgebra (A%, %), which are denoted by Al and AY, respectively. The shuffle
product w on A is defined by Q-bilinearity and the rules

luww=wwl =w,

uwy mvwy = u(wy mvwsy) + v(uwy mws),

for any words w,wy,wy € A and u,v € {x,y, | @ € Ry}. Then we have the com-
mutative algebra A, and its subalgebras AL and A% . For any wi,w, € A% we
have

Ln(wy *wy) = Lya(wy)Lns(wy) and Ly (wy *wa) = L,y (w1) L, w (we),
which induce the finite double shuffie relations
Ly (Tn(w) wZy(ws) — In(wy *wy)) =0, (wy,wy € A%,
or equivalently
Ly (I (wr) * Iy (we) — Iyt (wrmws)) =0,  (wy,ws € A%).
Notice that Al = A%yy], then for any w € A', we can write w uniquely as
w:w0+w1*yo+~~+wn*y8n,
where wg, wy, . .., w, € A°. Also, since AL, = A% [y,], we can write w uniquely as
w = wj+ whwyo + -+ wly wyd",
where w), w}, ..., w!, € A°. Then one can define the regularization maps reg, : AL —
A? and reg,, : AL, — A% by reg,(w) = wy and reg,, (w) = w) respectively. It is
easy to see that the maps reg, and reg,, are algebraic morphisms. Hence we have the
regularized double shuffle relations
Ly (regy (Tn(wo * wi) — In(wo) wZy(w))) =0, (wo € A% w; € AY)
and

Ly (reg, (' (womwr) — Iy' (wo) * Iy'(w1))) =0, (wy € A% wy € AY).
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3 Double shuffle relations of multiple zeta values of
level N

3.1 Multiple zeta values of level N

Recall that w = wy = exp(27i/N) is a fixed primitive Nth root of unity. The following
lemma indicates that the multiple zeta values of level N can be expressed in terms of
multiple L-values.

Lemma 3.1. For positive integers n, ki, ko, ..., k, with ky > 2 and ay,as,...,a, € R,

we have
Cn(k1y oo knsar, ... ay)
_ Z [T, (1 wmim% 4 3mimad) 4o g y(N=1)(mi—ai))
> >0 mym? - mie '
Proof. As
14w +w? 4+ w0 = {N N
0 N1
we get the result. O

Using the series representations, we get the harmonic shuffle structure of the mul-
tiple zeta values of level N as displayed in the following simple example:

T UL D DI S

mbn!
m=1 n=1
m=a (mod N) n=b (mod N)

N? N? G N?
- —+ AR A
2 >t D m
m>n>0 n>m>0 m=1
m=a,n=b (mod N) m=a,n=b (mod N) m=a (mod N)

=(n(k,la,b) + Cn (L kb a) + 00,y NCN (K + 1 ),

where k,1 > 2, a,b € R and ¢, is the Kronecker symbol.
To study the shuffle structure among the multiple zeta values of level N, we intro-
duce amap r : Z — {1,2,..., N}, which is defined by

r(a)=a (mod N) and r(a) €{1,2,...,N}
for any a € Z. We also define one forms

dt _ Nt lat

Q=" Q=
0T 1 —tN

where a € {1,2,..., N}. Then we have the iterated integral representation.
Lemma 3.2. Let ky, ko, ..., k, be positive integers with ki > 2.
(1) For anyby,...,b, € {1,2,...,N}, we have

1
/ QF 1y, - U, = vkt kb by bt F by, D).
0
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(2) For any ay,ag,--- ,a, € R, we have

1
CN(kla s 7kn; agy ... 7an) = /0 ngl_lQr(al—ag)QIS2_lQr(a2—a3) to

X ngn_l_1QT(an—1—an)ngn_lgr(an)'

Proof. It is sufficient to prove (1). Note that the depth one case was already given

n [10]. As
t tbn_ldt 0 t 00 th-f—bn

t dt kn—1 tbn—ldt oo th-Hm
- e e 1
/0 (t) TN = N e (3:1)

