EDGE IDEALS OF SOME EDGE-WEIGHTED GRAPHS
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ABSTRACT. This paper presents exact formulas for the regularity and depth of
powers of the edge ideal of an edge-weighted star graph. Additionally, we provide
exact formulas for the regularity of powers of the edge ideal of an edge-weighted
integrally closed path, as well as lower bounds on the depth of powers of such an
edge ideal.

1. INTRODUCTION

In this article, a graph means a simple graph without loops, multiple edges, and
isolated vertices. Let G be a graph with vertex set V(G) = {x1,...,z,} and edge set
E(G). Suppose w : E(G) — Z~q is an edge weight function on G. We write G, for
the pair (G,w) and call it an edge-weighted graph with the underlying graph G. For
a weighted graph G, its edge-weighted ideal (or simply edge ideal), was introduced
in [28], is the ideal of the polynomial ring S = K|xy,...,z,] in n variables over a
field K given by

1(Gu) = @25 | e = {5} € B(GL)).

(2

If w is the constant function defined by w(e) = 1 for all e € E(G), then I(G,) is
the classical edge ideal of the underlying graph G of G, which has been extensively
studied in the literature [1, 2, 15, 16, 18, 26, 27, 30, 31].

Recently, there has been a surge of interest in characterizing weights for which the
edge ideal of an edge-weighted graph is Cohen-Macaulay. For example, Paulsen and
Sather-Wagstaff in [28] classified Cohen-Macaulay edge-weighted graphs G, where
the underlying graph G is a cycle, a tree, or a complete graph. Seyed Fakhari
et al. in [29] continued this study, they classified Cohen-Macaulay edge-weighted
graph G, when G is a very well-covered graph. Recently, Diem et al. in [8] gave
a complete characterization of sequentially Cohen-Macaulay edge-weighted graphs.
In [30], Wei classified all Cohen-Macaulay weighted chordal graphs from a purely
graph-theoretic point of view. Hien in [21] classified Cohen-Macaulay edge-weighted
graphs G, when G has girth at least 5.

Integral closure and normality of monomial ideals is also an interesting topic. In
[9], we gave a complete characterization of an integrally closed edge-weighted graph
G, and showed that if its underlying graph G is a star graph, a path, or a cycle,
then G, is normal.
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The study of edge ideals of edge-weighted graphs is much more recent and con-
sequently there are fewer results in this direction. In this paper, we decide to focus
on the regularity and depth of powers of the edge ideal I(G,,), where G, is a special
graph. Recall that the regularity and depth are two central invariants associated
to a homogeneous ideal I. It is well known that reg(I*) is asymptotically a linear
function for £ > 0, i.e., there exist constants a, b and a positive integer t; such that
for all t > to, reg (I') = at + b (see [7, 24]). In this regard, there has been of inter-
est to find the exact form of this linear function and to determine the stabilization
index to at which reg(I*) becomes linear (cf. [1, 2]). It turns out that even in the
case of monomial ideals it is challenging to find the linear function and ¢, (see [6]).
In [3], Brodmann showed that depth (S/I*) is a constant for ¢ > 0, and that this
constant is bounded above by n — (1), where ¢(I) is the analytic spread of /. In
this regard, there has been an interest in determining the smallest value ¢y such that
depth (S/I') is a constant for all ¢ > ¢, (see [16, 20, 26]).

The article is organized as follows. In Section 2, we provide a review of important
definitions and terminology, which will be necessary later. In Section 3, by choosing
different exact sequences and repeatedly using Lemma 2.6, we give some exact for-
mulas for the regularity and depth of powers of the edge ideal of an edge-weighted
star graph. In Section 4, using Betti splitting and polarization approaches, we give
some exact formulas for the regularity of powers of the edge ideal of an edge-weighted
integrally closed path. We also provide some lower bounds on the depth of powers
of such an edge ideal.

2. PRELIMINARIES

In this section, we provide the definitions and basic facts which will be used
throughout this paper. We refer to [4] and [19] for detailed information.

2.1. Notions of simple graphs. Let G be a simple graph with the vertex set
V(G) and the edge set E(G). For any subset A of V(G), the induced subgraph of G
on the set A, denoted by G|[A], satisfies that V(G[A]) = A and for any z;,x; € A,
{z;,2;} € E(G[A)) if and only if {z;,2,;} € E(G). At the same time, the induced
subgraph of G on the set V(G)\ A will be denoted by G\ A. In particular, if A = {v}
then we will write G \ v instead of G\ {v} for simplicity. For any vertex v € V(G),
its neighborhood is defined as Ng(v):= {u € V(G) | {u,v} € E(G)}.

An edge-weighted graph is called a non-trivially weighted graph if there is at least
one edge with a weight greater than 1. Otherwise, it is called a trivially weighted
graph. An edge e € E(G,,) with non-trivially weight if w(e) > 2. Otherwise, we say
e with trivial weight.

A walk W of length (n— 1) in a graph G is a sequence of vertices w; through w,,
where each consecutive pair of vertices {w;, w;;1} is connected by an edge in G. A
path is a walk where all vertices are distinct, and a cycle is a walk where w; = w,
and other vertices are distinct. To simplify notation, a path of length (n — 1) is

denoted by P,, and a cycle of length n is denoted by C,,.
2
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2.2. Notions from commutative algebra. For any homogeneous ideal I of the
polynomial ring R = K|zy, ..., z,], there exists a graded minimal free resolution

OA@R /Bp] /I)%@R Bp 1J(R/I %@R /BOJ /I)_>R/]_)O’

Where p < n and R(—j) is obtained from R by a shift of degree j. The number
Bij(R/I), the (i,j)-th graded Betti number of R/I, is an invariant of R/l that
equals the number of minimal generators of degree j in the ¢-th syzygy module of
R/I. Of particular interest is the following invariant which measures the “size” of
the minimal graded free resolution of R/I. The regularity of R/I, denoted reg(R/I),
is defined by
reg(R/I):=max{j — | 8;;(R/I) # 0}.
Meanwhile, the projective dimension of R/I, denoted by pd(R/I), is

pd(R/I):= max{i | B (R/T) # 0}.

These two invariants measure the complexity of the minimal graded free resolution

of R/I.

For a monomial ideal I, let G(I) denote its unique minimal set of monomial
generators. We now derive some formulas for pd (/) and reg (/) in some special
cases by using some tools developed in [14].

Definition 2.1. Let I be a monomial ideal. Suppose that there exist monomial ideals
J and K such that G(I) is the disjoint union of G(J) and G(K). Then I = J+ K
1s a Betti splitting if

Bii(I) = Bi;j(J) + Bij(K) + Bic1;(JNK) for all i,j >0,
where B;_1 j(JNK) =0 if i =0.

Definition 2.1 implies the following results.

Corollary 2.2. ([14, Corollary 2.2]) If I = J + K is a Betti splitting ideal, then
(1) reg(!) = max{reg(J), reg(K), reg(J N K) — 1},
(2) pd(I) = maz{pd(J),pd(K),pd(J N K) + 1}.

This formula was first obtained for the total Betti numbers by Eliahou and K-
ervaire [10, Proposition 3.1] and extended to the graded case by Fatabbi [13]. In
[14], the authors describe some sufficient conditions for an ideal I to have a Betti
splitting.

