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SELBERG-TYPE INTEGRALS AND THE VARIANCE CONJECTURE FOR THE OPERATOR NORM
BEATRICE-HELEN VRITSIOU

ABSTRACT. The variance conjecture in Asymptotic Convex Geometry stipulates that the Eu-
clidean norm || Zx |2 of a random vector X uniformly distributed in a (properly normalised)
high-dimensional convex body K c R” satisfies a Poincaré-type inequality (which will imply
that the variance of || Zk|l» is much smaller than its expectation). We settle the conjecture for
the cases when K is the unit ball of the operator norm in classical subspaces of square matrices,
which include the subspaces of self-adjoint matrices. Through the estimates we establish, we
are also able to show that the unit ball of the operator norm in the subspace of real symmetric
matrices or in the subspace of Hermitian matrices is not isotropic, yet is in almost isotropic
position (i.e. its covariance matrix has small condition number).
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o 1. Introduction

ZE This note is a follow-up on [41], in which we were concerned with the question whether the variance
21 (or thin-shell) conjecture holds true for unit balls of the p-Schatten norms. Given a convex body K in

22 R™, that is, a convex, compact set with non-empty interior, its covariance matrix Cov(K) is given by

Z% (1) Cov(K); j:= foixj dx - Jicidx foj dx forl<i,jsm
1,] «— < b /= .
P / Jxldx Jxldx [ildx

o6 1f Cov(K) has small condition number (the ratio of the largest singular value to the smallest one), then
-, the variance conjecture states that most of the mass of K will be found in an annulus of width much
g smaller than its average radius, a “thin shell” (see the £-Concentration Hypothesis of Anttila, Ball and
oo Perissinaki [4], or the quantitatively stronger statement (2) suggested by Bobkov and Koldobsky [11]).
50 Supposing first for simplicity that K has Lebesgue volume 1, barycentre at the origin, and that K is
31 Isotropic, that is, Cov(K) is a multiple of the identity matrix, the conjecture can be stated as asking that

32 2 1 2
— (2 VarK(nxn%)::f ||x||3dx—(f ||x||§dx) 5—([ ||x||§dx) ,
33 K K m\JK

34 where | - Il stands for the Euclidean norm on R, and ‘<’ implies a multiplicative constant that should

% not depend on the dimension m or the body K. To motivate (2) further, it is known that it is equivalent

36 to
37

- 1 L frlxllzdx
38 (2a) Varg (I xll2) < (det[Cov(K)]) ™ = (det[Cov(K)]) 27 - K.
39 \/m

40  Although stated separately and with different motivations initially, inequality (2) is a special case of
41 the KLS conjecture (put forth by Kannan, Lovédsz and Simonovits [30]) when the latter is equivalently
1> reformulated as a Poincaré inequality for convex bodies (the equivalence following by works of Maz'ya,

il 2020 Mathematics Subject Classification. 52A23, 46B06.

44 Keywords and phrases. thin-shell conjecture, Schatten classes, isotropic convex body, self-adjoint matrices, invariant
45 ensembles.
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Cheeger, Buser and Ledoux): given a convex body K < R of volume 1 with barycentre at the origin
(not necessarily isotropic), and any (locally) Lipschitz function f : R™ — R, we should have

(3) VarK(f) ,S Smax[COV(K)] 'j;("vf(x)”;dx’

ofafe|m|-

o where smax[Cov(K)| denotes the largest singular value of the covariance matrix of K. To see how (3)
= gives (2) (and (2a)) immediately, observe that, when Cov(K) is a multiple of the identity matrix, we
o have

9 @ Smax|Cov(K)] = (det[cOv(K)])% and also = %tr Cov(K)| = f x5 dx.

10
. Of course, with the KLS conjecture in mind, it makes sense to ask about the validity of a suitably

11
—~ modified inequality (2) even when Cov(K) is not a multiple of the identity, and when (4) is not true
.~ even approximately (or we don’'t know a priori whether it is).

12
13

4 Conjecture 1. (“Generalised Variance Conjecture”) There is an absolute constant C > 0 such that,

5 given any convex body K < R™ of volume 1 with barycentre at the origin, one has
16

17 (5) VarK(||x||§)sc-smax[(:ov(K)]fK||x||§dx.

18
~— The assumption that K has volume 1 is merely for convenience: if instead we don’t specify the

19
20 -~ volume of K, integration above is understood with respect to the density 1x (x)/ ([ 1 dx).

21 In this note we verify this conjecture for the unit ball of the operator norm on several classical
22 subspaces of square matrices.

23 Before we turn to particulars, let us recall that, despite the fact that Conjecture 1, or its more restricted
24 version for isotropic convex bodies only, seem like very special cases of the KLS conjecture, they are in
25 fact almost equivalent reformulations of it: according to a breakthrough result by Eldan [19], whatever
26 estimates one obtains for the constant C appearing in (5) (for all centred convex bodies), or even
27 just for inequality (2) (for all isotropic convex bodies), the same estimates (up to some multiplicative
28 logarithmic factors in the dimension m) will also be valid for the implied constant in (3). The best
29 known estimates for the constant C = C(m) in (2) follow from recent remarkable developments for
30 the KLS conjecture: in a breakthrough result which builds on Eldan’s seminal stochastic localisation
31 method from [19] and further analysis of it by Lee and Vempala [37], Yuansi Chen [13] obtained
32 bounds which are asymptotically smaller than any power of m. More recently, Klartag and Lehec
33 [33], and subsequently Jambulapati, Lee and Vempala [24], refined the technique even further and
34 combined it with other closely related methods to obtain improvements which were polylogarithmic
35 in the dimension m. Finally, in March 2023 Klartag [32] obtained the best known estimate for the KLS
36 conjecture (and its special cases, the classical Variance Conjecture and its generalised version), by
37 showing that C(m) < /log(m).

38 The abovementioned methods are very powerful and have had far-reaching applications. Still, for
39 decades, and in parallel, the above conjectures have also been studied for special families of convex
40 bodies via methods which are more specific to said special families. Inequality (2) was (optimally)
41 established early on for the unit balls of the £, norms by Ball and Perissinaki [7]. Then Conjecture 1 was
42 verified by Klartag [31] for all unconditional convex bodies, and soon thereafter, via extending Klartag’s
g method in [31], Barthe and Cordero-Erausquin [8] showed it for all convex bodies that have many
44 symmetries (maybe fewer than those of an unconditional body, but still enough; one such example is
45 the simplex, or any other convex body which has the symmetries of the simplex). Conjecture 1 has also

2
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1 been verified by Alonso-Gutiérrez and Bastero [1] for hyperplane projections of the unit balls of the
E ¢, norms. Obviously, it is also true for all classes of convex bodies for which the even stronger KLS
3 conjecture (equivalently, inequality (3)) has been optimally established: e.g. Kolesnikov and Milman
"4 [34] have done so for certain Orlicz balls (see also [9, Section 5] by Barthe and Wolff). We refer the
‘5 reader to [34, p. 4 (3581)] for a comprehensive list of other such results.

‘6 Finally, of most relevance here is a work independent of this present note, which also appeared
7 chronologically after this note was first posted on arXiv: Dadoun, Fradelizi, Guédon and Zitt [17]
‘s established Conjecture 1 for the unit balls of p-Schatten norms on subspaces of self-adjoint matrices
‘9 when p € (3,00) is fixed (see next couple of paragraphs for definitions and terminology). Even though
10 there is a common starting point in both their work and the present note (namely the invariances of
11 p-Schatten norms), the crucial ingredients in their work are very different, and their approach utilises
12 beautifully a connection to the theory of logarithmic potentials which was developed in prior works
13 [25]-[27] (again independent of this note). We will elaborate a little more on these works after giving
14 the definitions for the Schatten classes.

" We now state the main result of this note. Let .#,,(F) denote the space of all n x n matrices with
'° entries from the division algebra [F, which stands either for R or C or the skew field H of quaternions
7 (note that in all cases we view .4, (F) as a real vector space, which can thus be thought of as R where
" m= Bn? with B = 1,2 or 4 respectively). For a matrix T € .4, (F) and p = 1, the p-Schatten norm of T is
;% given by

n 1/p
2 ||T||s;i=||S(T)||p=(Z Si(T)p) )
22 i=1

o3 where s(T) = (s1(T),...,s,(T)) is the non-increasing rearrangement of the singular values of T, that
24 is, of the eigenvalues of (T* T)'/2. The limiting case of p = co is defined in the usual way: || T|lgz :=
25 1S(T)lloo = Smax(T) is the operator or spectral norm of T. Also, the Euclidean norm || - |2 on .4, (F)
o6 coincides with the 2-Schatten norm || - || st also known as the Hilbert-Schmidt or Frobenius norm.

o7 We will focus on establishing Conjecture 1 when K is the unit ball of S on either of the spaces

o Ay, (F), or moreover on its classical subspace of F-self-adjoint matrices.

* Theorem 2. LetF stand for either R or C orH, and let E = 4, (F) or the subspace of F-self-adjoint
% matrices. Set d,, = dim(E), and write Bg for the unit ball of || - ||s». on E, and Bg for its homothetic copy

31 . —
> of volume 1, that is, Bg := . Then there are absolute constants Cy, C, > 0 so that

Bg
[vol(Bp)]V/dn

s Varg—(IIT5,)

34 (6) C<o%, :=dy, LS <G
s ([imizar)

36 Bg 2

?z Remark 3. Obviously this implies Conjecture 1 for the (normalised) unit ball B of the operator norm

3 on E since we always have dl fE ITI2, dT = --tr[Cov(BEg)] < Smax|Cov(Bg)].
39 n 2 n
40  For most of the cases of E mentioned above these estimates were also established in [41] by J. Radke

41 and the author (with somewhat similar methods as we will see): these are the cases of the whole spaces,
42 and the subspace of Hermitian matrices. For the subspaces of symmetric (or real self-adjoint) matrices,
43 and of quaternionic self-adjoint matrices, the result is new.

44 It is worth noting that the unit balls Bg,j, in .4, (F) of all p-Schatten norms (thus including the
45 operator norm) have enough symmetries/invariances (and are also isotropic; see the next paragraphs

3
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for details) that the method of Barthe and Cordero-Erausquin in [8] could give the estimate O'%E )=

O(n) = O(Vdim(E)) (this was the uniform estimate known before the recent developments for the
KLS conjecture). On the other hand, it is unclear whether either this method, or any of the general
results we now know, could imply the exact same estimates that they give for 0, ., also in the case of
subspaces of self-adjoint matrices. This is because it is not known (to the best of our knowledge) if the
condition number of the covariance matrix of Br in such a subspace E is small (similarly this appears
not to be known for any other p-Schatten norm besides p = 2). In this note we also show that this
condition number is small in the cases where E consists of the real or complex self-adjoint matrices

9 (see Theorem 4 below). Observe that the estimates in (6) are established regardless of that.
10

1
2
3
4
5
6
7
)

1 The starting point here, as well as for the arguments in [41], is a key idea and strategy which, in the
12 context of problems on volumetric properties of the Schatten classes, appeared first in the paper [43] by
13 Saint Raymond. It was further developed by Kénig, Meyer and Pajor [35], and by Guédon and Paouris
14 [22]. We start with the key observation/fact that the uniform distribution on Bg defines an invariant
5 ensemble of Tandom’ matrices from E: the distribution remains the same under multiplication by
16 an [F-unitary matrix (by which we understand either multiplication from left or from right when
17 E = M, (F), or conjugation by the matrix when Bg contains only F-self-adjoint matrices). Equivalently,
8 the distribution depends only on the non-increasing rearrangement of the singular values s;(T) of
9 T € E when E = 4, (F), or of the eigenvalues ¢;(T) of T € E when E consists of the F-self-adjoint
20 matrices. As a consequence of this, and also of the fact that the integrands we care about depend only
21 on the singular values of T, the integrals in (6) which we wish to estimate can be reduced to integrals
22 of highly symmetric distributions over R” (see Lemma 6 and Proposition 7).