=0

we get

Similarly, as

_ kn—1 — 0 o0
/t thn—1=1(t dt thn=1dt _ 1 /t ) N+bn—14+b0—1 gy
o L—tV \t 1—¢N Z(l2N+bn)knl 0
1

l2=0 =0

t(l1+12)N+bn71+bn

=2 (N + bo)*n (I + 12)N + bp_y + by)’

l1,122>0

we find
/t A L Rl A A L
o \t 1—V ¢ 1—¢N
t(ll+12)N+bn—1+bn
N ll§>0 (Z2N + bn)kn(<l1 + l2>N + bnfl + bn)hﬁl '
Then one can easily get the result by induction. ]

3.2 Algebraic setup

LetU = Uy = Q(xg, x1, ..., zN) be the non-commutative polynomial algebra generated
by the alphabet {z, |a =0,1,..., N}. Define the subalgebras

N
U' =uy =Q+ )Y Ux,
a=1

spanned by words not ending in xy and

N
U =Uy =Q+ )z,
a=1

spanned by words beginning with xy and not ending in z,. We set y; , = xlg_lxa, where
keNandae {1,2,...,N}.

17 Jan 2024 04:15:25 PST 6
221224-Wang Version 2 - Submitted to Rocky Mountain J. Math.



We define the Q-linear map (called the evaluation map) (y : U° — R by (y(1,) =
1 and

CNUkyar  Ykpoan) = Cn(K1y oo ks any oy an),

where 1, is the empty word, ky,...,k, € N, ky > 2 and ay,--- ,a, € {1,2,--- | N}.
We define the stuffle product * on U* by Q-bilinearity and the rules:

lyxw=w=wx1,,

Yk,aW1 * Y pW2 = Yia(W1 * Y1 pw2) + Yip(Yk.aWi * W2) + 0 p N Ygt1,0 (w1 * wa),

where w, w1, wy are words in U', k,1 € N, and a,b € {1,2,--- , N}. The stuffle product
* is commutative and associative. Therefore U! is a commutative Q-algebra with
respect to *. We denote it by U!. The subspace U is a subalgebra of U! and we
denote it by UY. Then from the infinite series representations of multiple zeta values
of level N, we have the following result.

Proposition 3.3. The map (y : U° — R is an algebra homomorphism. More
precisely, for any wi, ws € U°, we have

(v (wr * w2) = Cn(wi)Cn (we).
The shuffle product w on U is defined by Q-bilinearity and the rules

lww=wwl =w,

uwy mvwy = u(wy mvws) + v(uw mws),

where w, wy, wy are words in Y and u,v € {z, | a = 0,1,..., N}. Then we have the
commutative algebra U, and its subalgebras U}, and U, .
Let Jy be the Q-linear endomorphism of U determined by

jN(ykl,al e ykn,an) = Yky1,r(a1—a2)Yko,r(az—a3) * " Ykn_1,r(an—1—an)Ykn,r(an)>

where ky,...,k, € Nand ay,...,a, € {1,2,---, N}. It is obvious that Jy is invertible,
and its inverse Jy L satisfies

1 .
NJN; (ykmu o 'ykn,an) = Yki,r(a1++an)Yko,r(as+-4an) * " Ykn_1,r(an—1+an)Ykn,r(an) -

Then from the iterated integral representations of multiple zeta values of level N,
we have the following result.

Proposition 3.4. For any wi, w, € U°, we have

(T (wimwsz)) = (v (T (wn) v (T (w2)).
Finally, we get the finite double shuffle relations of multiple zeta values of level N.

Theorem 3.5 (Finite double shuffle relation). For any w;,wy € U°, we have

O (Tnt(wr) * Tyt (wz) = Tyt (wimws)) = 0.
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4 Sum formulas and weighted sum formulas

In this section, using the regularized double shuffle relations, we derive a sum formula
and a weighted sum formula of multiple L-values. As applications, we (re)obtain some
sum formulas and weighted sum formulas of double zeta values of level 2 and level 3.

