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Abstract: In this paper, we analyze the growth behavior of entire solutions of the
non-linear binomial differential equation

Afmo(frym(fymz . (fFEYme 4 Bro(fym(f)ne - (fW) = A,

where A, B are polynomials and H is an entire function. By applying this result and
Cartan’s second main theorem, we obtain the zero distribution of entire solutions in the
case when H has the particular form

H(z) = Hg(z) +H1(2>GUJ12‘1 —i—HQ(Z)erZq +... +Hm(z)ewmzq7

where wq, -+, w, are distinct non-zero complex numbers, Hy, Hy, ---, H,, are entire
functions of order less than g with Hy--- H, # 0. Some examples are given to show the
existence of solutions.
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1 Introduction and Main Results

A function f is called meromorphic if it is analytic in the complex plane C except at
isolated poles. In what follows, we assume the reader is familiar with the basic notions
of Nevanlinna’s value distribution theory on meromorphic functions (see e.g., [4], [13]).
By p(f) and A(f) we will denote the order and the exponent of convergence of zeros of f,
respectively. According to a famous result due to Titchmarsh [10], the non-linear differential
equation

f(2)f"(z) = —sin® 2 (1.1)

has no real finite order entire solutions, other than f(z) = £sin z.
Later, Li, Li and Yang [6] showed that any entire solution of Eq. (1.1) must be real
and of finite order. Furthermore, they investigated the following differential equation

f(2)f"(z) = p(z)sin® z, (1.2)

where p(z) # 0 is a polynomial with real coefficients and real zeros, they proved that if f
is an entire solution of Eq. (1.2), then p must be a non-zero constant, and f(z) = asin z,
where a is a constant satisfying a? = —p.
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Guangzhou in 2023 (no. 2023A04J0648), PCSIRT (No. IRT1264) and The Fundamental Research Funds of
Shandong University (No. 2017JC019).
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In connection to the classical trigonometric identity 2sin z cos z = sin 2z, Zhang and Yi
[14] proved that all entire solutions of the differential equation

F)F(2) = % sin 22 (1.3)

have only the four forms f(z) = +sin z, +i cos z.
Naturally, Eq. (1.1)-Eq. (1.3) can be classified into the following form

F(2)fM(z) = H(2), (1.4)

where k£ > 1 and H(z) is an entire function with H(z) # 0. It is interesting to consider the
general differential equations of the form (1.4) and even more complicated ones

Frem e (fW)ym = H, (1.5)

where H is entire with H Z0, k> 1, ng > 1 and ng > 1.
Very recently, Gundersen, Lii, Ng and Yang [3] proved the following double inequality
for the growth of entire solutions of Eq. (1.5).

Theorem 1.1 ([3]). If f is an entire solution of a monomial differential equation (1.5),
then we have ) )
“T(rH) + S(r. ) < T(rf) < T H) + S(r.f),
0

where g =ng +n1 + -+ - +ng. Hence, p(f) = p(H).

After giving the growth of all entire solutions of the differential equation (1.5), Gunder-
sen, Lii, Ng and Yang [3] considered the following non-linear binomial differential equation

Afmo (f/)ml(f”)m2 . (f(p)>mp + Bfno (f/)n1 (f//)ng . (f(k))nk _ H, (16)

under the assumption:
(a): p,k > 0 are integers, A, B, H are entire functions with ABH # 0, m;(i =
0,---,p),nj(j =0,---, k) are non-negative integers with

max{mg,mp} > 1, max{ng,ng} >1, max{mo,no} >1, max{my, ng}>1,

and where it is assumed that the left-hand side of Eq. (1.6) does not reduce to (A +
B)fro(fym () - (f@)me.

First observe that an analogous result to Theorem 1.1 cannot hold for non-linear bino-
mial equations of the form (1.6), since f(z) = sin z satisfies f2 + (f/)% = 1.

Our first result is to find some comparatively relaxed conditions for (1.6). Now, we
state our result in accordance with mg > Z?:o nj, which in some sense can be seen as
corresponding slight improvement to Theorem 1.1.

Theorem 1.2. Suppose that mg > N, A, B are polynomials, and assume (a). If f is an
entire solution of Eq. (1.6), then we have

L HY + S(r, f) < TOr, f) < —

i _mT(T,H)+S(T‘,f),

where M =mo+mq +---+mp, N =ng+ny +---+ng. Hence, p(f) = p(H).