Lemma 2.3. ([14, Corollary 2.7]) Suppose that I = J + K where G(J) contains
all the generators of I divisible by some variable x; and G(K) is a nonempty set
containing the remaining generators of I. If J has a linear resolution, then I = J+K
18 a Betti splitting.

The following three lemmas are often used in this article.

Lemma 2.4. [17, Lemma 1.3]) Let S = K[zy,...,z,] be a polynomial ring over a
field K and let I be a proper non-zero homogeneous ideal in S. Then
3
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(1) pd(I) = pd(S/1) — 1,
(2) reg(l) = reg(S/I) + 1.
In particular, if v is a monomial of degree d in S and K = (u), then we have
reg(S/K)=d— 1.
By Auslander-Buchsbaum formula (see [19, Corollary A.4.3]), we have

depth(S/I) =n —pd(S/I).

Lemma 2.5. ([22, Lemma 2.2 and Lemma 3.2 |) Let S1 = K[zy,...,2,], Se =
Klzmit, ..,z and S = K|z, ..., z,] be three polynomial rings over K, I C Sy and
J C Sy be two proper non-zero homogeneous ideals. Then we have

(1) reg(S/(1 + J)) = reg(S1/1) + reg(S2/J),

(2) depth(S/(I + J)) = depth(S1/I) + depth(Sy/J).

Lemma 2.6. ([22, Lemmas 2.1 and 3.1]) Let 0 — M — N — P — 0 be a
short exact sequence of finitely generated graded S-modules. Then we have

(1) reg (N) < maz{reg (M),reg (P)}, and the equality holds if reg (P) # reg (M )—

1.
(2) depth (N) > min{depth (M), depth (P)}, and the equality holds if depth (P) #
depth (M) — 1.

3. STAR GRAPH

In this section, we will give precise formulas for the depth and regularity of powers
of the edge ideal of an edge-weighted star graph. For a positive integer n, the
notation [n]| denotes the set {1,2,...,n}.

Theorem 3.1. Let G, be an edge-weighted star graph with n vertices, and let the
set of monomial generators of its edge ideal be G(I(Gy)) = {(x;z,)“ | i € [n—1]}.
Then

(1) depth(S/I(G,)) = 1.
(2) reg(S/I1(G,)) =w + ;1 (w; — 1), where w = max {wi,...,wWn_1}.

Proof. Let us assume, without loss of generality, that wqy > ws > --- > w, 1. We
will now proceed to prove the given statements by induction on n, we first establish
the base case where n = 2, which is trivial. For n = 3, the following equali-
ties hold: I(G,) : 23% = (272572, 252), (I(G,),25%) = (25?), [(Gy) : 25* =
(25?), and (I(G,),x5%) = ((z123)“", 25?). Therefore, depth(S/(I(G,): 25?)) = 1,
depth(S/(1(Gu),25%)) = 2, reg(S/(I1(Gu,): 257)) = wa—1, and reg(S/(1(GL), 73°)) =
2w1 + wy — 2. By using Lemma 2.6 and analyzing the short exact sequences

w2
Ty S

S
0 = jenem(w2) — ey 2 Gesn 0
w2
S "To S S
0 = fEyemw) — 1wy 7 e 0

)3°)
we can obtain that depth(S/I1(G,)) =1 and reg(S/I(G.,)) = 2w + wa — 2.
4
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In the following, we assume that n > 4 and that the results hold for n — 1.

Since I(G,) : z."7" = (a¥1) and (I(G,),z;"7") = J + (z."7"), where J =

n—1 ’y¥nm—1 n—1

w Wn,— 3 S —_ — —S
((x1x)“", . .., (Tp_omy,)“"2), we obtain depth <—I(Gw): x::1> =n—1, depth <(I(Gw) x:"11)>

n—1

= depth(%) = 1. Furthermore, reg (W) = wy,_1—1 and reg (m =

reg(%,) + (W1 — 1) = wy + Z (w; — 1) by the inductive hypothesis, where S =

Klz1, ..., 252, 2,]. Applying Lemma 2.6 to the following short exact sequence
Wn—1
S _ L1 S S
0 = I(Gw);xj’if( Wn-1) Go) AT — 0,

n—1
we get that depth(S/I(G,)) =1 and reg(S/I1(Gy)) = w1 + > (w; — 1). O
i=1

Lemma 3.2. Let G, be an edge-weighted star graph as in Theorem 3.1. Suppose
W) > Wy > -+ > wy_1. Then, for any t > 2, we have

(1) (1(Go)" & (@p_1wn) =) = I(G)' ™'

(2) (([(Go)': 23", agnt) = (an )

(3) (1(Go)' 2,"") = I((Gu \ )", 271).

Proof. (1) For any monomial v in G(I(G,)" : (z,_11,)“"*), we have u(x,_1x,)** €
I(G,)". Let u(xp_12,)“"' = w; -+~ uih, where each u;; € G(I(G,)) and h is a
monomial. If there exists some j € [t] such that x,_;|u;;, then w;; = (x,_12,)“" "
because Ng(z,-1) = {z,}. This implies that u € I(G,)""". If 2, 1 f w; for all
J € [t], then x,_1|h. Thus, it can be concluded that u € I(G,)"!, since 247~ |u;;
for all j € [t].

(2) For any monomial u € G(I(G,)" : x,"7"), we have ux;"7" = wu; - - - uyh for
some monomial h, where each w;; € G(I(Gy)). Let u;; be represented as u;; =
(vi57a) with ij € [n— 1], : a0,
since w;; > wy,—1. This forces that u € (xzg"1).

(3) Tt is clear that (I(G, \ z,—1)%z2"7") € (I(G,), xomy"). If the monomial
u € GI(Gy))\GI(Gy \ p—1)"), then z,,_ 1|u It follows that (x,_12,)“"*|u, since
Ne(zn—1) = {z,}. This implies that u € (z,;"7"). O

Theorem 3.3. Let G, be an edge-weighted star graph as in Lemma 3.2. Then, for
t > 2, we have

(1) depth(S/I(G,)") = 1.
(2) reg(S/1(G.)") = 2(t = Dwy + reg(S/1(Gu)).

Proof. Let I = I(G,). We will prove the assertions by induction on n and t. The
case where n = 2 is trivial.
In the following, we assume that n > 3 and that the results hold for n — 1 and

t—1. Using Lemma 3.2, Lemma 2.5, Theorem 3.1 and the inductive hypothesis, we
5
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can conclude that
depth(S/((I" - a"y")  af ™))
depth(S/((I" : 23,7"), 25 1))
depth(S/(I", Zf”f))
")
"))
1))

depth(S/I""1) =1,

depth(S/(z"")) =n —1,

depth(S/I((Gy \ zp_1)', 22" Y)) = 1,
reg(S/I'™") = 2(t — 2)wr +reg(S/1(GL,)),
eg(S/(z" ™)) = w1 — 1,

= reg(s/f((Gw \ Za-1)', 2577"))

= 2(t — Dw; + reg(S/I(Gy)).

The desired results hold by Lemma 2.6 and the following short exact sequences

ree(S/((1' 7)o
reg(S/((I' : a23), aon
cen(S/ (I, 2

“Wn—1
S Tn—1 s S
0= memr(en) o7 ey 7Y
Wn—1
S “Tn S
A e A U o B s P B
0

4. PATH GRAPH

This section provides precise formulas for the regularity of powers of the edge
ideal of an edge-weighted integrally closed path using Betti splitting and polarization
approaches. Additionally, it offers lower bounds on the depth of powers of this edge
ideal. The section begins by defining polarization.