4.1 Sum and weighted sum formulas of multiple L-values

Let N be a positive integer. We first compute the stuffle products.

Lemma 4.1. For positive integers k,n with k >n+1, n > 2, and a,ay,...,a,_1 € R,
we have

Z Ijtfl (ZLCL) * I;fl (’ZkLU«I T anfl,anq)

kp4thy,_q=k—1

kj>1ky>2
= E : Z1,a%k1,a1 Fka,a2—a1 * " Fkp—1,an—1—an—2
Ktk _1=k—1
kj>1kq >2
n
+ Rk1,a1 """ Rkio1,ai-1—ai—27k;,a”kip1.a;—a;—1 " Fkn,an_1—an_2

i=2  kitothn=k
ki>1,k1 >2,k;=1

+ E : Zk1,a+a1 fka,az—ar " Rkp_1,an-1—an—2

k1+"‘+kn—1:k
ijl,k123

n—1
+ § : E Rki,a1 " Rkio1,ai-1—ai—2”k;,a+a;—a;—17ki41,0i41—a; * " Fkn_1,Gn_1—an_2

1=2 ki1++kp_1=k
ijl,kl,kiZQ

and

Z I]?fl (Zl,a) * Ij;l(zkhcu e zkn71,an71)

I4ky+4kp_1=Fk
Lk;>1,k; >2

= § : Rk1,a%ks,a1”ks,a2—a1 """ Pkn,an—1—an—2

ki1+-+kn=k
ijl,k222

n—1
+ E E Rk1,a1 Rka,ao—a1 * " Rhi,ai—ai—17kit1,a7ki2,0i41—a; * " Fkn,Gn_1—an—_2

i=1 ky+-+kn=k
kj>1,ky >2

+ E (kl - Q)Zk17a+al Rko,az—a1 """ Fkp_1,an—1—an—2

ki4-tkp_1=Fk
kj>1,k >2

n—1
+ E E (kz - 1)zk1,a1zk2,a2—a1 Tt Rki1,ai-1—a—2Rks,ata;—a; 1

1=2 ki+-tknp_1=k
kj>1,kq >2

X Zhii1,0541—0a; " Fhno1,Gn—1—an_2"
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Proof. As

—1 —1
IN (Zha) * IN (Zk?hal T an—han—l) = Zl,a * Zk1,a1%ke,a2—a1 * " Rknp_1,an—1—an—2

n—1
= E :Zkl,al Rko,as—ar """ Rkiai—ai—121,aRkip1,0i41—a; * " Fkp_1,ap-1—an_2
1=0
n

-1
+ Rk1,a1 Rka,as—a1 * " Rki_1,ai1—a;_2 Rltkiatai—a;—1Fkip1,ai01—a; © " Fkn_1,an-1—an_25
i=1
we get the result. O
For shuffle products, we have
Lemma 4.2. For positive integers k,n with k >n+1 andn > 2, a,ay,...,a,_1 € R,
we have

: : Zlva/ 1 Zklya/l T an—lyan—l
ki4-+ky,_1=k—1

kj>1ky>2

- E : Zk1,a%kg,ar " Fhnyan_1 T § : Rki,a1 """ Rkp—1,an-171,a
ki1+-+kn=k k14 +kp_1=k—1
kj>1,k +ho>3 kj>1ky>2

n—1
+ E E Rky,a1”kg,az " Rhi1,ai-17ki,afkit1,a; 1" Fhn,an—1

i=2 ky+-tkn=Fk
kj>1,k1>2

and

z : Zlva 1 Zk17a1 o Zk;n—lyan—l
Ik +-+ky_ 1=k

Lkj>1k1>2

— kl*1 klfl

- E , 2 Zk1,a%kg,a1 T Fhnyan—1 T E (2 - 1>Z/€1,azk27a1 T Rk ,an—1
k1+---+kn=k k1+-+kn=k
kj>1,ko>2 kj>1ky=1