From Theorem 1.2, the growth of all entire solutions of the differential equation (1.6)
is clear. Hence, we will consider differential equations such that H(z) has a special form.
Motivated by the consideration of transcendental exponential polynomials as in [5, 7, 9, 11,
15], a natural question follows:
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Question 1.3. When my > N, can we characterize all entire solutions f of Eq. (1.6) if
H(z) = HO(Z) + Hl(Z)ewlzq + HQ(Z)BwZZq 4t Hm(z)ewmzq 0

In order to answer this question, we will use Cartan’s second main theorem and Nevan-
linna’s theorem concerning a group of meromorphic functions to investigate the non-linear
binomial differential equation

Afmo (f/)m1 (f//)mz . (f(p))mp + Bfno (f/)nl (f//)n2 . (f(k))nk

a g (1.7)
= Ho + H1e*'* + Hpe"** + - + Hpem®

We arrive at the following conclusion:

Theorem 1.4. Suppose that mo > N, m,q > 1 are integers, and assume (a). Let
wi, - ,wm be distinct non-zero complexr numbers and let Hy, H1,--- , Hy, be entire func-
tions of order less than q such that Hy--- H,, # 0. If Eq. (1.7) admits an entire solution
f, then the following assertions hold.

(1) When Hy = 0, we have two possibilities:

(z) flz) = 'yo(z)e%z and m = 2, where AYyO" - p? = Hj, v = v, +
w—]\jq'yi_lzq*I and Nwj = Mw; {j, t} ={1,2},{2, 1})
(i) A\(f) = p(f) =q and my < m+ N.

(2) When Hy # 0, we have A\(f) = p(f) =q and mg < m+ N + 1.
The following examples show the existence of entire solutions satisfying Theorem 1.4.

Example 1.5. Yang and Li [12] showed that all solutions of the equation f3(z)+ 2 f"(z) =
—i sin3z satisfy \(f) = p(f) = 1. Here mg = m + N. This example also shows that the
case \(f) = p(f) = q in Theorem 1.4 may happen although m = 2.

Example 1.6. The equation f3(z) — 3f'(z) = €3* — e73% — 6e” has an entire solution
f(z)=¢€*—e*. Here mo <m+ N, A f) =p(f) =1.

Example 1.7. The equation f?(z) — 2zf’(z) e?* + 2% — 2z has an entire solution f(z) =
e +z. Heremog <m+N+1, A(f) =p(f) =
2 Some Lemmas

In this section, we will introduce some lemmas used to prove our main results in the present
paper. In the following, let E; (or E2) denote the set of finite linear measure (or finite
logarithmic measure) respectively.

Lemma 2.1 (see, e.g., [13]). Let f1, fa, -, fn be linearly independent meromorphic func-
tions such that 2?21 fi =1. Then for 1 < j < n, we have

05 < 3N (rg) N0+ 80 D) =SNG = (1) + 500
k=1
S;NG“,;]C) (n—1) ZNTfk < 1>+5()
where D is the Wronskian determinant W (f1, fa, -+, fn),

S(r) = o) (r o0, ¢ ), T(r) = max {T(r, fo)}
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For introducing the following lemma, we denote by n, (r, %) the number of zeros of f in
|z| < r where a zero of multiplicity [ is counted [ times if [ < p and p times if [ > p. Then,
we let N, (r, %) denote the corresponding integrated counting function(cf. [2], Definition
2.1).

Lemma 2.2 (Cartan’s theorem, see, e.g., [1, 2]). Let fi, fa, -, fp be linearly independent
entire functions. Assume that for each complex number z, max{|fi(z)],---,|fp(2)|} > 0.
Forr >0, set

1
o

2 )
T(r) /0 u(re?)df — u(0), wu(z) = sup log|f;(2)|.

1<j<p

Set fpr1 = f1+---+ fp. Then

T(r) < izvpl <r, ;j) +St) < (p—1) Iizv <r, ;j) +S(r),

where S(r) is a quantity satisfying S(r) = O(log T'(r))+O(logr)(r — oo,r & Ey). If at least
one of the quotients f;/fm is a transcendental function, then S(r) = o(T(r))(r — oco,r &
E1), while if all the quotients f;/ fm are rational functions, then S(r) < —%k(k —1)logr +
O(1)(r — oco,7 & Ey).