Definition 4.1. ([11, Definition 2.1]) Let I C S be a monomial ideal with G(I) =
{uy, ..., upn}, where u; = [] x?” fori=1,...,m. The polarization of I, denoted by
j=1

17, is a squarefree monomial ideal in the polynomial ring S*

I = (P(w), ..., P(um))

n Qij

where P(u;) = [T [ xjk is a squarefree monomial in ST = Klzj1,..., x50, | j =
j=1 k=1
1,...,n] and a; = max{a;|i =1,...,m} for 1 <j <n.

A monomial ideal and its polarization share numerous homological and algebraic
properties. The following is a useful property of polarization.

Lemma 4.2. ([19, Corollary 1.6.3]) Let I C S be a monomial ideal and I” C S”
be its polarization. Then

(1) Bi;(I) = Bi;(IT) for alli and j,

(2) reg(!) = reg(I”),

(3) pd(I) = pd(I”).
Definition 4.3. ([19, Definition 1.4.1)) Let I be an ideal in a ring R. An element
f € R is said to be integral over I if there exists an equation

fk + lekil + - —|—Ck71f 4+, =0 with ¢ € It
6
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The set I of elements in R which are integral over I is the integral closure of I. If
I =1, then I is said to be integrally closed. An edge-weighted graph G, is said to
be integrally closed if its edge ideal 1(G,,) is integrally closed.

According to [19, Theorem 1.4.6], every edge-weighted graph G, with trivial
weights is integrally closed. The following lemma offers a complete characteriza-
tion of a non-trivial edge-weighted graph that is integrally closed.

Lemma 4.4. (|9, Theorem 3.6]) If G, is a non-trivially edge-weighted graph, then
I(G,) is integrally closed if and only if G, does not contain any of the following
three graphs as induced subgraphs.
(1) A path P3 with three vertices, whose all edges have non-trivial weights.
(2) The disjoint union P> P? of two paths P? where all edges have non-trivial
weights.
(3) A 3-cycle C2 where all edges have non-trivial weights.

From the lemma above, we can derive

Corollary 4.5. Let P} be a non-trivial edge-weighted integrally closed path with n
vertices, then it can have at most two edges with non-trivial weights.

The following lemma provides exact formulas for the regularity and depth of
powers of the edge ideal of integrally closed paths with trivial weights.

Lemma 4.6. ([12, Lemma 2.8], [23, Corollary 7.7.34], [2, Theorem 4.7 and Remark
2.12], and [25, Theorem 3.4]) Let P? be a trivial edge-weighted path with n vertices,
then the following results hold:

(1) depth(S/I(F})) = [31.

(2) depth(S/I(P})") = max{[**+1,1}.

(3) reg(S/I(PL)) = [ ™5+

(4) Teg(S/I(PR)) = |5 ] +2(t — 1) = reg(S/1(Py)) +2(t — 1).

Thus, we will now consider the non-trivial edge-weighted integrally closed path
that satisfies the following conditions

Remark 4.7. Let n > 2 be an integer and P} be a non-trivial edge-weighted inte-
grally closed path with the verter set {x1,...,x,} and the edge set {e1,...,e,_1},
where e; = {x;, xi1} and w; = w(e;) for all i € [n — 1].

We begin by calculating the regularity and depth of the edge ideal of a path P”
with n < 4.

Theorem 4.8. Let P! be a path as in Remark 4.7, where n < 4. Let w =
max{wi,...,w,_1}. Then
(1) If n =2 or 3, then reg(S/I(P")) = 2w — 1 and depth(S/I(P})) = 1.
(2) If n = 4, then reg(S/I(P})) = 2w — 1 and depth(S/I(P])) = 2 — a, where
0, Zf(x)g = ]_7

1, otherwise.
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Proof. Let I = I(P?). We distinguish between the following two cases:

(1) The case where n = 2 is trivial. If n = 3, then we can suppose w; > 2 by
symmetry. Thus the following equalities hold: I : 25 = (223" ™!, z3) and (1, 2;) =
(xq). It follows from Lemma 2.4 that depth(S/(] : x2)) = 1 and depth(S/(I,z2)) =
2. Additionally, reg(S/(I : z2)) = 2w, — 2 and reg(S/(I,z2)) = 0. Applying Lemma
2.6 to the following short exact sequence

O%%(—l)—>§—>

T 0 (1)
we can determine that depth(S/I) =1 and reg(S/I) = 2w; — 1.

(2) If n =4, then I = ((z122)*", (xow3)“?, (v324)“?) With we = 1 or wy = w3 = 1.
There are two cases to consider:

(i) Suppose wy = 1. By symmetry, it can be assumed that w; > ws. There-
fore, we have (I : z5) = (25" 23" ', 23) and (I,25) = (w2, (2324)*). As a result,
depth(S/(1 : x9)) = depth(S/(I, z2)) = 2, along with reg(S/(I : x3)) = 2w; — 2 and
reg(S/(1,x3)) = 2ws — 1, are presented. Using Lemma 2.6 and the exact sequence
(1), we can determine that depth(S/I) = 2 and reg(S/I) = 2w; — 1.

(ii) If wy = ws = 1, then wy > 2. In this case, we have (I : x3) = (z1, 252 252, 2314)
and (I,z3) = (z2,x324). Thus depth(S/(I,z2)) = 2 and reg(S/(I,z3)) = 1. If we
let I' = (I : x3), then (I’ : x3) = (w1, (x2w3)“*~ 1, 24) and (I',x3) = (1, 23). There-
fore, depth(S/(I" : z3)) = 1, depth(S/(I',z3)) = 2, reg(S/(I' : x3)) = 2wy — 3
and reg(S/(I',z3)) = 0. By applying Lemma 2.6 to the following two short exact

sequences
S T3 S S
0 — m(-l) = T T 3) — O,
S T2 S S
0 — (I:m)(—l) = 2 - Ty — O,
we can determine that depth(S/I) =1 and reg(S/I) = 2w, — 1. O

Theorem 4.9. Let P! be a path as in Remark 4.7, where n > 5. By symmetry and
Corollary 4.5, we can assume that w; > w;o and w; > 2 for some i € [n —3|. Then

ren(5/1(P2) = max{2, + [+ (P UID  a p P22 Py

—t—a, -t—2 n—i—2
e P e a1

depth(S/I(P")) = min{ f%} + [n

0 . 7 :1;
where a = { W Wi

1, otherwise.

Proof. Let I = I(P") and I” be its polarization, then I” = J” + K7 which is Betti
splitting by Lemma 2.3, where J = (z;x;41)* and G(K) = G(I)\ G(J), since w; > 2
and w;_; = 1. Note that (J N K)? = J? N K. It follows from Corollary 2.2 and
Lemmas 2.4 and 4.2 that

reg(S/1) = reg(l) —1 =reg(I”) — 1
= max {reg(J"),reg(K"),reg(J" N K”) -1} — 1

= max {reg(J), reg(K), reg(Jgﬂ K)y—1} -1 (2)
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and
pd(S/I) = pd(I) +1=pd(I”) +1
= max {pd(J?), pd(K”),pd(JP N KF)+ 1} + 1
= max {pd(J),pd(K),pd(JNK)+ 1} +1
= max {pd(S/J),pd(S/K),pd(S/(JNK))+ 1}.