n—1
2 : } : feibeotki—i _ okatethi—(i—1
+ (2 ! =2 i~ ))Zk1,a1 T Rki1,ai-1 FkiaRkiri,a; T Rknsan—1

i=2 ki+-tkn=k
ki>1

+ Z (2k1+~“+kn—1—(n—1) . 2k2+~~+kn—1—(n—2))

k1+--~+kn:k

Rki,a1 """ Rkn—1,an—1”kn,a-

kj>1
Proof. As

zl,CL m ’Zkhal U Zk7L71,a7L71

k1
= Z Zj,a%ki+1—j,a1 “kz,a2 * " Fkp_1,an-1
i=1
n—1 k;
+ g E Rk1,a1%ka,a " Rhio1,0i-175,07ki+1—§,0;Fkit1,ai41 " Rhn_1,an-1

i=2 j=1

+ Rk1,01 " " Rkn_1,an—1%1,a>
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we get the first equation

In general, similarly as in [7], we have

Zl ,a I Zkl,al U anflyanfl

_Z Z H ozj_l koz,-—l

Rat,a; " Ray_1,a,-1Ra,aR0 11,0
i — Ol
=1 arpttaigg
=tk 4otk oy >1
X Zki+1 ait1 " Rkp_1,an-1
2 : I l a5 —
_I_ _ 1 Zalyal ' Zan 1,0n— 1Zan,
ay+-tan

=ltky oy, 10 >1

Hence we get

g Zl,amzkl,al o

I+ky+-+k,_1=k
Lk;>1k>2

* Rkp_1,an—1 — Sl + SQ + 537

where

P D DI

ki — o Raq,a”ag,a1 fko,az * " Fkp_1,an-11
Itk 4 tky_1=k oq+ag=l+k; 1 2
Lk >1,ky >2 aj>1

n—1 i—1
a; —1 a; — 1
=2, 2 > H
, k
1=2 l+ki+-+ky_1=k ot tagyq
Lk;>1ky >2

ZO{l,(ll .« ..
i — (41
=ltky+etkg,o >1

Zai—lyai—l

X Zazafait,a; Zki+l yQit1

U Zk?n—lyan—l
g a; —1
3 E E | | Ray,a1 """ Rop_1,an-1%0m,
I+ki+tkn_1=k a1t tan
Lk;j>1ky>2  =ltkytothy_1,a;>1

For Sy, we have

S, = Z Z a; — 1

k o Rai1,afaz,a1Rka,az
aytagtkyt-tkp_1=k k122 1 2

an—l:an—l .
ajkp>1 k1>ag

If ag =1, we get

Z 061—]_ :Z Oél—l

=201 1.
g kl — Qg k1 >2 ]{31 —1
k1>ag
While if ay > 2, we have
a1 — 1 a1 — 1 1
prm— = 2a1 .
S (07)-%
k1>2

ki —a
k1>a2 ! 2
k12>ag
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Hence we find

D

k1+-+kn=k
kj>1,kp>2

S1

2]6171

k1—1
Rk1,a”kg,a1 " " (2 ! - 1)21617@2162,&1 © Bhnyan—1-

’ an,an,1 + § :

k1+--+kn=k
kj=1,kp=1

For Sy, we have

n—1 a1 i—1 oy ajtaip1—1
[ Oé] -1 oy — 1
S=> > > H Z 2.
: ki—1 ; ki — aiqq
i=2 art-toipitkipr k=2 ki=aiy1
otk 1 =ka kp>1
X Zay,ar " R0t 1,ai—1F;,a %0 41,0; Fkit1,ai41 " Fhn_1,an_1"
Since
@1 & ajtoip1—1
Z (@1 —1 _ 2a1_1 1 Z oy — 1 _ 2013'—1 a; — 1 _ 2042'—1
ky—1 ’ ki —1 ’ 2. ki — ’
k1=2 1 kj=1 J ki=ait1 ! i+
we find
n—1
_ Z § : kitetki—i  okotethi—(i—1
Sy = (2 ' =27 i ))Zkl,m ©t Rhi_1,ai-1%Rki,aRkip1,a; T Rhnyan—1 -

