¢-ANALOGUES OF TWO SUPERCONGRUENCES IN THE (E.3) AND
(F.3) CONJECTURES OF SWISHER

VICTOR J. W. GUO

ABSTRACT. Some supercongruences in the (E.3) and (F.3) conjectures of Swisher were
proved by the author and Zudilin, and by Jana and Kalita. In this paper we confirm the
remaining cases of these two conjectures by using the method of ‘creative microscoping’
in a new way. Meanwhile, we confirm two related supercongruences conjectured by the
author early.

1. INTRODUCTION

In 1997, Van Hamme [17] developed p-adic analogues of Ramanujan’s or Ramanujan-
like series for 1/m. He observed 13 supercongruences, such as

(p—1)/2 (1)3
(1) (4k +1)=55 = (=1)""p  (mod p?), (1.1)
k=0 '
(P—l)/?’ (l)g
(—1)*(6k + 1)]2—k =p (modp®), for p=1 (mod 3), (1.2)
(p—_l)/4 (;)3
(—1)*(8k + 1) ]j = (—1)®P Y (mod p®), for p=1 (mod4), (1.3)
k=0

where p is an odd prime, (a),, = a(a+1)--- (a+n—1) is the Pochhammer symbol. Different
proofs of (1.1) were later given in [12,13,20]. Swisher [16] proved 4 supercongruences of
Van Hamme, including (1.2) and (1.3) (i.e., the tagged (E.2) and (F.2) supercongruences
in [17]). He [7] established a generalization of (1.2).

In [16, Conjectures (E.3)] Swisher proposed the following conjectures: for any prime
p=1 (mod 3) and integer r > 1,

(p"—1)/3 (1) (pr1-1)/3 (1)
> (—1)F(6k + ORTER =p ) (_1>k<6k+1)ﬁ (mod p),  (1.4)
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and for any prime p =2 (mod 3) and even integer r > 2,

("-1)/3 (l)z (pr2-1)/3 (l)i ,
(—DFOk+ 1) =p* Y (—DF6k+ 1)% (mod p*~2). (1.5)
k=0 ) k=0 '

Recently, the authors [6] confirmed (1.4) by establishing its g-analogue and as a conclusion
they also proved (1.5) modulo p?". In this note, we shall completely confirm (1.5) by
showing the following g-analogue.

Theorem 1.1. Let n be a positive integer with n = 5 (mod 6) and let r > 2 be even.
Then, modulo [n"],2 [T}—, ®ni(q*)?,

(¢5; ¢°)
(nriz_l)/d 2n2. 6n2>

= qlfn [n2]q2 Z (—1)k[6]€—|— 1]q2"2 (QG 27q6 , E q5 gk,
— (g% ¢ )i (= 4% )i

(n"—1)/d 2. 6\3 3. 6
(@ 4°)i (=45 @° )k
> (CDF6k + U gsih— g
k=0 k

where d =1, 3.

Here and throughout the paper, (a;q), = (1 —a)(1 —aq)--- (1 —aq™') is the g-shifted
factorial, [n] = [n], = (1 —¢")/(1 — q) is the g-integer, and ®,,(¢) denotes the n-th
cyclotomic polynomial in q, i.e.,

Ou(q)= [ (a—¢)

1<k<n
ged(k,n)=1

where ( is a n-th primitive root of unity. It is well known that ®,,(¢) is an irreducible
polynomial in Z[q], and ®,,(q) divides 1 — ¢™ if and only if n divides m. For some recent
work on g-congruences, we refer the reader to [4-6,9-11,14,15,18,19,21].

It should be mentioned that the right-hand side of (1.6) is a rational function of ¢".
There are no such g-supercongruences in the paper [6]. To the best of the author’s
knowledge, there are only two papers [15,22] on g-supercongruences related to rational
functions of q"z. But the results in those two papers do not have parametric generalizations
(at least we do not know up to now), and the proofs of theorems are quite different from
our proofs here.

Note that Theorem 1.1 also holds for n > 1 and n = 1 (mod 6). This can be easily
deduced from repeatedly using [6, Theorem 3.5] twice.

