INSTABILITY OF SOLUTIONS TO DOUBLE PHASE PROBLEMS
INVOLVING THE GRUSHIN OPERATOR AND EXPONENTIAL
NONLINEARITY

QUANG THANH KHUAT, DAO TRONG QUYET, AND NGUYEN VAN BIET

ABSTRACT. In this paper, we are concerned with the following problem in the
whole space RV = RNt x RNz

—divg (w1 (2)|VaulP2Vgu + w2 (2)|Vaul| " *Vau) = f(z)e",
where V¢ is the Grushin gradient, Ag = divg o Vg is the Grushin operator,

q>p>2and wy,ws, f € Llloc (RN) are three nonnegative functions satisfy-

ing some growth conditions at infinity. Using energy methods and nonlinear
integral estimates, we obtain the instability of weak solutions of the above
problem.

1. INTRODUCTION AND MAIN RESULTS

In this paper, we split RY = RN x RN and write z = (x,y) € RY, where
x € RV, y € RV, Let o be a nonnegative constant and define the Grushin
gradient as follows

Vg = (vaﬂ ‘xlavu)’

where V., V,, are standard Euclidean gradients in RV, R™2 respectively. The aim
of this paper is to study the instability of weak solutions for the following problem
in the whole space RY = RN x RNz

—divg(w(2)|Veu|P2Veu + wa(2)|Vau|T 2Vau) = f(2)e", (1)
where ¢ > p > 2 and wy,ws, f € L}OC(RN) are three nonnegative functions sat-
isfying the following condition: there is Ry, C7,C3,C3 > 0 and §1,02,0 € R such
that

w2

wi(z) < C1lz|%,
(2) <

< CQ|Z‘6G'27 (2)
2) > Cylzlé,

~

for all |z|¢ > Ro. Here,
1
2l = (Ja*F + (a+ 1)|y[?) 24D,

where |z|, |y| are the Euclidean norms in RV R™2 respectively.
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2 Q.T.KHUAT, D.T.QUYET, AND N.V.BIET

Recall that in the case « = 0,w; > 0,wy = 0,p = 2, (1) becomes the Laplace-
type equation. In [13,17], the authors proved the instability of solutions for the
equation

—Au=¢" inRY
within the condition of N < 9. For the Hénon equation
—Au=|z|’e" in RV,
where 6 > —2, Wang and Ye [33] obtained the nonexistence result of stable solutions
in dimension N < 10 + 46.

Next, in the case « = 0,w; > 0,wy = 0,p > 2, (1) becomes the p-Laplace
equation. The results about the instability of solutions, the reader can be found
in [26] for the equation

~Apu = f(z)e* in RN
and in [7,25,29] for the more general nonlinear p-Laplace equations.

Considering (1) in the case @ = 0,w; > 0,we > 0, > p > 2, the left-hand
side becomes the double phase operator. In particular, when the weight function
wy = 1, following the ideas in the papers [12,17], Phuong Le [28] proved that the
equation

—div(|Vu|P 2V 4 we(2)|Vu|T2Vu) = f(2)e" in RY
has no stable solution under the condition
min{p, ¢ — d2}(q + 3) + 46
q—1 ‘

We now consider the general case @ > 0,w; > 0,w2 > 0,9 > p > 2. Recently,
there have been many studies on elliptic equations involving the operator Ag =
divgoVa = Ay +|z]2*A,, see e.g. [15,16,27,34,36]. This operator is today usually
named Grushin operator. The operators of this kind were first introduced and
studied by Franchi and Lanconelli [18]. Recently, they were named by Kogoj and
Lanconelli [21] Ay -Laplacians, under the additional assumption that the operators
are homogeneous of degree two with respect to a group of dilations, see also [2,14,
22-24,31,34,35]. The operator considered by Grushin [19] is a very particular case
of the Aj)-Laplacians, Grushin studied this operator by adding lower terms with
complex coefficients, see also [4].

For the equation

N <

—Agu=e* in RN = RM x RNz,
Anh et al. [1] proved that this equation does not permit any stable solution if
2 < Q < 10, where
Q=N+ (a+1)N, (3)
is called the homogeneous dimension of RY associated to the Grushin operator.
The nonexistence result of stable solutions to the equations involving p-Laplace-
type Grushin operator

divg(w(2)|[VaulP2Veu) = f(2)e® in RY = RN x RN

was established by Wei et al. in [34].