Similarly, for S3, we have

> S (e

aj+-Fan=k k1=

a; —1
Raq,a1 " Ran—1,an-1”an,a
aj>1

Z (2t thno1=(n=l) _ gkatetkao1—(n=2)y, ...

ki+-+kn=k
k=1

S3

zkn—laan—l Zk?nva'

Then we get the desired result. ]
Lemma 4.1 and Lemma 4.2 induce the following sum formula and weighted sum

formula.
Theorem 4.3. For positive integers k,n with k > n+1,n > 2, and a,ay,...,a, 1 € R,
we have
E LN,*(kh ceey k’ru a,a —a,a —ar,...,0pn-1 — an—?)
ky+-+kn=k
kj>1,k1>2
n—1
+ E E Ly (k1, ... kp;a1,a0 —ay, ..., ¢i-1 — aj_2,
i=2 ky+-thkn=k
kj>1,kq >2
A — Qi—1,0; — Gy Qi1 — iy - - -, A — Gpp—2)
+ E LN,*(kly-'-akn;GMQQ_ala <y Qp—1 _an—Zaa_a'n—l)
ki+-+kn=k
k1>2,kn=1
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§ : ‘CN,* (Zk‘hazk‘zal Rks,az—a1 """ Rkn,an_1—an—2 — “k1,a%kz,a1—a”ks,az—a1 """ anyanfl_an72)

kq+-thn=k
kp=1,ky>2
n
+ E Ln(kiy. . knsar, a9 —any ..o @im1 — Qi—o, Gy Q4 — Q14 ooy Qp] — Gp—2)
i=2  kitethp=k

ky>1ky>2,k;=1
+ E LN,*(kly--'vkn—l;a+al7a2_ala”'aan—l_an—?)

k1+"'+kn—1:k
kj >1,k1>3

n—1
+ E E LN7*(]{?1,...,]{77L_1;CL1,CL2—al,...,ai_l—ai_g,

1=2 kit+-tkp_1=k
kj>1,kq,k;>2
A+ Qi — Qi—1, Gig1 — Gy ooy A1 — Gp_2).

Theorem 4.4. For positive integers k,n with k > n+1 andn > 2, a,ay,...,a,-1 € R,
we have
2: k11
‘CN:* (2 ! %k1,a”ky,a1—afks,az—a1 " Rkn,an—1—an_2
ky+-+kn=k
kj>1,kp>2
T Rki1,a%ks,a1 ks a2—ar " ZkTL»anfl*aan)
Z k1—1 )
+ (2 1 —1)LN7*(k1,...,kn,a,a1—a,ag—al,...,an,l—an,g)

k1+---+kn=k
kj >1,k12>2,kg=1

n—1
ki+-+k;—1 kot +k;—(i—1 .
+ E g (2™ =27 TN Dby, e knsan,as — an, . — ai-a,

=2 ki+-+kn=k

k;>1,k1>2
= Qj—1, @ — Ay Qjp1 — Qjy v ooy Q1 — an—2)
Z kit tkn—1—(n—1 kot tkn—1—(n—2 )
+ (2 1 1=(n )—22 1 (n ))LN’*(kl,...,kn,al,ag—(11,
ki+-tkn=Fk

kj>1ky>2
<oy p—1 — Ap—2,0 — an—l)

n—1
= g E Lna(ki,..  kniar, a0 —aq, .o 0 — Gi1, G, Qi — Gy ooy G — Qp2)

i=1 ki+-+kn=k
kj>1,k1>2

+ Y (ki —2)Lyu(ky,. .

k1+‘“+kn71:k
kj >1,k12>2

Jkn—1;a+ar, a2 —ay, ..., Qpo1 — an—z)

n—1
+ E g (ki = 1)Ly (1, ... kprsa1, a0 —an, ..., Qim0 — Qi @+ a; — Gi—1,
=2 kptoothy_1=k
kj>1,kq >2
Qi1 = Gy - oo Apo1 — Gp_2).

