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Abstract

We characterize the isolated points of the surjective spectrum of a closed
linear relation acting on a complex Banach space by means of the local
spectral theory. The found results generalize some known characterizations
in the frame of bounded operators to include the cases of closed operators
and more generally closed linear relations.
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Introduction

Throughout this paper, (X.||.]|) will denote a complex Banach space. The first
phase of our investigation consists in studying the local spectral theory of closed
linear relations. More precisely, we develop the basic properties of the local
and glocal spectral subspaces, the quasinilpotent part Hy(7) and the analytic
core K(T) of a closed not necessary bounded linear relation 7. This seem a
generalization of the later developments of this theory in both cases of closed and
bounded linear relations and bounded operators. As an application, we use the
found results to give some properties of isolated points of the surjective spectrum
of a closed linear relation. To describe these achievements, let’s start by recalling
some known results in the case of bounded operators. In 2008, Gonzalez et al.
[5] have shown that if 7" is a bounded operator then

A is an isolated point of the surjective spectrum of 7' if and only if
X = Ho(T — N\I) + K(T — XI).

Recently, the characterization of isolated points of the spectrum has been
extended in [6] to the case of linear relations. It was proved that for a closed
and bounded linear relation 7" such that 0 is a point of its spectrum, we have the
equivalence:

0 is an isolated in the spectrum of 7" if and only if Hy(T') and K(7T') are closed
and X = Ho(T) & K(T).
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All of the above motivated us to establish a necessary and sufficient condition for
which a point of the surjective spectrum of a closed linear relation be isolated.
This will be considered as a continuation of the study made in the case of linear
relations but also a generalization of the investigation carried out for the case
of operators since it covers the case of closed operators which are not necessary
bounded. More precisely, the purpose of this paper is to show that, under some
conditions, the results mentioned above remain valid in the general setting of
closed linear relations. The demonstrations provided are essentially based on the
local spectral theory that we have developed in the framework of closed linear
relations. We now describe this approach in greater detail.

Section 1: The first section is mainly dedicated to introduce the basic tools of
linear relations. Then, we study different types of invariance of a subspace of X
by a linear relation. Section 2: The first part of this section focuses on providing
several tools for studying the local spectral theory. Additionally, we give a further
look at Leiterer’s result |7, Theorem 3.2.1| which is needed later. Subsequently,
we deal with a localized version of the quasinilpotent part and the analytic core
of a closed linear relation. Section 3: In this section, we are interested in closed
linear relations that verify two further conditions. For these classes of linear
relations we derive more properties of the local and glocal spectral subspaces and
the quasinilpotent part Hy(7'). These results are then applied to characterize the
isolated points of the surjective spectrum of a linear relation.

1. Preliminaries

In this first section, a brief introduction of the linear relation theory is given. We
essentially aim to recall some basic definitions and properties which are needed
in the rest of this work. A linear relation (or a multivalued linear operator) in
a Banach space X, T : X — X is a mapping from a subspace D(T) = {z €
X : Tx # (0}, called the domain of T into the set of nonempty subsets of X
verifying T'(a1x + aoy) = ayT(x) + aoT(y) for all non zero scalars oy, as and
vectors x and y € D(T'). We denote by LR(X) the class of all linear relations in
X. A linear relation T' € LR(X) is completely determined by its graph defined
by G(T) :={(z,y) e X x X :x € D(T),y € Tx}. Let T € LR(X). The inverse
of T is the relation 77! given by G(T™ ) := {(u,v) € X x X : (v,u) € G(T)}.
The closure T of a linear relation 7T is defined by G(T) := G(T)). We say that T
is closed if its graph is a closed subspace of X x X. The set of all closed linear
relations is denoted by CR(X). We say that T is continuous if the operator QT

. In such a case

is continuous when Q7 is the quotient map from X onto

the norm of T is defined by ||T|| := ||QrT||. We say that T is bounded if it
is continuous and everywhere defined. The set of all bounded and closed linear
relations acting between two Banach spaces X and Y is denoted by BCR(X,Y).
If X =Y, we write BCR(X, X) := BCR(X). The subspaces ker(T) := T~1(0)
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and Im(T) := T(D(T)) are called respectively the null space and the range
space of T. We say that T is surjective if T(D(T)) = X and T is injective if
ker(T) = {0}. Note that T is an operator if and only if 7(0) = {0}. For linear
relations S,T € LR(X), S+T is defined by

S+T :={(x +u,y+v): (z,y) € G(S) and (u,v) € G(T)}.

This last sum is direct when G(S) N G(T) = {(0,0)}. In such case, we write
S @ T. We denote by B(X,Y) the Banach algebra of all bounded operators
on X and Y. If X =Y, we write B(X,X) := B(X). For r > 0 we denote
D(0,7) := {X € C;0 < |A| < r} and D*(0,r) := D(0,7)\{0}. Now, we aim to
define and study some basic tools of the spectral theory. Given a closed linear
relation 7. For A\ € C, we denote by R\(T) = (M — T)~! the resolvent of T at
A. The resolvent set of T is the set defined by:

p(T) = {\ € C; (M — T) ! is everywhere defined and single valued}.

We say that T is invertible if 0 € p(7T"). The spectrum of 7' is the set o(T') =
C\p(T). The extended spectrum of T is the subset &(7T") of the extended complex

plane C = C U {oo} that is equal to

. [ o(T), if T e B(X)
a(T) = { o(T)U{oc}, otherwise.

The surjective spectrum of T' is defined by
osu(T) ={A € C:T — Al is not surjective}.
We give in the sequel different types of invariance by a linear relation.

Definition 1.1. Let T € LR(X) and let Z be a subspace of X such that D(T') N
Z # 0. We say that Z is invariant by T if T(Z) C Z. The restriction T/Z is
defined in terms of its graph by

G(T/)Z) = {(x,y) € G(T) such that x € Z}.