23 Tt is worth noting here that, in [25]-[27], Kabluchko, Prochno and Thile refined this strategy and
24 reduced the estimation of the latter type of integrals to the study of the empirical distribution of n
25 particles/‘unit charges’ on the real line which have pairwise repulsive logarithmic interaction and are
26 also confined by an external field. This allowed them to invoke results from the log-potential theory, a
27 theory which, in many cases of external fields, provides concrete information about the equilibrium
28 density of such an ensemble of particles. Dadoun, Fradelizi, Guédon and Zitt [17] build further on this
29 approach, and reduce questions about different moments of the Euclidean norm or about its variance

30 to the convergence or the fluctuations of linear statistics of these empirical measures.

31

- In this paper, in contrast, the initial reduction is used in a more direct way: to estimate (T%E (recall

— that, here, Bg is the unit ball of | - || spoon E), itis equivalent to obtain estimates for the variance of the

o Euclidean norm with respect to the density

35 b

39 _ no_, a_ calb, |

- x=(x1,...,X,) ER 1_1157 (%) | | | x¢ xj| || |x;|€ dx,
- l<i<js<n 1<i<n

37
SE where a, b, c are integers depending only on E (a € {1,2}, b = f = dimg(F), and c € {0, 8 —1}). This
39 requires us to study integrals of the form

40

— 1,1 1
M) f f f s ] |xf—x}l|b‘ [T 1xil°dxy...dxdx
42 -1J-1 J-1 1< 1

i<jsn <isn

43
44 where a =1 or 2, and where the integrand s(x) is a symmetric polynomial (in this case we will have

45 S(x) = Zixllc with k=2 or4, or s(x) = ¥ xl?x?).
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With suitable changes of variables, all such integrals can be related to integrals of a similar form:

1 pl 1
(8) ff f 5(1) H tl.u_l(l—ti)w_l H |ti—tj|2Kdtn...dt2dt1
0 JO 0

1<i<n 1<i<js<n

o |»fe]e]-

— where again §(¢) is a symmetric polynomial, and where u > 0, w >0 and x = 0 (we can even think of

° u, w,x as complex numbers, with the inequalities-constraints then holding for their real part). Selberg

" [44] was the first to study such a family of integrals in the case where §(¢#) = 1 (using crucially the fact

% that the change of variables f; — 1 — ¢; leaves the integrals in this family unchanged), and he showed

2 that each of them equals a certain product of Gamma factors (that is, of values of the Gamma function)

19 whose inputs depend only linearly on ©, w and « in a pre-specified manner:
11

12 1 1 1
) Io(n;u,w,K):=f0f0--- [T e ta-w@?t [] |a-¢7dtn...dedn

0 1<isn I<i<jsn

14
5 T I(1+(n—-i+1x) 1 I“(u+(n—i)1<)l"(w+(n—i)1<).
16 1eien LA+ 42, T(u+w+@n—i-1x)

" Aomoto [5], and then Kadell [28], the latter confirming a conjecture by Macdonald [38, Conjecture

1 (C5)], have generalised this result by establishing completely analogous ‘closed-form’ expressions for
" the corresponding integrals when §(¢) ranges in different families of non-constant symmetric poly-
%% nomials. In fact, Kadell’s result encompasses all the previous results since the family of polynomials
1 §(1) which one can consider according to his result contains the family of Jack symmetric polynomials
2 (under a standard normalisation) and therefore spans the space of symmetric polynomials (see Sub-
%% section 2.2 for definitions and specifics; also, for other proofs of Kadell’s result, see Kaneko [29], Baker

z% and Forrester [6] (see also [20] for a streamlined sketch of this proof), and Warnaar [48]).

-6 InSection 3 we show how to use Aomoto’s result (as well as an immediate extension of it) in order to
7 reestablish the conclusion in Theorem 2 when E = .#,(F), and furthermore how to use Kadell’s more
g general result to obtain Theorem 2 for the subspaces of self-adjoint matrices too.

29
30 The estimates we obtain for integrals of the form (7) allow us to also deal with the question of what
31 the covariance matrix of Bp is when E is one of the subspaces of self-adjoint matrices. Note that in
32 the case of the spaces .4, (F) it is not difficult to see that simply the symmetries/invariances of the
33 respective unit balls B_ 4, ) (and similarly of the unit balls of all other p-Schatten norms) guarantee
34 these bodies are isotropic (see e.g. [41, Proposition 26]); however in the case of the subspaces of
35 self-adjoint matrices the symmetries are no longer enough for a similar conclusion.

3  Letus observe that, since Br has volume 1 and the origin as a centre of symmetry, computing the
37 entries of the covariance matrix as in (1) reduces essentially to computing integrals of the form

38

39 (10) f_|Ti,j|2dT, 1<i,j<n, as well as f_
0 Bg Bg

AZ This is made possible through the Weingarten calculus which allows to estimate integrals of polynomial
42 functions of the entries of a random matrix (in the case of several important types of matrix ensembles)
43 viarelating them to integrals of symmetric functions of the eigenvalues: for our setting we need a result
44 of Collins, Matsumoto and Saad [15] for conjugate invariant ensembles of self-adjoint matrices with
45 real or complex entries (see Subsection 2.3 for details).

T;, T;xdT for(i,j)# (k).

5
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The estimates we obtain are summarised in the following theorem, and show that B_E is almost

1
E isotropic when E is the subspace of symmetric matrices, or the subspace of Hermitian matrices (see
3 Section 4 for the details and more precise estimates including constants).
4
~5 Theorem 4. Let E be the subspace of [-self-adjoint matrices with F =R or C. Then all integrals of
o the first form in (10) are of the order of 1, while all integrals of the second form are zero except when
— i=j#l=k. Infact, whenF =C and, say, i # j, we also have
8
- f_Re(T,-,j) Re(Tl,k) dT = f_Im(T,-,j) Im(Tl,k) dT = f_Re(T,-,j) Im(Tl,k) dT = 0,
9 Bg Bg Bg
10
1 as well as f_Re(Ti,j)Im(Ti,j)dT:O.
o Bg
12
13 Ontheother hand, wheni = j # | = k, we have
14 1
— f_TiiTkde:__~
s By n
16

- Remark 5. As we will see, the precise conclusions of Theorem 4 show that, in the case that F = C, the

;s condition number of Cov(Bg) is equal to 4 + o(1), while in the case of F =R itis equal to 2 + o(1).

;% To the best of our knowledge, the almost isotropicity (or lack thereof) of the unit balls of p-Schatten
5, horms in subspaces of self-adjoint matrices has not been examined for any other values of p except for
o P=2 (in which case we get the Euclidean ball in the corresponding subspaces).

s It is also worth noting that, in the case p = 2, the joint distribution of the eigenvalues of these matrix
v ensembles is closely linked (see Lemma 6, (14)) to the joint eigenvalue distributions of the well-known
s Gaussian Orthogonal, Unitary and Symplectic Ensembles (these are central among matrix ensembles
e and are extensively reviewed in the literature, see e.g. [40] and [2], and further references there; see also
- the mostly expository note [12], where the GOE, GUE and GSE are studied as part of another family of
— matrix ensembles). In [12, Subsection 10.2.2] it is observed that the joint eigenvalue distributions of
oo the GOE, GUE and GSE, symmetrised so that they are invariant under permutation of the coordinates,
5o are asymptotically isotropic. From our estimates in Section 3, the same can be concluded about the
o symmetrised joint eigenvalue distributions of the matrix ensembles we study here (see Proposition 16,
- (37) and (38), Proposition 17, (43) and (44), and Proposition 18, (49) and (50)).

33 The rest of the paper is organised as follows. In Section 2 we give exact statements for all the
34 abovementioned results that we need. Theorem 2 and Theorem 4 are proven in Sections 3 and 4
35 respectively.

36 Finally, we make use of the fact that, in [15], Collins, Matsumoto and Saad deal also with the case of
37 left-right invariant ensembles (which covers e.g. integration of polynomial functions over B, 4, ). In
38 Section 5 we exploit this to add to and complete the conclusions from [41] concerning the question
39 whether the entries of T ~ Unif(B.4, ) are negatively correlated in a certain sense (for the precise

40 definitions and statements see Section 5).
41

42

43
44 We will denote by | - |l , the £, norm on R" and by B, its unit ball, namely B, = {xeR": x|, :=

s (T IxIP) P <1},

2. Preliminaries and overview of key prior results
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1 Let S;, be the symmetric group of permutations of the elements of [n] :={1,2,..., n}. We will say a
2 function F:R" — R is symmetric if F(x1,x2,...,%X3) = F(Xg1), X62), - --» Xom)) for every o € S;,. Given
3 s€ R, we will say F is s-homogeneous if, for every ¢ > 0, we have F(tx) = t°F(x).

4 Let nbe a positive integer. A partition A of n is a sequence of positive integers (11,..., A,,;,) such that
E AM ==, and Z;’il A; = n; in such a case we write A - n or |A| = n. The integers 1; are called the

6 partsof A, and their total number is the length of A and is denoted by /(1). Sometimes we may need to
7 consider sequences with a fixed number of terms, say 119, in which case we will think of all partitions
‘s Awith [(1) < mg as giving such sequences once we annex to them a finite number of 0’s as appropriate
‘9 (in this case [(A) will just be the number of non-zero parts, and we can also speak of partitions of 0 all
10 of whose parts are necessarily 0).

11 Given a partition A, the monomial symmetric function m(t) in n variables, where n = [(1), is given

12 by

13 1 2 1
— my(ty, ..., ty) = ——— A SRTRY S
4 M I iStab ()] g, o0 o

—~ where |Stab(A1)| denotes the order of the stabiliser of any monomial of type A under the action of S,
—_ (and dividing by it ensures we add each monomial only once). By convention, m(ty,...,t,) =0 if
—~ n<IA). Moreover, when A =(1,1,...,1) = (1% for some k = 1, then we may also write ey (f) instead of
— mk)(¢) and call this the k-th elementary symmetric function.

— Theletters ¢, ¢, ¢1, ¢, etc. denote absolute positive constants (which do not depend on the dimension
—— of the Euclidean space we're in, or moreover on any of the other parameters unless specifically stated);
—— their value may change from line to line. We will use the notation A = B (or A < B) to mean there
— exist absolute constants cj,c; > 0 such that c;A< B < ¢ A (or A < ¢;B). We will also use the Landau
~— notation: A= O(B) has the same meaning as A < B, whereas A = o(B) will mean the ratio A/B tends to
— 0 as the dimension grows to infinity.

26 Recall that the uniform distribution over the unit ball of any p-Schatten norm in .4, (F) or its
27 subspace of self-adjoint matrices defines an invariant ensemble of random matrices: we will call this
28 left-right invariant ensemble if the distribution remains unchanged under multiplication either from
29 the left or from the right by a fixed F-unitary matrix (this is true in the case of .4, (F)), and we will
30 call it conjugate invariant if the distribution remains unchanged under conjugation by an F-unitary
31 matrix (this is true in the case of F-self-adjoint matrices). Equivalently, the underlying distribution of a
32 left-right invariant ensemble depends only on the distribution of the non-increasing rearrangement of
33 the singular values of the matrices, whereas that of a conjugate invariant ensemble depends only on
34 (the non-increasing rearrangement of) the eigenvalues.

36 2.1. Reduction to Selberg-type integrals. A consequence of left-right or conjugate invariance is that
37 estimating integrals of functions that would also only depend on the singular values or eigenvalues
3g of amatrix T in the ensemble (as is the case for the implied integrals in Theorem 2) can be reduced
39 to computing integrals of highly symmetric distributions over R” (and then we can examine whether
40 there are more, analytic or combinatorial, tools to use). Moreover, when we consider the same question
41 for any other p-Schatten norm, then (given that the integrands we are interested in, which are powers
42 of the Euclidean norm, are also homogeneous functions) we can equivalently try to estimate the
43 corresponding integrals with respect to densities of the form exp(-|| TP .)dT. Proposition 7 below

44 was proven in [41] based on the following key fact from Random Matrix Theory which makes what was
45 just described precise (see for example [40] or [2, Propositions 4.1.3 and 4.1.1] for proofs).

