OSCILLATION ANALYSIS OF SOLUTIONS OF FIRST ORDER
SUBLINEAR AND SUPERLINEAR DIFFERENCE EQUATIONS
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ABSTRACT. In this paper, we study the oscillation and nonoscillation behaviors
of the solutions of first order sublinear and superlinear difference equations
with general retarded argument of the form

Az(n) + p(n)z® (t(n)) =0, neN,

where « is a quotient of odd positive integers, (p(n)) is a sequence of nonneg-
ative real numbers, (7(n)) is a sequence of integers such that

7(n) <n foralln >0 and lim 7(n)= o0
n—00

and A denotes the forward difference operator Az(n) = z(n + 1) — z(n).
Examples illustrating the results are also given.

Keywords: Nonoscillatory solution, oscillatory solution, retarded argu-
ment, sublinear difference equation, superlinear difference equation.
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1. INTRODUCTION
Consider the first order nonlinear difference equation of the form
Az(n) +p(n)z® (7(n)) =0, neN, (E)

where a € (0,00) is a ratio of odd positive integers, (p(n)) is a sequence of nonneg-
ative real numbers, (7(n)) is a sequence of integers such that

7(n) <n and lim 7(n) = o0 (1.1)
n—0o0

and, A denotes the forward difference operator Az(n) = z(n + 1) — z(n).

If 0 < a < 1, then (E) is called sublinear equation (see [17] and the references
cited therein), while, if o > 1, then (E) is called superlinear equation (see [17] and
the references cited therein).

In case where a = 1, (E) reduces to the linear retarded difference equation (see
[1—13, 15, 18-19] and the references cited therein)

Az(n) +pn)z (t(n)) =0, neN. (1.2)

The problem of establishing sufficient conditions for the oscillation of all solutions
of (1.2) has been the subject of many investigations. See [1-20] and the references
cited therein.

In 1998, Zhang and Tian [20] proved that, if (7(n)) is not necessarily monotone

and
n—1 1
limsupp(n) >0 and liminf E p(j) > -, (1.3)
n—00 n—o0 €
j=(n)

then all solutions of (1.2) oscillate.
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2 OZKAN OCALAN

In 2008, Chatzarakis, Koplatadze and Stavroulakis [3, 4], when (7(n)) is not
necessarily monotone, studied the equation (1.2) and proved that, if one of the
following conditions

hﬁsotip Z p(j) > 1, where h(n)= Jmax 7(s), n >0, (1.4)
j=h(n) o
or
n—1 n—1 1
lim sup Z p(j) < oo and liminf Z p(j) > - (1.5)
n—00 n— oo
j=7(n) j=7(n)

is satisfied, then all solutions of (1.2) oscillate.
n [15], Ocalan proved that if (7(n)) is not necessarily monotone and

n—1 1
lim inf p(j) > -, (1.6)

then all solutions of (1.2) oscillate.

In 2019, Karpuz [10] obtained that if (7(n)) is not necessarily monotone and
Z p(j) < é for all large n,

j=7(n)

then (1.2) has a nonoscillatory solution.

Define

k = —mi :
ngp )

(Clearly, k is a positive integer.)

By a solution of the difference equation (E), we mean a sequence of real numbers
(z(n))n>—r which satisfies (E) for all n > 0. It is clear that, for each choice of real
numbers c¢_g, C_g41,...,C—1,Co, there exists a unique solution (z(n)),>_x of (E)
which satisfies the initial conditions z(—k) = c_x, z(—k+1) = c_gt1, ..., z(—1) =
c_1, z(0) = ¢o.

A solution (z(n))n>— of the difference equation (E) is called oscillatory, if the
terms x(n) of the sequence are neither eventually positive nor eventually negative.
Otherwise, the solution is said to be nonoscillatory.

Strong interest in Eq. (E) is motivated by the fact that it represents a discrete
analogue of the differential equation

() +p(t)z” (7(t) =0, t=t, (L.7)

where p € C([tg,0),[0,00)), 7 € C([tg,0),R), 7(t) < t and « € (0,00). See [6
(page 168-175), 13 (page 90-91), 17] and the references cited therein.
If 7(n) = n — £ where ¢ € N, Eq. (E) takes the form

Az(n) +pn)z*(n—£) =0, neN. (E)

In 2001, Tang and Liu [17] studied for the first time the difference equation (E')
and established the following theorems:

Theorem 1.1 (See [17, Theorem 1]). Assume that 0 < o < 1. Then all
solutions of (E’) oscillate if and only if

> p(n) = 0. (1.8)

n=0
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SUBLINEAR AND SUPERLINEAR DIFFERENCE EQUATIONS 3

Note that condition (1.8) shows that the oscillation of all solutions of the sub-
linear equation (E’) is determined only by the coefficient p(n), and is independent
of the retarded argument /.