Let Y be a closed subspace of X. We say that Y is weakly invariant by T if
TyNY #0 for ally € Y N D(T). The restriction T|Z of T in Z is defined by

G(T|Z) == G(T)N (Z x Z).

Note that, by definition, D(T|Z) C Z and Im(T|Z) C Z. Assume that Y and
Z are two subspaces of X such that X =Y & Z. We say that T is completely
reduced by the pair of subspaces (Y, Z), denoted as (Y,Z) € Red(T), if it can be
decomposed as T =T|Y & T|Z.
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Definition 1.2. /7, Definition 2.6] A closed linear subspace Z of X is said to be
strongly invariant by a relation T € LR(X) with non empty p(T') if Z is invariant
by all operators R\(T), A € p(T). By the restriction of the relation T € LR(X)
to the subspace Z we shall mean the relation Ty € LR(Z) whose resolvent is the
restriction Ry @ p(T) — B(Z), Ro(\) = R\(T)/Z, X € p(T), of the resolvent
R(.,T):p(T) — B(X) to Z.

Lemma 1.1. Let T € CR(X) with p(T) # 0 and let Z be a closed subspace of
X. If Z is weakly invariant by T and strongly invariant by T, then we have

D(Tz) = D(TYNZ and G(Ty) = G(T)N(Z x Z).

2. Local spectral theory for closed linear
relations

In the following, we will introduce some elements of the local spectral theory for
closed relations. We note that this theory was first developed for the case of
bounded operators by [7, 1], then it was extended to the case of bounded and
closed linear relations by [10]. What we are going to do next is an extension of the
works cited above to include the cases of closed operators and closed relations.
Let T' € CR(X). We consider the graph norm ||.||; on D(T) defined by

[l = Nl + [ T]].

In what follows X7 denotes D(7") endowed with the graph norm. Observe that

Xr is a Banach space (since Q7T is a closed operator). Consider the relation T
defined by

T:Xr— X,x— Tx.

Evidently, T is closed and D(T) = D(T). Then, by virtue of [1, IL.5.1] we get
that ' € BCR(Xr, X).

Lemma 2.1. Let T € CR(X) and x € X. Then,
R(T)x: p(T) — Xp, s Ru(T)x = R,(T)x := (ul —T) "'z is analytic.

Proof : Let A € p(T). Then, by virtue of [4, Corollary VI.1.9|, we get that if
A=l < |RA(T)[" then,

Ru(T) = 3" By(T)"™ (= A)"

Which implies that R, (T)z = Z Ry(T)"a(pn — \)™. It was like proving that

n=0

ZR,\(T)”Hx(u— A)" is convergent on Xp. Observe that ||Ry(T)""'z|; =
n=0
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| RA(T)" || 4 || T RA(T)" ' ||. Moreover, we have

ITRA(T)" || = ||Q@rTRA(T)™ |
= |Qr(T — A 4+ M) R\(T)" 2|
< [|Qr RA(T)"z|| + IN|QrRA(T)" ]|
< IRA(T) 2|l + M| RA(T)" 2]

Then, ||Ry(T)" ' z||7 < (1+|A)||Ra(T)" ||+ || Rx(T)"x]|. Since Z Ry(T)" M a(p — A"

n>0
and Z R\(T)"z(u — \)™ are absolutely convergent in X, then Z | R (T)" || 2| e — A"
n>0 n>0

is convergent. Therefore, ZR,\(T )"Ha(p— \)" is convergent on X7, as re-
n>0
quired. |

Definition 2.1. The local resolvent set of T € CR(X) at the point x € X,
denoted by pr(z), is defined as the set of all X € C for which there exist an
open neighborhood Uy and an analytic function fy, : Uy — Xp such that (pl —
T)fae(p) =+ T(0) holds for all p € Uy.

The local spectrum of T at the point x is the set op(x) = C\pr(z).

Remark 2.1. [t is easy to see that

(i) pr(z) = U Uy is an open subset of C.

Aepr ()
(ii) For allxz € X, p(T) C pr(z).
(i1i) For all x € T(0), pr(z) = C.

Proposition 2.1. Let T € CR(X). Then, or(ax + By) C or(x) Uor(y), for all
z,y € X and o, 8 € C.

Proof: Show that for all z,y € X and a, 8 € C, pr(z)Npr(y) C pr(az+pPy).
In the trivial case where o = [ = 0 there is nothing to prove. Otherwise, let
A € pr(z) N pr(y). Then, there exist an open neighborhood U, and an analytic
function fy, : Uy — Xr such that (ul —T') fr.(p) = x+T(0) holds for all u € U,
and there exist an open neighborhood V) and an analytic function gy , : VA — Xr
such that (puf —T)gr.(p) = y + T7(0) holds for all p € Vy. Put Oy := Uy NV,
and h := afy, + Bgrs. Evidently, h : Oy — Xyp is analytic and for all u € O,,
(ul —T)h(u) = (ax + By) +T(0). Thus, A € pr(azx + By), as required. |

Definition 2.2. For every subset F' of C the local spectral subspace of T' associated
to F is the set
Xp(F) = {z € X, 07(z) C F}.
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Definition 2.3. Let F* C C be a closed subset and let T € CR(X). We define
the glocal spectral subspace x7(F) as the set of all x € X such that there exists

an analytic function f : C\F — Xr checking :

M =T)f(N\) =x+T(0) forall X e C\F.
Remark 2.2. We note that Xr(F) and xr(F') are two subspaces of X and that
xr(F) € Xr(F).

The following result generalizes Leiterer’s theorem |7, Theorem 3.2.1] to the
setting of closed linear relations.