Therefore,
depth(S/I) = n—pd(S/I) =n —max{pd(S/J),pd(S/K),pd(S/(JNK))+ 1}
= min {depth(S/J),depth(S/K),depth(S/(J N K)) — 1}. (3)
Now, we calculate the depth of S/I.
Note that K = (z129, ..., x;12;)+ K where K’ = (Ti41%i10, ¥ 5 T 5, 0 Tno12n),

and J N K = JL with L = I(P? \ {1, %, Ti+1, Tito}) + (Ti—1, Tiya), where z; =0
if 2 < 0. We have the following two cases:

(a) If wire = 1, then depth(S/J) = n — 1, depth(S/K) = [£] + [%*] and
depth(S/J N K) = [52] + [2==2] + 2 by Lemma 4.6 and Lemma 2.5. It follows
from the equation (3) that

.t n—i, 4—2 n—1—2

depth(5/1) = min{[ ] + [ (2B 4 P2 oy, (@)

(b) If wiyo > 1, then depth(S/J) =n — 1, depth(S/J N K) = [F2] + [2==2] + 2
by Lemma 4.6 and Lemma 2.5. By substituting K' for I in the equation (4) we can
see that depth(S/K) = [£] + (”*—H} Thus

—1—1, 1—2 n—i—2
depth(5/1) = min{ [ 1] + (2T 1) (L2 (P I

by the equation (3).

Next, we calculate the regularity of S/I. There are two cases to consider:

(a) If wipo = 1, then reg(S/J) = 2w; — 1, reg(S/K) = |Z*] + |2=*] and
reg(S/J N K) = 2w; + [5H] + =] by applying Lemma 4.6 and Lemma 2.5.
From the equation (2), it follows that

— 1 —(i+1

reg(S/1) = 2w; + | 7+ 1= % Y (5)
(b) If wie > 1, then reg(S/J) = 2w; — 1, reg(S/J N K) = 2w; + | 5] + [ 2= ]
by applying Lemma 4.6 and Lemma 2.5, and reg(S/K) = 2w; o + |54 ] + [ %] — 2

by substituting K’ for I in equation (5). Therefore,

1—1 n—(+1 1 —2 n—1

reg(5/1(P2) = mas (2 + |7 (D g P2 Py
by the equation (2). O

We will now analyze the powers of the edge ideal of an edge-weighted path P.

Lemma 4.10. Let P" be an edge-weighted path with the vertex set {xy,...,x,} and
the edge set {e1,...,e,_1}, where e; = {x;,xi11} and w; = w(e;) for all i € [n —1].
If w,_1 =1, then for all t > 2, we have

9
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(1) (I(P2)" : wpawn) = I(PD)!

(2) ((L(PD)" s wp),2n 1) = (I(fnl\ Tn1)', Tn1);

(3) (L(P)' wn) = (1(BF \ wn)", 2n);

(4) (](Pﬁ)t7xn—1) = ([<P£ \ xn—l)taxn—1)7

(5) ((L(PY) t wn—1)swa) = (L(P)\ @0)"  Tno1), )

Proof. Let I = I1(P]).
(1) For any monomial u € G(I* : z,,_1x,), it follows that ux, iz, € I'. If

ULp_1Tp = Uit -+ - Uith (6)

where each u;; € G(I) and h is a monomial, and x,|u;; for some j € [t], then
Uij = Tp—1Tn, since Ng(z,) = {x,_1}. Therefore, u € I'"! by the equation (6). If
T, { u;; for any j € [t], then x,|h according to the equation (6). This implies that
u € I'"1 since w,_1 = 1.

(2) Tt is clear that (I(P"\ z,_1)" xn_1) C
w € G(((I' : zy),xn1)). If 2,_1|u, then u
ux, € I'. We can write uzx,, as

((I' : x,),2,_1). For any monomial
e (I (P \ T,1)" x,_1). Otherwise,

UTp, = Upy ** - UptV

where each uy; € G(I(P} \ ©,—1)) and v is a monomial. It follows that x,|v, since
Zn_1 1 u. Therefore, u € I(P"\ z,1)".

(3) For any monomial u € G(IN\G(I (P \ z,)"), it follows that x,|u. Sou € (x,).

(4) If w is a monomial in G(I*) \ G(I(P" \ x,_1)"), then z,_1|u, indicating that
u € (Tp_1).

(5) For any monomial u € G((I' : z,_1),x,), if x,|u, then w € ((I(P*\ z,)
Tn_1),Tn). Otherwise, we have ux,_; € I'. Let uz,_ 1 = u; ...u;g, where each
wi; € G(I)\{xn_12,} and g is a monomial. This implies that each w;; € G(I(P}\x,)).
Hence u € I(P"\ z,)" : 1. O

Lemma 4.11. Let P? be a path as in Remark 4.7. Suppose wy > w3 > 2 and wy = 1.
Then, for any t > 2, we have
(1) (I(P)" : (wams)"™") = I(Fy);
(2) (I(P2)": (wa13)"), waws) = ((w109) =0 oy, (was)03) for £ € [t — 2];
(3) (I(P2)", waw3) = ((m122)™", a3, (w374)™).

Proof. Let I = I(P2).

(1) It is evident that I C (I': (xoz3)"™1). For any monomial u in G(I*: (zow3)'™1),
if zows|u, then u € I. Otherwise, we write u(woz3) ™ as u(wox3) ™! = (w9z3) M Hizl Uir
for some j € [t], where each u; € G(I), xow3 1 h and o3 § uz. Thus u(wexs)’~! =
hIT)_, ui. Suppose that uy = (v129)* for any ¢ € [k] and uy = (w324)** for
kE+1</¢<j7, then

w(woxs)’ ™t = (2129)" (151) VT2 R (7)

We can distinguish six cases as follows:
(i) If j = 2k + 1, then u(wow3)%* = (z129)" (2324)*V*3h by the equation (7).
As wz > 2, w3(k 4+ 1) > w3 + 2k. Therefore, (x3x4)“?|u.
10
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(ii) If j > 2k+1 and j is odd, then 2(j—k—1) > j—1. Hence ws(j—k) > (j—1)+ws,
since ws > 2. By comparing the powers of z3 in the equation (7), we can deduce
that (z3z4)“|u.

(iii) If 7 < 2k + 1 and j is odd, then 7 — 1 < 2(k — 1). Thus, we have kw; >

2(k—1)+w; > (j—1)+w;. Therefore, we can conclude that ($1x2)‘”1 |u by comparing
powers of x, in the equation (7).

(iv) If j = 2k, then wik,ws(j — k) > 2k. Hence, xox3|u by the equation (7).

(v) If j > 2k andj is even, then 2(j — k — 1) > j — 1. It follows that w3(j — k) >
20—k —1)+ws > (j — 1) + ws. As a result, (z3x4)“*|u according to the equation
(7).

(vi) If j < 2k and j is even, then kw; = (k—1)wi+w; > 2(k—1)4w; > (j—1)+ws.
Hence, (z122)“'|u by using the equation (7).

In any case, we always have u € I.