Notice that double phase differential operators and their respective energy func-
tionals are used for research in nonlinear elasticity theory, strongly anisotropic
materials, Lavrentiev’s phenomenon, and so on, see e.g. [3,6,8,20,37-39]. Some
results for nonlinear problems controlled by the double-phase operator, the reader
can be found in [5,9-11,30,32]. However, to our knowledge, there has not been any
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INSTABILITY OF SOLUTIONS 3

research on the double phase problem (1) involving the Grushin operator so far.
The purpose of this paper is to establish some results about the instability of weak
solutions for problem (1).

We now recall some notations which will be used in the sequel. Let Q c RY
be an open domain and let H : Q x [0,00) — [0,00) be the function (z,t) —
wy (2)tP + wa(2)t?. Put

pr () = / H (2 Jul) = / (wn (2)|ul? +ws(2)u])

and
LH(Q) = {u: Q — R | u is measurable and pg(u) < co}.
The space L (Q) is equipped the norm

= mf{T > 0] pr (;) < 1}.
Define
WH(Q) = {u e L7 (Q) | [Vqu| € L7 (Q)},
with the norm
lull,z = IVeulllg + llulla-
The closure of C(£2) with respect to the || - |1,z norm is denoted by W, (€2) and
we set
Wﬁ)CH(Q) = {u: Q= Rlup € WH(Q) for all p € CHQ)}.

In this paper, we understand the solutions of (1) in the sense of weak solutions

as follows.

Definition 1.1. A function u € Wll’H(RN) is said to be a weak solution of (1) if

oc

f(z)e* € L} (RN) and for all ¢ € CHRYN), we have

loc
/N (w1(2)|VaulP 2V gu +wa(2)|[Veul " *Vau) - Vap = /N f)ete. ()
R R
Our results concern with the stability of solutions which are defined as follows.
Definition 1.2. Let u be a weak solution of (1). Then, u is stable if for all
o € CHRYN), we have

| m@IVeuP9esl? + (o - 2IVaul(Vau: Var)]
R
+ / ws(2)[|[Veul" 2 Vawl + (¢ — 2)|Veul" (Vou - Vap)?]  (5)
RN

> [ flz)ey”.
RN

Our first result establishes the dimensionality condition that the weak solution
of (1) is unstable.
Theorem 1.3. Let u be a weak solution of (1). Assume that
Q< min{p — d1,q — d2}(q¢ + 3) —|—49,
qg—1
where the homogeneous dimension @ is given in (3). Then, u is unstable.

(6)

Notice that, if the solutions are bounded from below, we have the following
result.
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4 Q.T.KHUAT, D.T.QUYET, AND N.V.BIET

Theorem 1.4. Let u be a weak solution of (1). In addition, u is bounded from
below and

min{p — 4, +60,¢— 2+ 6} > 0, (7)
then u is unstable.

The next result is established for the solutions which have a suitable decay of
the gradient at infinity.

Theorem 1.5. Let u be a weak solution of (1). If |Vgu| = O(\z|g) as |z|lg = o
and

40 — Qg —1)
q+3

then u is unstable. Here the homogeneous dimension @ is given in (3).

max{d; + (p —2)B,02 + (¢ — 2)B} < +2, (8)

Remark that, our results generalize that in [28] from the Laplace operator to the
Grushin operator. More precisely, when w; = 1 and o = 0, our results recover that
in [28]. Moreover, our results are also extensions of that in [34] to the double phase
problems. Inspired by [15,28,34], our approach in this paper is also based on the
energy method and nonlinear integral estimates.

The rest of this paper is organized as follows. In Sect. 2, we prove some a priori
estimates for stable weak solutions of (1), which are used in proving of the main
results afterward. In Sect. 3, we prove the main results of this paper.

2. SOME A PRIORI ESTIMATES FOR STABLE WEAK SOLUTIONS

Throughout the sequel, we use letter C' to denote a generic positive constant
which may change from line to line or in the same line. For any R > 0, we denote
by Qr = B1(0, R) x Bz(0, R**1), where B1(0, R) C RN By(0, R*T1) C RNz are
the Euclidean balls.