Theorem 1.2 (See [17, Theorem 2]). Assume that o > 1. Then the following
conclusions hold.
(i) If there exists a A > ¢~ Ina such that

lim inf [p(n) exp(—e*™)] > 0, (1.9)
then all solutions of (E') oscillate.
(i) If
(PrsPrg1s-- s Pnge—1) Z0  for large n (1.10)
and there exists a p < £~!Ina such that
lim sup [p(n) exp(—e"™)] < oo, (1.11)

then (E’) has an eventually positive solution.

In this paper, our aim is to study further (E) and present some results on the
oscillatory and nonoscillatory behavior of the solutions. These results are the im-
proved and generalized discrete analogues of the results for the corresponding dif-
ferential equation, which was studied in 2001 by Tang and Liu [17] and in 2002 by
Tang [18]. Examples illustrating the results are also given.

2. SUBLINEAR EQUATION

In this section we investigated the oscillatory and nonoscillatory behavior of Eq.
(E) in the case where 0 < o < 1.

Theorem 2.1. Assume that (1.1) holds and (7(n)) is not necessarily monotone.
Further assume that 0 < o < 1. Then all solutions of (E) oscillate if and only if

Zp(n) = 00. (2.1)
n=0

Proof. Sufficiency. Suppose to the contrary that (z(n)) is an eventually positive
solution of (E). Then there exists a ny € N such that z(n), z (7(n)) > 0 and
Ax(n) < 0 for n > ny. Therefore, (E) and (2.1) imply that lim,_,., z(n) = 0. On
the other hand, by means of the mean value theorem, we have

e %n) — x4+ 1) > (1 — @)z *(n) [z(n) — 2z(n+1)]. (2.2)
Since (z(n)) is nonincreasing, from equation (E), we obtain
z(n) —xz(n+1) = p(n)a® (v(n)) = p(n)z® (n). (2.3)

So, by (2.2) and (2.3), we get

7%n) — 2 ¥+ 1) > (1 —a)z” () [z(n) —z(n+1)] > (1 —a)p(n), n 2(27”2)
Summing (2.4) from n; to co and using (2.1), we obtain .
2 (m) > (1-a) 3 p(n) = .

This is a contradiction.
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Necessity. Suppose to the contrary that (2.1) is not true. Then there exists a
no € N such that

- 1
> pln) < 5. (25)
n=nsa
Define a sequence (y(n)) as follows:
IR
y(n) = 5‘*'2:29(@)7 n = ny. (2.6)
From (2.5) and (2.6), we have 1/2 < y(n) < 1 for n > ny and
1 o
yn) 2 5 + D op(D)y* (@), n=ny>mno. (2.7)

i=n

From the proof of Lemma 2.2 in [14] and (2.7), it is not difficult to show that the
corresponding equation

|
z(n) = 3 + ;Lp(z)m (r(3)), n>mns (2.8)
has an eventually positive solution (z(n)). From (2.8), we can write that
L e
A= gt 3 P (), (2.9

Obviously, from (2.8) and (2.9), we have equation (E). Therefore, we get that (x(n))
is also an eventually positive solution of (E), leading to a contradiction, and so the
proof is complete.

Example 2.1. Consider the difference equation
Az(n) +pn)z'3(r(n)) =0, n>1. (2.10)
Here,
(n) = { Z, n is odd
2

, nis even

Clearly, 7(n) < n and lim,,_ o, 7(n) = oo, i.e., (1.1) holds. If we take p(n) = *

n?

then it is easy to see that Zp(n) = Z% = 00, which means that (2.1) holds.
n=1 n=1
Thus all conditions of Theorem 2.1 are satisfied and therefore all solutions of (2.10)
oscillate. On the other hand, if we take p(n) = -z, then Zp(n) = Z 4 < oo,
n=1 n=1

which due to Theorem 2.1, we obtain that every solution of (2.10) is nonoscillatory.