(2) Let u € G(I' : (z923)"), and xoxs|u, then u € ((z129) =0 momws, (w324)F0%3).
Otherwise, we write u(xox3)" as u(row3)" = (1129)“ (x923)7 (2324)"2h, where h is a
monomial such that xexs{ h and i + j + k =t with j < ¢, then

u(z923) 7 = (2129) " (w324) "2 h. (8)

We distinguish between the following two cases:
(i) When i < k, we can rewrite the equation (8) as

w(w923) 7 = (2023)™ 2 (wamy) VW3R 9)

in which b’ = xwlxé(wlfwg) 3], based on the power of 3. Since 223 { h, we have £—

J > iws by comparing powers of zoxs in equation (9). Therefore, u($2x3)é (Gtiws) —
(z324)*9«3ph/ Note that w; > ws > 2 and i+ j + k =t with £ — j > iws, we have
(k:—i)wg—l—iwg—(é—j):kw3+j—€:(t—i—j)wg—i-j—f—i-&ug—éwg
= (t—Ows—iws+ (L —j)(ws—1) > (t — ws — iws + (£ — j)
Z (t — 6)0)3 — iCU3 + ’L.(,U3 = (t - €)w3
and
k—i=k+l—i—(i+j+k)+({t—0) = ({—7—20)+({t—L) > (iws—20)+(t—0) > (t—1).
By comparing the powers of x3r4 in the equation (9), we obtain (wszy)*=9%3y,
which implies u € ((z125) 991 2ox3, (w324)F098).
(ii) When ¢ > k, the equation (8) can be rewritten as

w(woxs) ™ = (woxs)? (229) MLy (10)

with v = g b)) ghesy Since (z923) +u, one has £ — j > kws by comparing
powers of 2,23 in the equation (10). Thus, u(xoxs) 7% = (z129)®“19. Note
that wqy > w3 >2and i+ j + k =t with ¢ — j > kws, we have

(1 = kwr + kws = (£ = j) = (t = J — k)wr + k(ws — wi) + lwy — lwy — (€= j)
(t = Owr + k(ws — 2w1) + (£ = j) (w1 — 1)

( E)wl + l{?(u}g, — 2&)1) + kwg(wl — 1) = (t — E)wl + k:wl(wg — 2)
(t — 6)&]1

AVARAVS
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and

i—k=(t—j—k)—k+l—C=t—0)—2k+(—j) > (t—0)—2k+kws > (t—0).
By comparing powers of x175 in the equation (10), we obtain (z29)*9%1|u, which
implies that u € ((2122) 1 mows, (2324)E0w3).

(3) Let u € G(I'), and xoz3|u, then u € ((z129)™", zoxs3, (v374)™3). Otherwise,
let u = (1129)“" (2314)73, where i +j =t and j < £. If i,j # 0, then zowz|u. If
i =0, then j = t, which means that (z3z4)**|u. If j = 0, then ¢ = ¢, which results
in (z122)™3|u. In any case, we always have u € ((x122)™", xow3, (x314)"?). O

Using the previous preparatory knowledge, we can calculate the regularity and
depth of the edge ideal of powers of a path P, starting with n < 4.

Theorem 4.12. Let P be a path as in Remark 4.7, where n < 4. Let w =
max{wi,...,w,_1}. Then, for allt > 1, we have the following results:

(1) If n =2 or 3, then reg(S/I(P")") = 2tw — 1 and depth(S/I(P?)") = 1.
(2) If n =4, then reg(S/I(P")") = 2tw — 1 and

1
2

n . ifwr=ws =1 and wy > 1,
depth(S/I(P})") = Z'fu; w3i1 (mdw2i1

Proof. Let I = I(P"). We will distinguish between the following two cases:

(1) The case where n = 2 is straightforward. If n = 3, then I = ((z122)“", x213)
with w; > 2, as proven in Lemma 4.4. We will prove these assertions by induction
on t. The case where t = 1 follows from Theorem 4.8. In the following, we assume
that ¢t > 2. Consider the following short exact sequences

0 = () = 5 = a0 (11)
P S S

s
0 = FTom(D — 75 = Ty — O

Using Lemma 2.5, Lemma 4.10 and the inductive hypothesis, we can deduce that
reg(S/((I' = x3) : x3)) = reg(S/I7Y) = 2(t — Dwy — 1, reg(S/((I' : 3),12) =
reg(S/(z2)) = 0 and reg(S/(I*, x3)) = reg(S/((x122)™*, x3)) = 2tw; — 1. Addition-
ally, we can see that depth(S/((I* : z3) : z9)) = depth(S/I*"!) = 1, depth(S/((I* :
x3),x2) = depth(S/(xq)) = 2 and depth(S/(I*,z3)) = depth(S/((z12q9)™", x3)) =
1. Using Lemma 2.6 and the short exact sequences (11), we can determine that
reg(S/I') = 2tw; — 1 and depth(S/I*) = 1.

(2) If n = 4, then I = ((z122)“", (wow3)“?, (x324)“3) with we =1 or w; = w3 =1
by Lemma 4.4. We will prove these assertions by induction on ¢ with the case
t = 1 verified in Theorem 4.8. Now we assume that ¢ > 2 and distinguish into the
following three subcases:

(1) If wy = w3 = 1, then (I',x374) = (J' x324) where J = ((z129)", x223).
Consider the following short exact sequences:
0 — ﬁ(—Q) ‘% 1—5; — [wsen) — O,
s 3 s s
0 — (Jt,zggc4):z3 (_1) — (Jt,x324) - (Jtéz?’) - O’ (12)
2
0 — ((Jt,x324):3) T2 <—1) - (Jt,x3wa):3) - (((Jt,x324):3),22) — 0

12
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Lemma 4.10 implies that (I* : x3zy) = 'Y (J' 23) = ((w129)%, 23), ((J', 2324) :
x3) g = (J'7 xy), (((J', x324) : 23), 12) = (22, 74). Therefore, reg(S/(J' 1, z4)) =
2(t — Dw; — 1, reg(S/I71) = 2(t — Vwy — 1, reg(S/((z179)"", x3)) = 2tw; — 1 and
reg(S/(za,x4)) = 0 by Lemma 2.5 and the inductive hypothesis. From Lemma 2.6
and the above short exact sequences (12), we can conclude reg(S/I") = 2tw; — 1.
(ii) If wy = 1 and w3 > 1, then I = ((x122)“", xoxs, (x324)*®). Consider the exact

sequences:
— It:rszmg (_2) % % - (It,zox3) - )
S T2, S S
- It:(121‘3)2 (_2) —9 It: zox3 - ((It:1‘2$3),$21‘3) - )
T2, S S
0 — It: (I2$3t 2( 2) = It:(zox3)t—3 — ((It:(xgxgg 3),z2x3) — O’
T,
0 — It: (a:g:r;3 )= 1( 2) —§ It:(zox3)t—2 - ((It:(z2x3)t=2),z23)
Since I' : (wws)™! = I, (I' : (wa13)"), wow3) = ((w122) """, yg, (wgi4) = 145)
for any i € [t — 2], and ([, 1:2x3) = ((x1m9)™", xox3, (2374)™3) by Lemma 4.11.

By Theorem 4.8, we can deduce that reg(S/((I' : (zox3)"), z2x3)) = 2(t — i)wy — 1
and depth(S/((I" : (xqz3)"), x9x3)) = 2 for any ¢ = 0,...,t — 1. From Lemma 2.6
and the above exact sequences, we can conclude that reg(S/I') = 2tw; — 1 and
depth(S/I*) = 2.