To prove Theorems 1.3 and 1.4, we need the following a priori estimate.
Proposition 2.1. Let u be a stable weak solution of (1) and v € (O, ﬁ). Then,
for all n € CHRY;[0,1]) and Vgn = 0 in Qg,, there is a positive constant C
depending on p,q,y such that

/ F(R)er el <0 wi (2) () T VenP ot
RN RN \Qp,

+C wa(2) T f(2) 7|V an|?OF.
RN\Qg,

Proof. Let k € N, and define

SIS

, t <k,

e
k
[g(t—k)+1]e%, t>k,

and

evt, t <k,
hk(t) = k
[y(t —k)+1]e™, t>k.
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INSTABILITY OF SOLUTIONS 5

By direct calculations, we have

YeE, i<k
—€ 5 < ) vt t<k
G =132 . and hj(t) =47 0 T

It follows that
g6 (0 = hit), g0 = Thi (1),
gk (®)7 gk ()77 + hi ()T hi ()77 < Oy g™,
forallt € R and o > 2.
Let » > gq,e € (0,1) and ¢ € CHRY) satisfying 0 < . By density

arguments, we observe that (4) is true for all ¢ € Wy (RN). Moreover if u €
WEH(RN) then hy(u) € W2 (RN). This implies that hy(u)y"™ € Wy~ H(RN). We

loc loc

take p = hg(u)y" in (4) to get that

[ e r 4 [ (Ve Ve e
+/ w2(2)|VGu|qh§€(u)1/JT+r/ wg(z)|Vgu|q_2hk(u)wr—1vcu~Vcw (10)
RN RN
= f(z)e*h(u)y".

RN

Applying Young’s inequality, we obtain

—r/ wl(z)\Vgu|p_2hk(u)wr_1vcu Vg
RN

<r [ o)eul e Vew

p—1 (p=r L

+ 0 ()Pl 7 07 V)]

:e/ wl(z)|VGu\ph§€(u)dJr—l—C€/ wy (2)hy, (w)P Ry, (w) PP |V gapP.
RN RN

In the same way, we have

—r/ wo(2)|Vau|T 2hy(u)y" ' Vau - Vi
RN

< e/ wg(z)|VGu|qh§€(u)1/1T+C€/ wa(2) g, (W) hy, (u) 9"V gep|2.
RN RN
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6 Q.T.KHUAT, D.T.QUYET, AND N.V.BIET
Substituting these two estimates into (10) and using (9), we get that
(1=0) [ | (1) Taul? + wa(a) Peul) i
< [ H@ e +Cc [ ol ) PV gl

+Ce | wa2)hi(w)hi (u)' =" V| (11)

RN

< [ 1@ +C [ e ey

+Cc | wa(2)e™ Ve
RN

Applying Schwart’s inequality for the stability condition (5), we receive

0=1) [ 0i@eul 2 Vasl + =1 | unlo)Veul*Voel ”

> [ flz)ety?

RN
for all p € CL(RN).
By density arguments, we have (12) hold true for all ¢ € VV1 H(RN ). Moreover, if
u € WllocH(RN) then gr(u) € WllocH(]RN) This implies that g (u )¢2 € W&’H(RN).

Taking ¢ = gi(u )¢2 in (12), we have

0=1) [ 0i@)Veul o) Vou+ Gy’ Vool
+<q—1>/R w2 (2 Vel () Vou + gy T Vo

> [ f(z)etgr(u)®yr.

RN
Using the inequality
|21 + 22]? < (1 +7)|21]? + Crl2a? for 21,20 € RN 7 >0,

we arrive at

€
[ ot a <(p-1+3) [ wi@VeuPgw?y
RN RN
+A [ wn@IVeuP 2w Vol
B (13)
+(a-1+3) / ws (=) |V gul?gh (u) "
RN
4 B, / ws(2)|Vau|T gy (u) 072 Vg 2.
RN
Employing Young’s inequality, we obtain
A, / () Veul g Ve
R

€ p=2 , ,, Ae=2) (e=2)r 23
< [ 5@ Waurgw T )
RN
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INSTABILITY OF SOLUTIONS

2 2(2—p) 2(r—p)

+Oe(w1(z)pgk(U)29§c(u) poyor |VG¢|2)€]

€

By the same argument, we have

B. Nw2(2)IVGUI"_2gk(U)2W’_2|VG¢|2
R

- 5/1@ wi(2)|Vaul gy (u) W‘FC/ w1 (2) gk (w)P g (u)* PU" PV gplP.

