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Abstract

In this work, a class of nonlinear multi-point boundary value prob-
lems (BVPs) in the context of fractional differential equations involv-
ing the Riesz-Caputo derivative is proposed. The nonlinearity term
f involves the left Caputo derivative. Under given some condi-
tions, the existence and uniqueness of the solution are provided.
Though we apply the standard tools of the fixed point theory to
develop the existence and uniqueness criteria for the solutions of
given problems, the obtained results are new in the given scenario.
Finally, some examples are given to illustrate our main results.
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1 Introduction

In this paper, we investigate the existence and uniqueness of solutions to the
following boundary value problems (BVPs) of fractional differential equations
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2 Well-posedness for multi-point BV Ps for fractional differential

involving the Riesz-Caputo derivative and multi-point boundary conditions:
RC c
0 D?W(T) = f(T7w(T)v0wa(T))a

G0 =0, W)= fiul), (”

where 1 <a<2,0<8<1,3,>00<& <& < <€n<,0<7<1,
B¢ D¢ is a Riesz-Caputo derivative, §'D? is the left Caputo derivative of order
B and f € C([0,1] x R2,R). B; and & (i = 1,2,...m) satisfying the following
condition:

A = f:@gg*l < 1.
i=1

In recent years, with the development of science and technology, there are lots
of works devoted to the study of fractional differential equations, see [1-4]
and the references therein. Fractional differential equations with Riesz-Caputo
derivative have been of great interest in recent years. This is because of both the
intensive development of the theory of Riesz derivative itself and the applica-
tions of such construction in various scientific fields. There are a few papers to
study that the fractional differential equations problems with the Riesz-Caputo
derivative[5-10, 12, 13]. By means of new fractional Gronwall inequalities and
some fixed point theorems, Chen et al. [8] studied the existence of solutions
for the two-point BVPs involving the Riesz-Caputo derivative given by

BCDSw(r) = f(r,w(r)), 7 €10,T)], a € (0,1],
w(0) =wp, w(T)=wr,

where !¢ Dg is a Riesz-Caputo derivative. In [10], the authors studied the
existence of positive for the above BVPs by using Leray-Schauder theorem
and Krasonselskii’s fixed point theorem in a cone, where T = 1. In [7], by
employing new fractional Gronwall inequalities and some fixed point theorems,
the authors investigated the existence results of solutions for the two-point
anti-periodic BVPs involving the Riesz-Caputo derivative given by

BCDSw(r) = f(r,w(r)), T €0,T)], a € (1,2],
w(0) +w(T) =0, w (0)+w (T)=0,

where f:[0,7] x R — R is a continuous with respect to 7 and w.

In [14], by means of a fixed point theorem on a cone, the authors inves-
tigated the existence of positive solutions for the following singular fractional
BVP

D w(r) + f(r,w(r), Dgyw(7)) =0,
w(0) =w(l) =0,
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where a € (1,2), a = > 1, f : [0,1] x (0,400) x R — (0,400) satis-
fies Carathéodory type consitions. Here Dg, denotes the Riemann-Liouville
fractional derivative, the nonlinear term f(7,w,v) may be singular at w = 0.

In [15], Zhang et. al. studied the following fractional differential equation

Dgw(T) + f(7—7w(7—)7 DEW(T)) =0,

D2(0) =0, DZ() = | (6 DR dA(),
0

where D¢ is Riemann-Lioville’s fractional derivative, 0 < 8 <1 < a < 2,
a—f > 1, A is a function of bounded variation and dA can be a signed
measure, f € C((0,1) x (0,400) x (0,400), (0,4+00)), and f(7,w,r) may be
singular at both 7 = 0,1 and w = v = 0.

To the author’s knowledge, no one have considered the qualitative prop-
erties of solutions to multi-point BVPs of fractional differential equation
involving the Riesz-Caputo derivative. In this paper, the purpose of this study
is to establish some existence and uniqueness results for the problem (1)
by using Krasnoselskii’s fixed-point theorem, Schauder fixed point theorem,
Leray-Schauder’s degree theory and the Banach contraction principle. Though
the tools used in this paper are standard, their application in the framework of
the given problem is new. Furthermore, instead of f(7,w(7)), we consider the
nonlinear term f(7,w(7),§ D2w(7)), which leads to extra difficulties. Finally,
the multi-point is involved in boundary conditions.

This paper is organized as follows. In Section 2, we introduce some basic
definitions and preliminaries results. In Section 3, we prove the main results
of this paper, which includes the existence and uniqueness of solutions to the
problem (1). Some examples are given in Section 4.

2 Preliminaries

In this section, we sum up some definitions, lemmas and preliminary facts will
be applied to this paper.