7
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Lemma6. LetF =R orC or H, and let F : R" — R be a measurable and symmetric function. Let us write
Ky, for the unit ball of the p-Schatten norm on a subspace E of 4 (F), dy, for the dimension of E, and
fa,b,c for the function

XeER" — l_[ |x?—x}z’b- H |x;]°.
l<i<j<n l<isn

Then:
(D if E = My, (F), there is a constant c;, depending only on E, such that

(11 f F(s1(T),-++,sn(1))dT = cnan F(lxyl,-+,1xnl) - fo.p,p-1 4%,

Kp,E P

% where B =dimg(F); furthermore, if p < 0o, and if F is also s-homogeneous for some s > —d,,, then
11

— C
12 (12) f F(sl(T),--~,sn(T))dT=—’;f Fixil,, xal)e M2 £y 5 51 () dox,
13 Kp.E 1"(1+"T+S) R”

jele|~]ofals|o]m]|~

14
15 (II) if E is the subspace of F-self-adjoint matrices, there is a constant c,, depending only on E, such that

16
- a3) f F(el(T);"'»en(T))dT:Cnf F(x)- fipodx;
Kp,E B

p

18 . . . .
— similarly, if p < co and F is s-homogeneous for some s > —d,,, then
19

20 (14) f F(el(T),---,en(T))dec—”f Fx)e b f; 5.0(x) dx.
o K dnts) Jrr "

21 p.E F(l + )

- 2

22 )

23 Denote by M, (f) the integral of a function f : R” — R with respect to the density f, p,c(x) - e ¥l gx,
24 where a, b, ¢ are going to depend appropriately on the subspace E that we consider. Furthermore,
25 denote by N,(f) the corresponding integral with respect to the density f, 5 c(x) -1 B1(X) dx. The

26 following proposition, following from Lemma 6, appears in [41]. (Note that one of the facts it relies on

o7 isthat , )
g Np{llxll _2 My, (llx|l 2
28 LZ) ~n'Th = d, [Vol(Kp,E)]Z/d" and M ~ n1+P;
29 Np(1) My, (1)

30 these estimates follow by the main results of [43] and [35] and by [22, Proposition 3].)

1 Proposition 7. Forevery p =1, we have

32
°c _ 2 2

33 2 Vaer’E(IITII 3) 4lp 2Y._ 4lp Np(llxll3) [ Np(lixl3)

— 0% i=dy =n*'P Vary (Ixll5) :=n - :

34 pE 2 P Np(1) Np(1)

35 (f_ 1715 dT)

% Kor

57 While, if p < oo too, then

» M, (Ix13) [ My(1x13)\° 1

39 Vary (Ix))3) = ——22 | =20 oy {02 ,—}-n‘“p.

) wy (1918) 2= = = = | = [

41 Focusing on p = oo now, we see that, to accurately estimate a%oo L= O’%E, we should study integrals

AE of the form

1 1 1
b
4 fff s [] |x?—x§’| - [T 1xil¢dxp...dxdx;
-1J-1 -1 I<i<js<n

44 1<isn

g where a = 1 or 2, and where the integrand s(x) is a symmetric polynomial (here of degree at most 4).

8

1 Feb 2024 13:32:01 PST
221101-Vritsiou Version 2 - Submitted to Rocky Mountain J. Math.



Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION

2.2. Selberg’s, Aomoto’s, and Kadell’s results. Recall the formula for the value of the Euler beta integral:

1
f M la-x0%tdx= —F(u)F(w),
0 I'(u+w)

[ o]

5 where Re(u), Re(w) > 0. Selberg [44] (see also [40, Chapter 17] for a presentation of his original proof)
5 discovered a high-dimensional generalisation of this formula: for every triple of complex numbers
~ u, w,x with
1 Re(u) Re(w)

8 Re(u) >0, Re(w)>0, Re(x)>-min|—, , ,

9 n n-1 n-1

10 if we set

1" h(tu,w,x):= [] tf‘_l(l— t) L [T |t- tj|2K

12 1<i<n I<i<j<n

13 we have

14 I'1+(n—-i+1x INu+m-ix)INw+(n-ix
5 l(mu,w,x) = f h(t;u,w,x)dt = [] ( ) ( )T , )
> \<ien I(1+x) 1<ien  T(u+w+@2n-i-1Dx)

16 [0,11"

17
15 Aomoto [5] extended Selberg’s result to more general integrals, where the integrand could be

19 h(t; u, w,x) multiplied by an elementary symmetric function ey, (£):

20 em(®) = > ti-t;,, withl<m<n.

21 1<ii<-<ipm<n
2 We observe that by symmetry we have
23

o4 n

al (15) f em(t)-h(t,u,w,x)dt :( ) f H ti-h(t;u, w,x)dt

25 . m L l<ism

6 [0,1] [0,1]

- n| /2 u+(n-ix

2 which Aomoto showed = I1 ( ). Io(n; u, w,x)
28 m|,Ju+w+Q@2n—-i-1)x

?°_ (recall that Ip(n; u, w,x) is Selberg’s integral, and we can naturally extend this notation by writing
0 m = Im(n; u, w,«) for the right-hand-side integral in (15)). In fact, Aomoto used these expressions to
1 conclude that the ratio

32

1
R — t—vy)-hit,u,w,x)dt
s Io(n; u, w,x) fls,lln(’ »- )
34 [0,1]"

35 is equal to a certain Jacobi polynomial:

36 n!

% 1 (a,p)

_ tL—v)-hit,u,w,x)dt = — P, (1=-2y),
37 Io(n; u, w,x) _[ 1@11;1( i =)l W) Mia+p+n+i) " -2y
38 [0,1]"
39 (a,B)

— where a = -1+2u/x, f=-1+2w/x and P,,”"" is the Jacobi polynomial of degree n.

40 . . . . .

i Aomoto’s approach relied on finding recurrence relations between the different I,,, which would
s follow from integration by parts. It should be mentioned that our main argument in [41] was along
5 very similar lines.

g With only a little more effort (see [3, Chapter 8]), Aomoto’s proof method can also give similar
45 formulas when the integrand involves slightly more general symmetric polynomials having terms of

9
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1 the form
? my mi+mp—ms
£ H t - l_[ (1—-1;)
i i=1 j:m1+l—n13
4 where my, my, mz =0 and ms < my, my + my — ms < n: we have
i my my+mp—ms3
6 (16) Imy,mpms = f [Tt I Q-tp-hGuwdt
l [0.1]" i=1 j=m1+1—m3
i my ny
. u+n-ix w+(n-ix
S Mmoo (u+w+(n—i-1)x) l-l;ll( (n=1) )l-l;ll( (n=i)x)
10 = H . Iy(n; u, w,x).

. —_— 7 —_— +
=1 [t w1+ 2n=i=1y) " (et wt @n—i-1)x)

i=1

-

1

12
15 Note that if m3 > 0, then there is some overlap in factors of the two products, something which allows

12 usto get additional factors of the form #;(1 - #;) for some i only (and will allow us, for instance, to
E exactly compute fBE [ T”iéf dT when E = 4, (F)).

16
- Kadell [28] (see also Kaneko [29], as well as later proofs in [6] and [48]) has extended these results in

s the most general way: he has shown that, for each x = 0, there is an infinite family of homogeneous sym-
1 metric polynomials {s} (£)} indexed by the partitions, which spans the space of symmetric polynomials,
,, and such that the polynomial corresponding to the partition A has the following properties:

o1 o St ty) = mp(l) + ) aﬁyﬂ_n my,(t) where n > I(A), and where ai,u,n are coefficients
o U#EA

2 =11

23 which depend on «, A and p, and which might also depend on the number of variables n (but,
24 as we will shortly see, don’t).

25 Tl

— » Forevery n = I(A) we have s} (1") = — where

% fal0)]

27 -

o = 1 i+ G-in) - T = (1 (= %),

— i<j i<j J—i+

Zi ﬂ,l’—ﬂj>0 /li—/lj:()

30

v and where (x), := F(;C&g”) stands for the Pochhammer function or rising factorial (here m can
o take non-integer values too), and moreover we have

3% f ss@- [T g7'a-m*t I |u- t|™ dt = f sy(8)-h(tu, w,K) dt

34 (01" I<isn Isi<jsn 01"

35

% (17) I -stam 1 e+ tn= D)y,

il =Il(n;u, w,x)-s

- 0 A i=1 (Ut w+@2n-i-1x),

% MNu+n-dx+A;)MNw+(n-i)x

40 1<i<n r(u+ LU+(2}’l—i—1)K+/1l.)

40
21 This family can in fact be taken to be the family of (monic) Jack polynomials corresponding to the
., barameter 1/x, that s, s’i(t) = P, (t;1/x) for every partition A.

43 Although we will not need this in the sequel, let us recall for the sake of completeness that one way of
44 defining the family of Jack polynomials {P, (¢;¢)} corresponding to a parameter ¢ is as follows (see e.g.
45 (39, Chapter VI]). Recall that, for any non-negative integer b, we can define the power-sum function

10
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1 opp(ty,..ty) =X tlb, we then extend this notion by defining for every partition A = (11,...,1,,) a
2 power-sum function p, (z) := Hm 1 PA;(2). We can also define a (partial) ordering of the partitions,
3 called the dominance ordering, by setting u < Aifand onlyif || = [Aland pg + -+ y; S Ay +---+ A; for
4 every I = 1. Finally, consider the field Q(¢) of all rational functions of ¢ (seen as an indeterminate) with
5 coefficients in Q and also the vector space Q(¢) [{m(11,..., ;) : A partition, /(1) < n}| of all symmetric
6 polynomials in n variables with coefficients from Q(¢). We can define a scalar product (-, -)¢ on this
7 vector space by setting
)
B

(18) (Prpu)e=2aE" M 13-y,

10 where zy = ]_[l W g;1-i% with a; being the number of parts of 1 equal to i. Then the family of Jack

11 polynomials {P,l(t &) : A partition} in n variables is the unique family of functions in Q(&) [{m,(2)}]
12 satisfying the following two properties:

8  Orthogonality (P,l(t;f),Py(t;f)>€:0 if u#A.

4 e Triangularity If we write

15 -

6 Py(t;8) = Z c(A, p, ;&) my(t)

17

. for some coefficients c(A, y, n;¢) € Q(f) then c(A, u, n;¢) #0onlyif u < Aand c(A, A, n;¢) = 1.

19 Actually this definition overdetermines the family of Jack polynomials, which means that a priori it is
20 not clear that there exists any family from Q(¢) [{m, (#)}] which has these two properties. However it
21 can be shown that such a family exists, and then necessarily it is unique.

o2 Moreover, it can be shown that the coefficients c(A, u, n;¢) do not depend on n, and therefore the
o3 Jack polynomials have the following stability property: for every n; = np = I(A),

Zi P/l((tl) [EXS] tnzyonl—ng);é) = pﬂ((tlwuy tl’lz);g)-

25

o For convenience we also set P/l((tl,..., tm);cf) =0ifm<I(A).

27 Alternatively, we can obtain the Jack polynomials corresponding to ¢ by considering the eigenfunc-
2g tions of the following operator arising in the Calogero-Sutherland model, which aims to describe a
29 system of n identical quantum particles on a circle (see e.g. [47], [45]):

30 0 1 « XitXxj 0 0
_ D = — i— |-
3t ¢ Z"l ( aac,)+<fZ ( "oxi xfaxj)

i<j

32
.3 LheJack polynomial Py (7, .. tn, ¢) is the unique homogeneous and symmetric polynomial eigenfunc-

., tionwith eigenvalue > (Az z ln-1-20A; ) which is monic and whose leading terms are of type 1
Cg (in other words, we choose the normalisation Py (¢;¢) = my(#) + X ,<a ¢(A, ;) my, (8)).