Let n = 2. From Theorem 4.3, we get the following sum formula of double L-values
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Corollary 4.5. For an integer k with k > 3, and a1,as € R, we have

k-1
ZLN,*(J}/‘C —Jjiar,a2) =Ly (k — 1,1;a1 + ag, a1) — Ln.(k — 1, 1;a1 + a2, —as)
j=2

+ LN (21,01 21,01 tar = ZLar Zh—1,a2) T L« (K, 201 + ag).
From Theorem 4.4, we get the following weighted sum formula of double L-values.

Corollary 4.6. For an integer k with k > 3, and any ay,as € R, we have

>
—_

(2j_1LN,*(j7 k—jiai,az —ap) + (Qj_l — DIna(j k= J; 02,01 — a)

.
U
N

—LN,*(ja k—j;a1, az) - LN,*(j7 k—7j;asz, a1))
ILN’*(]{ — 1, 1, ay, gy — al) — LN,*(k — 1, 1, ay, ag)
+ »CN,*(Zl,alzk—l,az - Zl,alzk—l,az—m) + (k - Q)LN,*(ky ay + 0'2)-

4.2 Sum and weighted sum formulas of double zeta values of
level 2

Setting N = 2 in Corollary 4.5, and taking all possible values of (aj,as), we get the
sum formulas of alternating double zeta values as displayed in the following corollary.

Corollary 4.7. For an integer k with k > 3, we have
k—1
D ¢k =) = (k) (4.1)
j=2

k—1
> PG E=5) =¢PE=11) = ¢ (E-1,T) + (P (), (4.2)
Jj=2

k—1
D DG E= ) = CP(T k- 1)+ (P R), (4.3)
=1
k—1
2P0 k=) =CPE=-1T) = PE -1 1)+ FTE-D+ (k). (44)
=1

Note that formula (4.1) is attributed to Euler [3]. Sum relations (4.2)-(4.4) can also

be found in [2, Theorem 3.2] with alternative proofs based on generating functions.
Now let N = 2 in Corollary 4.6. In the case of (a1,as) = (0,0), we get

N

-1

(27 = 3)¢(j. k — ) = (k —2)¢(k). (4.5)

[|
N

J
In the case of (a1, az) = (0,1), we have

(Qj_l - 1)§(2) (]7@) + (Qj_l - 1)C(2) (57 m)

J

el
—
&
—

<.
||

N
U

N
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k—1

=Y (DG k=) = (k- 2)¢P(E). (4.6)

Jj=2

In the case of (a1, as) = (1,0), we get

k—1 k—1 k—2
S OGE= )+ 3@ = 2P E= )~ S PGk - j)
j=1 =2 j=1
—(OFE=LT) + (k- 2)¢P(F) (4.7)

k—1 k-1
(2 = )¢ G k= 5) —2) PG k=)
j=2 J=2
)

—(PE-1,1)=CPE-—1,D+¢P0k—1) - DT, k-1 + (k—2)C(k). (4.8)

Then using the sum formulas of alternating double zeta values and (4.5)-(4.8), we get
the following weighted sum formulas of alternating double zeta values.

Corollary 4.8. For an integer k with k > 3, we have

i Pk~ ) = (k+ 1SR, ws)
sz F=)+ Y BCOGE=T) =20 + 2P, (410
Z 2¢A (G k —j) = (k— 1)¢(k) + 2P (k). (4.11)

Note that (4.9) was first proved by Ohno and Zudilin [8, Theorem 3]. Relations
(4.10) and (4.11) can also be found in [2, proof of Theorem 4.4].