It is not difficult to see that, when n = p and ¢ — 1, the g-supercongruence (1.6)
for d = 3 reduces to (1.5), and it for d = 1 confirms the second supercongruence in [3,
Conjecture 5.3]. Moreover, letting n = p and ¢ — —1 in (1.6), we arrive at the following
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new Dwork-type supercongruence: for p =2 (mod 3) and even r > 2,

S N G (6 PR NN € (6]
(6k + 1)2022 = p? (6k +1)-322228  (mod p¥ %), (1.7)
k=0 k! (g)k k=0 k! (5)
where d =1, 3.

Swisher [16, Conjectures (F.3)] also proposed the following conjectures: for any prime
p=1 (mod 4) and integer r > 1,

(pr—1)/4 (%Jz s (pr—1-1)/4 (1)3 ,
Z (—1)*(8k + Do =EDT00p Z: (—D)F(8k + 1)~ 5 (mod p™), (1.8)

and for any prime p =3 (mod 4) and even integer r > 2,

("~ 1)/4 (l)g (pr=2-1)/4 <1)3
F(8k +1)-2 2 8k + 1)-2 d p*2). 1.9
> DR S 3 R tmodpT (19

Recently, the authors [6] confirmed (1.8) through the method of ‘creative microscoping’
and also proved (1.9) modulo p*". In this note, we shall completely confirm (1.9) by
establishing the following g-analogue.

Theorem 1.2. Let n be a positive integer with n = 3 (mod 4) and let r > 2 be even.
Then, modulo [n"] [T;_, ®pni(q)?,

(n"—1)/d
= (q Q) ( @ ")k
(nm=2-1)/d n2 n2 n2 n2
("¢ (=" 1¢")

— (1-n2%)/27, 2 k
:q n _]_ 8k+1 n2 B) 3
Y Uk U o

k=0

EgvF 0 (1.10)
k

where d = 1,4.

Theorem 1.2 also holds for n > 1 and n = 1 (mod 4), which can be deduced from
applying [6, Theorem 3.6] twice.
It is easy to see that, when n = p and ¢ — 1, the g-supercongruence (1.10) reduces to

(1.9) when d = 4, and confirms the fourth supercongruence in [3, Conjecture 5.3] when
d=1.

2. PROOF OF THEOREM 1.1

In order to prove Theorem 1.1, we need to establish the following parametric gener-
alization. The proof is similar to that of [6, Theorem 3.5]. In order to make the paper
self-contained, we give the whole proof here.
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Theorem 2.1. Let n be a positive integer with n = 5 (mod 6) and let r > 2 be even.
Then, modulo

(n"=2-1)/d
r j n? j n?
e ] (= ag@t™) (@ — ¢,
=0
we have
(n"—1)/d 2 2 2 _ 3.6
Z (_1>k[6k,_|_ 1] 2(a’q » q /a7q y 4754 )qu
k=0 ! (aq67 q6/a7 q67 _q57 q6)k
(n2-1)/d 2n? 2n? 2n? 3n2. 6n?
_ 1-n?7. 2 k (Clq » q /auq , —q 4 )k n2k
= 1) 6k + 1] . @1
e kz—o (COk+ e (ag®”*, ¢ /a, ¢, —q"*; ¢°"* )i 1)
where d =1, 3.
Proof. First note that [5, Theorem 4.2] can be generalized as follows: modulo [n](1 —
aqn)(a - qn)v
(n—1)/d .
Z [2mk + 1] (ag,q/a,q/c,q;4™ ) qu(m_Q)k
— (ag™, q™/a,cq™, ¢ q"™ )i

(¢/Q)"=D/™ (g% e g™ n-1)/m
(cq™; q™) (n-1)/m

where d = 1 or m. It is worth mentioning that, in order to prove (2.2) modulo [n], we
need to show that