Proposition 2.2. Let T € CR(X) and A € C. Let Uy be an open neighborhood
of X such that ul — T is surjective for all p € Uy. Then, for all analytic function
g : Uy — X there exists an analytic function f: Uy — Xr such that

(I =T)f(n) = g(p) +T(0) for all p € Uy
Proof : As T is closed then Q7T is a closed operator from the Banach space

S X
(0 Note that Q7T : Xr — m is bounded. We

claim that for every ;. € Uy the operator Qr(uir — T) is bounded and surjective

X to the Banach space

from X7 to m, where ir : X7 — X,z — x. Indeed, as (uir — T) is surjective,

then it is clear that Qr(uir — T) is also surjective. On the other hand, we have
Qr(pwir — T) = pQriy — Q7T with Q7T is a bounded operator from X7 to

T and for all z € D(T), ||Qrirz| = d(z,T(0)) < ||z|| < ||z|z. Then, Qrir

considered as an operator from X7 to

is bounded. Hence, Qr(uir — T) is

X
T(0)
X
bounded from X7 to 0 for all u € Uy. Now, let us consider the function Qrg
on U,. Since Q7 is a bounded operator, then (Q7¢ is an analytic function from

U, to m So, let’s recap, consider the operator function 7" defined on U, by

. X
T U, — B(XT,W)

p— T(n) = Qr(pir = T).
We have T is analytic on U, for which the mapping T(11) is surjective for all

X
i € Uy. On the other hand, Qrg¢ is an analytic function from U, to m, then

from Leiterer’s theorem |7, Theorem 3.2.1] there exists an analytic function f
from Uy to Xt such that for all u € U,

Qr(pir —T)f(p) = Qrg(p).

Hence, Qr[(pir—T) f(1)—g(p)] =0, for all p € Ux. Thus, (uir—T)f (1) —g(1)
T(0). Which implies that (uir —T') f(1) = g(u) + 7(0).

HN
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Remark 2.3. We note, by the proof of Proposition 2.2, that Qr and QrT

are bounded operators.

considered from Xr to 00)

Quasinilpotent part and analytic core of a closed linear relation

Now, let’s further extend the concept of quasinilpotent part and the analytic core
developed in [8, 9] to the case of closed not necessary bounded linear relations.

Definition 2.4. Let T € CR(X).
(i) The quasinilpotent part of T', denoted by Ho(T), is the set of all v € D(T)
for which there exists a sequence (x,), C D(T) satisfying

1
ro =, Tpy1 € Tx, forall neN and |z,||; — 0.

(ii) The analytic core of T, denoted by K(T), is defined as the set of all z € X
for which there exist ¢ > 0 and a sequence (T, )nen Satisfying ro = x and for
alln >0, x,1 € D(T), x, € Txpyy and

d(xp, ker(T)NT(0)) < "d(x, ker(T) NT(0)).
It 1s easy to see that for each j > 0, ker(T7) C Hy(T).
In the next lemma, we collect some elementary properties of K (7).
Lemma 2.2. Let T € CR(X). Then the following statements hold.
(i) T(D(T) N K(T)) = K(T);
(11) If F is a closed subspace of X such that T(D(T)NF) = F then FF C K(T).

(iii) If v € K(T), then there exist d > 0 and a sequence (x,,), satisfying xo = x
and for alln >0, xp41 € D(T), x, € Txyyy and for alln > 1,

[enllz < d*f].

Proof : (i) The proof is similar to the proof of [6, Lemma 2.1].
(i7) First, we claim that F'N D(T) is closed in Xr. Indeed, let (z,), € FND(T)

be such that =z, X Trivially, x € D(T). On the other hand, we have

n—oo
|zn — z||7 — 0. As Fis closed in X, then © € F. Hence, F N D(T) is
closed in X7, as claimed. Recall that the relation 7' is closed. Let us consider
Ty : D(T)NF — F, the restriction of T. We have G(T}) = G(T)N((D(T)NF)x F)
is closed in X7 x X. Then, Tj is closed. We have, by hypothesis, ImTy = F then,
by the open mapping theorem |4, Theorem I11.4.2|, we deduce that T} is open.
Thus, there exists a constant 7 > 0 such that for all z € D(Ty) = D(T) N F,

dr(z, ker(To)) < 7| Tox],

7
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where dr(z,G) := ing |z — a||r. As, for all x € D(Tp) and « € kerTy, ||z —af <
[e%S]
|z — a|r then, d(z, kerTy) < dr(z, kerTp). Hence,

d(z, kerTy) < ~||Toz]. (2.1)

Now, consider ¢ > 0 and let w € F. Then, there exists x € D(T) N F such
that u € Txz. By (2.1) there exists y € ker(Ty) C ker(T) such that ||z — y|| <
(v + €)d(u, T(0)). Take uy =z —y € D(T)N F. We have u € T'(u;) and

d(uy, T(0) Nker(T)) < (v + €)d(u, T(0) N ker(T)).

Continuing in the same manner, we build a sequence (uy,),, such that ug = u, for
alln >0, up1 € D(T)NF, u, € Tu,yq and

d(un, T(0) Nker(T)) < (v + €)"d(u, T(0) N ker(T)).

Hence, uw € K(T'). Thus, FF C K(T).
(1ii) Let © € K(T'). Then, there exist ¢ > 0 and a sequence (y,), such that
Yo =,

forall n >0, y,11 € D(T) and y, € Tyni1,
A(Yn, ker(T)NT(0)) < c"d(x, ker(T) NT(0)).

Let d > ¢. Then, for all n > 1 there exists a,, € T'(0) N ker(T) C D(T') such that
|yn — anl| < d"||z||. Let (z,), be the sequence defined by x,11 = Ynt1 — Qi1
for all n > 0 and 2o = . Then, forall n >0, =z, € D(T), z, € Txy
and ||z,]| < d"||z||. On the other hand, we have ||x,||r = ||z.| + [|QrTz,| =
|zl + |Q7(xn_1)|l. Then, ||x,||7 = ||zn|| + d(xn_1,T(0)). Which implies that

lznllr < d™flzll + llzn-sll < (@" + d"H)|]].