3. SUPERLINEAR EQUATION

In this section we investigated the oscillatory and nonoscillatory behavior of Eq.
(E) in the case where e > 1. To prove the following theorems, we need the following
lemmas.
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SUBLINEAR AND SUPERLINEAR DIFFERENCE EQUATIONS 5

Lemma 3.1. Assume that (1.1) holds with p(n) > 0, p(n) Z0, a >0, ais a
quotient of odd positive integers. Then (E) has an eventually positive solution if
and only if the corresponding inequality

Az(n)+ p(n)z® (r(n)) <0, neN
has an eventually positive solution.
Also, Eq. (E) has an eventually negative solution if and only if the corresponding
inequality
Ax(n) +p(n)z® (r(n)) >0, neN
has an eventually negative solution.
Proof. Sufficiency. This part is the same as [14, Lemma 2.2].
.Necessity This part is trivial, since any eventually positive solution of (E) sat-
isfies Az(n) +p(n)z® (t(n)) <0, n € N too.
Moreover, the proof of second chapter of the lemma is obtained in a similar way
to the proof of first chapter, which we omit it. The proof is complete
Associated with (E), we consider the following equation
Az(n) + q(n)z® (7(n)) =0, neN, (3.1)
where (¢(n)) is a sequence of nonnegative real numbers.
Applying Lemma 3.1, we have the following.
Lemma 3.2. Assume that (1.1) holds with p(n) > 0, p(n) # 0 and

p(n) < q(n).
If every solution of (E) oscillates, then every solution of (3.1) oscillates.

Theorem 3.1. Assume that (1.1) holds and that « > 1, A7(n) > 0. Further
suppose that there exists a sequence (p(n)) such that

Ap(n) >0 and lim ¢(n) = oo, (3.2)
Ap(7(n))
lim su <1, 3.3
e Ap(n) (33)
and
lim f[ ( )eww} 0 (3.4)
mint (p(n > 0. .

Then all solutions of (E) oscillate.

Proof. By (3.2), (3.3) and Discrete 'Hospital’s rule [1, Theorem 1.8.7] , we have

sy 2T o a(r(n)

It follows from (3.5) that there exists 0 < k < 1, n > ny such that

A
aBp(r(m) g 2200 (3.6)
Ap(n) ¢(n)
Because of (3.4), there exists a ng > nj such that

<1 (3.5)

>c>0 forn>ns,

and so we have
p(n) > cAp(n)e?™, n > ny. (3.7)
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6 OZKAN OCALAN

Set
q(n) = cAp(n)e?™. (3.8)
By Lemma 3.2, it is sufficient to prove that every solution of equation (3.1) oscillates.
Assume the contrary, and let (z(n)) be an eventually positive solution of (3.1).
Then there exists a ng > ny such that Az(n) < 0, for n > n3, which means that
(z(n)) is nonincreasing and has a limit [ > 0. Now, we claim that lim,, . z(n) = 0,
otherwise, lim,,_, x(n) =1 > 0. Hence, by using this facts, we have
O0<l—e<z(n)<l+e n>ng, (3.9)
where ¢ is an arbitrary real number. Since @ > 1 and (z(n)) is nonincreasing, from
(3.1), (3.8) and (3.9), we get
Az(n) + cAp(n)e? ™M (n) <0, for n > ny,
or
Az(n) +c(l —e)Ap(n) <0, for n > ny. (3.10)
Summing up (3.10) from a to oo, and since lim,,—. ¢(n) = oo, then we obtain
I—a+c(l—¢e)foo—p(a)] <0,
which is a contradiction, and so our claim is true.
Let y(n) = —Inxz(n) for n > ns. So, since (xz(n)) is nonincreasing and lim,,_ . x(n) =
0, it follows that (y(n)) is nondecreasing and lim,,_, o y(n) = co. Then, from (3.1)
we have
1 — eVM=vFD) — g (p)ed(M=ev((M) > 0 > ny. (3.11)
Consequently, we obtain
Ay(n) > q(n)e?™=ovTMm) = p > pg (3.12)
Therefore, since (y(n)) is nondecreasing, we have the following two possible cases.

Case 1. y(n) — ay (7(n)) <0 for n > ng. Then, from (3.6), we obtain

yn) _ay(r(n) _ ap(r(n) y(r(n) _,y)
o) = o) e el < ey "2 O
Set z(n) = %. Then, from (3.13), we have
z(n) < kz(r(n)), n > ne, (3.14)

which implies that z(7(n)) > z(n) for n > ng. Thus, it follows from this facts that
all subsequences of (z(n)) are nonincreasing. Now, we claim that

lim z(n) = 0. (3.15)

Otherwise, there exists a sequence {n,} such that n, — oo as p — oo and
lim, .o 2(n,) = b > 0. Hence, from (3.14) we have
z(np) < kz(1(ny)), n > ne. (3.16)
By taking limit p — oo 1 in (3.16), we get
b < kb.