36 Setting ¢ equal to different non-zero real values (although it has to be noted that the orthogonalising
37 inner product defined above will be positive definite only for positive real values), we obtain different
3 families of symmetric polynomials. With ¢ = 1 the corresponding family is the Schur polynomials
39 {Pa(t;1)}, which are intimately connected with the representation theory of the symmetric groups
40 Sp and of the (complex) general linear groups. Other important values, and essentially the only ones
4T we care about for the main applications in this paper, are ¢ = 2 which gives the zonal polynomials
42 {P,(¢;2)} associated with real symmetric matrices, and ¢ = 3, which gives the quaternion zonal
43 polynomials {P) (-;1/2)} associated with the quaternionic self-ad]omt matrices.

44 What is important to us in this note is having transition matrices from the basis {s (#)} = {P” k(o))
45 to the basis of monomial functions of degree up to 4 and vice versa. These can be found via the

11
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1 determinantal expressions for the Jack polynomials in terms of the monomial functions which were
2 established by Lapointe, Lascoux and Morse [36]. They are given in the following tables (and actually,
3 in the specific cases of the special families of the Schur or zonal polynomials (x = 1,1/2 or 2), such
4 tables were known even before [36]).
2 ] H m) \ me,1 \ ms) \
O e [ |
7 PI/K 1 ‘ 3k ‘ 6>
ry plix — ma plix 1 ‘ 2K ‘ ®3) K+2 (xk+1)(x+2)
& M @ K+l 1/x bx
° 1x Poy | 0 1| a3 |
— PUS [0 ‘ 1 ‘
10 (d 1/x
» PIS [ 0 \ 0 ‘ 1 ‘
12
_E ’ H m(4) ‘ m(3’1) ‘ m(22) ‘ m(2y12) m(14) ‘
" pl/x 1 x| _6ek(x+1) 122 2413
15 ) xk+3 | Gr2)&+3) | G+ K+3) | GrDK+2)(K+3)
16 1/x 2K (5x+3)x 12x2
17 P(3,1) 0 1 K+1 (k+1)? (k+1)?
18 1/x 2K 12x2
19 P(zz) 0 0 1 K+1 (k+1)(2x+1)
20 1/x 12k
20 P(z, 12) 0 0 0 1 T
21
22 pi o o | o | 0o | 1 |
23
24
- 1/x 1/x 1/x
25 1/ P(S) ‘ P(Z,l) ‘ p(13) ‘
- pl/x PI/K ‘
) (1%)

26 m 1 _ 3k 6x>
27 3 k+2 | W+DEx+D)

(19) 1 | ==2x
o8 me) K+l ox
%8 mey | 0 | 1 | 347 |
Zi m(12) 0 ].
:g m(IS) 0 0 1
31
32
— 1/x 1/x 1/x 1/x 1/x
33 P(4) P(3,1) P(22) P(2,12) P(14)
34
— m 1 Ak 2k (k—1) 412 _ 24x3
35 ) k+3 | G+Dx+2) | (x+1)2 K+ Dxk+DEBK+1)
% 2 K(x+3) 2412
— K K
37 may || 0 1 TRl | T krD?
7 20) K+1 x+D) 2xk+DBx+1D)
38 2
_ 2K 12x
39 M2 0 0 1 TR+l @x+D)Bx+D
40 12
bl mea,12) 0 ‘ 0 ‘ 0 ‘ 1 ‘ - 31(-:—(1
41
43

g 2.3. Weingarten calculus for invariant ensembles. A permutation o € Sy can be decomposed into
45 cycles. If the numbers of lengths of cycles are uy = up = --- = y;, then the sequence u = (uy, g2, ..., 1) is

1 Feb 2024 13:32:01 PST
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;
2
3
‘4 having the same cycle-type.
5
6
7
)

12 for these are recalled here:
13

(1?) \ 2) H

o)

R

a2

1| -1 H

ZL
28 (22)
29

30

31

32

33

34

35

36 2.3.1. The unitary case. For two sequences i = (iy,..., i) and i’ = (i[,..., i;c) of positive integers and

37 for a permutation 7 € Sy, set
38

39 (23)

40

41 where 5,',]' = 1yi=j}.

42
43
“ (24
45

1 Feb 2024 13:32:01 PST

a partition of k. We will refer to u as the cycle-type of . Recall that the different cycle-types correspond
to the different conjugacy classes of Si. Recall also that characters of Sy are class functions, that is,
they take the same value at permutations belonging to the same conjugacy class or, in other words,

For the (pairwise non-isomorphic) irreducible representations of S, there is a canonical way of
identifying each one of them with a unique partition of k and vice-versa (see e.g. [42, Section 2.3] or [21,
Chapter 4]). This also gives a natural one-to-one and onto correspondence between the irreducible
characters of Sy and partitions of k, which allows us to write the character table of Si in terms of

9 partitions (in fact, to find y* (1), the value of the character correspoding to A at a permutation with
10 cycle-type p, one can use the Frobenius formula, see e.g. [21, Proposition 4.37]). In our computations
11 in Sections 4 and 5 we will need to plug in values of characters of Sy, S3 and Sy, so the character tables

13 \ 2,1) \ 3) H

3
X()

2,1

a®

4
7(()

L N B

31

22

2,13

ah

n
. of
67[(1,1 )= 1_[161}1(5)’1-;,
s=

Tr(AM).
1

Try (A) =

l
Jj=

13

Given a square matrix A and a permutation 7 € Si. of cycle-type p = (u1, 2, .., 1), set

221101-Vritsiou Version 2 - Submitted to Rocky Mountain J. Math.
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Finally, given a partition A of k and a number z € C, define

a
2 1) Ai
3 (25) G@=[][lE+j-D
4 i=1j=1
5 (in the applications below we are going to evaluate C,(z) at z = n; in this case, this is just the value
6 at1™=(1,...,1) of the Jack polynomial ]/ll(t) =cy- P}L(t) under a different normalisation, see e.g. [46,
7 Theorem 5.4]).
8 One of the equivalent ways of defining the unitary Weingarten function on S; with one complex
9 parameter z € C (see [16] or [15]) is the following: it is the complex-valued function on Sy given by
10
_— 1 Xﬂ (e) 1
1 (26) TESE WgU(n;z) == x” (),
12 k! ,1%' r Ci(2)
— Cr(2)#0

13
12 Where e is the identity permutation in Si. Note that, unless z € {0,+1,...,£(k— 1)}, C)(z) # 0 for all

15 Ppartitions A F k. Note also that WgY (11; z) depends only on the cycle-type of 7.
15 ltis convenient to also consider the convolution of two Weingarten functions. Recall that, for two
1> complex-valued functions fi, f> on Sg,

18 fAxpm:=Y AEDLEH=) A@LGC 1.
11 TES) TES)

20 We set

21

o 27 neSe — WgUmz w):=(Wg’(;2) «Wg’ (s w)) (),

23 where z, w € C.
24 By Schur’s lemma and the orthogonality relations it entails (see also [23, Theorem 2.13] for a different
25 derivation), we can also write

2&

27 2

27 1 x"(e) A

28 (28) weV iz, w) = — —2 = .
~ 8 i L Goam”

- Ca(2)Cy(w)#0

30

2 Theorem 8. (Conjugacy invariance, [15, Theorem 3.1]) Let T = (T;;) be an n x n Hermitian random
~, matrix whose distribution has the property that UTU™ is distributed in the same way as T for any

32
33 unitary matrix U. For two sequences i = (iy,..., ix) and j = (j1,..., k), we have
34 ElTij Tinj - Tijd = 2. 8o(i, HWgY (o' 1;n) E[Tr, ().
35 0,TES)

% Theorem 9. (Left-right invariance, [15, Theorem 3.4]) Let X be a complex n x p random matrix which
37 has the same distribution as UXV for any unitary matrices U, V. Then, for four sequences i = (iy, ..., ir),
:% i'=(i},...,00), j = (..., ji) and j' = (j},..., j;), we have

40 [E[Xiljl Xiyjp - X
41

42 Remark 10. The proof of either theorem proceeds along very similar lines: one notes that T or X has
43 the same distribution as UDU™ or UDV* respectively, where D is a diagonal matrix (with the same
44 distribution of eigenvalues or singular values as T or X respectively), U, V are Haar-distributed random
45 unitary matrices, and D, U and V are all independent. Then, once the integrals we are interested in are

X Xt o .--X,.,kj,k] = Y 85,104, jHWgY (to7 02; 1, p) E[Tr (X X))

Tty jy iy
O’],O’z,TESk

14
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rewritten using these decompositions, one invokes the following pivotal result in Weingarten calculus
(see e.g. [16, Corollary 3.4]).

Theorem 11. Let U = (Ujj)1<i,j<n be an n x n Haar-distributed unitary matrix. For four sequences
i= (i1, i), ' = (],..., 1), j = (j1,..., ji) and j' = (ji,..., j;) of positive integers in [n], we have

mmmm”UMJM#@y“%MdU=E:&MJ%ALﬁWQWAum
U(n) 0,TES)

o|~|o|o|s]o|n|=

"5 2.3.2. The orthogonal case. For every o € Sy, we can consider an undirected graph G(o) with vertices
7o 12,...,2k and edge set consisting of

" {2i-1,2i}:i=1,2,...,k}u{{o2i-1),0Qi)}:i=1,2,...,k}

2 (note that we consider as different every two edges of the form {2i —1,2i} and {o(2j — 1),0(2j)} even
v if the sets coincide). Then each vertex lies on exactly two edges, and the number of vertices in
5 each connected component is even. If the numbers of vertices in the connected components are
. 2uy = 2y = -+ = 24, then the sequence p = (uy, to,..., ;) is a partition of k which is called the
., coset-type ofo.

—  Let My be the set of all pair partitions of the set [2k] = {1,...,2k}. A pair partition o € M can be

18
. uniquely expressed in the form

20 o ={loc(D),0},{o3),0@4},...,l02k-1),02k)}}

21

o wherel=0(1)<0@3)<---<0Ri—-1)<---<0Rk—-1)and 0(2i —1) < o(2i) forevery 1 <i < k. Then o
i 1 2 - 2k

23 can also be regarded as a permutation o) 0@ - ok in Sok. In this way we can embed
al Mo into Sy (in particular, we can talk about the coset-type of a pair partition o € Myy).

25

,; Fora permutation o € Sy and a 2k-tuple i = (iy, i, ..., i2x) of positive integers, set

27 T

s (29) 6,(1) = H 6i0(25—1)vi0(23)'

— s=1

29

30 Inparticular, if o € My, then we can more simply write 6, (i) = [ 6;,,i,-

— {a,bieo

31 Given a square matrix A and o € S, with coset-type y = (U1, 42,-.., ), set

32

il !

3 (30) Tr) (A) = [ ] Tr(A*).

2l =1

35 Finally, given a partition A of k and a number z € C, define

36

— I A

(31 Ci@=]]Tlz+2j-i-1

38 i=1j=1

39

Lo (again C!,(n) = J5(1"), see [46, Theorem 5.4]).

AZ To be able to give the definition for the orthogonal Weingarten function that is analogous to the

42 one we gave above in the unitary case, we first need to recall how the zonal spherical functions on Sy
43 are defined. Let Hy be the hyperoctahedral group of order 2k k!; this can be realised as the subgroup
44 of Sy generated by adjacent tranpositions (2i—1 2i) for any 1 < i < k and double transpositions
45 of the form (2i-1 2j-1)(2i 2j) forany 1 <i < j < k. Then for each partition A of k, consider the

15
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partition 21 = (211,21, ...,21;()) of 2k and the corresponding character 1?* of Sy, and define the
zonal spherical function w* corresponding to A by

S yMom 1y (z7Y).

(W *1p)0) = ——
k 2k k! o

A —
(32) o€ Sy w”(0):= Ny
Given that Hy. is a subgroup of S, and that M contains a unique representative of each left coset
o Hy of H in Sy, this definition can be rewritten in a somewhat simpler way:

Y Y Mot 1 (@0 = o= ¥ 200

2Kk &5y, e, 2kk! &7,
A

(33) (o) =

ole|~|ofo|sfe]r]-

19 Recall finally that the zonal sperical functions w” corresponding to partitions A of k form a linear basis
T oof L(S»k, Hy), the space of all complex-valued functions on S, which are Hy-bi-invariant, that is, the

il {f:Sok—C| f(o) = f(a0) = f(0) for every o € Sy, { € Hy}.