Definition 1 (see[11]) The fractional left, right and Riemann-Liouville fractional
integral of order n — 1 < a < n are defined as

1

(OI20)(7) = /O "(r — 9 Luo(e)ds,

1 /T o
o / (s — 1) Lo(o)ds,

T
(0I§w)(r) = ﬁ /0 7 — ¢ 1" (e)ds,

«

(rI7w)(r) =

where n € N, 0 < 7 < T, I' is the Euler gamma function defined by I'(a) =
eroo a=1,-74
0o T e T.
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Definition 2 (see[11]) The classical Riesz-Caputo derivative of order o > 0 is given
by
T (n)
RC 1 w'™(s)
Drw(T) = ds
0 Pre) F(n*a)/o [7—cfetton

1
= (6 DF + (-1 DPw(r), neN, 0<r<T,

where ng is the left hand side Caputo derivative, QD% is the right hand side
Caputo derivative, which are respectively given by

C o 1 i W(n)(§)
Diw(r) = N <r <1
0T ( ) I (n a) A (T — §)a+1 nd§7 nel, 0=7=T,

C na I S L OIS
7 Drw(r) = Tna) ). _netrads neN, 0<r<T
In addition, if 1 < o < 2 and w(r) € AC™[0,T], then

1
6 Dfw(r) = 5§ D7 £ Df)w(r).

Lemma 1 (see[ll]) Let n —1 < a <mn, n €N, w(r) € AC"[0,T], then

=l L0 |
012§ D) =) - 3 O oy
=0

and
n—-1, i) )
18S Dw(r) = (—1)”(w(r> -y Ee e TV)'

Thus, we have

RC c
olfy Diw(r) = ( 26 D + - 136 D wo(r) + (—1)" ( 129 DG + 155 D7)

= SOI26 D + (—1)" 17 DR (7).
In addition, if 1 < a < 2 and w(7) € C1[0,T], then
RC 1 1. ’
olrg  DTw(r) = w(7) = 5(@(0) + w(T)) = Slw (0)7 —w (T)T —7)].

Lemma 2 Suppose that A := Y7 ﬂi@a—l <1L,Bi>0,0<& << <E&m<l,
1<a<2,0<7<1,then for h € L*[0,1], the following BVP

{ ch(lxw(T) = h(r), [0 1] (2)
w(0) =0, w(l)= Zm Biw(&i)

has a unique solution

n=[ atoneas+ AZ&/ (&, Ih(s)ds,

where
27(1 — g)o‘_l
(1-A) ()’

a(r,s) = ﬁ[(l — 9 (e = 1)1 -9 A =)+ | T - 271,

G(T7 C) = g(Ta g) -
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Proof From Lemma 1, we have
w0t W Or-—wMA=7) [T (r=9)
wr) =——"5— "+ 2 +/0 oy MO

1 (§ _ T)afl
+ ], St

Furthermore, we have

, w/ w’ T (r— a—2 1 _r oa—2
w (1) = M +/0 %MQ*—/T %h(g)dg. (4)

Using the boundary condition w(0) = 0, (3) and (4), we have
1 1

, 1 o \a—
%w(l) = %w (0) —|—/O %{;h@)ak

1 1 1 (1 _ g)a_2
5&) (1) = 5&) (O) +/() mh(C)d( (5)

’ , 1 F— 1
w(r) = (1) + 56 O o O -7+ [ T

From (5), we have

, 1 _ a—1 1 _ ya—2 .
w(r) =w () + /O %h(c)dc— /0 %h(q)dc

T (T o g)ozfl 1 (§ _ 7_)0471
+ /0 e —h(e)ds + / E S —h(sds (6)

, 1
— ()7 + /O o(r, )h(s)ds.

By w(1) = E;ﬂ 1 Biw(&;), combining with (6), we obtain

1 2(1 7 g)a—l
AZBZ/ (&irs)h(s)ds _/0 mh(g)dc- (7
Substituting (7) into (6), we obtain

/GT§ dg—&-iZ@/ (& s)h(s)ds

The proof is completed. O

3 Main results

Let X = C(]0,1]) be a Banach space with the maximum norm [w| x
max,co,1] |w(7)|, and the Banach space ¥ = {w : w € C[0,1], §D%w €
C10,1],0 < o < 1} with the norm

C no
wlly = max |w(7)| + max |§ DIw(T)|.
[lwlly 76[0’1]| ()l 76[0,1]|0 ()l

Denote

IS -t ros

+ max

“ =
T€[0,1]