Since 0 < k < 1, this is a contradiction. Therefore, (3.15) is true. From (3.15), it

follows that )

< m(p(n), n > ny. (3.17)

y(n)
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SUBLINEAR AND SUPERLINEAR DIFFERENCE EQUATIONS 7

Thus, since (y(n)) is nondecreasing, from (3.8), (3.12) and (3.17), we obtain
Ay(n) > q(n)e” (@D > g(p)e=(@=De(r()/(+) 5 Ap(n), n > ng.
It follows that

y(n) > o(n) +y(n7) —(n7), forn > ns. (3.18)
Therefore, from (3.18), we get
Z((Z;> 1+W, n > ng. (3.19)

Taking the limit as n — oo in (3.19), we obtain
lim z(n)=02>1,

which is a contradiction.

Case 2. y(n) —ay(r(n)) > 0 for n > ng. Thus, we have y(n) > ay (7(n)) for
n > ng. Now, we consider the following possible case for 7(n); for some n > ny
(or for all m > ny) n — 1 < 7(n) < n and for some n > ny (or for all n > ny)
T(n) <n-—1.

First, we consider, for some n > n7 (or for all n > n7) n —1 < 7(n) < n. It
is clear that since (¢(n)) is increasing, we get p(n — 1) < ¢(7(n)) and from (3.6)
w < ¢(n), where ¢ > 1. Thus, for n > n; we obtain

Botn—1) = plm)—pn—1) > D g,y
> W) o) > o) [2 1] >0,
and so we have
Ap(n) > p(r(n+1)) [% - 1] >0, n>ns. (3.20)

Thus, since lim,,_,« @(n) = 0o, from (3.20), we obtain

lim Ap(n) = co.

Secondly, we consider, for some n > ny (or for all n > n7) 7(n) < n—1.Now, we can
find a sequence (p(n)) such that conditions (3.2) and (3.6) are satisfied. Indeed, if
we take ¢(n) = e%", then it is clear that (3.2) is satisfied. Moreover, since
p(n)
¢ (1(n))

we have the condition (3.6). On the other hand, we observe that

Agln) = pln-+ 1) = () = 2O (£

e
and we get

= efln—r(] > %[n —7(n))e > % forn 2 nr,

), for n > nr,

lim Ap(n) = oo. (3.21)

Then for every case of (7(n)) we have that there is a sequence (¢(n)) such that
(3.21) holds. It follows from (3.8), (3.11) and (3.21) that
1> q(n)e?™=wm) 5 () > 1, n > ns.

This is a contradiction. If there exists an eventually negative solution (x(n)) of (E),
then the proof can be done similarly as above. The proof is complete.
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Theorem 3.2. Assume that (1.1) holds and that o > 1, A7(n) > 0. Further
suppose that there exists a sequence (¥ (n)) such that

AY(n) >0 and lim P(n) = oo, (3.22)
lim in OW > 1, (3.23)
and
—)
lim sup {p(n) Aw(n)} < 00. (3.24)

Then (E) has a nonoscillatory solution.
Proof. By (3.23) and Discrete 'Hospital’s rule [1, Theorem 1.8.7], we get

P(r(n)) alip(r(n))

lim inf @

————= > liminf >1, n>n,
n—oe (n) T n—e Ag(n) '
e ()
ap(T(n
S L>1, n>n. 3.25
¥(n) ' (3:25)
By (3.24), we have
L
p(n) < 75 Ap(n)e ™, n > ny, (3.26)

Let z(n) = e~ T 1M for n > ny. Thus,

z(n+1) —z(n) + p(n)z® (7(n))
= eiﬁw(n‘i»l) — efﬁw(n) + p(n)efaﬁw“—(n))

—  _ eoTErY(r(n) Pxn)__eang¢(T@n)_fgipmn)+¢(n+n](eng¢(n+1)__eféTwuo)}

IN

e Y(r(n) {p(n) _ erErlod(r(n) ¢ (n)] (eﬁwml) _ eﬁwn))] . (3.27)
Thus, since > Inz and In(e* —e¥) > Ine®* — IneY for z > y > 0, n > ng, from
(3.27) we get

z(n+1) — x(n) + p(n)z® (7(n))
e @ TET () [() — eTETlov (TR =] 1y (eﬁwwl) _ eﬁw(m)}
e TETV ) [0 — eTErlav(rm)—v(n)] (meﬁwml) _ me%w(”))}