'S We now define the orthogonal Weingarten function on S, with one complex parameter z € C (see

6 [14] or [15)):
17

— 2k k! r*re)

18 (34) ceSy — Wglioa=—r Y w”(0).
o O fH G@

9 Cl (270

20
-1 Note that all w*, and therefore also Wgo(- ; z), take the same value at permutations 01,0, with the

oo same coset-type (wWhere equivalently o has the same coset-type as 0 if and only if o} € Hio Hy.).

23 Theorem 12. (Conjugacy invariance, [15, Theorem 3.3]) Let T = (T; j) be an nx n real symmetric random
24 matrix with the invariance property that OT O! has the same distribution as T for any orthogonal matrix

2% 0. For any sequence i = (iy,..., i2x), we have

26
27 [E[Tl'll'z Tiyi, "'Tizk—lizk] = Z 6:7(1)Wgo(0_17; n) E[TI/T(T)]'

— o,TEMyj

28

oo Theorem 13. (Left-right invariance, [15, Theorem 3.5]) Let X be a real n x p random matrix which has

— the same distribution as OXQ for any orthogonal matrices O, Q. Then, for two sequences i = (i1, ..., izk)

30
5, and j=(j,..., jak), we have

2 E[Xij Xip Xl = 2 85,08, (NWg% 07 11;m WeP(03 72 p) EITY_, (XX)).
33 01,02,T1,T2€Mpg 1

?z Remark 14. Again the proof of the theorems follows from a decomposition of T or X as ODO' or ODQ"
35 respectively (with D diagonal with the same distribution of eigenvalues or singular values as T or X
36 respectively, O and Q Haar-distributed random orthogonal matrices, and D, O and Q independent),
37 combined with the use of the following result (see [16, Corollary 3.4] and [14]).

* Theorem 15. Let O = (Oij1<i,j<n be an n x n Haar-distributed orthogonal matrix. For sequences

¥ = (i1,..-,i2k), j = (j1,--., Jok) Of positive integers in [n], we have
AZ Oi,j1 Oigjo ** Oy oy dao = Z 527(i)5’r(j)WgO(o'_l‘[;n),
42 0n) 0,7€ My

‘E Note that the statement of Theorem 13 above is slightly different from that in [15], the conclusion
44 following from the proof on [15, p. 9], and being compatible with the invariances of ensembles such as
45 X ~ Unif(K, 4, ®) under taking transpose.

16
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3. Proof of Theorem 2

Let us start with the case where E = .4, (F). By Proposition 7 it suffices to show that

Neo(lx13) (Noo(llxllﬁ))2 a1

Noo(1) Noo(1)

Varn,, (llxll5) =

where in this case

[efe[~|ofa]a]e]o]~

Noo(f) = f foo - 1 2= I1 xlfax

(~11]n I<i<j<n I<isn

10
— with 8 = dimg(F). Since all the functions f we need to consider are symmetric and in addition their

]
o values only depend on what the absolute values of the coordinates of their input are, we have

il - - 2
8 2 Neo(l1x13) [ Neo(Ilx113)

14 VarNoo(”xHZ): < - <

= Noo(1) Noo(1)

15

15 Where

7 Nootpy= [ g TT Jat=adl - IT bl dv= o Neol)
18 (0.1 1<i<js<n 1<i<n

'° for all the functions considered. Furthermore, by symmetry again,

20

21 Noo(x} Noo(x?x2 Noo(x2))

5 (35) Varn_, (IlxlI5) = n fo( 1)+n(n—1) ~( 1%) —-n? fo( ) .
gl Noo(1) Noo(1) Noo(1)

23

-+ Employing now the transformation x = (x1, X2, ..., X,) € [0,11" — (/X1, /%2, ...,/X») which has
25 Jacobian x € (0,1)" — 27" []; x; ~1/2 we can obtain the following:

2 Y -n £ B -n BB

- Noo(1) =2 f M 1 |xi-x|Pax=2 Io(n;g,l,g),
28 01" 1<isn I<i<js<n

2 . : 5 ny (BB
o Noo(x) =27" f x [T x7 - 1 |x,-—xj|ﬁdx=2 "11(71;5,1,5),
_ 01" 1<i<n I<i<j<n

31 :

5 ] 5

82 Neo(xfx5)=27" f xixz [] x; - I1 |xi—xj|ﬁdx=2_"12(n;é,1,E),
33 01 1<i<n I<i<j<n 2 2
34 ’

SE and finally
36

— - - £, _

7 Nw(xil) " f xl l_[ x; l_[ |x,~—xj|ﬁdx:2 n(fl(n;g,l,g)—11,1,1(11;2,1,2))
38 1<isn 1<i<jsn

— [0,1]"

39

a0 (recall the notation in Subsection 2.2). Using the formulas in (15) and (16), we see that
4 Ne(x?)  npi2

42 No() 1+@n-1)p/2’

43

44 Noo(x2x35 n(n-1)p%/4

45 N  (A+@r-Dp2)1A+n-DP)’

17
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1 Noo(x7) npi2 1+(n-1p/2 npl21+ (n-1)p/2)

2 No() 1+@n-DB/2 2+@n-1B2 (1+@n-1BI2)(1+(n-1p)

2 _ npl2(1/2+3(n—-1)p/4) np?18(1+(n—1)p/2)

il T (1+@n-1BI2)1+(n-1P) " 2+@2n-1p/2)A+2n-1)pI12)A+(n-1)p)
% Plugging these into (35), we deduce that

T Reld) o Reled) (Nfo(x%))z

—  Neo(D) Neo(1) Neo(1)

% _ntpPa—-nPprI8+n*pl2(112—- Bl4) N n3B3116 + n?B2/18(1 - B/2)

. (1+@2n-1)p/12)(1+(n-1)p) 2+@2n-1)pI12)(1+2n-1)B/2)(1+(n-1)p)
12 ~ n*p?/4 (1 ~ BI2

13 (1+@2n-1)B/2)(1+(n-1p) 1+@2n-1)p/2

" _ n?pI2(1/2 - Bl4) n3p3/16 + n?B?/8(1 - B/2)

s S (1+@2n-DB2)(1+(n-1)p) " 2+@2n-1)B/2)(1+@2n-1)B/2)(1+(n—-1)pB)

= 3 218(6/2 - 1)

. (1+@2n-1B/2)2(0+(n-1P)

9 _nPBPI8+n?PI2((1/2— /42— B/2) + /401 - B/2)) . n3p218(B/2 1)
20 2+@2n-1B/2)(1+@2n-1)B/2)(1+(n-1p) 2+@2n-1)p/2)1+@2n-1)p/2)2(1+(n-1)p)
2L L1, o(l).

22 8p n

23 This agrees with the conclusion of [41, Theorem 1] (see more specifically the end of Section 4 in [41]).
24

25 We now turn to the cases of the subspaces of F-self-adjoint matrices. Recall that by Proposition 7 it
26 guffices to show

27 2
27 Noo(llx13) [ Noo(llx113
2. Vary, (1x13) = Deelxte) _( Reolixly
29 Noo(1) Noo(1)
{ Noo x4 Noo(x2x2 Noo(x2))?
e Nl Neltd) (N
> Noo(1) Noo(1) Noo(1)
33 where now
. S
35 (—1.1]7 1<i<jsn
36 with B = dimg(F). For each of the functions f in (36) we can write
37
38 Noo(f) = f 2" f@2x1,. . 2x0) - [ |2xi—2x]P dx
39 11y l<i<j<n
R 2’2
40
e = p/Hpn(n=1/2+s f fOa,enxn) - ] |x,~—xj|ﬁdx
AE 1 1<i<j<n
43 1 1
" — pntpn(n-1)/2+s f f(tl__a~~~»tn__)' H |ti—tj|ﬁdt,
— 2 2 1<i<jsn
45 [0,1]"
18
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where s is the degree of homogeneity of f. Thus, upon writing

Joo(8) = f gt)- 1] |t,-—rj|ﬁdt,

(0.1)" l<i<j<n

we see that, to verify (36), we need to estimate

Too{ (1= 3)°) = oo~ Jeol1) + = Joo(1) = ~ Joamen) = — Jomen) + 5 JeolD)
0 2 oo\l 00 400 noo 2) noo ()] 4oo )

[efe[~|ofa|a]o]o]-

1,2 1,2 1 1 1
Jool (1= 5) (223 ) ) = ool B ) = ool B 124 1183) + S S8} + 83) + Jool1112) = oot + 1)+ < Joo(D)

-
o

t " 1) e T gy fe e+ gy Sl
12 2 1 1
= o M) = g, Jeelma) + g eel),

_k_l
(ﬂ‘-b
8\1
—_——
—_—
o~
o
|
| =
N —
(S
N

= Joo(th =2J (t3)+§] (tz)—l] (t)+i1 1)
— Jool\l] oo\l 2 oo\l 2 oco\ll 16 [e%)

—_
(o2}

—l] (m )—E] (m )+i] (m )—LJ (m )+i] (1
—noo (4) n® 3) on’® ) o0 ® (1) 167

I
@]

. We will do so by recalling the decompositions of the monomial symmetric functions in the bases of
o the Schur or the zonal or the quaternionic zonal polynomials (see tables (19) and (20)), and by using
o integration formula (17). Denote by I\ (1) the integral

2 2
2 [ po T1 Ju-gPae= [ sio T1 Ju-yf*ar
23 n I<i<js<n I<i<jsn
v (0,1]

-5 For simplicity and to make it easier to check the tedious computations, in what follows we treat the
-6 cases of C,R and H separately (note moreover that, even though the below computations could be
>, done for more general values of § (see Remark 19), and would still have an interpretation via a random
g Mmatrix model (see [18]), this interpretation would not correspond to the same type of variance problem
o asthe one we are interested in here).

[0,1]"

%0 Proposition 16. (Case of B = 2, x = 1; Hermitian matrices) The following estimates are true:
31

si(37) Neo( 1) —2]m((tl_§) )—1— ! +o(i)

8 Noo(1) Joo() 4 16n? n3/

?i 1 2 1 2

55 No(3) _ Jol(n-3)(e=3]) 1+ 0 1

- 4 Sl L Lo
%6 Noo(1) Joo(1) 16 32n 32n2 n3

37

5g and

39 4

w0 Noo(x7) _ Joo (11~ 3) )—3+o(—)

4t Neo) Jeo 32 (n2)

42 As a consequence,

43

— Noo 4 N 2.2 Noo 2)\2

“ Vary, (I1x]2) = n (x1)+n(n—1)—(x1x2)—n2( (xl)) =i+o(l).
45 Noo(1) Neo(1) Neo(1) 32 n

19
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1 Moreover,

Jol|ti -2 |[2—3
e NOOS(T;Z):Z ((11:()1() ZJ)Z_ﬁ_#’TlnﬁO(_)

(this is an estimate we will need in the following section).

Proof. We begin with the simple observation that for all x we have

Jo(M=L((0) and  Je(mq)) = I;((1) = glﬁ((o))-

[efe[~[ofa]s]e]r]

Furthermore, when x =1,

-
o

E _ 7li12yy — 7l nn-1) n e nn-1) /1 1 1 1 1
) =0 = O S = o) S (- e 0l
b “nn(2-2e Lo Lo L)

14 16 321 @ 64n? n3

. d (@)= 11((0))"(”“) "L o) (—+i+i‘ : +O(i))
16 an - on+1 P ST 16 320 Ganz T O\l

17 Therefore,
18

_ 7l 1 1 3 1 1
o Joolmez) = 1,(@) = L((12) = L) n (3 = =+ 0[],

20 which also gives

(39 Jeo{ (1= 5)") = 3 Joo ) = o) + oD = T30 (5= ==+ O =)

Z% Note also that

25 “o 1y 2 1 1 ) 11 1 1
o ool (=) 2 )) = iy et = e e = 10D [ =55+

27 Next observe that

28

— 1,430 _ o1 nn—-1)(n-2) n-2 1 n(n Dn 7 3 3 1
= T (@) = 1, {(0) 24 2n-1 = () (24 18 321 642 +O(n3))
. =IO n (”—2—3—" 2z o[
. o 48 32 192 128n n?
B _ o=@ ntl n-1 n(n 1) 11 1
s (@)= 5(0) 6 onvizn_1 @ (12+ 12 16n 16n2+o(n3))
35 2
= 1 n 7 1
37
~— and P
% (n+2)(n+1)n n+2 3n 23 3 1
1 _7l B T T, -
¥ 1,3 =1, (0D 24 2n+1l T (48 T32 192 128n O(nZ))'
401t follows that
41
. 1 143w 71 nn-13 1 5 1
0 Joolmez,p) = [, 1) =21, (1%) = [ (0) == — (5 = == =25+ 0[5
iand
4i _ 7l 1 1 3\y Il 5 1
e Joolmi) = 1,(8) = 12, 1) + L(1%) = 1,00 n = +0( ).