Lemma 2.3 (see, e.g., [1, 2]). Assume that the hypotheses of Lemma 2.2 hold. Then for
any j and m, we have

T(r, fj/fm) =T(r)+0(@1) (r— o0),
and for any j, we have

N(r,1/f;) =T(r)+0O(1) (r — o0).

Lemma 2.4 (see, e.g., [8]). Let m,q be positive integers, w1, ,wy, be distinct non-zero
complex numbers, and Ag, A1,--- , Ay be meromorphic functions of order less than q such
that Aj # 0(1 < j < m). Set p(2) = Ao(2) + 372, Aj(2)e¥i** | then the following results
hold.

(1) There exist two positive numbers dy < da, such that for sufficiently large r,

dir? <T(r,p) < dari.

(ii) If Ao #0, then m (r, é) =o(r?) (r— ).

Lemma 2.5 (see, e.g., [13]). Let f be a non-constant meromorphic function, and k be a
positive integer. Then

N <r, f(lk)> <N (n }) +EN(r, )+ o(T(r, ) (r = oo, & Ey).

Lemma 2.6. Under the conditions of Theorem 1.4, if f is an entire solution of (1.7), then
the following results hold.

(i) There exist two positive numbers 11 < T2, such that,

nrd <T(r,f) <mr! (r— o).

(i) If Ho # 0, then N (r,4) = T(r, f) + S(r. /).
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Proof. Let f be an entire solution of (1.7). By Theorem 1.2 and Lemma 2.4, we have

T H) + () 2 e,

and 1 d
2
(1= oI f) < -y T

which leads to 77? < T'(r, f) < 19r?, (r — 00), where 71, 79 are positive numbers such that
71 < T2. The result (i) is thus proved.
Rewriting (1.7) in the form

rd,

1 Afmo ... (fP)ymp N Bfro...(fRyme 1 1
HO+Z?:1 Hje“’qu fM fN fM—N - fM'

If Hy # 0, then by Lemma 2.4, we get

Mm (r, }) < (M= N)m (7", }) + S0 f) +o(r7)  (r — 0o),

which implies m (r, %) = S(r, f). Hence, the result (ii) follows.

3 Proof of Theorem 1.2

Let f be an entire solution of the binomial differential equation (1.6). Note that M =
mo +my + -+ +my, N = ng +ny + --- + ng, and by the assumption mg > N, we have
M > mg > N. Combining (1.6) and the logarithmic derivative lemma, we get

T(r, H) =T (r Af™0(f/)™ - (FO)™ 4 BFro(fy™ - (F0)m)
= m (r AFTO ()™ (FP) 4 BEO(FY (F0))

mo (£\m1 ... (£(P)ymp no( fyma . .. ( £(k)\nk
:m<an<Af (f)fM O™ o, BI (f)fN (/) )) (3.1)
gNm(?“,f)—|—(M—N)m(r,f)—l—5’(r,f)
=MT(r,f)+ S(r, f).

We now give an estimate in another direction. By the logarithmic derivative lemma and
the first fundamental theorem, we get

nAAme(fqnh."(fgﬁynpfﬂ4>

T (r Afmo(fym - (fP)) =7 ( Fir

AfT(™ - <f<p>>mp>
) fM

> MT(r,f) =T (

nma . (F(P)ymp mo (f1yma ... ( f(P)ymp
:MT(r,f)_N<r7A(f)fM_Tr(L;f ) )_m<T7Af ) ) (3.2)

> MT(r, f) — (M —mo)N (T, }) = S(r, f)
> MT(r, f) — (M —mo)T(r, f) = S(r, f)

= moT(T, f) - S(T, f)
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By mo > N and (3.2), we have
T(r, H) =T (1, Af™0(f)™ - (FO)™ 4 BFro(fym - (f0)m)
> T (r Af™O(F)™ - (FO) ) =T (r B () - (FO)™)
> mT(r. f) —m ( BRI fN> ~S(r.f) (83

f
ZmOT(r,f)—Nm(r,f)—S(r,f)
:(mO—N)T(T,f)—S(T,f).

Now, combining (3.1) and (3.3) yields

iT(r, H)+S(r,f) <T(r,f) < !

m _mT(r,H)+S(T,f)-

The proof of Theorem 1.2 is now completed.

