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ABSTRACT. The concept of the Sombor index and the multiplicative version of the Sombor index of a
graph were developed very recently. In this paper, we study the multiplicative version of the classical
Sombor index and characterize the extremal graphs with respect to this graphical invariant over several
classes of graphs.
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1. Introduction

-
> |

E For molecular graphs, vertices represent the atoms of the compound, and edges correspond to chemical
'8 bonds. The topological indices of a molecular graph were developed by chemists in the process of
;% studying the properties of chemical structures. These indices are useful to predict the physico-chemical
,; properties in quantitative structure-property relationship and quantitative structure-activity relationship
o> studies [41,42]. Let G be a graph with a set of vertices V(G) and a set of edges E(G). The degree of
2E vertex v in G is denoted by d(v). For two nonadjacent vertices u and v, G + uv is the graph obtained
24 by adding a new edge uv to G. If edge uv € E(G), then G — uv is the graph obtained by deleting edge
?® v from G. The girth is the length of the shortest cycle contained in G. A edge uv is called a cut edge if
z% G — uv is disconnected. Denote by N (u) the set that consists of all adjacent vertices of u. For vertices
s U,v € V(G), the distance d(u,v) is defined as the length of the shortest path between « and v. Denote
29 by %y k the class of all connected graphs of order n with k pendent vertices. Also, denote by %, x the
g class of graphs of order n with k cut edges. These classes of graphs were studied for Zagreb indices,
1 the reduced second Zagreb indices [17,21], the augmented Zagreb index [4], the multiplicative sum
::% Zagreb indices [23], the Randi¢ index [40,45], and the Sombor index [22].

a2 In 2021, a new vertex-degree-based graph invariant was introduced in [18], defined as

® S0=50(G)= Y \/dg(u)2 +dg(v)?

% uveE(G)

37

45 and named the Sombor index. This index was motivated by the geometric interpretation of the degree

39 radius of an edge uv, which is the distance from the origin to the ordered pair (dg(u), dg(v)). Also,

‘E several variants of the Sombor index were considered in [18].
41 Although Sombor-type indices were introduced in 2021, dozens of articles regarding these have

% been published in scientific journals [1,5,7,12,14,35,37]. Chemical applications of the Sombor index

44 2020 Mathematics Subject Classification. 05C07.
45 Key words and phrases. Graph; Sombor index, Multiplicative Sombor index.
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; were presented in [28,30,31,36], and molecular graphs were studied in [2, 3, 6, 15]. The Sombor index
z has been studied for trees [8, 11,19,25,39,47], unicyclic and bicyclic graphs [7, 13], cacti [26], and
3 graphs with integer values [14, 33]. Furthermore, bounds and extremal results related to the Sombor
* index and its variants can be found in [9,10,16,20,32,34,43,44,46,47], and we suggest readers refer
% to a recent review [29].

The multiplicative Sombor index is defined as

1150 = HS()(G> = H \/dG(Lt)z +dg(v)2,
uveE(G)

7
8

9
10 . . . . . ~ . . .
;; Justas the multiplicative versions of other well-known topological indices.

1> Kulli [24] studied the multiplicative Sombor index of certain nanotubes, and we continue this
13 research for certain classes of graphs. Liu [27] determined the extremal values of the multiplicative

14 Sombor index of trees and unicyclic graphs by using some graph transformations.

> The paper is organized as follows. In Section 2, we determine the extremal values of the multiplica-

16 . . . . . . .
- tive Sombor index over bipartite graphs with a given order. Also, we prove that a kite graph has a

18
19 Section 3, unicyclic graphs are studied that have an extremal multiplicative Sombor index. In Section

minimal multiplicative Sombor index in the class of graphs with a given order and clique number. In

20 4, we determine the graphs that have the maximum multiplicative Sombor index in <7, ; and %), .
21

22 2. Graphs with extremal multiplicative Sombor index

23
24 In this section, we determine the graphs with an extremal multiplicative Sombor index for some

25 classes of graphs of order n. For this purpose, first we give the following lemmas, which are useful for

% characterizing graphs with an extremal multiplicative Sombor index.
27

ZE Lemma 2.1. [27] Let uv be an edge of a graph G such that dg(u) > 2, dg(v) > 2 and Ng(u) N\Ng(v) =
29 0. Let G’ be the graph obtained from G by the contraction of uv onto u and adding a new pendent edge
~- uv. Then Ts(G) < Tlso(G).