Consequently, there exists § > 0 such that ||z,|r < 6™z |

The next lemma describes K(7T') and Hy(T) in terms of the local and glocal
spectral subspaces.

Lemma 2.3. Let T € CR(X). Then, the following assertions hold.
(i) Ho(T) +T(0) € xr({0})-
(ir) K(T) = Xr(C\{0}).
Proof : (i) Let v € Hy(T). Then, there exists (x,), € D(T) such that
1

g = &, Tpy1 € T, and lim ||z,]|7 = 0. Thus, the series f(\) := Z)\’”xn,l
n—oo
n>1
converges in X7 uniformly on C\{0}. Therefore, f is analytic throughout C\{0}
with values in Xp. Using Remark 2.3, we get for all A # 0,

QTT<Z Ainxnfl) = Z AinQTTxnfl = Z AinQTxn = QT(Z Ainxn)

n>1 n>1 n>1 n>1
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Whence, (M —T)f(\) = Z A", — Z A"z, +T(0) = x4+ T(0). Therefore, z €
n>0 n>1

xr({0}). Furthermore, we have x7({0}) is a subspace of X and T'(0) C x7({0})

which provides the required inclusion.

(17) Let x € Xp(C\{0}). Then, 0 € pr(x) which implies that there exist

an open disc D(0,¢) and an analytic function f : D(0,e) — Xp such that

(ul —T)f(p) = =+ T(0) holds for all 4 € D(0,¢). As f is an analytic func-

tion, then there exists a sequence (uy,),>1 C D(T) such that

FO) ==Y X""u,, forall A€ D(0,e).

n>1

But, we have f(0) = —uy then Tu; = x+T(0). Therefore, © € Tu;. Take ug = x.

We can show by induction that u, € Tu,,; for all n € N. It remains to prove

that there exists b > 0 such that d(u,,T(0) N kerT) < b"d(x,T(0) NkerT) for all

n > 0. Trivially, if z € T(0) N ker(T), then there is nothing to prove. Otherwise,

as Z)\”’lun converges in Xr, then |A|" !|u,|[r — 0 as n — oo for all [\ < e.
n>1

1
Particularly, ——{lu,|lz —— 0 for all p > 1. Now, take pigp > L. Then, there
nne n—00 € ¢

exists ¢ > 0 such that for all n > 1, ||u,||z < cuf~". Besides this, we have for all
n>1,

d(x,T(0) N kerT)ug
- :

&
o+ 4@ T(0) N kerT)

Hence, for all n > 1, we get

( Ho )n—l S 1 +

d(z,T(0)N kerT)>

Consequently, for all n > 1, we obtain

d(un, T(0) NEkerT) < |luy|| < [|unllr < b0"d(x,T(0) N kerT),

llunllr < (1o + "d(z,T(0) N kerT).

with b = po + . Observe that the last inequality holds for n = 0.

c
d(z, T(0) N kerT)
Thus, + € K(T) and hence, X7(C\{0}) C K(T). Conversely, assume that
x € K(T). Then, there exist 6 > 0 and a sequence (x,,), satisfying o = = and for
alln >0, x,.1 € D(T), x, € Txyy1 and d(x,, ker(T)NT(0)) < §"d(x, ker(T) N
T(0)). Therefore, by Lemma 2.2 (iii) we get that there exist b > 0 and a sequence
(Yn)n such that

Yo = T,
forall n >0, y,.1 € D(T) and y, € Tyn1,
forall n>1, |ly.llr < 0"||].

Let f be the analytic function f : B(0, %) — X7p defined by

F) ==> A"y

n>1
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Using Remark 2.3, we get T(Z Ny — Z Ay, CT(0), forall A € B(0, 7).
n>1 n>1

Whence,

M =T)fAN) =Y A" g1 +T(0) = A A"y = 4o + T(0) = z + T(0).

n>1 n>1
Thus, 0 € pr(z) and so, x € Xp(C\{0}), then we have the required inclusion. l

Definition 2.5. Let S be a subset of X. We say that S is nowhere dense if the
interior of its closure is empty. A subset E C X 1s called of first category if it is
a countable union of nowhere dense subsets. If E fails to be of first category we
say that E is of second category. In addition, the union of any countable family
of first category is of first category.

In the next lemma, we gather some properties of local and glocal spectral
subspaces and the surjective spectrum of a closed linear relation.

Lemma 2.4. Let T € CR(X) and F C C be a closed subset. Then,

(1) 05,(T) = U or(x) and it is closed.

zeX

(i) The set {x € X such that or(z) = 04,(T)} is of the second category in X.
(111) x7(F) = X if and only if 05,(T) C F.
(iv) xr(FNo(T)) =xr(F) and Xp(FNo(T)) = Xp(F).

Proof: (i) We shall show that pg,(T) = ﬂ pr(z). Tosee this, let A € ﬂ pr(z).

zeX zeX
Then, A € pr(z) for all x € X. Let 2 € X. Then there exists an open neighbor-

hood U, of XA and an analytic function f, : Uy — X7 such that
(ul =T)fr(p) =2 +T(0) forall pe U,.

Which implies that z € (Al —T)f,(A) € Im(A —T) for all x € X. Then,
(M — T') is surjective. Whence, A\ € pg, (7). Moving to the direct inclusion, let
A € psu(T). Then, (A —T) is surjective. According to Lemma 2.2 (ii), we get
KA —T) = X. In addition, it follows from Lemma 2.3 (iz) that 0 € px;_r(z).
Therefore, there exist an open neighborhood Uj of 0 and an analytic function
f Uy — Xpr such that (g — NI +T)f(p) = x4+ T(0) forall p € U,.
Consequently, (y/ —T)g(v) = x4+ T(0) for all v € U,, where Uy be the open
neighborhood of A given by Uy, = A — Uy and g be the analytic function defined
on Uy by ¢g(0) = —f(A —0). Hence, A € pr(z) for all z € X.