By Lemma 3.1 with N = 2 and w = —1, the double zeta values of level 2 can be
represented by the alternating double zeta values in the following way:

Gk, 1) 1 1 1 1 C(k, 1)
GO |1 -1 1 =1 [P
gZ(k,Z) I R B B | 2>(k,i) (4.12)
Co(k, 1) 1 -1 -1 1 g@)(E,Z)

Then by Corollary 4.7, (4.12) and the fact (®(k) = (2'% — 1)¢(k), we get the sum
formulas of double zeta values of level 2.

Corollary 4.9. For an integer k with k > 3, we have

k-1 1
DGk =) = 55¢(k),

Jj=2
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k-1

ZCQ(},]C - j) =2 (C@)(m? 1) - <(2)(k - 17T))

k-1
Z CQ(LH) =2 (C(2) (mv T) + C(2) (Tu m) - €(2) (m’ 1) - C(Q) (Tv k — 1))
j=2

+4 <1 - 2—1k) C(k),

Z CQ(i m) =2 (C(Q)(Tv k— 1) - C(2)(T7 k— 1)) :

j=2

For an alternative proof of Corollary 4.9 based on generating functions, see [2, Corol-
lary 3.3]. Similarly, using Corollary 4.7, (4.12) and (4.9)-(4.11), we get the weighted
sum formulas of double zeta values of level 2.

Corollary 4.10. For an integer k with k > 3, we have

S B0k - ) = S (1.13)
; 2G(j,k —j) =4k - 1) (1 - 2—1,6) ¢(k). (4.14)

Proof. We get the first equation by (4.9)4(4.10)+(4.11), and the second equation by
(4.9)+(4.11)— (4.10). 0

Remark 4.11. Since (o(ky, ko) = 227¥7%2((ky, ky), one can easily find that (4.13) is
a variant of (4.9); Also, since the Kaneko-Tsumura’s double T-values are given by
T(ky, ko) = Caky, ko), (4.14) recovers [6, Theorem 3.2].

4.3 Sum and weighted sum formulas of double zeta values of
level 3

We consider the case of N = 3. Taking all possible values of (a1, az) in Corollary 4.5,
we get the following sum formulas of multiple L-values of level 3.

Corollary 4.12. For an integer k with k > 3, we have

> Gk ) =<,

k—1
> WG k- =¢ITE-1) - TLEh- D)+ OE=1T) - (DE=1,1) + (k).
Jj=2

k—1
Y G k=)=¢P k=)= ¢V k=1)+ Ok —1,1) =Pk =1,1) + (D (R),
j=2
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Y PG E=)=¢OE=1,1) = (PE-T1,1)+ (P (&),

—_~— —_—~— —_~—

ZC(B)(% m) = C(3)(T7 k— 1) - C(g)(l k — 1) + <(3)<k - 171) - C(3)(k - 17/1V) + g(k‘),

S COG R =) =P (T k—1) = ¢OT k= 1)+ (D (R),

j=2

k—1

S COG k=) =T E—1) - T k1) +¢OE=1T) - OE=1,T) + (k).

=2

Recall that w is a primitive cubic root of unity. For positive integers ki, ky with
ki > 2 and a1, as € R3, from Lemma 3.1, we have

1+ mi—ail + 2(m1—aq) 1_'_ mo—a2 + 2(ma—az)
C3(k1, ks a1, az) = Z ( “ “ k)l(kQ - - )

mi1>mo>0 ml m2
=C(ky, k2) + w™ D (ky, ko) + w29 ¢O) (ky, ky)
+ w2 (ky, k) 4 w02 ey, ) 4 w2172 ¢ 6 (ky, k)

+ w72a2<(3)(k17 ];;;) + wfa172a2<(3) (k_b ];2) + w72a172a2<(3)(];~v1’ ];;;)
(4.15)

Hence we can get sum formulas of multiple zeta values of level 3 from Corollary 4.12.
To state the results, we introduce some notations. For an integer £ with £ > 3, we set