< g/RN ws(2)|V el gl (u) ¢r+c/ R cEp———

Putting these two estimates back into (13) gives
FEC o <0140 [ wi@)VouPgiw?e
RN RN
+C, [ @awrg e Vel
R

+lg—1+6) / o(2)|Vulg) (u)y"

+C/ wa(2) gk (u) gy (u) >~ 9"~V gu|.

Under the condition that ¢ > p and (9), we receive

/ F(2)e g (u)Pr
RN

<=1+ [ @EVeul +us(2)Voulgh ()}’

e / w1 () YTVl + C / wy(2)e |V g7
RN RN

= LD T ) Vel 07

e / wy ()T PV aplP + Ce / wa ()€ TV G|,
RN N

Combining (11) and (14), we obtain

/f z)e gy (u)?y" < 4 (1+6) f(2)e"hy(u)"

1 — 6) RN
e / wy (2)e7 TPV gaplP
RN
e / wa(2)e Y|V G|,
RN

From (9), we derive

u r (q -1+ 6)’7 u r
. f(z)e gk(u)21/1 < W - f(z)e Qk(u)zw

e / w (2)e PV gplP
RN
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8 Q.T.KHUAT, D.T.QUYET, AND N.V.BIET

+Cc | waz)e "V,

RN
Therefore,
D. [ ey
RN
<C. wl(Z)@”“W*”IVcdilvaCe/ wa(2)e™ P Vg,
RN RN
where
D=1 la-1tey
4(1 —¢)

-1
Since hm D.=1- % > 0, then we may choose € sufficiently close to zero

such that D > 0. We also choose r = q. It follows that

[ 1@ awrs < [ @ Vel +0 [ w@e Vol
RN RN RN
Applying Fatou’s lemma when letting k — oo, we get that

f(2)e0Huge < o / wi(2)eT PPV gl + C / wa(2)e Vbl (15)
RN RN

RN
Next, take 1 = n?*! in (15) and applying the Young inequality to find that

f(2)e (v+1)u n? a(v+1)
RN

< C/ wy(2)e"™|Van[Pn?tar 4 C/ wa(2)e” | Ven|in™
RN\Qg, RN\Qpg,

) /R”\QRO (e )T o A6 Tvenr) " |

+ /RN\QRO {i(f(z)vjrlevunqv)

1
<7l @ e wi () 1(2) TP
RN\Qpg, RN\Qpg,

+1

"+ 0w Ve |

1
+ i / f(z)e(w-l)unq(v-irl) +C wg(z)"’ﬂf(z)_"’|Vg77|q(7+1).
RN\Qp, RN\QRO

Therefore,

f(z)eHupa ) <o wy (2)7f(2) 7 | VgnPOTY
RN RN\Qp,

+C wa(2)"H f(2) [ Ven| 1Y,
RN\ Qg,
The proof is finished. (]

The following result, which is a variation of Proposition 2.1, will be used to prove
Theorem 1.5.
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INSTABILITY OF SOLUTIONS 9

Proposition 2.2. Let u be a stable weak solution of (1) and vy € (O7 ﬁ). Then,

for all n € CHRY;[0,1]) and Vgn = 0 in Qg,, there is a positive constant C
depending on p,q,y such that

f(z)e(vﬂ)un?(wrl) <C wl(z)"”l f(z)ﬂ(WGu‘p%|VG7]|2)V+1
RN RN\Qp,

+C wa(2) T (2) 7V ([Vaul T2 Van[?) .
RN\Qgr,

Proof. The following proof is similar to that of Proposition 2.1. We use the func-
tions gg, hi, ¥ as in the proof of Proposition 2.1.
Let e € (0,1). Using ¢ = hy(u)y? € Wy (RV) as a test function in (4) gives us

[ o GITeuPhiwu +2 [ o) Vel e wuTeu Vou
RN RN
+/ wz(z)|VGu|qh§€(u)7,/12+2/ wa(2)|Vau|" 2hi,(w)ypVeu - Ve (16)
RN RN
= (z)e“hk(u)d)?.
]RN