4 Proof of Theorem 1.4
Let f be an entire solution of (1.7). By Lemma 2.6, we deduce that

p(f) =q, S(r,f)=o(r?). (4.1)

Now we consider the following two cases.
Case 1. Hy = 0. Rewriting (1.7) in the form

m

S e B (FO)
o Afmo(frym (f@)me Afmo(frym . (flR))me

=1. (4.2)

Subcase 1.1. my > m + N + 1.
Using the similar argument to that of (3.3), and by (4.1), there exists a constant 7 > 0,
such that

Bfro ()™ (fOyw o (Afre (- (f0)m
! ( Afm (f<p>>mp> - ( By (O ) row
=T (r o (f)m - (FO) ) = (o)™ (FO)™) =S ) (43)
> (mO _N)T(Taf) - S(T‘,f)

> (mg— N —o(1))rr? (r — o0).

Subcase 1.1.1. Suppose that
Bfno (f/)m . (f(k))”’lk’ Hlewuq’ H2€w2zq, . Hmewmzq

are m + 1 linearly independent entire functions.
Let II1(z) denote the canonical product (or the polynomial) formed by the common

zeros {ag}¥_, Of‘AJWnO(f/ynl...(j%p)yﬂpj lgfno(jv)nl...(j%k))nk7 Hiewr? ... H,,em?
each common zero aj is counted min{sy,ty,lx; : j = 1,---,m} times, where u = oo
(or finite integer), sk, tk, lg1, -+, lpm denote the respective multiplicities of the zero of
Afmo(fryme - (f®Yyme, Bro (- (fR)m, Hyet®, - Hyen* at point ag. Then
by (4.1), we have
1 1

N (r, Hl) <N <7’, H1> = o(r) (4.4)

as r — 00,r & Es.
6
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Dividing both sides of (1.7) by Iy

Afmo(f/)m1 . (f(P))mp _ i Hjewqu B Bfno(f/)nl L (f(k))nk
1 =

4.5
= = SR

AF7o () (fP) e B0 (F)mM o (f ) e Hyp o=

I ’ P s M s g — are all entire

we deduce that

functions without common zeros, and by (4.3), we know that

)"P

Iy
is transcendental.

Since f is an entire function and A is a polynomial, we describe the following two facts:

1 1
¥ (g o) ~moN (1) + ¥ 00) o)
and
N (r,) = N (r,9) <0. (4.7)
where ¢ = Py (f<P))mp’ for simplicity.
Then by (4 1), (4.4)-(4.7), Lemmas 2.2, 2.3, 2.5, we get
1 1
moN <T, f) =N <7', Afrmo(frym ”(f(p))mp> — N (r,v)
115}
N - N q
<X~ g ) N 900

< Ti(r) = N (r,9) + o(r)

m e
N, (1,
S; ( wqu) + (’r Bfno(f/)n1<f(k))nk>

I q
+ N (7“, / m11 (f(p))mp> _N(nw) +O(TI(T)) —i—O(T )

k
< anN (r,} +mN (7‘, }) + Ny, (1,)

< (N +m)N <r, }) Fo(Ty(r) 4 0(r?) (r — oo, & Ey),

where
1 27
/ u1(re?)dd — uy (0),

27T0

Bfno (f/)nl . (f(k‘))nk
ITq

T1 (r) =

, log

ui(z) = sup {log
Combining (4.8) and Lemma 2.6, we obtain

(mp—m — N)N <r, 1> < o(r?) 4+ o(Ti(r)) <o(r?) (r— oco,r & Ey), (4.9)

f

this together with the assumption mg > m + N + 1 give us

N <r, }) —o(r?) (r— o0, & EY). (4.10)

From (4.1), (4.10) and Lemma 2.5, we see that

m Afmo(fyma .. (£(P)ymyp Afmo( fryma ... (£(p)ymp
S ( P ) ) . ( Tl Rl ) C o), (411)

=1

7
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and

mo H.ewiz? o Bfno (f/)nl .. (f(k))nk B
2N < Afmo(ff)il--«f@)mp) A ( Afm(frym f<p>)mp) = o(r"), (4.12)

J=1

where r — oo, r & Ej.
Set

- Bfno(f/)m ... (f(k))”k Hjews™ )
Tf(r) =max {T ( ) T (T’ Afmo(f/)vil ... (f(p))mp> '

From Lemma 2.1, (4.2), (4.11) and (4.12), it follows that
(1= o(1)Ty(r) = o(r?) (r —o0,r & En),
it implies