[n] forn=1 (mod m), (2.2)

n—1

2[2?71]{3 _|_ 1] (a(:Z7 Q/a/7 Q/C, q) q )k Ck;q(m72)k = O (mOd @n(q>>
P (ag™, q™/a,cq™, ™5 ™)k

is true for all integers n > 1 satisfying ged(m,n) = 1. Then we use the same arguments
as [5, Theorems 1.2 and 1.3] to handle the modulus [n] case (see [4, Lemma 2.2] for a
clearer interpretation).
We put m =3, ¢+— ¢? and ¢ = —¢~ ! in (2.2) to get
(n—1)/d 2 2 2 3.6

Z (_1)k[6k’—|— 1](12 (a’q67q6/a7 q67 q57q6>qu

£ (ag®, q%/a, q® —q°; %)y,
(=q)' "[n];z (mod [n]2(1 —ag®)(a —¢*")) forn=1 (mod 3), (2.3)

where d =1, 3.

For n =5 (mod 6), we have n” =n"2 =1 (mod 6). In view of (2.3) with n replaced
by n", we see that the left-hand side of (2.1) is congruent to 0 modulo [n"],2. On the
other hand, replacing n by n"~2 and ¢ by q”2 in (2.3), we conclude that the summation
on the right-hand side of (2.1) is congruent to 0 modulo [n"~?] ,.2. Further, since n is
odd, it is easy to see that [n?], is relatively prime to the denominators of the sum on

I
o
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the right-hand side of (2.1). Thus we have proved that the right-hand side of (2.1) is
congruent to 0 modulo [n?],2 [n’"_Q]qgnz = [n"],2. Therefore, the g-congruence (2.1) is true
modulo [n"].

To show it also holds modulo

(n"=2-1)/d
H (1 . aq(6j+2)n2>(a _ q(6j+2)n2)7 (2‘4)
=0
it suffices to prove that both sides of (2.1) are equal when we take the value a = ¢~ (6/+2)7°
or a = ¢+ for any j with 0 < j < (n"~2 — 1)/d, that is,
(n"-1)/d 2—(6j+2)n2  24+(6j4+2)n2 2 _ 3. 6
Z (=1)"[6k + 1,2 (qﬁ—(6‘+2) 27qfs+(6‘+2) 2’q67 q57q6)qu
—~ (g~ (Ga+2n® g6+ 6i+2n" b, —g5; g)y,
(n"2-1)/d —6jn2  (6j+4)n? 2n2 3n2. 6n2
iln2ro 5 (™, q =5 e e
s ; (FLTOk A+ g (g6 g6i8im® gon® " gon?, iny 4
(2.5)

It is easy to see that (n” —1)/d > ((3j + 1)n* —1)/3 for 0 < j < (n"2 — 1)/d, and
(g2~ ©+2%. ¢6), = 0 for k > ((3j + 1)n? — 1)/3. By (2.3), the left-hand side of (2.5) is
equal to

(=)' (35 + 1) e.
For the same reason, the right-hand side of (2.5) is equal to
ql—n2 [nQ]q2 . (_an)l—(3j+1)[3j + 1]q2"2 _ (_q)l—(3j+1)n2[(3j + 1)712][12‘

This proves (2.5). Namely, the g-congruence (2.1) holds modulo (2.4). Since [n], is
relatively prime to (2.4), we complete the proof of (2.1). O

Proof of Theorem 1.1. Let |x| denote the integer part of a real number z. It is not hard
to see that the a = 1 case of (2.4) has the factor

H;ZQ (I)nj (q2)27’l7‘7j if d = 17
[Ty (220208 itd =3

Note that the denominator of the left-hand side of (2.1) is divisible by that of the right-
hand side of (2.1). Since ged(n,6) = 1, the factor related to a of the former is

(0% ¢°) nr—1)7a(@° /@5 ¢°) o 1) -
When a = 1 it only has the factor
[T,y @i (g?)* 72 ifd=1,
{H§_2 D (g2 DBL i d = 3,
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related to @,2(¢%), Pp3(q?), ..., P,r(¢*). Hence, letting @ — 1 in (2.1) we conclude that
El(}i) is true modulo 2(d%) H <I>ng(q2) : where one product []_, ®,;(¢*) comes from
n'|ge.