(17) Let E be a dense countable subset of o, (7). Then, for all A\ € E we have
Im(A —T) # X. We note that Im(AI — T') is of the first category in X. In fact,
assume that Im(AI —T) is of the second category in X. We start by proving that
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Im(A — T) = X, which is absurd. To do that, it suffices to prove that (A —T)
is open. Let us suppose that U is the open ball in X7 with center 0 and radius
r > 0. We show that (Aip — T')(U) contains a neighborhood of 0 in X. Let us
define,

Up:={xz e DT),|z|]lr <27"r} (ne€N).

Observe that U; D Uy — Us. Then, (Xip — T)U; D (Nip — T)Us — (Nig — T)Us.
Whence,

(Nip — TYUy D (Nig — T)Uy — (Nip — TYUy 2 (Nip — T)Uy — (Nip — T)Us. (2.2)

On the other hand, we have Im(XNip—T) = 32, k(Nip— T)(Us,). Since Im(A —T')
is of second category, then at least one k(\ip — T)Ug is of second category of X

and hence, (\ip — T)Us, is of the second category. Thus, int((Nip — T)Us) # 0.
Hence, by (2.2), there exists a neighborhood W of 0 in X such that

W C (Nip — T)U;.

We claim that (Xig — T)(Uy) € (Nip — T)(U). Indeed, take y, € (Xig — T)(Uy).
As, what just proved for U; holds true by proceeding with the same way for Us,
then (Air — T)(Us) contains a neighborhood of 0. Consequently,

(y1 — (Nir — T)Us) N (Xip — T)(U7) # 0.

Hence, there is some ay € (Xip — T)a:l with z; € Uy such that y, = y; — oy €

(Nip — T)Ug. We proceed by induction. Then, we may construct the sequences
(n)n>1s (Tn)n>1 € D(T) and (Yn)n>1, such that for all n > 1, z,, € Un, a, €

(Nip — T)(z) and ypp1 = Yo — @ € (Nip — T)(Ups). As, ||lza]lr < 5w, then

> .1 Tn converges in Xp. Let x = an Then, ||z||z < r and hence, z € U.
n=1
Moreover, we have by the construction of (a,),>1 and (y,)n>1 that

Z Qro, = Z QT yn+1 QTyl - QTym—‘rl-
n=1

Then,
r(Nip — Z Tpn) = Qry1 — QrYm+1.

Now, we note that Qry,, —— 0. In fact, assume that a € (Xip —T)(Un). Then,
m—00

there is some 3 € U, such that o € (Aip — T)(B). Thus, we get d(a, T(0)) =
[z — T)8] < (M — T) e |8l Hence, we obtain

(Xir = T)(Uy) € {a € X, d(a,7(0)) < ||(hir = T) l0xs 057
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Observe that the map o — d(«, T'(0)) is continuous on X. Then,
{a € X;d(a,T(0)) < ||(Nig — T)||B(XT,X)2T—n} is closed

and we have

yn € (Nir = T)(U) € {o € X;d(0,T(0)) < [|(Nir — D)l )50 -

2n

Whence, d(y,, T(0)) < ||(Nir — T) || sxp.x) == S0, |Qrynl] — 0. Therefore, as

2n

Qr(Nip — T) X — is a bounded operator, then we infer that Qr(\ip —

X
: () ~
T)(z) = Qr(y1) and so, y; € (Aip — T)(z) = (M — T')(x). Which implies that
W C (M = T)U, C (M —T)(U).

Thus, (AI—T) is an open mapping. Now, since (A —T") is open, then Im(A—T) is
closed. On the other hand, Im(A—T) is of second category then, int(Im(A —T))) #
. Whence, int(Im(A —T)) # 0. So, Im(A\ — T') = X which is absurd. There-

fore, Im(AI — T') is of first category for all A\ € E. So, F = U Im(A\ —T) is

\EE
also of the first category. Thus, X\ F is of second category. We note that for all

x € X\F, 05,(T) C or(x). In fact, let z € X\F. Then E C o7(x). Whence,

o(T) = E C op(x) = op(z).

Therefore, 04,(T) = or(x). Hence, the set {x € X such that o4, (T) = or(z)}
is of second category.

(73i) Suppose that o4, (7T) € F. Show that xr(F) = X. Note that T"— A\ is
surjective for all A € C\og,(T). Let € X and let

g:C\ogu(T) = X
A= .

Then, using Proposition 2.2, there exists an analytic function f : C\og,(T) — Xr
such that

M —=T)f(n) =x+T(0) forall ueC\og(T).

Thus, x € xr(0s(T)) and hence, x7(0s. (7)) = X. On the other hand, we have

osu(T) C F. Then, xr(0s.(T)) C xr(F). It follows that x7(F) = X. Conversely,

we suppose that xr(F) = X. By (i) we have X7 (F) = X. Which implies that

for all v € X, op(z) C F. But, by (i), we have 04,(T) = U or(z). Then,
zeX

osu(T) C F.

(tv) Let y € xr(F). Then, there exists an analytic function f : C\F — Xy
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such that for all A € C\F, (Al = T)f(A\) =y +7T1(0). Set U :=C\(Fno(T)) =
(C\F) U p(T). We have for all A € p(T') N (C\F), f(A) = R\(T)y. Define

[ FN, i AeC\F
P = { Ra(T)y, if A€ p(T).

According to Lemma 2.1 we get that A is an analytic function U — X7 such that
(Ml —=T)h(X\) =y +T(0) for each X\ € C\(FnNao(T)).