Applying Young’s inequality, we obtain

i / w1 (2)|VeulP 2 b (W) Vau - Vb
RN

IN

2 [ i)V eul Ve
1 p 1 N2 1 p—2 1 2
< [ e(mE@2Vaubr2e) + (w22 Veul> hwhi(w 2V
—c [ w@Nau K + 0 [ Vel 2w ) Vel
In the same way, we have
=2 [ wae) Vel oV eu - Voo
<e / wn(a)|Veulh (wy? + C. / wn(a)|Veul™ 2 (w)H () [Vl
Substituting these two estimates into (16) and using (9), we get that
(1=0 [ (@IVaul? + wao) Toult)hi (wy?
< [ 1@+ C [ Vol i)~ Ve
0 [l Vaul 2 hufu)hi (o0 Vel (7)
< [ 1@+, [ n@ Vet Vet

e / wa(2)|V aul 127 V|2,
RN
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10 Q.T.KHUAT, D.T.QUYET, AND N.V.BIET
Next, taking ¢ = gx(u)y € W(}’H(RN) in (12), we obtain
0=1) [ wiEIVeur 2o Veu+ o Veu|
+a=1) [ 02 Veul g )i Vou-+ () Vol

> [ FE g,

Using the inequality
|21 + 222 < (1 +7)|21 ]2 + Cr|22)? for 21,20 €e RN 7 >0,

we arrive at
/ F(2)et gi ()2
RN
<(p-1+¢ / wn ()| VaulP gl (u)*? + C / w (2)V gl gy ()2 |V 2
RN RN
t =140 / ()| Vul gl (W) + C. / wn(2)| Vil gi () |V b 2.
RN RN

Under the condition that ¢ > p and (9), we deduce
| e
RN
<(g—1+e) /N(UH(Z)\VGUlp + ws(2)[Vul) gy (u)*y?
R

—|—C’€/ wl(z)|VGu|p72eW\ngp|2—|—C'e/ wo(2)|Vau|!2e™ |V ay|? (18)
RN RN

_(g=1+6n

T [ Vel + ) Dl b

+C. /RN w1 (2)|VgulP 267 |V g2 + C. /}RN ws(2)| V=267 [V g .
Combining (17) and (18), we obtain
/f 2)etgy(uy? < U 1T 1+€/f o ()
+ C. /RN w1 (2)|VauP~ 27|V g2 + C. /]RN wa(2)|V |12V g2,
From (9), we get
/]RNJc(z)e“gk(u)%2 < 11_+GE / f(2)egr (u)?
+C. /RN wy(2)|VeuP~2e7| V|2 + C. /RN wa (2)|V |26 [V |-
Therefore,

D, [ St

30 Jan 2024 19:51:23 PST
230808-NguyenVan Version 2 - Submitted to Rocky Mountain J. Math.



INSTABILITY OF SOLUTIONS 11

ch/ wl(z)|vgu|P*QeW|va|2+C€/ w3 (2)| Vel I=2e ™ Va2,
RN RN

where

D=1 -1ty
4(1 —¢)

(g —1)y

Since hm D.=1-—
—0+ 4

such that D, > 0. Hence

/ F(2)e  gu(u)??
RN

< 0/ wl(z)|vgu|p*2ewwgw|2+c/ ws (2)|V gl 1267 |V g 2.
RN RN

> 0, then we can fix some ¢ sufficiently close to zero

Applying Fatou’s lemma when letting k£ — oo, we get that

[ J@)e (r1uqy?

(19)

< C/ w1(Z)IVGUI”‘Qe”“\Vcw|2+C/ wa(2)[Vaul'?e7 |V ay|?.
RN RN

Next, take ¢ = 771 in (19), we have

/ fz)elrtu20t) < ¢ wy (2)|[VaulP =2 [V anl*n>
RN RN\ Qpg,

+C wa(2)|[Veu| 2™ [Ven|*n™.
RN\Qg,
Applying the Young inequality to find that
f(z)erTDup2+D)