20
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Bl Moreover,
2
— mn-1)n-2)(n-3) n—-2 n-3 nn-1) n 27 9 33 1
s 1Lty = 1L on =1L ((0) —— — " _40[—
" n((1) = 1, ((0)) 96 2n—-12n-3 n((0) 2 (192 24 256 128n 1024n2 (n3))
— ) n® 3n® 113n 45 39 1
5 = O n(a +0(5))
. 384 128 1536 1536 2048n n
7
" nm+Dnn-1)n-2) n+1 n-2 nn-1)(n®> n 11 7 53 1
8 1 2 1 1
= L2, 1 =1, (0 =I.(0) —|———— _ + -
9 n((217) = 1,(0) 32 2n+12n-1 n((0) 2 (64 32 256 1281 @ 102412 (n3))
— 3 2
10 n 3n 3n 25 3 1
il =7 ((0 - - _ _
1" (¢ ))"(128 128 512 512 20481 (nZ))
2
m-1Dn+1)n n+1 n-1 nn—-1) n 1 1 1 1

711 22 :Il 0 n :Il 0 R S — _|_O_
14 n((27) = 1,((0) 48 2n+12n-1 n((O) 2 (96 96 128 128n 512n2 (n3))
15 nd 7n 3 1
— =IO n|——-— +0(=]|,
6 (¢ ))"(192 768 1024n (nz))
— while
E
19 L. (n+2)(n+nn-1) n+2 n-1 nd 3n* 3n 25 3 1

I(G3,1) =10 =1,((0 - = __i0|=
20 (3,1) () 32 2n+12n-1 S (128 128 512 512 20481 (n2))
21 and
= 3 3 ,13n 45 39 1

(n+3)(n+2)(n+1)n n+3 n+2 n n? n

2 (@) =10 0 +—+ +0(= |-
24 n() = 1,((0) 96 2n+32n+1 It ))"(384 128 1536 512 20487 (nz))
25 It follows that
26
— _ o2y 7l 2 1,014y, _ 71 nn-1 9 17 11 1
T el = LD D+ L) = 00 (&2~ e~ 125+ 0l=5))
59 and
— 35 1
30 _ 7l ! 1 2 L4y — 7l o9 L
o Joo(miay) = T (@) = I (3, 1)+ (@, 1) + (@) = T () n (2 + O =5 ).
3> We conclude that
- Jool (1= 3 ) (12=3) ) = —s ooy ~ —— Joalmiz.1) + ool
34 ({172 2) )T =) T T n— o e T 5 T
35 2 1 1
3 + m]oo(m(ﬂ)) - %]oo(m(l)) + 1—6100(1)
37 1 1 1
— (1 =IO [= - —- ol—=||,
33( ) (« ))(64 1281 12812 (nS))
* while
40
il Jeo{(11=5)") = > Joo @) = = o) 5 Foo 1) = 5 o i) + = Jeol1)
A; ool 1 2 = 00 4) 00 3) on 0o 2) on 00 [6))] 16 00
B (42 =1} ((0)|—=—+0
“ ) (O (555 +0(-3))
g This completes the proof of Theorem 2 when [F = C. O

21
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Proposition 17. (Caseof f=1,x = % R-self-adjoint matrices) The following estimates are true:

1
2 2
3 Noo( 2) Joo tl_l
;o ol "2 (EOO(DZ) Li‘%*Tlnﬂo(%)'
5 2 2
0 Nol22) (-3 (2-3)) 1 5 5 1
: o Jjo(l) 2 =16~ 527 32+ Olsa)
& and
9

-
o

-

1 _

Neo(1) Joo(1) 32 64n

i) el ) 5 s o

— As a consequence,
13

13 1 1
7y Vary (Ix13) = 72 + o(ﬁ).
15 Moreover,
16
= Nooliw)  Jeo(n-3)(e=3)) 1 1 1
17 (44) =2 . +o(_)
18 Nyo(1) Joo(1) 4n  8n? 16n3 n4
;% Proof. Whenx = 3,
12 172 ”l(” ) n o ”(” D 1 1 1 -
21 Joolma) = I (%) = 1,0 5 = ) G5tz ol))
. 172 __i 3 3 1
Z% =L (O n ( 16  32n 64n2 O(n3))
s and @)= POV E R oy n ()
2iTherefore,
T 31 1 1
28 Joo(mey) = IM2((2)) - 11’2((1 ) = 1;/2((0))n(§-ﬁ+w+o($)),

29
50 which also gives

T R R R Es)

33 Note also that

54 (46)

5 Joof (113 ) (12-3)) = s oo =+ oo ma) + 5 JoolD) = I/2(0)) (~ o+ g~ 40 ) ).
o 2 2 nn-1) n 4 " 8n 16n2 32nd n4
- Next observe that

— n-1)n-2) n—1 nn-1) 7 5 5 1

5 n (A7) = 1;7(0)) 24 2n+1 " () 2 (24 48 ' 32n  64n? (n3))

— 2 3n 29 15 1

40 ] L +0|=

o n(( ))"(48 32 192 128n (nz))

42 nn-n+2)n+3 n nm-)/n 5 5 5

43 °n (2, 1)) = 1, ((0)) 16 n+22n+1 " () 2 (16 32 64n 128n2 (n3))
44 n? 3n 15 15 1

45 () (32 64 128  256n (nz))

22
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Land

2 V2 12 (MDA N5 n 3n 1

B 12(®) = 12 (0) o = o) =+ S5+ ).

4 Tt follows that

5

- B 1/2 172 nn-1) (3 5 5 1

D Jeolmez) = 1@ D) =S 1A% = 120 M2 (D - v o)
Eand

9 12 172 1/2 1/2 i_i 1

- Joolm) = IL2((3)) - 1 @+ Lz a3y = 120 n n(--+0(=))
11 Moreover,

2 nn-1)n-2)(n-3) n—-1 n-—

nn-1) ( n? n

13 11214y = 12 ((0 _ﬂ”() —_———t——— +0
a " (A=) =1,"(®) 96 2n+12n-1 () 2 192 24 256 32n 1024n2
_ 3
n® 3n? 125m 71 255

a = IO n (e - o - +0(=
6 384 128 1536 512 2048n n?
17
18 1/2 2 12 (n+2)n(n-1)(n-2)n+3 n—-1
8 L' ((2,17) = I;'“((0
19 n (& 19) = L,7((0) 80 n+22n+1
20 12 nn-1) n 27 15 15 1
- =1'"40) ——— | — - — - —  — _4+0|—
21 n () 2 (80 160 320 128n 25612 (n3))
. 3 2
22 12 n 3n~ 5n 129 45 1
— =L“(n|l———-——+—-—+0|=
23 n () (160 320 128 1280 512n (nz))
21
25 nn-1)n+2)(n+1)n+3 n+2 n
> 1222y = 12((0
26 n (@D =170 96 n+22n+32n+1
27 nn-1) n 3 1 7 1
28 n () 2 (192 96 256 128n  1024n2 (n3))
29 nd n®>  In 5 15 1
. =120 n — - +0|—
30 ((0) (384 128 1536 5122048n (nz))
31
3Ewhﬂe

n+4)(n+2)n(n-1)n+5 n n® 5n% 29n 21 21 1
34 N (3, 1)) = 1,7 {(0) 144 n+22n+l ()n (288 192 1152 256 512n nz))
35
— and
C’i
37 12 2 (4B (n+d)(n+2)nn+7n+5 2 n®  3n* 107n 1
— I, 7((4) =1,°((0 0 +—+ +-|.
38 n () =1,7(0) 1680 n+dn+2 (0 (1680 280 1680 8)

39 1t follows that
40
‘E Joo(mp2)) = 1}2(2%) - 11/2((2 12)) + = 11/2((14)) 112 ((0)) n(n—1)

31 5

23 13

42
43 and

44
s Joolmay) = I ((4))— 1”2((3 1)- 1”2((22))+ 12 ((2,1%) - 11/2((1 ) =IM2(0)n (

23
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We conclude that

1

o 1,2 1,2 2 1

B Jo((1=35) (22-3) )—n(n oo mize) = oo Jeo M) + 5 Joo ()

4 1 1
E +l’l(7’l 1)]00( (12))_%]()0(7”(1))"'1_6]00(1)
6 1/2 3 3 1

7 7 =t (64 128n " 12872 O(n3))’

iwhﬂe

2 Joo| 1 —1)4)—11 (m )—31 (M3)) + — T (M139) = —— Joo (1)) + = Joo (1)
1& ool | 1 > = oo\ITl(4) oo\ H1(3) on oco\It(2) n oo \/7L(1) 16 o]
11 12 3 5 1

2 0 = () (128 256m O( nz))

E This completes the proof of Theorem 2 when F = R.

% Proposition 18. (Case of f =4, x = 2; H-self-adjoint matrices) The following estimates are true:

6 Noo(x) foo((fl—%)z) 11 1 1

% 49 o) YT o i Ten e’ O(F)’
" Naol2d) (-3 (e8] 0 s
20 Noo(ll)z =4 ]i,(l) 2 :E_WJFO(ﬁ)
21? and

olet)_ Joll0od)) 0 s o)

25 Noo(1) Joo(1) 32 128n n

o6 Asaconsequence, . .

27 Vary,, (Ix13) = =+ 0(=).

2% Moreover, 2 o4 n)

o Nu(ux) _ Je((n-3)(2-3))

o o N:(llfz . Joo(D) RN

32

:% Proof. When x =2,
nn-12n-3

. -1 /1 1 1 1 1
B Jeelmyz) = I2((1%) = I2((0) - 2((op =D (;-=-75-=5+0())

e 16 n-1 2 4 8n 8n? 8nd n*
a7 = 2oyn(2-2)
=z n 8 16
= n2n+1) 2n 1 1 1 1

d Z@)=I3((0 =T2((0 —+——+0[—=||.
® and  I3(2)) = [(0) == = L(O) n g+ =+ ——+ =+ 0[]

40
i Therefore,

- Joo(Mez) = 2(2)) - = 12((1 ))_12((0))n(3 +0(=5))
42 oot TH) 8 320 1282 T OB

AE which also gives
o 60 (1= 2)) = St - L et + o) = ) (2 1 0()
. (117 5) )7 3 eetM@) =5 Jool i)+ Joo 8 32n 12812 \m3))

24
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—_
o

11 9 ) nin-1)2n+1) n 2n-3 , n(n—1) 1 11 59 1
— IZ((2, 1) = I=((0 = 12 ((0)) ——— Bl R ol =
12 n((2, 1)) = I,((0)) 20 4n-1 n-1 n((0) 2 (10+4o 160n 64012 * (n3))
A 2

13 2 3n 3 3 1

— =l(O)n|l—-—-—- +0|=

4 (@) n (20 80 64 256n (nz))

15 and ,

16 nm+1)2n+1)n2n+1 n 3n 29 15 1

— 12(3)) = I2((0 =I2((0 _ =1l

17 n(3) = L,((0) 24 4n-1 () (24 32 +384+512n+0(n2))

E It follows that

19

o Joo(me,n) = I;(2,1)) - 12((1 ) = I;((0))