Finally, the proof of (2.1) mo ulo "], is valid for @ = 1 as well. Since the least
common multiple of ®,(¢*) [T}_, Ppni(¢®)* and [n"],2 is just [n"]g2 [T}, Pri(¢®)?, we finish
the proof of (1.6). O

3. PROOF OF THEOREM 1.2

The proof is similar to that of Theorem 1.1. This time we take m = 4 and ¢ = —¢~ ! in
(2.2) to get

(n—1)/d 5 4
aqg, a,q, —q-,
S ()81 (ag,q/a,q, —q*; 4" )k &

k=0 (CLq47 q4/a7 q4a —C]37 q4)k
= (—1)=D40=M2[p]  (mod @,(q)(1 — ag")(a — ¢")) forn=1 (mod 4),

where d = 1,4. Employing this g-congruence, we can produce a generalization of (1.10)
with an extra parameter a: for n =3 (mod 4) and even r > 2, modulo

(n"=2-1)/d
[nr} H (1 - aq(4j+1)n2)<a _ q(4j+1)n2)7
=0
we have
(n"—1)/d 9 4
(ag.q/a, ¢, —¢* ¢ )k 4
(—1)"[8k +1] q
,; (ag,q*/a, q* =43 q*)
(1—n?))21 2 (n"2-1)/d i (aqn2 qn2/a qn2 _q2n2.q4n2>k 2
=1 ] kZ:O (=178 + 1 (ag™®, ¢ [a, ¢, —g%; ¢2), T (3:1)
where d = 1, 4.
Furthermore, the a = 1 case of
(n=2-1)/d
H (1 — ag™+Vm*) (g — qW+Dm%)
=0

contains the factor
[Tj—s ®us(0)™ ifd=1,
{H§:2 D, (q)2L AL i d = 4.,
The factor related to a of the denominator of the left-hand side of (3.1) is

(aq"; ") r—1y7a(q" /a5 ") nr—1)a
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of which the a = 1 case contains the factor
[T, @pi(q)® "2 if d =1,
{H§:2 s (q)2L0" I i d = 4,
related to ®,2(q), Pp3(q), ..., Ppr(g). The proof then follows by taking a = 1 in (3.1).

4. CONCLUDING REMARKS

Recently, Wang and Yue [18] gave a uniform generalization of (1.4) and (1.7) by using
the same method given in [6]. We also have such a generalization of Theorems 1.1 and
1.2 as follows:

Let m > 2 be an integer. Let n > 1 be an odd integer with n = —1 (mod m) and let
r = 2 be even. Then, modulo [n"],2 [T}_, ®ni(¢®)?,

(n"—1)/d

L G T D L T
§ —1)*[2mk + 1] 2 (¢" )
e ( ) [ ]q <q2m q )2( qm”;qu)k
(nT72_1)/d 2mn2\3 2mn?
— 1-n?[ 2 k (q 7q )k( 7(] ) (m—2)n2k
=q [n ] 2 (—1) [ka + 1] n2 q 5
q g q? ( q2mn2 ’ q2mn2 )2( q m+2)n2 7 q2mn2 ) f

(4.1)

where d = 1, m.
For n prime, letting ¢ — 1 in (4.1), we get the following supercongruence: for any
integer m > 1, prime p = —1 (mod m), and even r > 2,

(p"—1)/d (i)% (pr2-1)/d (l)z
> (-DFEemk+1) P =p* Y (—DF2mk+1) e (mod P2,
k=0 ) k=0 )

where d = 1, m. Moreover, for odd m, letting n be a prime and ¢ — —1 in (4.1), we are
led to the following generalization of (1.7): for any odd integer m > 1, prime p = —1
(mod m), and even r > 2,

(pr—1)/d ( )3 (L) (pr2-1)/d (L)3(L)
Do (k1) En i = (@2mk 1) sy, (mod p775),
k=0 G e k=0 Sl

where d = 1, m.

At last, we noticed that the third supercongruence in [16, (F.3)] was confirmed by Jana
and Kalita [8]. Therefore, all the supercongruences in [16, (F.3)] have been proven by
now.
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on this paper.