(iii) If w; = w3 = 1, then wy > 2, since P! has non-trivial weight. We consider
the exact sequences

0 — FnC-) = 5 — w0 (13)
s @3S s
0 — Fognl) — 7n — o — O

Let J = (2122, (zox3)*?), then, using Lemma 4.10, Lemma 2.5 and the inductive
hypothesis, we can determine that reg(S/((I* : x4) : z3)) = reg(S/I'"™') = 2(t —
Dws — 1, reg(S/((I" : x4), w3)) = reg(S/((z122)", 73)) = 2t — 1 and reg(S/ (1", 24)) =
reg(S/(J", xy)) = 2tws — 1. Additionally, we can also see that depth(S/((I" : z4) :
x3)) = depth(S/I'"™') = 1, depth(S/((I" : x4),x3) = depth(S/((z122), 23)) = 2
and depth(S/(I',x4)) = depth(S/(J*, z4)) = 1. Applying Lemma 2.6 to the exact
sequences (13), we obtain that reg(S/I') = 2tws — 1 and depth(S/I*) = 1. This
concludes the proof. O

The following proposition can be shown using similar arguments as the proof of
Theorem 4.12, provided that wy > 2 and w; = w3 = 1, we omit its proof.

Proposition 4.13. Let P* be a path as in Remark 4.7. If wy > 0 and wy = wsy = 1,
then depth(S/I(PY)!) > 1 for any t > 2.

In the following, we compute the regularity of powers of the edge ideal of a path
P with n > 5, as described in Remark 4.7.

Theorem 4.14. Let P! be a path as in Remark 4.7, where n > 5. If w; = max{w; |
i € [n— 1]}, then reg(S/I(P™)") < 2(t — 1)w; + reg(S/I(P)).
13
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Proof. Let I = I(P}). We will prove the assertions by induction on n and t. The
case where t = 1 is trivial. In the following, we assume that ¢ > 2. We have two
cases:

(a) If n = 5, then, by Theorems 4.8, 4.9, Lemma 4.10 and the inductive hy-
pothesis, we can derive that reg(S/((I : x5) : x4) = reg(S/I'"™1) < 2w + 2(t —
2wy, eg(S/((I' : x5),x4) = reg(S/(I(P>\ z4)',24) < (2w; — 1) + 2(t — 1)w; and
reg(S/ (I, x5)) = reg(S/(I(P3\x5)!, z5)) < (2w; —1)+2(t—1)w;. The desired result
follows from Theorem 4.9 and the following exact sequences
S

S x5 S
0 — Itgs(—l) — I—St — (Itgs) — 0,
x4
0 — (It:a:5):x4(_1) — It:xs — ((It:xs),z4) — 0.

(b) Suppose that n > 6. In this case, let J = I(P" \ x,), then, by Lemma 4.10,
we have (J': x, 1)t @p o =J7 (J' i 2 1), 20 0) = (I(P\ {@n, Tno})!, 20 2),
(I': 2wy q) iy =T (I ), 20) = (T(P2\ 20)t s Tp1), @) and (It 2, 1) =
(I(P?\2p_1)t, xp_1). It follows from Theorem 4.9 and the inductive hypothesis that

n—3

3
reg(S/((J' : xp 1), Tn_9)) < (2w — 1) + LnT_E)J +2(t — 1wy,

reg(S/(J' 1 xp_1) : Tp9)) < 2wy — 1) + | | +2(t — 2)wy,
reg(S/((I': 1) ) < (2wy — 1) + LnT_ZJ + 2(t — 2)wy,

reg(S/(I', 1)) < (2w — 1) + LnT_LLJ +2(t — 1wy.

Applying Lemma 2.6 again to the following exact sequences

0 - (1) == % - Ty 0,

Oﬁm(—l)%ﬁ%mao,

0 = gervesC) =7 mn 7 Twmege O
one has reg(S/I") < 2wy — 1+ [252] 4 2(t — 1wy = 1eg(S/1) 4+ 2(t — 1)ws. O

Theorem 4.15. Let P! be a path as in Remark 4.7, where n > 5. Then, for any
t > 1, we have

reg(S/I(P;)") < reg(S/I(F})) +2(t — 1w

where w = max{w; | i € [n — 1]}.

Proof. Let I = I(P). Since P’ has non-trivial weight, w > 2. If w = w;, and ¢ = 1,
then the desired results follow from Theorem 4.14. Assume that 7 > 2 and we can
prove the statements by induction on n and ¢t. The case where t = 1 is trivial. Now,
assuming that ¢ > 2.

First, since P is integrally closed, it has at most two edges with non-trivial
weights by Corollary 4.5. Therefore, for w; and w; s, by symmetry, there exist two
cases: (a) w; > wipe > 1, or (b) w; = wiyo > 2, while for other edges w; where
J # 1,1+ 2, we have w; = 1. We distinguish into two cases:

14
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(1) If i = 2, then (I' : @y) : 2o = '™ ((I' : x1),29) = (I(P™\ 22)%,25) and
(I*,21) = (I(P™\ x1)%,x1) by Lemma 4.10. We have two subcases:

(a) If w; > w2 > 1, then by the inductive hypothesis and Theorem 4.9, we can
conclude that

reg(S/((I": x1) s w2) < (2w —1) + LnT_SJ +2(t — 2)w,

reg(S/(I*,z1)) < (2w — 1) + LHT_BJ +2(t —1w. (14)

We will now prove by induction on ¢ that reg(S/((I* : z1),29)) < (2wy — 1) +
|252] 4 2(t — 1)wy holds for all ¢ > 1. The case ¢ = 1 has been verified in Theorem
4.9. Now assume that ¢t > 2. Let L = I(P? \ x2), M = (x5x6,...,Tpn_12,), then
by Lemma 4.10, we obtain that L = M + (z3z4, (z425)*4), (L' : 23) : x4 = L7
(L' : x3),m4) = (M* z4) and (L', 23) = (N, z3), where N = M + ((x475)“).
Therefore, we can deduce from Theorem 4.14 and the inductive hypothesis that

rea(S/(L' s) s a) < (g — 1)+ [

3
reg(S/(L! as)o0)) < [P+ 20— 1),
n—>5

J + Q(t — 2)&)4,

reg(S/(L', x3)) < (2ws—1)+ | 3 |+ 2(t — 1)wy.
Applying Lemma 2.6 to the following exact sequences
0 — Lfm -) = £ - —(fog) — 0,
s T4 s s
0 — (Lt:ws):zq (_1) — Lt:zg - ((Lt:zs),z4) - 0’

we obtain reg(S/((I* : 21),22)) < (2ws — 1) + [ 252 + 2(t — 1ws.
(b) If w; = w2 > 2, then, by Theorem 4.9 and the inductive hypothesis, we
obtain

reg(S/((I": x1) s 12)) < 2w+ LnT_E)J +2(t — 2)w,

reg(S/(I',z1)) < (2w—1)+ LTLT_SJ +2(t — 1)w. (15)

Using similar arguments as the proof of regularity of S/((I' : x1),z3) in part (a),
We can also obtain

reg(S/((I': 1), 22)) < (2w—1)+ LnT_5J +2(t — Dw. (16)

In the two cases mentioned above, we can obtain reg(S/I(P")") < reg(S/I(P"))+

2(t — 1)w by applying formulas (14)~(16) and Lemma 2.6 to the following exact
15
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sequences

0 = &=y = & - ﬁ — 0,
S T S S
0 — (It:xl):xg(_l) 4 Ttz - ((It:z1),z2) — 0.