21 and

22 3, 8 , 5 5 3 1
2 Joolm) = [(@) = SI5(@, D)+ Z1,0%) = L) n o + ==+ 0 }.

o2 Moreover,

n(nz 1)(8 3;11 12381n2+0(%))

25 nn-1)(n-2)(n-3)2n-52n-7 nn-1)(n* n 25 5 5
12 =20 = 12((0 r _ 22 +0
zs In((1)=15((0) 1536 o1 n—z O (192 24 256 128n 128n?
= —12((0))n(n3 3n® L1070 35 (1))
2 oo 384 128 1536 1536 n?
29
30 9 9 5 @2n+l)nn-1)(n-2) n 2n-5
30 2(2,1%) =I2((0
31 n(219) =1, ((0) 112 4an-1 n-1
32 ) nin-1 (n® 1ln 15 = 129 705 1
— =TI2((0 —_—— +0|—
33 )= (56 224 896 ' 3584n 1433612 (n3))
34 —12((0));1(”3 15n2+29n+ 27 27 +o(1))
35 112 448 1792 1024 40967 n?
36
- nn-12n+1)2n-1) 2n 2n-22n-3
i 12(2%) = (o) 2 DEn - )
38 60 4n—-14n-34n-4
— 2
39 5 nn-1) (n n 1 1 5 1
39 =(0)—— |- —-—-——-——+0| =
20 O3 (60 120 64 128n 1024n? (n3))
—_ 3 2
n n n 1 3 1
“ = RO (s +0(5))
42 120 80 1920 256 2048n n?
43 while
‘ilg((g 1))_Iz((o))(2n+2)(2n+1)n(n—1)2n+12n—3_IZ((O)) (113 n?> 25n 43 25 (
45 T 72 4n—14n-4 72796 1152 1536 20487

25
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1 Note also that

ifoo((tl—%)(tz—%)) = n(nz_ D]oo(muz))—%Joo(mu))%foo(l) = —1,%((0))8(n S=1h ))(—%—l anz)
: Next observe that

S BaY) = BaoptS S 2:__15 = B " (- e e+ 0 )

: - i35 + 5570 )
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1 and

2
5 I2((4) = TA((0)

2n+3)2n+2)2n+1)n2n+22n+1 nd 3n? 25m 71 51 (1))
n2

= RO (ot n
240 4dn+14n-1 120 80 384 1280 2048n

— It follows that

nn-1) ( 9 7 127 O(i))

Joo(myp2)) = I, ((2%) — ~ 12((2 1 ))+ 12((1 )) = I2((0)) — (55" -

—+
64 64n 1024n?

and

.
\O\@\m\*\m\m > |

35 29 1
Joo(may) = I ((4))——12((3 D) +- 12((22))+ 12((2 12)) - 12((1 ) = 1'21“0””(Es+ﬁ+0(_))'

-

1

1»  We conclude that

E gef(n-3) (2 3)) 5 e e i) - o) + o eo(mie)

14 o\ 72 272 )T n—n)’ & T n—1) @ T 5y JeetTH)

o 2 ! f1a
6 m]oo(m(ﬂ))_ﬁjoo(m(l)) E]oo()
17 _p 1

gL(SZ) =1 “OD(64 1024n24‘0(n3)}

9 while

20

21 Jeo{(11=5)") = 2 Joo @) = = oo i) + = oo 1) = 5 = 1) + == oo 1)
o ool |1 2 oco\ITt(4) oo \ITL(3) on oo \I1L(2) 2 oo \I(1) 16 oo

25 (53) = 12((0)) (—+ > +o(i)).

r 128 512n n?

-5 This completes the proof of Theorem 2 in all cases. O

?® Remark 19. We can unify the above computations, which can be made for all large enough S, as

7 follows: as long as § = 2k is bounded away from zero, i.e. f = ¢ for some fixed Sy > 0, we have
28

29 1 ,
30 : f may(x) |A,(x)|P dx + zf
[~3,31" -11

Mp2) (%) [An (x)]° dx)
2 P20y Lim

2
32 1 f 5 )
33 el ey a— m)(xX) |Ap(x)]” dx
(15’2((0)) Sk "
3 3 5(6-2) 1 , B+4 B2-9B+14 1, p-2 7F-32+28 )
= ( +—)+(&n - 128ﬁn+ 128ﬂ2 )—(al’l + 64ﬂ n+ 256ﬁ2 )+O,30 (—)

128 2560

— 1 L0 ( 1 )
37 =— —|.
- 4. Almost isotropicity of Bg in the subspaces of self-adjoint matrices

AZ Here we establish Theorem 4.
42

v Proofin the case where E is the subspace of Hermitian matrices. The orthonormal basis that we fix is

w the following:
25 U<k <m U0 + %) k< g UL 0 =11 k< 1)

26
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where J¥! is the single-entry matrix whose only non-zero entry is the (k, /)-th one and is equal to 1.
According to Theorem 8, we have

1
_ Teit: Treo1, AT =0
vol(Bg) LE kih tlels

Slolals|o|m|-

s whenever {kj, ko} # {1, I>}. This immediately shows that any pair of marginals of the distribution which

-, correspond to one diagonal and (either the real or the imaginary part of) one non-diagonal entry is
o linearly uncorrelated. Similarly, if they correspond to two non-diagonal entries (ky, I1), (ko, I) with
11 (k2,12) € {(ky, ), (11, k1)} we can observe the following:

12

1

13

e 0= Tiir: Treo1, AT

" vol(Br) fB fili ek

15 1

16 = Re(Ty, 1,) Re(Tx,1,) — Im (T, 1) Im(T, T
1& VOI(BE) BE( e( klll) e( k212) m( k]ll) m( kglg))d

17 ;

1 "ol Js, (Re(Tk, 1) Im(Ti,1,) + Im(Ty, 1) Re(Tiy1,)) AT,
9

2% while

2

- 1

2 0=———| TiyTipr, dT

24 vol(Bg) fB fih faks

o5 1

25 - Re(T Re(T —Im(T. Im(T dT

% vol(Bg) BE( ( klll) ( 12k2) ( klll) ( lgkz))

= + : (Re(Th 11) Im(lekz) +Im(Tk1 [1) Re(lekZ)) aT
28 vol(Bg) JBg

29 1

20 = Re(Tk, 1) Re(T +Im(T%, ;) Im(T dT

30 vol(Bg) BE( ( klll) ( k212) ( klll) ( kllg))

31 i

2 " ol(Bg) BE(_ Re (T, 1,) Im(T,1,) + Im(Ty, 1) Re(Ty,z,)) dT.
33

*_ Combined, these show that all the above integrals are equal to 0.

% Let us examine the remaining cases, where the marginals correspond to two different diagonal

% entries (k, k), (l,1), or to the real and to the imaginary part of the same non-diagonal entry (k, ), k # L.

%" Inthe latter case, we can write

38

" 1

40 (54) = Tei T dT

e vol(BEg) JBg

— 1

a2 - Re(Tx)? —Im(Ty)?) dT + Re(Ty) Im(Typ) dT,
43 VOI(BE) BE( ) VOI(BE) Bg

44

g which shows that the marginals are uncorrelated.

27
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In the former case, we have from Theorem 8 and from Proposition 16 that

an

2

3

4 1 Tk Ty dT =WgY (e;n) Tre(T)dT + W U((12)'n);f Trag(T)dT
5 volBg) J, ! &M ol Bg) Js, € & T olBe) Jp, 02

o - ! ! (Te(D)*d T - ! ! Tr(T?) dT
7 (n—1)(n+1) vol(Bg) JB; n(n—1)(n+1) vol(Bg) Jp;

i Noo 2 NOO NOO i
5 _ 1 " (x1)+n(n—1) (r122)| 1 (x%)
o (n-1(n+1) Noo(1) Noo(1) (n=1)(n+1) Nx(1)
" _ 1 (New(x) | Neo(xi%2)

12 ~n+1| Neo(D) Noo(1)

—
w

1
=——+0
8n(n+1)

—
> |
—
S

w)—‘
~——

-y
(¢,

—_
(o2}

E Moreover, turning to second moments of the marginals, we see that
18
o
S S (- dT =WgY(e;n) ——— | Tr.(T)dT +WgY((12);n) ! f Trao)(T)dT
21 vol(Bg) Jp, " ** vol(BE) Ja; vol(Bg) Js,
22 1
. +Wg¥((12);n) ——— | Tr(T)dT +W U(e;n)—f Tran(T)dT
23 8 vol(Bp) Js, © & vol(Bp) Jg, 2
24 1 1

=——+0|—
2% 8n(n+1) (n3)
= 1 1 1 1
27 = (Te(T))*dT + Te(T?)dT
e n(n—1)(n+1) vol(Bg) JBg (n—1)(n+1) vol(Bg) JBg
— 1 1
29 e O(_)
o 8n(n+1) ns
aq 1 Noo x2 Noolx1x Noo x?
s - n (1)+n(n—l) (12) + " (1)
32 nn-1)(n+1) Neo(1) Neo(1) (n—1)(n+1) N(1)
33 1 1
_ — — + 0Ol —
34 8n(n+1) (n3)
% 1 (1+o( ))+ n (1 1 +O(1))
36 nn-1)xn+1) \8 n2 (n=D(n+1)\4 16n2 ns
37 o
. =— 1+ 0[=|.
% 4(n-1(n+1) (nz)
39
4i
41 On the other hand, when we consider a non-diagonal entry (k, ), (54) shows that
42
4
" ! Re(Ty)? dT = Im(Ty)* dT.
45 vol(Bg) JB; K ~ vol(Bg) Js, o ’

28
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To compute this integral, we note that

2Re(Ti)?dT = Re(Ty)? +Im(Ty)) T T dT
vol(Bg) J, K vol(Bg) BE( o w))dT vol(Bg) BE KTk
1
=We"((12);n) ——— | Tr.(T)dT +WgY(e;n) f Tro(T)dT
& vol(Bp) Js, ¢ & vol(BE) 5, 02

__;(LO(L)% n (1_ 1 +O(L))
 nn-Dn+1) \8 n2 (n-Dn+1) \4 16n2 ns

jele|~]ofals|o]m]|~

n 1
=————+0(5).
; 4n-1)(n+1) n3
1 We conclude that the covariance matrix Cov(Bg) of B has the following form: all its diagonal
1, entries are = m + O(#), while the only non-zero non-diagonal entries are those giving the

13 correlation between marginals corresponding to two different diagonal entries of T € Bg, and these

-

14 are = —g—— n( ey O( ) It follows that, in order to find all eigenvalues of Cov(Bp), it suffices to find the
15 eigenvalues of the n x n submatrix Dp, which involves only the marginals corresponding to diagonal
6 entries of T € B (since the remaining eigenvalues are all = m + O( ) as immediately seen

7 from the form of Cov(Bg)).
18

;5 Thesubmatrix Dg, is of the form

0 (a-b)I,+bJ,

2Z where ], is the matrix with all entries equal to 1 and a = m + O( ) b= —8n(n+1) + O( )

22 is not difficult to see that such a matrix can only have two eigenvalues: the eigenvalue a+ (n—1)b
23 (corresponding to the vector (1,1,... 1)) and the eigenvalue a — b (which will have mutliplicity n —1).
24 In our case, these eigenvalues are = g5 +1) + O( ) and = m + O( ) respectively. This shows
25 that all eigenvalues of Dp,, and thus of Cov(Bg) too, are approximately equal.

26 Finally, the covariance matrix Cov(Bg) of the volume-normalised unit ball Bg can be found by

27 multiplying Cov(Bg) by [vol(Bg)] 2" = n. 0
28

29
20 Proofin the case where E is the subspace of R-self-adjoint matrices. Our aim is to compute integrals of

3 the form

1
3 —_— Ti,Ti,1,dT, 1<ji,joh b <
Si VOI(BE) fBE jilitjoly J1, ]2, b1, 02 n
% sowe apply Theorem 12 with k = 2. Here
34
3E Mo =My = {{{1,2}, {3,41},{{1,3}, 12,43}, {{1,4}, {2,3}}}

36 . . .. . . .
o and if we express the pair partitions as permutations in S, per our convention

38 ={e, (23), (243)}.