Bfno(f/)nl . (f(k))nk
! ( Afro(frym (@)

which contradicts (4.3).
Subcase 1.1.2. Suppose that

> <T¢(r)=o(r?) (r—oco,r & Ey), (4.13)

BT (PO, He e e
are m + 1 linearly dependent entire functions.
From the fact that Hye“1*,--. | H,,e“*" are linearly independent, there exist constants
dy,- -+ ,dny, at least one of them is not zero, such that
m
Bfro(f)r - (fF) =Y diHje s, (4.14)
j=1

Substituting (4.14) into (1.7), we get

AFTO(FY - (fP) =Y (1 - dj) Hye ™. (4.15)
j=1
(a) Suppose that there exist at least two of 1 —dy, -+ ,1 — dy,, say 1 —d; and 1 — do,
such that 1 —d; # 0 and 1 — dg # 0. Then by rewriting (4.15), we have
qunm(fqnn...(fuﬂ)nw m oo —tn )z
o =(1—d)H + Y (1 —dj)Hje—)=", (4.16)
=2

Denote ¢ = Aol Zzwllzq () ” then by Lemma 2.4 and the first fundamental theorem,

there exists a positive number D1, such that for sufficiently large r,

N <T7 1) = T(Ta ()01) -m <T‘, 1) - O(l) > Dqu7
¥1 P1

then from Lemma 2.5, we find

N (7", ch) > %N <r, ;) —O(logr) > %rq — O(log). (4.17)

8
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On the other hand, by dividing IIs on both sides of (4.15), we get

Afmo(fym ... (fyme Z l/\jH/\je“*qu
H2 H2 ’

(4.18)
)\jEA

where A is a subset of {1,---,m} such that [y, = 1 —d), # 0, Il is defined as II;, such

q

m nmy ... (£(p)ym l.H.wAjZ
that Af O(f)Hl (fPme A A€

. , 5 are all entire functions without common zeros, and

N (r, H%) <N (r, H1M> = o(r?)(r — o0). Then by (4.18), Lemmas 2.2 and 2.3, we get

ot ( D - ( AT (f(p))mp) -V eY)
=N ( pyaTe (f(p))mp) - el

< To(r) = N (r,9) + o(r)

]._.[2 H2
SEJM”(“@Hwﬂf>+N“*OVWUWW~U@WJ(“m

AjEA
— N (r,¢) 4+ o(T1(r)) + o(r?)

gmanGﬁ>+MnMmm—wa+dﬂWHWW)

<(m—-1)N <r, }) +o(Ty(r)) + o(r?) (r — oco,r & Ey),

q
l)\]. H)\j e“i®

IT,

1

TQ(T‘) = %

2w
/ us(re?)dh — us(0), ug(z) = sup {log
0

Z)\jEA}.

So we deduce from (4.19) and Lemma 2.6 that
1
(o~ m+ DN (13 ) < o) (> ocur ¢ ),

which contradicts (4.17).

b) Suppose that there exists one and only one of 1 — dy,---,1 — d,,, is non-zero, sa;
( pp y y
1—dy #0. Then dy = --- = d,,, = 1. We now write (4.15) as
Afmo(fym. .. (f(p))mp =(1— dl)Hle"“zq, (4.20)
which implies that
1) _ 1 1 .
N |(r, 7 < m—ON T,E =o(r?) (r— o0). (4.21)
By (4.1), (4.20) and Hadamard’s factorization theorem, we get
1 . S
f(2) = yo(2)emom T fO(z) = yi(2)emor T (4.22)

where vo(z),7i(2) satisfy the recurrence formulas 70" ---v,” = (1 —dy)Hy, v = vi_; +
wf]\/}qf}/iflzq_l(i =1,---,p).