IN

IN

‘ L
e (o) [ - L Aw(n)ef_l[awwn))—w(n)]}

i L-1
_ o) (o) - LLlAw(n)e(W—l)ﬁlW)} . (3.28)
Also, from (3.25) we have
aip(r(n))
T R
and
(ng((:gl)) - 1) Lf - > L. (3.29)
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SUBLINEAR AND SUPERLINEAR DIFFERENCE EQUATIONS 9

So, from (3.28) and (3.29) we obtain
z(n+1) = z(n) + p(n)z® (r(n))
L Lis(n)
< 0, n>ny. (3.30)
This shows that the inequality (3.30) has an eventually positive solution. In view of

Lemma 3.1, the corresponding equation (E) also has an eventually positive solution.
Using the same process above, it is easy to see that under the assumption (3.22),
(3.23) and (3.24), if we choose z(n) = —e~751%() for n > ny, then equation (E)
has an eventually negative solution. The proof is complete.
Now, we have the following result.

< eoTEv(r(n) p(n)

Corollary 3.1. Assume that a > 1 and 7(n) =n — ¢ where £ € N. Then,

(a) If there exists a A > ¢~'Ina such that liminf, .. [p(n)exp(—e*")] > 0,
then Theorem 3.1 implies Theorem 1.2 (7).

(b) If there exists a u < £~1Ina such that limsup [p(n) exp(—e*™)] < oo, then

n—oo

Theorem 3.2 implies Theorem 1.2 (7).
Proof. (a) Let Ay € ("' Ine, A) and let ¢(n) = e*™. Then,

Ap(n) =M™ (eM —1) >0, lim ¢(n) = oo,

. Ap(r(n))
, alp(t(n)) «a
TP T Apm) o

These show that conditions (3.2) and (3.3) in Theorem 3.1 hold. In addition, it is

easy to see that for large n

A1n+€)\1n < 6/\71.
Thus, from (1.9), we obtain
e—s@(n)] 1

.. e S SR PN _un
imint[p) 55| = oy i bt e (- )

gy it [pwyesp (=€) > 0

which shows that condition (3.4) in Theorem 3.1 also holds. Hence, in view of
Theorem 3.1, every solution of (E’) oscillates.
(b) Let py € (u, 7' Inar) and let 1(n) = e/1™. Then,
AY(n) = e (e"1 —1) >0, lim ¥(n) = oo,
and A
lim inf 220 Y) ¥(r(n) = ozl
n—oo A¢(n) elt
These show that conditions (3.22) and (3.23) in Theorem 3.2 hold. On the other
hand, from (1.11) we have
I [ ( )e—w(n)}
imsup |p(n
n—o0 Aip(n)

> 1.

1 .
= 1) hisolip [p(n) exp (=" — pyn)]

T lim sup [p(n) exp (—6“")] <00,
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which shows that condition (3.24) in Theorem 3.2 also holds. Hence, in view of
Theorem 3.2, (E') has an eventually positive solution.

Example 3.1. Consider the difference equation
Az(n) + e"z®3(t(n)) =0, n>1, (3.31)

Here, « = 3, p(n) = e™ and

n—1 3
() = { 7 n is odd
2

, niseven
Clearly, 7(n) < n, lim, o 7(n) = co and A7(n) > 0. If we take p(n) = n, then it
is easy to see that

Ap(n)=1>0 and lim ¢(n) = oo,

n—oo

and

hﬂsogpw_zq

and
I -f[u”(")} liminf [e"e "] = 1> 0
iminf |p(n)——| = liminf |[e"e™™| =1 > 0,

which means that (3.2), (3.3) and (3.4) hold. Thus all conditions of Theorem 3.1
are satisfied and therefore all solutions of (3.31) oscillate. We should point out that
no paper in the literature answers this example.

Example 3.2. Consider the difference equation
Az(n) + ez (r(n)) =0, n>1, (3.32)
Here, a = 5/3, p(n) = €™ and

)

T(n)_{ [n—1], nisodd

n, n is even

where [n — 1] denotes the greatest integer m < (n—1), n = 1,3,.... Clearly,
T(n) < n, lim, . 7(n) = co and A7(n) > 0. If we take ¢(n) = n, then it is easy

to see that
Ap(n)=1>0 and nlingo ©(n) = oo,
and
liminfw = 5 > 1,
n—oo  Agp(n) 3
and

! [()”W} lim sup [e"e™"] =1
imsup = limsup |e"e™"| =1 < o0,
which means that (3.22), (3.23) and (3.24) hold. Thus all conditions of Theorem
3.2 are satisfied and therefore (3.32) has a nonoscillatory solution. We should point
out that no paper in the literature answers this example.
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