2
T—¢|%
/‘ oz—‘l (c)ds|
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V—Tan%XI/ | G(1,¢)¢ |d<+( re- 52 3) Zﬁz/ [ g(&iss)p(s) | ds,
1 |(1— A2t~ 49 1 2—a(l—A) 22~
“Tat+1l)  (1=Al(a+l)  T2-5) (( Al(at1) T(art 1)) tr

where p is defined in (H4). In order to obtain our main results, we give some
conditions on the function f:

(H1) f:[0,1] x R x R — R is continuous;
(H2) There exists a nonnegative real valued function ¢ € L[0, 1] such that
|f(7',’u,7’l))| < (10(7—) + kl‘u| + k2|’U|,

where ki, ko > 0 are constants and k; + ko < x '

(H3) There exist two constants Iy, I3 > 0 such that
|f(T,ur,v1) = f(7,u2,v2)| < lilur — uz| + l2|vr — v2

for all 7 € [0,1] and all uy,us,v1,v2 € R;
(H4) The constant

(1+I'@2-p)
(1— A)T(a + 1)I(

p= L3 i1 — (- el + 6 +(1-6)°)
i=1

and [ + 15 < ,0_1.

The BVPs (1) can be converted into a fixed point problem Tw = w, where the
operator T': Y — Y is presented by

1
(Tw)(r) = / G(7,)(5,0(5), § DPw(s))ds
(8)

T

m 1
SO WCEHCROR EAROIE

Now, we present the first result of this paper by applying Krasnoselskii
fixed point theorem.

Theorem 1 Suppose that (H1), (H2), (H3) and (H4) hold. Then the fractional BVP
(1) has at least one solution in'Y.

Proof Consider a ball
Qry i={weY :|wly <r,7e€][0,1]}.

where .
by VAT =8)"
T 1= (k1 +k2)x
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Obviously, €, is a closed, convex and bounded set.
Next, we subdivided the operator T into two operator 17, T2 : Qr, — R as
follows:

1
(Tyw)(r) = /O G(7,) (5, w(s), § DPu(s))ds

(Ta) (7 AZ@ [ 0691600, § Dt

If w € Qr,, by the condition (H2), then we have that
0 < |w(r) £ max |w(7)| < [lwlly <71,
T€[0,1]
0 <[5 DPw(r)] < max [§DFw(r)| < [lwlly <.
T 9

Hence,

Fr,w(r),§ DFw(r) < o(7) + (ky + k2)r1. (9)
The proof is divided into several steps.
Step 1. Tiw + Thw € Qp,. For any w € Qy,, we have from (9)

(T1w)(T

/GT, V£ (s, w(s), § DEw(s))ds

/|GT§ $)lds + (k1 + k2)r1

J; et
For notational convenience, we denote by

1 _ a—1 1 T— a—1
0I%(1) = /O %dc» 0IF (1) = /O %dg

1 _ ya—1
o) = [ Togd—as

From (6)-(7), we have

/ G(7,<)ds [ 2(1) = (1= 7)ol (1) + o7 (1) — ﬁolﬁ(ﬂ]
<Jlor2 ) = (= ot W]+ lotf ) - g0 0]
1 T—1 T+ (1-7)° 27
S‘r(aﬂ)* I‘(a)‘ T(a + 1) +(1—A)F(a+1)'
1 (1—A)2% 42
“Ta+)  (-AT(a+D)
Thus,
1 (1—A)2l7 42
(e < s, [16tmelac s (e + G 3G )
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Furthermore, we have from (9)-(10)

(T1w)' ()]

1 _ ya—1 1 _ \a—2
|- [ A e phutenas + [ G rewte).§ Do)

AV N F(a -1)
a—2

G R B P .
*/0 a1 ) (w06 D) - / I " For0(6). § DEw(s))

a—l)

< (r—<)”

L(1 g2 21—t

I e R ey
1 —r a—2

_|_/ (;(aizl)@(g)dg (k1 + k2)r1 (o181 (1) — 1= A

2-a(l—A) L g o
§M+(k1+k2)m((1—A)F(oc+1)+F(04_1)( o " “ ))
2—a(l—A) 27°

(1—A)(a+1) F(a‘*‘l))’

where use the following inequality

01{**1(1):/0 a71 =92, +/ {Clenk )l

_F(al— 1) (Taa : + = a)a 1)

afl

o7 (V) +olf™

<p A+ (k1 + k2)r1 (

22—a
Ma+1)"

Therefore, we know that

1
ITiwllx < max / G, 6)p(S)Ids + (k1 + k)
7€[0,1] Jo

1 (1—A)21> 42
x (F(a+1) + (17A)r(a+1)>’
2—a(l—A) 227
ESNCES r(a+1)>'