%2 Lemma 2.2. [27] Let H be a connected graph and G be the graph obtained from H by attaching two
33

o paths Py and P> onto vertices u and v of H, respectively. Suppose that x is the neighbor of the vertex u
5 on Py and y is the pendent vertex on Py. Let G' = G —ux+xy. If dg(u) > 3, then Iso(G') < Iso(G).

z% Denote by P,, Sy, and K, the path, the star and the complete graph of order n, respectively. Let K, ,

s be a complete bipartite graph of order n with two partite sets having p and g vertices, respectively.

39
o Theorem 2.3. Let G be a bipartite graph of order n. Then

E n2 w

42 (2> if nis even,
‘E HSO(G) S 11271

44 2.1\ 8

. <n ;_ > if nis odd
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1 with equality if and only if G is isomorphic to KL%H%W'

2
~ Proof. Let p and ¢ be the number of vertices of parts in G, where p +¢ =n and p > g. Then by the
", definition of ITgp, one can easily obtain that IIso(G)? < (p? 4 ¢*)P4 with equality if and only if G is

5 isomorphic to K, ;. Let us consider the following functions

6

B F) = 2+ (= x| 2] <x<n—1
Eand

92 2x(n—x n

0 () g(x):ln(sz—an—{—nz)—zxz_(znx_gnz, H <x<n—l.
1

]
o Then, we have

13 2(nx —x?)(2x —n)

. "(x) = —2%) In(2x — 2nx + n?

15

6 () = (n—2x)f(x) ln(2x2—2nx+n2)—M

17 2x2 — 2nx +n?

18 and

3 ) = M 220w AR )
x) = — -

o ’ 202t (202wt (2R —2mi k)

21
22 On the other hand, since 2x —n > 0, we have g’(x) > 0 which means that g(x) is an increasing

23 function. Thus, g(x) > g ( [%}) > 0 for [g-‘ <x <n—1 and from (1), we obtain
24

z% 3) (n—2x)In(2x* — 2nx+n?) < 2x{n =) (n — 2x)

2x2 —2nx+n?

Z% as 2x —n > 0. Hence, from (2) and (3), we get f/(x) <0 for [g] < x <n—1. Therefore, f(x) is a

29 decreasing function for {5-‘ <x < n—1 and one can easily see that
30

n P N A1EL
T (@ <Py =+ -p P < f([5]) < (5] +] 5]
32 2 2 2
33 with equality if and only if G is isomorphic to K EIREAE O
34

35 The kite graph Ki,_ g is the graph of order n obtained by identifying a pendent vertex of B, g1

36 with a vertex of Kg. In particular, Ki, , = K,,, and Ki, » = P,.
37
ss Theorem 2.4. Let G be a connected graph of order n with clique number ®. Then Ilso(G) >

’oE [Is0(Kin,o) with equality if and only if G is isomorphic to Kiy, .
40

41 Proof. If w = n, then G = K, and hence the equality holds. Otherwise, 2 < w < n— 1. We consider

g the following three cases:
43
44 Case 1. @ = 2. In this case the girth of G is greater than 3 or G = T, where T is any tree of order n.

‘E First we assume that G = T'. Let A be the maximum degree in 7. If A =2, then T = P, and hence
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II50(G) =so(T) = so(P,) = Iso(Kin2), the equality holds. Otherwise, A > 3. Using Lemma 2.2

several times (if exists) on tree 7', we obtain
[50(G) =Tso(T) > -+ > lgo(Kin2) = Hso(Pn),

the inequality strictly holds.

[~ fofs]e]r]-

Next we assume that the girth of G is greater than 3. Then, by deleting the edges on the cycles of
8 G, we arrive at a tree. Similarly, as above, we prove that I1so(G) > Ilso(PB,). The inequality strictly
- holds.