(2) If ¢ > 3, then n > 6. By Lemma 4.10, we can see that (I*,z2) = (I(P\
o)t wo), (It i wp) sz = IP°Y, (I : o), 21) = (K : ), 21), (K': 29) 1 w3 = K71
and ((K': xs),x3) = (I(P"\ {z1,23})", x3), where K = I(P"\ x1). There are also
two subcases.

(a) If w; > w;ro > 1, then by Theorem 4.9 and the inductive hypothesis, we can
conclude that

res(/(1'm)) < A+ 124 |2

reB(5/(1':a) 2 m) < (A-20)+ (0] + 2D

reB(S/(K' ) ) < (A—2) 4[24 [P0
{A+L”T‘7J, ifi=3

A+ B4+ (=00 <3 (17)

reg(S/((K' : w2),23)) <

where A = (2w — 1) + 2w(t — 1).
(b) If w; = wie > 2, then by Theorem 4.9 and the inductive hypothesis, we have

feg<(1ti2)> n—(i+1), i—-4, n—i

[ L A N e Ll
reg(S/I) +2(t — Nw

A—&—maX{LZ;?)

IN

n—(i+1), -2 n—i
N R )

IN

(A - 2w) +max{[i;1j + |

IN

reg(S/I) +2(t — 1w — 2w
n—(i+1), -3 N n—1

(A—2w)+max{[i;2j+L 3

-
@)
[0}
/N
—
&l
SRR
8
w
~—— N—— ~——
IN

< reg(S/I)+2(t — 1w — 2w
reg( S < A+ | | | if i =3
(K':ms),23) = | A+ max{|52] 4 |22 | |5 4 |noi ) jfj < 3
< reg(S/I)+2(t—1)w — 1. (18)

In the two cases mentioned above, by applying formulas (17) and (18) as well as
Lemma 2.6 to the following exact sequences

0 = &) = 5 - ﬁ — 0,
0 — m(—l) = % — m — 0,
0 — m(—l) BN Ktixz = w0
It is always possible to ensure that reg(S/I") < reg(S/I) + 2(t — 1)w. O

16
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Theorem 4.16. Let P! be a path as in Remark 4.7. Then, for any t > 1, we have
reg(S/1(P])") = reg(S/I(P})) +2(t — w

where w = max{w; | i € [n — 1]}.

Proof. Let I = I(P") and w = w;, then w; > 2. By applying symmetry, we can

assume that (a) w; > wite > 1, or (b) w; = wiye > 2, and w; = 1 with j # 7,7+ 2.

We distinguish between the following two cases:

(a) Suppose w; > w;y2 > 1 and w; = 1 for all j # i,7+ 2. In this case, let (I')” be
the polarization of I, then by Lemma 2.3, (I*)” = J”+ K7, which is Betti splitting,
and J” N K? = JPL?, where G(J) = {(zwiy1)}, G(K) = G(I') \ G(J) and
L= (ZEll’g, e ,xi_gxi_g) + (l‘i+3$i+4, Ce ,In_lxn) + («Ti—ly xi+2) with €T; = 0if ¢ S 0.
By Lemma 2.5, Lemma 4.2 and Theorem 4.9, it follows that reg(J”) = reg(J) = 2tw,

reg(J” N K”) = reg(JT L") = reg(J) + reg(L)

:2tw+(Li;1J+Ln_(§+1)

=reg(l)+2(t — 1w+ 1.

Let H and H’ be hypergraphs associated with G((I*)”) and G(K7), respectively.
Then H' is an induced subhypergraph of H. Therefore,

reg(K”) < reg((IN”) < reg(I) +2(t — 1w

J+1)

by Theorem 4.15. Based on Corollary 2.2 and Lemmas 2.4 and 4.2, we can conclude
that

reg(S/T) = reg((I')) — 1
= max{reg(J”),reg(K"),reg(J" N K”) — 1} — 1
= 2(t — 1)w +reg(S/I).

(b) If w; = w2 > 2, then reg(S/I) = max{2w + [5*] + L#LQ(M + |52 +

|%5*]} — 1 by Theorem 4.9. We have two subcases:
i) If reg(S/I) = 2w —1) + [ 54] + L%L then the statements can be proved
by arguments similar to part (a), we omit the details.

(i) If reg(S/1) = (2w —1)+ |52 + [ %5*], then let (I)” be the polarization of I*.
In this case, we can deduce that (I')” = J” + K7, which is Betti splitting, where
G(J) = {(zp2mis3)+2} and G(K) = G(I') \ G(J). By arguments similar to part
(a), we can conclude that

reg(J”) = reg(J) = 2tw,
veg(ICP) < reg((I)P) < reg() +2(t — 1),
reg(J” N K”) = reg(J7 L") = reg(J) + reg(L)

:2tw+(Li;2j + Ln;ij +1)
=reg(l)+2(t — 1)w + 1.
17
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It follows from Corollary 2.2 and Lemmas 2.4 and 4.2 that
reg(S/1") = reg((I')?) — 1 = max{reg(J”), reg(K”),reg(J* N K”) -1} — 1
=2(t — 1w +reg(S/1).
O

We conclude this paper by presenting the lower bound on the depth of powers of
the edge ideal of a path P with n > 5, as described in Remark 4.7.

Theorem 4.17. Let P be a path as in Remark 4.7, where n > 5. If w1 > ws and
w; =1 for any i # 1,3. Then for any t > 1, the following holds:

(1) if wg = 1, then depth(S/I(P})") > max { [2=+1],1}.

(2) if wg > 1, then depth(S/I(P})") > max { [2=1],2}.

Proof. Let I = I(P") and J = I(P" \ x,). Then J is an ideal in S;, where S =
K[z1,...,2,_1]. Furthermore, by Lemma 4.10, we can see that (J': x,_1) : &2 =
JTU (T ml1), w2) = (I(PP\ {zp, Tn2}) wns), (I' : zyq) : x, = '),
(I : @ 1)s20) = (T(PEN @)t 1), @) and (I, 1) = (T(P2\ 2 1) 20 1).

We will prove the statements by induction on n and ¢. There are two cases to
consider.

(1) If wy = 1, then the base case where ¢t = 1 follows from Theorem 4.9. Now, we
assume that t > 2. By using Lemma 2.5, Theorem 4.12, Proposition 4.13, and the
inductive hypothesis, we can deduce that

depth(S: /(7' 2y1) * 70s) > max { [ _; +1, 1},
Aepth($1 /(1" + 7 1), 70 2)) 2 max {20 1),
depth(S/(1' 2 1) < 2)) > mas { (P27 1},
depth(S/(I", 7,1)) > max { (”_T”zw, 1}

Applying Lemma 2.6 to the following exact sequences

0 - =) = & = g 0
S ‘xn} S S
0 — (It::pn_1):a:n(_]') It:xp_1 - ((It:zp—1),xn) — O’
S Tn-2 g S
0 = Teivest) — mm 2 wmeoes 0 (19)

it follows that depth(S/I") > max{[2=*],1}.