Hence, y € xr(F No(T)). Consequently, xr(F) C xr(F No(T)). The reversed
inclusion is straightforward. Thus,

xr(F) = xo(FNao(T)).

Now, let € X7 (F). Then, or(z) C F. On the other hand, as p(T') C pr(x), then
or(x) C o(T). Consequently, z € Xr(FNo(T)). Conversely, if v € Xr(FNo(T))
then, op(x) C FNo(T) C F, as required. |

3. On the isolated points of the surjective
spectrum

Before stating the main result of this section, we gathered some technical lemmas
which are crucial for the proof. Let’s consider now the following assumptions.

Assumption 3.1. T € CR(X) be a relation with extended spectrum &(T') of the
form &(T) = o(T) U{oo}, where o(T) is a compact subset of C.

Example 3.1. Let T' € B(X) be generalized Drazin invertible. Then, 0 is isolated
in o(T), where o(T) is a compact of C. Therefore, S := T~ is a closed linear
relation and 6(S) = {oo} U a(S) with o(S) is a compact subset of C. Hence, S
satisfies Assumption 5.1.

Assumption 3.2. T' € CR(X) be such that D(T) is closed and D(T)®T(0) = X.

Example 3.2. Let P be a bounded projection operator and let T := P~1. Then,
T is a closed linear relation. Since o(P) = {0,1}, then 6(T) = {1,00}. Thus, T
satisfies Assumption 3.1. Besides this, we have D(T) = Im(P) and it is closed.
As D(T) @& T(0) = Im(P) & Ker(P) = X, then, Assumption 3.2 is fulfilled.

As a particular case of Baskakov’s Theorem 2.10 in [2|, we infer to the following
remark.

Remark 3.1. Let T € CR(X) satisfying Assumption 3.1 and let " be a closed
Jordan curve around o(T) lying in p(T). Consider the Riesz projection

1
P, = — | R\(T)dA\.

21 r
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It is well known by [7] that P, is a bounded projection and using [2, Theorem 2.10],
we get that ker P, and ImP, are strongly invariant by T and that T = Ty & T}
where Ty is a bounded operator defined by Ty = Tr,p, and Ty is a closed linear
relation given by Ty = Tierp,. Furthermore, we have

5(Ty) = o(T) and &(T1) = {oo}.

Lemma 3.1. Let T € CR(X), satisfying Assumption 3.1 and Assumption 3.2.
Let K be a compact of C, T" be a contour in the complement U := C\K that
surrounds K and let x € X. If there exists an analytic function f: U — Xp such
that for each X € U, (\I = T)f(A\) =z + T(0), then

o= g S

Proof : As f is analytic on U, it follows from Cauchy’s theorem that

/Ff(/\)d)\:/rf()\)d)\

where T denotes a positively oriented boundary of a disc that is centered in the
origin and large enough to include both the contour I' and the spectrum of T in
its interior. Now, for A € T we have A € p(T) and f(\) = Ry(T)x. Using Remark
3.1, we get for all x € X,

1
P.x= T)xd.
ol = 271"& T RA( ):L‘

As R)(T')z is analytic by Lemma 2.1 and that ||.|| and [|.||z are comparable norms
on D(T) by Assumption 3.2, then we get

1
Px= =
v 27i R’\ JedA = 27 / U

Lemma 3.2. If T € CR(X) satisfies Assumption 3.1 and Assumption 3.2 then,
for all disjoint closed sets Fy, Fy C C, such that Fy s compact and connected, we
have

XT(Fl U FQ) g XT(Fl) N D(T) + XT(FQ) N D(T) + k€TPJ,
where P, is the Riesz projection defined in Remark 3.1.

Proof: Assume that © € xr(F1UF3). Then there exists f : C\(F1UFy) — Xr
an analytic function such that

(ul —=T)f(n) =x+T(0) forall e C\(F,UFEy).
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We may assume that F3 is compact since we have, by Lemma 2.4, for all sets
F Q (C, XT(F> = XT(F N O'(T)) and XT(F> = XT(F N O'(T)) Let Gl, G2 be two
disjoints compact sets such that for ¢ = 1,2 the set G; is a neighborhood of F;
whose boundary I'; be a contour in the complement C\ F; that surrounds F; and
that G is connected. By Lemma 3.1, we have

1
P,x = — fN)dA
27 Jr,ur, ()
On the other hand, we have
P = — FO)A = — [ o+ ! R
" mi oo, i ori ' '

1
Put x; = 5 f(N)dX € D(T) for i = 1,2. Now, show that x; € xr(G;). Let
mi Jr,

f(w)
210 Jp, A —p

gi(A) i= — | ———=dp for all X\ € C\G;.

Note that g; considered as a function from C\G; to Xr is analytic. We have for
X

every A € C\G,, the operator Q7 (Al —T') is bounded from X7 to W Whence,

for all A € C\G;,

Qr(M - T)gi() = /le ut 1= 1)1 g,

:—/QT 1-T) ()d + Qr( m./nf(u)du)

2m / —du + 25).

Using Cauchy’s theorem we get that

du
r, A= H

Thus, for each A € C\G;, (A]—T)g;(\) —x; = T(0). Whence, x; € x7r(G;) for any
neighborhood G; of F; described as above. Hence, it remains to prove that x; €
xr(F1)ND(T) and x5 € Xp(F>)ND(T). First, we claim that 1 € xo(F1)ND(T).
Indeed, as we have z; € D(T) then we need only to prove that there exists an
analytic function f : C\F; — X such that (ul —T)f(u) = x1 + T(0) for all
pu € C\F;. We note that for every connected compact neighborhood G of Fj,
whose boundary I' in C\ F} that surrounds Fi, there exists an analytic function
fe : C\G — Xy such that

=0, forall \ € C\G,.