' Case 2. 3 < o <n—2. Suppose that IIgo(G) is the minimum in the class of graphs of order
E n with clique number @ and G is not isomorphic to Ki, . By the definition of Ilgp, we have

.+ Lso(G —e) <Ilso(G), where e is any edge in G. Using this, we conclude that G is isomorphic to a
15 graph such that G — E(K) is a forest of order n. Since G % Ki, (, then there are at least two pendent
E paths P; and P> with origins u and v, respectively. Let x be the neighbor of # on P; and y be the pendent

17_vertex on P,. Then, by Lemma 2.2, we get I15o(G — ux+xy) < Ilso(G), which is a contradiction.
18

E Case 3. ® =n— 1. Let § be the minimum degree in G. Since G is connected, 6 > 1. If 6 = 1, then
20 G = Kiyp—1 as @ =n— 1. Otherwise, 6 > 2. We can assume that dg(vi) > dg(v2) > --- > dg(vs),
21 where dg(v;) is the degree of the vertex v;. Let H = Kiy, ,—1. Thendy(vi) =n—1,dy(vi) =n—2(2 <
z% i<n—1),dy(v,) = 1. Again since G is connected and ® = n— 1 with § > 2, we have that H is
o, a strictly subgraph of G with V(G) = V(H) and dg(u) > dy(u) for all u € V(G). Thus we have
o5 dg(vi) =dg(vz) =n—1,dg(v;) >n—2(3 <i<n-—1)and dg(v,) = 8 > 2. From the above, one

26 can easily see that
27

28 Hso(Kinn-1)=so(H) = I1 \/d W) +du(v)> < ] \/ > +dg(v)?

29 uveE(H) uveE(H)

. < 1 Vdaw?+do(v)? =Tso(G).
31 uveE(G)

Z% The inequality strictly holds. This completes the proof of the theorem. ([

34

- 3. Unicyclic graphs with extremal multiplicative Sombor index

*° Denote by %, , the class of all unicyclic graphs of order n with girth g. Let C, , be the unicyclic graph
- obtained by identifying a pendent vertex of P,_,| with a vertex of the cycle of order g. Also, let C
39 be the unicyclic graph obtained by attaching n — g pendent edges to a vertex of the cycle with length g.
40 Liu [27] proved that C, , has the minimum value in %, ,. Now, we prove that C¢ has the maximum
41 value in %, ¢.

42

‘E Theorem 3.1. Let n and g be positive integers with3 < g <n—2. If G € U, 4, then

- 51.8"7 133 <50(G) <87 [(n—g+2)> +4)[(n—g+2>+1]'*"

45 = =
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1 with left-hand side of equality if and only if G is isomorphic to C, 4, and with right-hand side of
z equality if and only if G is isomorphic to Cj;.
3

4 Proof. Lower Bound: Suppose that G has a minimum IIgp-value in %, , and it is not isomorphic
5 to Cy¢. Then there are two pendent paths Py and P, with origins u and v, respectively. Let x be the
® neighbor of u on Py and y be the pendent vertex on P». Then, by Lemma 2.2, we get I1so(G') < ITso(G),

7 .. .. .
e where G’ = G — ux+xy. Clearly, G’ € %n,g and a contradiction. Hence, G is isomorphic to C, ¢ and
n—4

< Tlso(Cug) =52 -8"7 132,
10 Upper Bound: Now suppose that G has a maximum ITgo-value in %, , and it is not isomorphic to Cy.

E Let C, be the cycle of G, and uy, uy, ..., ug be the vertices on the cycle. By Lemma 2.1, one can easily
12

% of C,. Let n; denote the number of pendent edges incident to u;. Then n; = de(u;) —2for1 <i<g.

;5 Without loss of generality, we assume thatny = max{n; | 1 < j <g}, me =min{n; [n; > 1, 1 < j<g}.

conclude that all cut edges of G are pendent, and it follows that each cut edge of G is incident to a vertex

16 Let now xp,x2,...,x,, be the pendent vertices that are adjacent to u;. Since G % C§, uy is different
E from u;. Then one can construct a new graph G' = G — {wxy, ... ,kank} + {u1xy,.. .,ulxnk}. We
8 distinguish the following two cases.