(2) Suppose w3 > 1. There are the following two subcases to consider.

(i) If n = 5 or 6, then ((I' : x,),2n—1) = ([(P"\@p-1)",xn_1) and (I*,x,) =
(I(P?\ x,)", x,). By applying Theorem 4.9, Lemma 2.5, and the inductive hypoth-
esis, we can conclude that

depth(S/((I" : z,) : 1,_1)) > 2, depth(S/I) =2,
depth(S/((I': z,), 1)) > 2, depth(S/(I",x,)) > 2.
18

20 Mar 2024 05:51:26 PDT
240103-ZhuGuangjun Version 2 - Submitted to Rocky Mountain J. Math.



Thus we obtain depth(S/I') > 2 by applying Lemma 2.6 to the following exact

sequences
= N I
Tn—1 S S
0 — (Itﬂ»’n)wn 1(_1) — It:xy, - ((It:zn),zn—1) — 0. (20)

(ii) Suppose that n > 7, we can use Lemma 2.5, Theorem 4.9, and the inductive
hypothesis to conclude that

depth(S,/(J" : 1) 1 2y s) > m { n—t+1 ,2},
— 1

depth(Sy/((J' : &n1), Zn_2)) > m x{(" i+ 1.2},
— 2

depth(S/((I" : 2, 1) : x {fn t+ ,2},

depth(S/(I',2n 1)) > max{(”_T”zq,z}.

The desired formulas can be obtained by applying Lemma 2.6 to the exact sequences
(19) mentioned above. O

Theorem 4.18. Let P" be a path as in Remark 4.7, where n > 5. If w; > w;io for
some t > 2, and w; =1 for all j #i,i+ 2. Then, for any t > 2, we have
21, ift=2,4=1(mod 3) and n = 2(mod 3),
max [%],1}, otherwise.

—t

(2) if wipa > 1, thendepth(I(Pn) ) >max{f 3 ]72}'

(1) fwipa =1, thendepth(I(Pn) ) > {

Proof. Using the notations from the proof of Theorem 4.17, we can observe from
Lemma 4.10 that (J' : x,1) : @y o = JU7L (I' @ 2y ) @ m, = 7L ((JE
Tn1); Tno2) = (L(BI\{%n, T 2})', 20 2), (I s 2p1), 20) = (L(P2\T0)" : 1), T0)
and (I',x,_1) = (I(P" \ 2p_1)", xp_1).

We will prove the statements by induction on n and ¢. The base case, where t = 1,
follows from Theorem 4.9. Now, we assume that t > 2. There are two cases:

(1) If wijy2 = 1, then we can assume that 2 < i < [%] due to symmetry. Since
depth(S/I) = min{[%] + [%*], [52] + [2==2] + 1} > [%5*] by Theorem 4.9.
Applying Lemma 2.5, Theorem 4.17, and the inductive hypothesas we can conclude
that

(i) If t =2, 9= 1(mod 3) and n = 2(mod 3), then

Aepth($1/(J': -1, 2)) > [P0, depth(S/(1: m,12,)) > [P0,
Aepth(S1 /(" 21).,) = [P, depth (/1) = (2
19
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(ii) Otherwise, we have
—1
depth($1/(J" : Ty10-2)) 2 max {[==—1,1},

depth(Sy/((J* : 1), 2n_2)) > max{fnT_tL 1),

depth(S/(I* : zp_12,)) > max { (H_TML 1},

depth(S/(I', 1)) > max { (”_Tt“}, 1),

By Lemma 2.6 and the exact sequences (19) mentioned above, we obtain

S (24, ift=2,4i=1 (mod 3) and n = 2 (mod 3),
>
I(Pj})t) ~ | max { (247, 1}, otherwise.

(2) If wiro > 1, then we can assume that 2 <7 < | %] —1 due to symmetry. There
are the following two cases:

(i) If n = 6 or 7, then ((I' : x,),2,-1) = ([(P"\#p_1)",2n_1) and (I, x,) =
(I(P"\x,)*, z,). Applying Lemma 2.5, Theorem 4.9, Theorem 4.17, and the induc-
tive hypothesis, it follows that

depth (

depth(S/((I" : z,) : w,_1)) > 2, depth(S/I) =2,
depth(S/((I* : #,),2,1)) > 2, depth(S/(I',z,)) > 2.

By Lemma 2.6 and the exact sequences (20) mentioned above, we obtain depth(S/I*) >
2, which means that depth (ﬁ) > max { (24, 2}.

(ii) If n > 8, then depth(S/1) = min{[3] + [*==], [F*] + [*572] + 1} > [*5]
by Theorem 4.9. Using Lemma 2.5, Theorem 4.17, and the inductive hypothesis, we
obtain

depth(S1/(J* : @p_12,-2)) > max { [HT_HJ},

depth(Sy/((J* : T 1), 2n_2)) > max{fnT_tL2},

depth(S/(I" : zp_12,)) > max { (H_Tm}ﬂ},

depth(S/(It, 2n_1)) > max{(”_T”H,z}.

Applying Lemma 2.6 to the exact sequences (19) mentioned above, we obtain
depth(S/I') > max {[%1], 2}. O

The following four examples provide instances in which the lower bounds of powers
of the edge ideal of a non-trivial edge-weighted integrally closed path in Theorems

4.17 and 4.18 are attained.
20
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Example 4.19. [} = (2323, o3, 1374, 2475), I, = (2222, 1073, 1374, T4T5, T576)
and I3 = (2323, o3, T34, T4T5, T5T, TeT7) are edge ideals of integrally closed path-
s P3PS and PT, respectively. Using CoCoA, we obtain that depth(R/I?) =
depth(R/I3) = depth(R/I%) = 2, which is the lower bound given by Theorem 4.17.

(2,2 3.3 _ (Ad 2,2
Example 4.20. [} = (x{x3, xows, 2328, v4x5), [o = (i3, TaT3, T3XF, ToT5, T5Te)

and I3 = (2323, o013, x%xi,x4x5,x5x6, xexy) are edge ideals of integrally closed path-
s P>, PS and PT, respectively. Using CoCoA, we obtain that depth(R/I?) =
depth(R/I3) = depth(R/I3) = 2, which is the lower bound given by Theorem 4.17.

Example 4.21. I} = (2129, 7323, 2374, 0475), Iy = (T129, ¥373, 2324, T4T5, T5T6),

I3 = (w129, T323, X324, T4T5, T5T6, TeT7) and Iy = (x1To, T3, T3Ty, T4T2, T5T6, TeT7, T7T3)
are edge ideals of integrally closed paths P35, PS, PT and P%, respectively. Using
CoCoA, we obtain that depth(R/I?) = 1, depth(R/I?) = depth(R/I3) = 2 and
depth(R/I?) = 3, which are the lower bounds given by Theorem 4.18.

Example 4.22. [} = (2129, 2373, 2324, 1323, 1576), Iy = (2129, 1323, 1374, 2323, 2576,
zex7) and I3 = (T119, T303, 1314, T3 1576, T6T7, T78) are edge ideals of integral-
ly closed paths PS, PT and P8, respectively. By using CoCoA, we obtain that
depth(R/I}) = depth(R/I3) = depth(R/I3) = 2, which is the lower bound given
by Theorem 4.18.
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