(Thw)' || x <p+ (k1 + lf2)7“1<
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Similarly, we have

(o) (r ‘ 52 / (6,6 (5, w(6).§ DEwl(s))ds
S Z / | g §Z7 | ds
(kl +k2 )r1
- Zﬁz / (6,6)ds
S s [ lotes etolas +(k1+k2)“§ﬂz oI2(1)
a—1 ! (g §z)a_1
1-&)ol ‘ / §+/& o) dc]
- (k1+k2)7“1
SR8 5 [ oo + (R
S |1_ 1_51 1
; (B @ v a-am),
where

i Lo 1 A
zoﬁu%nfamﬁ%uﬂ/‘ELjLi@ﬁ/(c&)lk

1
‘/)g@wcﬂc
0

0 I'(a) e Tl
a1y (1_ e ol & (f’i*()a_l ! (gffi)a_l
SH}&;%ML+NQ+D@?+07&W)
Furthermore,
() ()l =12 5 520 / (61,6) (5, w(s), § DEul(s))ds
< Z / (r9) MZ@/ (€6,5)ds
S A Z / l9(&:,9)p(s)|ds + %
i=1
S |1 — (1 — 52) | 1 « Y
Xizzlﬁl( Tla+1) +F(a+1)(£i +(1-&) ))
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Therefore, we know that

m
(k1 + k2)r1
< ~ - Z7 -
1(Tow) | x 5 E_l / (& )p()lds + ——3

m

1 « «
Z( a+1 +F(a+1)(§i+(1—§i>)),

ki +k
E)%/wa, \¢+L%j%g

(-l , 1 . .
xzﬁl( ol e a-a”).

Furthermore, from Definition 2, we have

(€ DI < s / "(r = 9P| ()

1(Tow) | x <7

I(T1e)' 1 x
T TE-h)
and 1 -
(6 D7) ()| < 755 /0 (7= )77 I(Taw) (5)ds|
I(Tow) | x
S (@-pra-p)
which means that
[(Taw)| I(Taw)|
|G DTl < =gy IEDITw)lx < =g (1)

Therefore,
_ C B
ITwlly =ITwlx + 5 DETw]x
<|Twwllx + 1 Twlx + 6 DI Twwllx + 11§ D7 Tawllx

B4 (k1 + ko)rix

=t re-p)

<r )

which yields that Thw + Tow € Q.

Step 2. The operator T1 compact and continuous.

From condition (H1), the operator 77 is continuous. According to Step 1, we have
from (11)-(12)

Tl = e, / |G(r,)p(<)lds + (k1 + k2)r1
[(1—A)2 > 42|
(e s )
1§ DETyw)1x < %

25 Jul 2023 04:19:03 PDT
220918-Zhou Version 3 - Submitted to Rocky Mountain J. Math.



Springer Nature 2021 BTEX template

Well-posedness for multi-point BVPs for fractional differential 11

Thus, for Vw € Q,, we have

c
ITiwlly =|Twwlx + 1§ DITiw)(7) ] x

max / |G(7,¢)p(s)|ds + (k1 + k2)r1

T€[0 1]
(1= A2 4+ 2|
X (F(a+1) TN CES)) )
m 2—a(l—-A) 22—
treop Ttk +k2)”)<(1 " A+ ) Tla¥ 1))

which means that 77 is uniformly bounded on Q.

Next we prove the compactness of the operator T7.

Forany 0 <71 <7 <1,w €y, let M = max,¢(0,1) weq,, f(T,w(T)7CDECU(§))
+1, we have

1
[(Thw)(11) — (Thw)(72)] S/O 1G(11,5) — G(72,9)| | f(s,w(s),§ D2w(s)) | ds
1
SM/O (G(r1,<) — G2, <) |de

"2 —m)(1 -9t (1-9* (2 —7)
SM{ /0 -V ' Ta-1n *

+'1“(1a)/01|72_§|d<_1“(1a)/01ﬁ_§d§}
<M{I + I},

where

_ [t 2o —m)A -9 (-9 (e —T)
L _/ A-Vie |+ Ta-n @

‘ /|T2—§|a 1d§—7/ Ir1 — |* g

Obviously, it is easy to see that I; — 0 as 72 — 771.
On the other hand, we have

1 (7_1 g)a 1 B T2 (7_2 _g)afl
L e ) P

+/ﬁ “‘F&)) ds —/T: (g_rzr;))a_ldg‘

I =

% /Tl[(7'2 —)* = (1 =) Mde + ﬁ /: (12 —¢)* tds
/ [( — (s —m2)* Mds + ﬁ/:(c—fz)a*lck
_m[ - A=) = (1 =) = (12 = 71)" = (11— 72)7]

tending to 0 as 70 — 7.