RN
y+1

1 - _x +1
< [ (@) T s o(m@f ) Vel Vo)
RN\Qp

y+1

1 i1 yu, 2y R 7% q-2 2 o
[ He ) ot )
Ro

Therefore,

/ F(2)er Pt < / w1 (2) f(2) (| VaulP 2V an?)
RN RN\Qpg,

+C wa(2)7T f(2) T ([Vaul T2 |[Van|*)
RN\Qg,

The proof is finished. ([l

3. PROOF OF MAIN RESULTS

Let R > 0. In the sequel, we denote by Qorp = B1(0,2R) x Bo(0,2R+1),
where By (0,2R) C R By(0,2R**1) C R™ are the Euclidean balls, and consider

functions il vl
T y
nr(z) =m (R) n2,r(Y) = 02 (RO‘H) )
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12 Q.T.KHUAT, D.T.QUYET, AND N.V.BIET

with m,n2 € Cgo([07—|—00)),0 S , "2 S 17

{1 i [0,1],

ni(t) =
and o o
|v:c771,R| S Ey |Vyn2,R‘ S Wa

for some constant C' > 0.
The following lemma is necessary to prove main results.

Lemma 3.1. The following assertions are true.
(i) There is a constant C > 0 independent of R such that

C
Vanr| < ENZ € Qar,

where Nr = N1,RN2,R-
(ii) There is a constant C > 0 independent of R such that if z € Qap then

lzle < CR.
(iii) If z ¢ Qg then |z|¢ > R.
Proof. Proof of (i). We have
Vanr = (Vanr, |2|*Vynr) = (12,RVam g, [2]%11,RVyn2,R)-
For any z = (x,y) € Qag, we have z € B1(0,2R). Hence
|z] < 2R.
Combining this with the hypothesis about functions 1; g, = 1, 2, there is a constant

C > 0 independent of R such that

IV annl? = al Vam,nl? + 227 ol Ve nf? < 103,92 € Qo
This implies
IVanr| < %,Vz € Qap.
Proof of (ii). For any z = (x,y) € Qap, we have
|z| < 2R and |y| < 2R*TL.
Hence
2l = (D + (a + RIyP) oD

1
< [(2R)* Y + (a + 1)3(2R*T1)?] 2(a+T)

From direct calculation we obtain
|zlc < CR,

where C' > 0 is independent of R.
Proof of (iii). For any z = (z,y) ¢ Qg, we have

|z| > R and |y| > RM.

Therefore, we get

1
e = (2D + (o + 1)?[yf2) 25D
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INSTABILITY OF SOLUTIONS 13

1
> [ROTD 4 (o + 1)2(R*H1)?] 2(e+1)

Simple calculation we have |z|¢ > R. O

Note that the function g is defined as in Lemma 3.1 satisfying ng € CL(RV),0 <
nr < 1in RY and

Nr = 1 in QR,
nr=0 in RN\ Qap, (20)
c .
|chﬂ§fé in Qar \ Qr.
Now, we use the contrary method to prove our main results. We assume that
the weak solution w of (1) is stable. Then, applying the a priori estimates for stable

weak solutions in Section 2 to derive a contradiction. Hence, we have the conclusion
of theorems.

3.1. Proof Theorem 1.3.

Proof. Suppose conversely that u is stable. For all R > Ry, applying Proposition
2.1 with v € (0, ﬁ) and 1 = ng, where ng is chosen as in Lemma 3.1, there is a

positive constant C' independent of R such that

(e <0 / w1 (2)7H f (2) 7 Venr[POFY

Qr Qar\Qr

+C wa(2)" 1 f (2) 7| Vama|O Y.
QQR\QR

Since |z|¢ > R > Ro,Vz ¢ Qp and using (2), (20) we obtain
(z)e(wrl)u
Qr

<C |2l V|G RO 4 ¢ 12|20 D =07 Ratr+),
Q2r\QR Qr\Qr

Combining this with |z|g > R,Vz ¢ Qg and |z|¢ < CR,Vz € Qag, we have
f(z)e0 T < ORA, (21)
Qr
where
A=Q—min{fy+ (p—d1)(y+1),07+ (¢ = 2)(y + 1}
Using (6) yields
lim )\:Q_mln{p—él,q—§2}(q+3)+49<

4 \- -1 0-
= (327) 1

So we can fix some « sufficiently close to ﬁ such that A < 0. Letting R — oo in
(21), we have a contradiction. Therefore, we get the conclusion of the theorem. [
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3.2. Proof Theorem 1.4.