(ul = T)fe(p) =21 +T(0), forall peC\G.
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Let A € C\F;. Then, there exists an infinite choice of G, with the properties
mentioned above, such that A € C\G. Let G; and Gy be any two of these
choices. We shall prove that fg, (A\) = fg,(A). Indeed, we have for all u €
(C\G1) N (C\Gz) = C\(G1 U Ga),

{ (1l —T)fe (1) = x1 +T(0)
(nI =T)fa, (1) = z1 + T(0).

Observe that C\(G; UG3) is an open connected set which intersects the open set
p(T) and that on p(T) NC\(G1UGs) we have fg, (1) = (uI —T)"" and fg,(u) =
(uI —T)7 1. So, fa, = fa, on p(T) NC\(G1 U Gy). But, we have C\(G; U Gy) is
an open connected set and that p(7") N C\(G; U G2) has an accumulation point,
then the identity theorem entails that fg, = fg, on C\(G; U G2) and hence,
fo,(A) = go,(N). This allows us to define a function f on C\Fj as follows: For
all A € C\Fy, f(\) = fa(\), where G is any connected compact neighborhood
of F} such that A € C\G. Whence, the function f defined above is analytic on
C\Fy and for every p € C\Fy, (uI —T)f(u) = 1 + T(0). Hence,

x1 € xr(F1) N D(T). (3.2)

Second, let us prove that x5 € X7 (Fy). We have 2o € xr(G) C Xr(G) for every
compact neighborhood G of F, whose boundary I'; is a contour surrounding
F,. Then, op(z) C G for all G a compact neighborhood of F» and therefore,
or(1y) C F,. Consequently,

zy € Xp(Fy) N D(T). (3.3)
Thus, (3.3), (3.2) and (3.1) ensure that
=+ 23— (Poox —x) € xp(F1) N D(T) + Xo(Fy) N D(T) + kerP,.

This achieves the proof. |
Lemma 3.3. Let T € CR(X) with p(T) # 0 and unbounded. Then, for all
A€ p(T),

(i) \ip —T)~' € B(X, X7), where ip : Xp — X,z — z.

(ii) If T satisfies Assumption 3.2, then

lim H(}\ZT — T)iliTHB(XT) =0.

[A| =00
(iii) If T satisfies Assumption 3.2 and o(T) is bounded, then

xr({0}) N D(T) € Hy(T) + T(0).
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Proof : (i) We start by proving that iy —1 is injective. Let z € ker(XNip—T).
Then, 0 € (Xip—T)z = Az =Tz = (A —T)z. So, x € ker(AI—T) = {0}. Hence,
Nip — T is injective. Show that \ip — T is surjective. Let y € X. Then, there
exists z € D(T) such that y € (M —T)x = Ae—Tx = (Nip— T)x Thus, (/\ZT T)
is surjective. Therefore, (Xip — T') is invertible and (Nip —T)™' : X — Xr is a
bounded operator.

(17) As a preliminary to the proof we begin by showing that for A, u € p(T'), we
have

(Xig = T)™" = (pir = T) ™" = (= N (Xig = T) Vg (pir = T) . (3.4)

We have, for all A, u € p(T) and = € D( )5 (1= A)(Nip — ji) Yip(pir — T) Iy =
(Nip —T) Y — N)igp(piz — T) ‘o = (Xip — T)Hpir — T+ T — )\ZT)(,LLZT ) 'a.
Therefore, (1 — X)(Nip — T)~ ZT(,uzT - T) Lo = (Nip — 1)~ Y(pir — T)(pir —
T)'z — (Nip — T)(uir — T)"'x]. Using (i) we get the desired equality (3.4).
Whence, for all A\, € p(T), we get [(Nig — T)" — (wip — T) Y (pip — T) =
(1t — N(Nip — T) Vig(uip — T) ' (uip — T). Using again (i) we obtain (Xip —
T) Npir — T) — Ix, = (n — N)(Nip — T) Yiplx,, where Iy, is the identity on
Xrp. Therefore,

(Nig = T) M = Nig = (Xip — T) iz = T) — Ix,. (3.5)

On the other hand, by Assumption 3.2, there exists a projection P € B(X) such
that ImP = D(T) and kerP = T'(0). We note that P considered as operator
from X to X7p is bounded. Furthermore, by (3.5), we get

(1 = N Nir = T) Yz llsxery = |(Nir = T)7H (P + 1 = P)(pir = T) = Iyl 50xp)
= |(Nip = T) i P(pir — T) + (Nip — T) 7' (I = P)(pir — T) = I, |l5(xr)
< ||P(pir = Dllseer 1 (Niz = T) Vgl s + 1.
Then, (|u— | = [|P(uir — T)lls0xe) | (Nir — T) iz |ls(xpy < 1 and so,
1
Al = |1P(pir = T)llsxr)

Thus, letting || — oo, we get the desired result.
(73i) Assume that x € xr({0}) N D(T). Then, there exists an analytic function
f: C\{0} — Xt such that (\I —T)f(\) =z + T(0) holds for every A € C\{0}.
By hypothesis, we have o(7T) is bounded then V' := C\{0} N p(T) is not empty
and open and the function f is analytic throughout V. We claim that

lim [f(A)]lr = 0. (3.6)

A=
eV

[(Nir = T) iy < e

Indeed, we have (\I —T)f(\) = z +T(0), then, Nip f(A\) =T f(\) =z +T(0). So,

(Nir — T)f(\) = @ + T(0). (3.7)
17
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Using (i) we get, f(A) = Nig—T) " z+Nip—T) "' (Nig—T)(0) = (Nig—T) Vipz.
Now, by virtue of (ii), the equality (3.6) holds. Which means that lim f(\) =0

[A| =00
AV
on Xp. Let us consider the analytic function g defined by

Ly if
9(w) ::{ g(’) it Zig’