26 May 2022 06:49:52 PDT
220526-Victor-2 Version 1 - Submitted to Rocky Mountain J. Math.



8 VICTOR J. W. GUO

REFERENCES

[1] B. Dwork, p-adic cycles, Publ. Math. Inst. Hautes Etudes Sci. 37 (1969), 27-115.

[2] G. Gasper and M. Rahman, Basic Hypergeometric Series, 2nd edition, Encyclopedia Math. Appl.
96, Cambridge Univ. Press, Cambridge, 2004.

[3] V.J.W. Guo, g-Analogues of the (E.2) and (F.2) supercongruences of Van Hamme, Ramanujan J.
49 (2019), 531-544.

[4] V.J.W. Guo and M.J. Schlosser, A new family of g-supercongruences modulo the fourth power of a
cyclotomic polynomial, Results Math. 75 (2020), Art. 155.

[5] V.J.W. Guo and W. Zudilin, A g-microscope for supercongruences, Adv. Math. 346 (2019), 329-358.

[6] V.JW. Guo and W. Zudilin, Dwork-type supercongruences through a creative g-microscope, J.
Combin. Theory, Ser. A 178 (2021), Art. 105362.

[7] B. He, Some congruences on truncated hypergeometric series, Proc. Amer. Math. Soc. 143 (2015),
5173-5180.

[8] A. Jana and G. Kalita, Proof of a supercongruence conjecture of (F.3) of Swisher using the WZ-
method, preprint, 2020; arXiv:2011.02762.

[9] J-C. Liu, On a congruence involving g-Catalan numbers, C. R. Math. Acad. Sci. Paris 358 (2020),
211-215.

[10] J.-C. Liu and X.-T. Jiang, On the divisibility of sums of even powers of ¢g-binomial coefficients, Rev.
R. Acad. Cienc. Exactas Fis. Nat. Ser. A Mat. 116 (2022), Art. 76.

[11] Y. Liu and X. Wang, Some g-supercongruences from a quadratic transformation by Rahman, Results
Math. 77 (2022), Art. 44.

[12] L. Long, Hypergeometric evaluation identities and supercongruences, Pacific J. Math. 249 (2011),
405-418.

[13] E. Mortenson, A p-adic supercongruence conjecture of van Hamme, Proc. Amer. Math. Soc. 136
(2008), 4321-4328.

[14] H-X. Ni, A ¢-Dwork-type generalization of Rodriguez-Villegas’ congruences, Rocky Mountain J.
Math. 51 (2021), 2179-2184.

[15] A. Straub, Supercongruences for polynomial analogs of the Apéry numbers, Proc. Amer. Math. Soc.
147 (2019), 1023-1036.

[16] H. Swisher, On the supercongruence conjectures of van Hamme, Res. Math. Sci. (2015) 2:18.

[17] L. Van Hamme, Some conjectures concerning partial sums of generalized hypergeometric series, in:
p-Adic Functional Analysis (Nijmegen, 1996), Lecture Notes in Pure and Appl. Math. 192, Dekker,
New York, 1997, pp. 223-236.

[18] X. Wang and M. Yue, A g-analogue of a Dwork-type supercongruence, Bull. Aust. Math. Soc. 103
(2021), 303-310.

[19] C. Wei, Some g-supercongruences modulo the fourth power of a cyclotomic polynomial, J. Combin.
Theory, Ser. A 182 (2021), Art. 105469.

[20] W. Zudilin, Ramanujan-type supercongruences, J. Number Theory 129 (2009), 1848-1857.

[21] W. Zudilin, Congruences for ¢-binomial coefficients, Ann. Combin. 23 (2019), 1123-1135.

[22] W. Zudilin, (g-)Supercongruences hit again, Hardy-Ramanujan J. 43 (2020), 46-55.

SCHOOL OF MATHEMATICS AND STATISTICS, HUAIYIN NORMAL UNIVERSITY, HUAI’AN 223300,
JIANGSU, PEOPLE’S REPUBLIC OF CHINA
E-mail address: juguo@math.ecnu.edu.cn

26 May 2022 06:49:52 PDT
220526-Victor-2 Version 1 - Submitted to Rocky Mountain J. Math.