On the other hand, we claim that the set {dy,ds = 1,---,d,, = 1} has also only one
non-zero element, i.e. di = 0,m = 2. Otherwise, suppose that there exist at least two of
dy,- -+ ,dm, say di and da, such that di # 0 and ds # 0. By rewriting (4.14), we have

B (f e (O

ewlzq

m
=diHy + ZHje(“’j_wl)zq.
j=2
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no (fyn1...( f(k)yn
Denote o = Bfrols ;izq(f ) , then by Lemma 2.4, Lemma 2.5 and the first fundamental

theorem, there exists a positive number Ds, such that for sufficiently large r,

;an <r, f) =N <T’ Bfro(f)r ... (f(k))nk> — O(logr)

_N <7~, ;) — O(log)

1
=T(r,p2) —m (7‘, > — O(logr)
®2
> Dor? — O(logr) (r — oo, &€ En),
which contradicts (4.21). Thus (4.14) reduces to
Bfno (f/)nl L. (f(k))nk _ H2ew2zq‘ (423)
Substituting (4.22) into (4.23) results in
ByRO - qPrem ! = Hye2 (4.24)

Moreover, combining (4.22) with (4.20) yields

mo

A

. ,y;’lpewlzq — Hlewlzq.
Thus, we have the following result

w N
m=2, f(z)= ’yo(z)ef}zq, Z—i = Ao --yg,np = H,. (4.25)

Subcase 1.2. my < m+ N. By (4.1), we get

M) <p(f) =4q

f

If Bfro(f)m ... (f(k))”k,Hle‘*’lzq, Hyew2? ... H,e“n*" are linearly independent, then
using the similar argument to that of Subcase 1.1.1, we get a contradiction, thus A(f) =
p(f) = g, the result (1)-(ii) is proved.

If Bfro(fym ... (fR)ym Hiew1** Hypew2* ... H,,e“n*" are linearly dependent, then
by using the same argument as in the proof of Subcase 1.1.2, we have (4.25), so the result
(1)-(i) is thus proved.

Case 2. Hy # 0. By Lemma 2.6, we conclude

Furthermore, if A\(f) < ¢, we can obtain N (r, l) = o(r?).

1
A =pf) = N(rg)=TrD)+o") (oocrgB).  (12)
Suppose that mg > m 4+ N + 1, we proceed to prove the following two subcases by
contradiction.
Subcase 2.1. Suppose that

BFUo(fy - (fO), Hy, He',  Hye Hyen™"

are m + 2 linearly independent entire functions.
Let II3(z) denote the canonical product (or the polynomial) formed by the common ze-
ros {Zk}zzl of Afme (f,)ml T (f(p))m;,j B fno (f/)m s (f(k))nk, Hy, Hlewlzq, cee Hmewmzq,

each common zero zj is counted min{sy,t,lx; : j = 0,1,---,m} times, where v = oo
(or finite integer), sk, tx, lk1, -, lgm denote the respective multiplicities of the zero of
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Afmo (f/)m1 L. (f(p))mp’ Bfno (f/)nl L (f(k))ﬂk, HO, Hlewlzq, e Hmewmzq at point 2.
Then by (4.1), we have

N <r, &) <N (r, 13{) —o(r1) (r— o0, & EY). (4.27)

3 1

By dividing II3 on two sides of (1.7), we have

AP (JO) N e B ()

= =0). 4.2
T T T C wo=0) (428)

=0

Then using the similar argument to that of Subcase 1.1.1, by (4.28), (4.1), (4.27), Lemmas
2.2, 2.3 and 2.5, we get

(mo—m— N — 1)N <7’, }) <o(r?) (r— oo, & By).

From this, (4.1) and (4.26), we get T'(r, f) = S(r, f). This is a contradiction.
Subcase 2.2. Suppose that

Bfro(f)ym - (f®ym, Hy, Hye'™,  Hype®™, o Hpen™
are m + 2 linearly dependent entire functions.
From the fact that Hy, Hie*'*" ..., H,,e“m*" are linearly independent, there exist con-
stants lg, l1,- - - , Ly, at least one of them is not zero, such that
m
Bfro(fym - (FO)w = lgHy + 3 1 Hjer™". (4.29)
j=1

Substituting (4.29) into (1.7) yields

AT (fym - (FP)T = (1= Do) Ho + Y (1 — ;) Hjes™". (4.30)
j=1
From (4.26) and (4.30), it follows that there exist at least two of 1 —lp,1—1y,--- ,1—1,, are

not zero. Then using the similar argument to that of Subcase 1.1.2 (a), by (4.30), Lemmas
2.2 and 2.3, we get

(mo —m)N <r, ;) <o(r?) (r—oo,r¢ Ey). (4.31)

From (4.31) and (4.26), we obtain T'(r, f) = S(r, f). This is a contradiction.
Thus we have mg < m + N + 1. The result (2) is thus proved.
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