19

20 Case 1. d(uy,ux) > 2. By the definition of ITso, we obtain

— HSO(G’)Z (I’Ll +ni+ 2)2 + (I/lz + 2)2 (n1 +ng + 2)2 + (ng + 2)2

22 = .

s so(G)? (n14+2)>+ (np +2)? (n1+2)24(ng+2)?

27 n n
25 » 24+ (ma+2)? 224 (g +2)° " [(m +me+2)2+1]" ™
26 (e +2)2+ (me1 +2)2 (e +2)> 4 (e +2)2 7 [(m +2)2 41" [(mge +2)2 + 1]
% (4) >[8 ]2[ ”lk(znl+nk+4)]n1 [ nl(n1+2nk+4)rk

29 (ng+2)2+4 (n1+2)2+1 (i +2)2+1

80 First we can assume that n; = 1. Then by (4) and Bernoulli’s inequality,

31

- Mso(G) _ (8 : g 2mAS N[ m(n+6)

QE Hso(G)z 13 (1’11 +2)2 +1 10

34

% - 64 (m+2)*+14m (201 +5) nf+6n+10

36 - 169 (m+2)2+1 10

37

. 1921+ 1728n} + 569617 + 7680n; + 3200

39 B 169013 + 6760n; + 8450

40

5 ) - 1728n] +7680m; + 569607 + 3200

P - 169017 + 6760n; + 8450

48 Next we can assume that ny > 2. Then ny > n, > 2 and

44

45 (6) (2ny +me+4)* > 2 [(m +2)* +1] and 2ng+ny +4)* > 2 [(me+2)*+1] .
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1 On the other hand, by Taylor’s theorem, we have (1+x)% > 1+ ox + ( 2= 2 for o > 2 and x > 0.

2 Therefore, by using inequality (6) in (4), we obtain

50(G')? - [ 8 ]2. ning(2ny +ng +4) nl(nl—l)n,%(2n1+nk+4)2
( (m+2)2+1 2[(n +2)2+1)°

4

a

£

S y 1+n1nk(2nk—|—n1+4) nk(nk—l)n%(2nk—|—n1+4)2
- (m+2)2+1 2[(m +2)2 + 12

o

" S [8]2‘[ n1n,%—|—2n1nk(n1+2) n1(n1—1)n%]
(e +2)% +4 (m+2)2+1 (n142)2+1

— y 1+n%nk+2n1nk(nk+2) nk(nk—l)n%
(n1+2)2+1 (n1+2)2+1

2
- S [ 8 r. {1 n%n,%+2n1nk(nk+2)}
(ng+2)2+4 (n1+2)2+1

. [ 8 r. [(n1+2) +1+n1nk+2n1nk(nk+2)r
(ng+2)>+4 (n1+2)2+1

o3 B nlnk+7n1nk+4n1nk+12n1nk+8n1+16n1nk+32n1+16n1nk+40
N n nk+4n nk+4n1nk+5nk+8n1 + 16n1n; +32n1 +20n;, + 40

25
26 as 7n1nk > 4n1nk, 12n1nk > Snk and 16nn;, > 20ny.

2? Case 2. d(uy,u) = 1. Then k =2 or k = g. Without loss of generality, we can assume that k = 2. By

o9 the definition of IIsp, we obtain

%0 Oso(G))*  _ (m4m+2P2+2° (m+m+2°+(ng+2)> 224 (n3+2)°
Z% s50(G)? (m+2)?2+m2+2)? (m+2)2+(ng+2)?> (n2+2)2+(n3+2)?
3 y [(n1+n2+2)2+1}n1+n2

- [(n1+2)24+ 1" [(np +2)2 + 1]

% 7 8 no(2ny +ny+4) 1" ni(ny +2np+4)1"
% (ny+2)>+4 (n +2)2+1 (na+2)2+1

% First we can assume that no = 1. Then by (7) and n; > 1,

‘E Hso(G’)z > E 1 21’11 +5 " 1 I’l](l’l] +6)

42 Hso(G)2 13 (l’ll +2)2+1 10

43

4 8 7

— —-1-]1 1.