® Therefore,

40 -1 -1

— M;'My:={o7"'1:0,7 € My} = {e,(23),(24),(243), (234)},

.» and all these permutations have coset-type (2) except for the trivial permutation e which has coset-type
(19,

J Moreover,

45 Hy =((12),(34),(13)(24)) = {e, (12),(34), (13)(24), (12)(34), (14) (23), (1324), (1423)}.

29
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1 To compute the orthogonal Weingarten function on Sy, we first find the zonal spherical functions v®
- 2 . .
2 and 0. Ttis easily seen that

3
i 1

4 w® o) =- > ¥ @ =1 foreveryoeS,.
5 {eH,

s On the other hand,

= 2 1 2

-z we== Y P0=1

i 8 (eH,

9 while

-
o

1 01 (0) = w1 ((23)) = 5 Y x®(@3)0) =

(eH,

for every o € S4 with coset-type (2)

-

12
13 (in particular for every permutation o € M4‘1M4 \{e}).
14 We can now compute:

15 21

— (e)

16 wgl(o;n) = Z X,( ) o)

7 /u—z

i n+l s

18 1 X(4) (e)w(Z) (©) X(zz) (e)w(lz)(a)) OS] ifo=e

19 == = .
o 3 (n) (n) ) . .

20 (2) (12) )] ifoe M, " My\{e}

22 The orthonormal basis that we have fixed is the following:
23
- U< k< mU{5 0 + %) k<1

24

25 According to Theorem 12, we have

% 1
27
. vol(Bg) JBg

2o if there is at least one index that appears an odd number of times among the ij,j = 1,...,4. This
30 immediately shows that marginals of the distribution which correspond to two different non-diagonal
3; entries or to one non-diagonal and one diagonal entry are linearly uncorrelated.

3> The only other case, where we have correlation, is when i} = i = j # k = i3 = i4. In this case

Tii, Tiyi, dT =0

1112 £ 1314

35; T: i Ter dT = Wg%(e; n) T (T)dT + W: O((23)'n);f Tt (T)dT
5 vol(Bp) Jg, 1A T8O LBy S, ¢ 8 NS ol By) Jp, @
® +W: O((243)-n)#f ., (T)dT
® 8 " vol(Bg) Jp,  “*Y
37 1 1 2
38 = it (Te(T))*dT - Te(T®) dT
. n(n—1)(n+2) vol(Bg) JB, n(n—-1)(n+2) vol(Bg) JB,
:% B n+1 nNoo(xz)+ n )Noo(xlx2) B 2 Noo(x%)
a1 nn-1)(n+2) Noo(1) Ny (1) (n-1)(n+2) Ny(1)
2 ! Noo(xf)+n+l Neo(x1x2)
43 " n+2 No(l) n+2 Ng(l)
ﬂ _—;*—O(i)
45  4n(n+2) n3)

30
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Turning to second moments, we first handle the case i} = i3 = j # k=i = i4:

Te(T? dT

]
2 2 1 2
T AT = ———— 274 dT
ivol(BE) ]k+ k])) vol(Bg) Jp, /¥
4 1
Iy =2|wg®((23); Tr,(T) d T + Wg° (e; —fT' T)dT
B ( g”((23); n) volBp) Ju, r,(T) +Wg~(e;n) volBn) Ju, I(p3)(T)
6
2 1
+Wg@((24); —f Tr! TdT)
% g”((24); n) Vol BD) I, T(243)(T)
- 1 1 1 1
B - (_ (Te(T)? dT + —
10 n(n—1)(n+2) vol(Bg) Ja; n(n—1)(n+2) vol(Bg) Ja;
o 1 1
1 - Tr(TZ)dT)
2 n(n—-1)(n+2) vol(Bg) Ja,
13 2 Noo (x2 Ny 2 Noo(x?
14 =- ool )+n(n 1) (x1) + n (1)
- nn-1)(n+2) Noo(1) Noo(1) (m—-1)(n+2) Ny()
15
6 _ 2 [Noo(xf)  Noo[x1%2)
- n+2 | No()  Neo(D)
18 1 1
. = Ool—.
19 2(n+2) * (nz)
20 Finally,
21
- 1 72 ( 0, -1 ' 0, -1 1 f !
T dT = Weg“ (o "e;n) Tr,(T)dT +Wg~ (o~ (23);n) ———— Tron(T)dT
Z%vol(BE) B Tii U§44 8 vol(Bg) Jp, ¢ 8 vol(Bg) Jp; @
— 1
24 wg? (071 (243); —fT’ TdT)
v +We“lo(243);m) vol(BEg) JBg Fraaz (1)
26 1 1 2
. = — T;iTerdT +2- —— T, dT
27 vol(Bp) Jg, 11Kk vol(Bg) Jp, ¥
28 1 1
=5 =—  +0[—|.
29 2(n+2) * (nz)

30 We conclude that the covariance matrix Cov(Bg) of Bg has the following form: all its diagonal

31 entries are =
32
33
34

35
36

2(n+2)
relatlon between marginals corresponding to two different diagonal entries of T € Bg, and these are

= 4n(n+2) + O( )
As before, it follows that the volume-normalised unit ball Br is in almost isotropic position. This

-~ completes the proof of Theorem 4 in the orthogonal case too. U

+ O( ) while the only non-zero non-diagonal entries are those giving the cor-

37

38 5. Entrywise negative correlation property of B, ) or B, c)

39 According to one of the main results in [41], a necessary condition for the variance conjecture to be true
_ 14

9 for the unit ball of any p-Schatten norm on .4, (F) is that the corresponding density fapec(x)-e Xy g x

“ ___ appearing in Lemma 6 and Proposition 7 satisfies a certain negative correlation property: more

‘2 specifically, we need to have
43

“°. M, (x2x2) Mp(x§x§)<(M,,(xf))2_M,,( x2) Mp(x3)

e M,(1) | My() M) | T M,1) M,

31
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for any i # j. This could be used to deduce similar inequalities for the original uniform densities on
the unit balls of the p-Schatten norms which satisfy the conjecture: in [41] we showed that, if p is
large enough (and, as a limiting case, if p = co as well), then (55) holds true and, combined with the
invariances of K, 4, ), implies that

f_ |Ti,j|2|Ti,r|2dT:f_ |Tj,l-|2|Tr,,-|2dT<(f_ |Ti,j|2dT) (f_ |T,-,r|2dT)
Ky, tn® Ky, ttn® Ky, tn® Ky, itn®

10 for all i,j,r, j # r. However, it was unclear from our method whether a similar negative corre-
11 lation property is true for the remaining pairs of entries, that is, when we consider the integrals
E fl?p,,ﬂnm | T; 1?1 Ty, 12 dT with i #1, j# 7.

13 We can now check that this fails to be true and that we do not have negative correlation for the
14 remaining pairs of entries of T ~ Unif(Kw, 4, ) when F is either R or C (of course it doesn'’t fail by
15 much since the variance conjecture is correct in these cases). The key ingredients we will use to check
16 this are the relevant tools in the Weingarten calculus coming from [15] and the estimates we obtained
17 in Section 3 (which also allow us to verify again the negative correlation property for pairs of entries
18 coming from the same row or the same column).

19

ole|~|ofo|sfe]r]-

20 Proof when F = C. To compute and compare the integrals
21

22

- 1 1 2
23 —f T3 jP°1 Ty, 1* dT, (— |T1,1|2dT),
24 vol(Kso) Ko ’ vol(Koo) Kso

25

26 we apply Theorem 9 with k = 2 or 1 respectively. Starting with the latter, we see that
27

28 1

— S Ty 1PdT=——— | Re*(Ty)dT=———| Im?*(Ty,)dT
2 vol(Ke) Kool 1,1 vol(Ke) Jic. (Th,1) vol(Ke) Jic. (Th,1)

30 1 1 d

— =—.——— | TTT"dT

81 n? vol(Kxo) Jxo e

82

33

a4 as expected from the isotropicity of Keo, ., (),

?i
? 1 Neo(llxlI3) 1
i = T . o
3i n Noo(l) 2n
CE
a0 Moreover,
41
vy, .
2 — — | ReX(T; )Re*(T;,)dT = ——— | Im*(T; )Im?*(T; ) dT = ——— | Re*(T; )Im*(T;,)dT
45 VOl(Koo) Jic, (i Re ) Vol(Kog) Jic, T i e () VoltKeg) Ji, € i e (i)
" 1 .
44 2 2
S T; 2Ty 2dT = ——— | T;:T;,T;:1;,dT
45 vol(Kso) Koo| l’]| | l,r| vol(Koo) K Ljthrti,jLtlr
32
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andwheni#l[, j#r

L

2

3 =weV(e:n, n Te(TTH)?dT

- g (emm Ty J )

5 +wel(12):nmn) —— | Te((TTH?)dT
— g (2, m) . r((TT™)7)
Z B n®+1 Noo(llxllg)_ 2 Noo(llxllﬁ)

8 T (n(n2-1))2 Ne(l) n(n2-12 Ny()

o _ nf+1 n' 2 3n-n

10 T (m(n2-1)24n2-1 nn2-1224n2-1)

. R e |

% TR -12@n2—1) 42 —1

v We thus see that

— 1

15 2 2 2 2
5 \T; 21T dT>( IT; | dT)( T, | dT)
6 vol(Koo) Jic, 700 vol(Koo) Jioy vol(Koo) Ji 2"

17 2
7 1-0(1/
8 >(1-0a/n%) I(Koo)

9 (the latter inequality being a necessary consequence of the variance conjecture holding true).
20 On the other hand,

21
= 5 I(Koo)f Ty PIT; 2 dT = I(Km)f T, 4P T 2 T

f Ilel |Tlr| aT

= 1
24 = (Wg¥(e;n, n) + Wg ((12);n,n))~—f ((Tr(TT*))2+Tr((TT*)2))dT
. vol(Keo) Ji,

e 1 2n*+3n® - 1 2

3 - niidnton < TP dr)

27 n2(n+1)2 24n2-1)  2n@2n+1) (vol(Ky) Jk,

28 in accordance with the conclusions from [41]. O

29

30

31 Proof whenF = R. Applying Theorem 13 with k =1 or 2, we can obtain:

32

— 1 1 1 1 x 1

33 T2 PdT=— ——— | Te(ITHdT=—; NooI21) _

v vol(Kso) JK, n vol(Koo) JK, n?  Ny(1) 2n+1

?; (0] (0]

36 T; i|*| Ty 1*dT = W ;)W ; ", (TTHdT
zjvol(Koo)f T3P T2 ,1,,22% g WS (eaim) s | T, (1T

38 = (WeP(e; m)? +2(We((23); m))? f Te(TTH) dT

» ((We™tes )"+ 2(We (@3 m)) T | (Tr(I'TH)

e 1

40 + (4WgP(e; mWg((23); ) + 2(WgP((23); m)?) f Tr((TTH%)dT
41 vol(Ko) Jkoo

42 _ n?+2n+3  Neo(lxll3) 4n+2 Noo(llx113)

43 C (n(n-1D(n+2)2 Ne(1) (n(n-1)(n+2))?> No(1)

44 B n+1

45 T n@n+1)2n+3)

33
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when i #1, j # r, while

v

2 1 1

3 ——— | T AT Zde—f T; il Ti1*dT

: Vol(Koo)wa| PITP T = e [ TP

— 1

5 = wgl(r1;mwWgP (o5 12 1) —f T _, (TTHdT
? Tl,T2§2€M4 g g 2 VOI(KOO) Koo TIITZ

7 2 4 2 4
- _ Noo{llxll _ Nool Il x|l
o 02 M, Noo(1) ooeM; Noo(1)
0 _ 1 ( nt+nd+n . 3n3+4n2—n)

1" C (n(n+2)2\2n+1)2n+3)  2n+1)(@2n+3)

2 -t

13 2n+1)(2n+3)

% These show that we have analogous conclusions as in the unitary case. U
16
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