_ 1— mi+2(, ,mi—2 _ 1)(]1 ma—1 2(ma—1)

k—1 ;
m1>ma>0 mime
GPLE-D)= Y (1 - w)wm™ (W™ —1)(1 +w™ " D)
3 ) - — 1 ’
my>m2>0 mimsey
2,0(1 m) Z (1 _ w)wrm (wm1+2 _ 1)(1 + wm2—1 + wg(mQ,l))
3 y v — - o 7
m1>mo>0 mimey
1,0(1 ]{7/\/1) Z (1 — w)wm1+2(1 . wm1—2)(1 + wmz—l—l + w2(m2+1))
3 y v T - - :
m1>mo>0 m1me
0,2(1 m) Z (1 — UJ)wml(l _ wm1+2)(1 4 wm2+1 + wQ(m2+1))
3 y v — o 7
m1>ma>0 mime
Glk-1= Y (1 — w)w™ (1 — w™)(1 4 wm2 ! 4 @2(m2 1)
3 y v - 1 ‘
m1>ma>0 mims
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Using Corollary 4.12 and (4.15), we get the following sum formulas of double zeta
values of level 3.

Corollary 4.13. For an integer k with k > 3, we have

k-1
Z<3<j,k — ) = 3G3(k),

ZCZ’)(%E) = 3?70(171{; - 1) + C3<k - 171) - <3(k - 171)7
Jj=2
k—1 o o o
> Gl k=) =G Lk =1) + Gk —1,T) = G(k — 1,T),
j=2
-1
D Gl k—j) = Gk —1,T) = (k= 1,7),
j=2
k—1 o L
ZC?;(??IC _j) = i(‘}]’l(]'?]C - 1)7
j=2

k-1
Z@,G,k—j = MLk — 1)+ Gk — 1,T) — Gk — 1.1) +3¢(k),

2C3(37k_j):<3<k—1,1) Gk _1 1)

S GGE—) =G ME 1)+ G- L) - Gk — 1,7) +3¢(k),
j=2

k—1 o o

> Gl k=) =1L k—1).

j=2

Similarly, taking all possible values of (a1, as) in Corollary 4.6, we get the following
weighted sum formulas of multiple L-values of level 3.

Corollary 4.14. For an integer k with k > 3, we have

> PGk =) = (4160

/—\_/

ZZJ Gk =5) =20 (T k= 1) = 2(O(T, k = 1)

+200(k —1,T) — 2¢®(k — 1,1) + (k — 1)¢P (k) + 2 (&),

k—1
> 2¢OG k- =2V E=1) -2V T k-1)+2PE-T1,1)
j=2
— 20O & —1,7) + (k — )P (k) + 2¢ (),
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k—1

ZT COGE= )+ D 27O k=) =PI E—1) - O(T k1)

7j=2

+< (& =1,T) - (D& —1,1) + kP (F) + (O (R),

k-1
S 2@k +Zzﬂ KOG E—)=¢OTk—1) -0k 1)
j=2

+g (k= 1,1) = (D% —1,T) + k(P (k) + (D (R),
k—1 k—1
S OGE= )+ Y 2 OG k) =T k1)~ (DT E 1)
j=2 Jj=2

—~—

+CO Tk —1) = O,k 1)+ (k- DC(k) + CDE) + (O (k).

Using Corollary 4.14 and (4.15), we get the following weighted sum formulas of
double zeta values of level 3.

Corollary 4.15. For an integer k with k > 3, we have

k—1
> V6G k=) = (2w 4) (VTR -1~ T ED)
j=2

) (¢®A,F—1) g<>(T,kA—/1)>
+ (3% — 3)C(k) + (3k — 3)w(® (k) — (3k — 3)(w + )¢ (k),

k—1
N VGG R =) = (2w +4) (g A, k—1) g%im))
j=2

(2w — 2) <¢3>1/<;—1 §<>(T,k—1)>
4w—|—2(

(2w — 2) (g(i“ A, k-1 g3>(T,k—1))
+ (4w + 2) (c<3> k1) - ¢, m))
+ (3k — 3)C(k) + (3k — 3)w(® (k) — (3k — 3)(w + 1)¢P (k).
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