As g is analytic on C and ¢g(0) = 0, then there exists a sequence (x,),, € D(T) such
that xo = 0 and g(p) = Z p"x, holds for all u € C. Whence, limsup ||z, ||+ = 0.

n>0 n—00
1

Which implies that lim ||lz,[|7 = 0. Furthermore, we have f(\) = g(5) =
n—oo
Z)\_"xn. It follows from Lemma 5.2 in [10], that for all n € N, there exists

n>0
i1 € Tz, such that for all A # 0 we have

(Nip = T)f(N) =Y A" 2, = A a4 +1(0)

n>0 n>0
= Z /\_n(.Tn_H - Oén+1) + T(O)
n>0

This implies, by the use of (3.7), that Qr(Nir — T)f(\) = Qr(z + T(0)) =
Z A "Qr(Tns1 — pgr). Hence,

n>0

Qr(r1 — 1) = Qr (),

Qr(Tpi1 — apyr) =0, for every n > 1.
Whence, z,41 € T, = T, for all n > 1 and there exists a € T(0) such that
x = x1 + o. Thus, it remains to prove that x; € Hy(T). Let (y,)n, be the
sequence defined by vy, := x,.; for all n € N. Trivially, we have yo = x; and

Ynt1 = Tpy2 € Tapyr = Ty,. Moreover, we have lim ||y, |+ = lim ||z,1]|7 = 0.
n— o0 n—oo

Therefore, x; € Hy(T) and so, v = x; + a € Ho(T) + T(0). Hence, xr({0}) N

D(T) C Ho(T) + T(0). |

For bounded operators, Gonzalez et al. [5| presented a characterization of the

isolated points of the surjective spectrum. Recently, the authors of [10] have
extended a part of this result for closed and bounded linear relations as follows:

Lemma 3.4. [10, Theorem 6.2] Let T € BCR(X). If X = Hy(AM—T)+K (N -T)
then X is isolated in 04, (T).

In the following theorem, we intend to further generalize the result of Gonzalez
et al. in [5] by moving from the case of bounded operators to the more general
setting of closed linear relations.
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Theorem 3.1. Let T € CR(X) satisfying Assumption 3.1 and Assumption 3.2.
If 0 € 04, (T), then we have the equivalence:

0 is isolated in o4, (T) if and only if X = Ho(T) + K(T).

Proof : Suppose that 0 € 04,(T) and X = Ho(T)+ K(T'). Let € X. Then,
x = x1+ 2o with x; € Ho(T) and 25 € K(T'). It follows from Lemma 2.3 (i) that
or(xz1) C {0}. Therefore, by virtue of Proposition 2.1, we get

or(x) Cor(xr) Uor(zy) € {0} Uor(xs). (3.8)

Now, by Lemma 2.3 (i7) and since op(z2) is closed we conclude that 0 is isolated
in op(x) U {0} for any x € X. Using Lemma 2.4 (i) and (i7) we get that 0 is
isolated in o4, (7T) as desired. For the only if part, since 0 is an isolated point in
0su(T), then it follows from Lemma 3.2, that

\r(@0(T)) € X2({0}) 1 D(T) + Xr(00(TV\{0}) N D(T) + ker P,

Observe that, by the use of Lemma 2.4 together with Lemma 2.3, we have
X1(0s(T)) = X and Xp(04,(T)\{0}) N D(T) C X4(C\{0}) = K(T). Whence,
by Lemma 3.3 (iii), we get

X C Hy(T) + T(0) + K(T) + kerP,. (3.9)

Adhering the notations of Remark 3.1 and according to Lemma 1.1, we get that
D(Ty) = D(T) NkerP, with T} = Tyerp,. Thus, we obtain T7(ker P, N D(T})) =
T1(D(Ty)). Furthermore, it follows from Remark 3.1 that 0 ¢ o(7}). Then, T}
is surjective. Consequently, we obtain T} (ker P, N D(1})) = ker P,. By virtue of
Lemma 2.2, we get that kerP, C K(717). Now, we claim that

K(Ty) € K(T).

Indeed, let x € K(T7). Then, it follows from the proof of Lemma 2.2 (i) that
there exist d > 0 and a sequence (z,), such that zo = z; forall n > 0,z, €
Tixpe1 and 2,41 € D(T)N Xy and ||z,| < d"||z||. Let Z,, = 0 & x,,. We have
To = 04+ x9 = . Since =, € Tix,. 1, then T, = 0+ x, € To(0) ® Thz,1 €
T0 & zpy1) € T(Tps1). Furthermore, we have ||Z,| = ||z.|| < d"||z||. Now,
if x € T(0) N kerT then x € K(T). Otherwise, a short calculation reveals the
existence of some d’ > d(x,T(0) N kerT') such that

d(2,, T(0) N kerT) < d™d(x, T(0) N kerT).

Whence, € K(T'). Thus, kerP, C K(T). Consequently, it follows from (3.9)
that X C Ho(T) + K(T'). Hence, we get the desired result. |

Let us denote by acc(or(x)) the set of all accumulation points of the local
spectrum of 7" € CR(X) at the point z € X.
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Corollary 3.1. Let T € CR(X) satisfying Assumption 3.1 and Assumption 3.2.
Then we have the equivalence:

X = Ho(T) + K(T) if and only if 0 & acc(or(x)) for every x € X.

Proof : Suppose that X = Hy(T) + K(T'). Using (3.8), we get that 0 is
isolated in {0} U or(x) for all # € X. Then, 0 € acc(op(x)) for every z € X.
On the other hand, by Lemma 2.4 (i), there exists xy € X such that or(zg) =
0su(T). Hence, 0 € acc(os,(T)). Now, assume that 0 & o4,(7T) then X = K(T),
as desired. Otherwise, if 0 € 04,(T) then, from Theorem 3.1, we have X =
Ho(T) + K(T). Which ends the proof. |

Data availability. All data generated or analysed during this study are
included in this published article.
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