45 = 13 { + 10} -
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1 Next we can assume that n, > 2. Then n; > ny > 2 and (2n; +ny +4)?>2 [(nl +2)2+ 1].
z Therefore, from (7), using similar method in Case 1, we obtain
3 I_ISO(G/)2 8 . ny(2ny +np+4) "
% T50(G)2 (ny+2)2+4 (n1+2)2+1
% S 8 nlnz (2 +n2—1—4) ny(ny — l)n%(an +ny +4)2
o (m+2)2+4 (m +2)? 2[(n1 +2)2+1]
9
o > 8 {1+n1n2+2n1n2(n1+2) +n1(n1—l)n%}
" (n2+2)2+4 (m1+2)%+ (m+2)2+1
12
. B 8 {1+n1n2—|—2n1n2(n1+2)}
" (na+2)>+4 (n1+2)2+1
% S 8 (ny+2)? +1—|—n1n2—|—2n1n2(n2+2)
- = (m+2)2%+4 (n1+2)2+1

— n%n% + 7n%n% + 4n1n% + 12n1n% + Sn% + 16n1ny +32n; + 16nn, +40 51
19 =
— n%n% + 4n%n2 + 4n1n% + Sn% + Sn% +16n1ny +32n; +20n, +40

21 as 7n1n2 > 4n%n2, 12n1n% > Sn% and 16n;ny > 20n;.
2i In the above two cases, we have [15o(G’) > 5o (G) and it contradicts our assumption that G has

23 the maximum IIgo-value in Un.g. U
24

2 4. Extremal graphs in <7, ; and %, ; with respect to the multiplicative Sombor index
26

27_1In this section, we determine extremal graphs with respect to the multiplicative Sombor index for the
?®_(lasses of graphs of order n with k pendent vertices and of order n with k cut edges. Denote by .7 (n,k)
i% the class of all graphs of order n with k pendent vertices in which the removal of all pendent vertices
31 and their incident edges result in a complete graph of order n — k.

32
= Lemma 4.1. Let n and k be integers with 0 < k < n— 1. If Ilso(G) is maximum in <, then

31 G € o (n,k).

i Proof. Assume to the contrary that G ¢ <7 (n, k). Then there exist two non-adjacent vertices u and
5, v in G whose degrees are greater than one. Consider the graph G' = G+ uv. Then G’ € 47, ; and
38 Ilso(G") > Iso(G), a contradiction as I1so(G) is maximum in 7, ;. O

39
2o Theorem 4.2. Let n and k be integers with 0 < k <n— 1. If lso(G) is maximum in %, , then G is

41 Isomorphic to the graph obtained by attaching k pendent edges to a vertex of the complete graph of

‘E order n — k.
43
44 Proof. Assume to the contrary that G is not isomorphic to the graph obtained by attaching k pendent

‘E edges to a vertex of the complete graph of order n — k. Since ITgo(G) is maximum in <7, ;, we
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1 have G € &/ (n,k) by Lemma 4.1. Let n; denote the number of pendent edges incident to vertex v;
z of the clique of G (1 <i<n—k). Then ny +ny+---+n,_; = k. Without loss of generality, we
3 assume that n; = max{n; | | <i<n—k}. Then there exists a pendent vertex x adjacent to a vertex v,
% where vy is different from v;. We now construct anew G’ = G —xv; +xv;. Then dg (vi) = dg(vi) + 1,
% do(vt) =dg(vi) —land dg (v) =dg(v) for v € V(G) \ {vi, v }. For convenience, denote p =n—k— 1.
~~ Then

E M _ (n1—|-1—|-p)2—|—(nt—l+p)2‘[(n1_|_1_|_p)2_|_]]n1+1 ‘[(Vlt—1—|—p)2—|—1]"’*l
o Tso(GP  (m+p)+(u+tp) (1 + )2+ 1] [+ p)2+ 1]
" " P [+ 1+ p)? + (mi+ p)?)[(ne — 1+ p)? + (ni + p)?]