Proof. Suppose conversely that u is stable. Since u is bounded from below then
there is M < 0 such that u(z) > M for a.e. 2 € RV. It follows that
M<(1-eM<(1-e¢€)u,
for all € € (0,1). Hence
eM f(z)e(7+6)U¢q < / e(l_e)“f(z)e("""e)“z/)q — / f(z)e(v-i-l)qu'
RN RN RN
Combine this with the inequality (15) in the proof of Proposition 2.1, we obtain
f(z)e0r Iyt < C/ wy(2)e" YTVl + C/ wa(2)e”|Vayl?, (22)
RN RN

RN

Jte
where C' > 0 independent of e. Taking ) = 1 ¢ in (22) and employing Young’s
inequality, we receive

(z)eh“)“nq%ﬂ)
RN

ay ay
< C/ wi(2)e7|Van|Pne TP + C/ wa(2)e”[Vanl|in e
RN\QR, RN\Qg,

1 v T, Vje o 7?
g/ {4(f<z>v+ee7“ne ) 7+ O (wi()f ()T Vel }
RN\Qp,

" /]RN\QR0 {411 (f(z) e eyu”%) i + C(wz(z)f(z)_ﬁ |Vc;77|‘1) = }

1 a(vte) Yte
<3 / F)e iy e+ 0 / wi(=)"© f(2)
RN\QRO RN\QRO

1 (+eyu a(y+e) Yte e q(y+e)
bq Lo @t TR e [ () ) e
RN\QRr, RN\QRg,

This implies that

o p(y+e)
«|Van| e

(rte)u a(y+e) e e p(y+e)
(g™ ce [ w0 v
Ro
yte 7 a(y+te) (23)
+C wa(z) « f(2)"¢|Vanl < .
RN\QRO
For all R > Ry, applying (23) with n = nr, where ng is chosen as in Lemma 3.1,
we have
(r+e)u yte e p(y+e)
(2)et” <C wi(z) ¢ f(z)"<|Vanr| ¢

Qr Q2r\Qr

yte a a(vte)
+C/ wo(z) € f(2)"€|Vanr| ¢ .
Q2r\Qr

By the same argument in the proof of Theorem 1.3, we obtain

A (z)e T < OR?, (24)
R
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where

)\:Q—min{

min{p —d; + 6,9 — d2 + 0}~
€

Oy+(p—30)(y+e) Oy+ (q—52)(7+6)}

)
€ €

=Q - —min{p — 1,9 — 2}

By the assumption (7), we can fix some e sufficiently close to 0 such that A < 0.
Letting R — oo in (24), we have a contradiction. Therefore, we get the conclusion
of the theorem. (]

3.3. Proof of Theorem 1.5.
Proof. Suppose conversely that u is stable. Applying Proposition 2.2 with v €

(0 _4
»g—1
there is a positive constant C' independent of R such that

and 1 = ngr, where ng is chosen as in Lemma 3.1. Then, for all R > Ry,

/ f(z)e D <o w1 (2)" f(2) 7 (IVeulP~*[Vangl?) "
Qr Q2r\Qr

* C/ wy(2)7 T f(2) T (IVaul T [ Vang|?) .
Q2r\Qr

Since |z|g > R > Ry, Vz ¢ Qg, using (2),(20) and the hypothesis about |Vgu| we
obtain

f(z)e (y+1Du <C/ 51 (v+1) ‘2|G9v‘ |(p 2)B(y+1) p-2(v+1)
Qr Q2r\QR

+c |20V lal " el O RO,
Q2r\QR

Combining this with |z|¢ > R,Vz ¢ Qg and |z|g < CR,Vz € Qagr, we have
J(2)elrHn < OB, (25)
Qr

where
A=Q+max{01 + (p—2)B,02 + (¢ = 2)BHy + 1) = 2(y + 1) — b.
Using the assumption (8), we get that

lim A= Q+max{0 + (p—2)8.0:+ (¢ - 2B} - 5 - P - 5 <0,

’y_>(q 1

So we can fix some ~y sufficiently close to ﬁ such that A < 0. Letting R — oo in

(25), we have a contradiction. Therefore, we get the conclusion of the theorem. O
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