2 i=2, i#t [(”1 +P)2+(ni+l7)2”(nz +P)2+ (ni+p)2]

E - [(n1+1+p)2+1]n1+1 . [(nz—1+P)2+1]n’_1

- (01 + p)2+ 1) [+ p) 2+ 1]

5 ) T (G U p) 4 (ot p) (= 14 p) (it )
. i=2, i#t [(m +P)2 + (ni+p)2][(n, +P)2 + (n; +p)2]

20 Without loss of generality, we can assume that

2L [(n1+1+p)*+ (nj+p)*)l(m — 1+ p)* + (n; + p)°]
= [(n1 + p)? + (nj + p)?][(n + p)* + (nj + p)?]

23
=9 o+ 14pP + (4 p)Pll(m = 14p)* + (ni+ p)*]

= (1 + )2+ (ni+ p)2[(ne +p)2 + (i +p)]

- fori=2,...,p+1,i#t. Then, from (8) and (9), we get

2 Moo(G)? [+ 1+p)+ 11"+ [(n =1+ pP 1]

29, M50(G)? [(n1+p)>+ 1] [(n +p)?+ 1]

30

o (10) <[(n1 +14p)*+(nj+p)J[(n — 1+ p)* + (nj+p)2]>pl
2 [(n1 4 p)*+ (nj + p)*][(ne + p)* + (n + p)?] '
3 Now we consider the following functions

3 (11) F@) =[x+p)*+ (nj+p)1 " [(x+p) +115, x> n,

36

i and

% (12) h(x)=Inf(x)+Inf(n,—1)—Inf(x—1)—Inf(n), x > n,.

39
40 Therefore, (10) can be rewritten as

“ (13) Os0(G')* _ flni+1)f(n,—1)
a2 Is0(G)? f(n)f(n)

% From (11), it follows that

4 Inf(x) = (p—1) In[(x+p)* + (n; + p)*] +x In[(x+ p)* + 1].
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1 Thus,
2 L 2p—Dtp) o 2x(x4p)
D IO = G e TP T
4 and
- " (x+p)2+(nj+p)? —2(x+p)?*  2(x+p)
= R A T e G
- L @40+ p)* +1] = 2(p+x)(2px+24%)
5 (2211
11— _ (2p=2)[(nj+p)*— (x+p)?] | 2(x+p)[(x+p)*+1]
. [(x+p)>+ (nj+p)*]? [(x+p)>+1]2
1 +(2p+4x)(p2+2px+x2+1)—(2px+2x2)(2p+2x)
= ((x+p)2+12
7. AP+ Ap+6x 4+ 2% +8pa® + 10p%x (x+p)* = (n+p)*
s (14 - Gt PP+ 11 TP )

19
o On the other hand, one can easily see that

21 (15) (x+p)*+(nj+p)> > (x+p)*+1, 2p—2)(x+p)* < 4p* +4p+6x+2x> +8px* + 10p*x.
22 " I . . . .
o5 Combining (14) and (15), we get that [In f(x)] > 0. Hence [In f(x)] is a strictly increasing function

22 when x > n, and it follows that [In f(x)]' > [Inf(x—1)] . From this, /’(x) = [In f(x) +1n f(n, — 1) —
25 Inf(x—1) —1Inf(n;)] >0 for x > n,. Thus h(x) is an increasing function when x > n,. From (12), it
26 follows that h(x) > h(n,;) = 0. Thus, we have In f(x) +1Inf(n, — 1) > Inf(x— 1) +1n f(n,). By setting

- n1 + 1 in the above, we get
28

2 (16) S+ 1) — 1) > f(u) f ).
;i By combining (13) and (16), we obtain ILIso(G’) > I1so(G), which contradicts to G has the maximum
s> so-value in o (n, k). This completes the proof of the theorem. O

o
34
35 Theorem 4.3. Let n and k be integers with 0 < k < n— 1. If Il5o(G) is maximum in %, y, then G is

The same argument as in the proof of the above theorem yields the following result.

36 isomorphic to the graph obtained by attaching k pendent edges to a vertex of the complete graph of
37

38

39

order n —k.
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