25 Jul 2023 04:19:03 PDT
220918-Zhou Version 3 - Submitted to Rocky Mountain J. Math.



Springer Nature 2021 BTEX template

12 Well-posedness for multi-point BVPs for fractional differential

Furthermore, we obtain
6 D7 (T1w)(r1) =6 DF (T1w)(72)]

1 .~ B , 1 T2 B ,
“ g [ 9 me O gy [ e o

I x| (™ =8, [T s
< Ta-p) /0 (11 —<) "ds /0(72 §) Vds
I(Tw) llx | 1-8  _1-8
STe-p TR

tending to 0 as 79 — 71. So, T} is relatively compact on §2,. Hence, 77 is compact
on Qr, by the Arzela-Ascoli Theorem.

Step 3. The operator T3 is a contraction mapping.

For any w, v € Qp,, 7 € [0,1], from (H3), we have

[(Tow)(7) — (Tav)(7)|

m

o [ 106 176, 009,§ DEO) — 16,1161, § DO

e ;@- [ ot + o~ vivas

m

—% S OBl = (1= &)al+ & + (1 - &)N)w — vy
=1

On the other hand,

m 1
(o) (7) = 125 YA [ 9(6s)(so(6).§ DRw(e))ds,

and

|<T2w>’< )~ (To) ()
Zﬁl / (6, ) (F(5,w(<), § DEw(9)) = £(s, (<), § DEV(<)))ds

< ﬂ Zﬂi/ lg (&, )| (11 + 1) ||w — vy ds

S(]__l#l2 ZBZ 1_51 Oé|+£l ( g’i)a)Hw_V||Y~

Furthermore, we have
I§ D2 (Tow) () — § DL (Tov)(7)]
_ 1 T -8 ’ 1 T 5 ,
- ‘m/o (1 =¢) " (Tow) (c)ds — m/o (1 =¢) " (Tev) (s)ds
[(Tow) — (Tov)'Ix [T -8
< F(1—52) X/O (1 —¢) "ds

+lw=vly <=4« a e
3(1,A)p(a+1)r(275);ﬁz(|1 (I-&al+& + (1 -&)7).
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Thus, it follows that
[Tow — Tov|ly < (lh+12)pllw—v|y, and (l1 +12)p < 1.

This means that T5 is a contraction.
It follows Krasnoselskii fixed point theorem that the BVP(1) has at least one
solution w € Y. O

We change the condition (H2) to the following conditions:

(H2)" There exists a nonnegative real-valued functions ¢ € L[0, 1] such that
[f(ryu,0)| < @(7) + kaful™ + kafv]2,

where ki1, ko > 0 are constants and 91,02 € (0,1); or
(H2)" |f(1,u,v)| < @(7) + k1|ul® + ko|v|%2, where k1, ko > 0 are constants and
01,09 € (1, +OO);

Remark 1 In Theorem 1, the function f is required to satisfy the conditions (H2)

and (H3). If (H2)/ or (H2)” is satisfied, the function f generally does not meet the
condition (H3). Thus, if the conditions (Hl)—(HZ), or (Hl)—(H2)” are satisfied, we
apply Schauder fixed theorem to obtain the existence result of to (1). Meanwhile, if
the conditions (H1)-(H2) are satisfied, we can also obtain the existence of the solution

of (1) through the Schauder fixed theorem.

Theorem 2 Suppose that (HI)—(HQ)/ hold. Then the fractional BVP (1) has at least
one solution in'Y .

Proof Define
Qry i ={weY :|wly <re,7€[0,1]}.
where

r9 > max < 4v _ A (4klx)ﬁ (4kgx)1*152 .
-_ b) F(z _ )7 b

Obviously, €2, is a closed, convex and bounded set. Consider the operator 7" defined
in (8) on Qp,. Similar to the Step 1 in the proof process of Theorem 1, we know that
T(Qry) C Qpy, ie., T(2ry) is a uniformly bounded set.

Next, we will show that T is completely continuous.

In view of the continuity of f and G, the operator T' is continuous.

Let 71, 72 € [0,1] and w € Qy,, then we have

|(Tw)(m1) = (Tw)(72)]

| & 1
<m-nl > | o609 1(6.0(6).6 DE(e)) s + [(Tho) () = (Thw)(r2)

M|T1 —T2|

m 1
S oL [ ot s+ 1(Ti) () - (Ti0)(r2)
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tending to 0 as 7; — 7. That is, T is equicontinuous.

|5 D2 (Tw)(r1) — § DE(Tw)(12)|

= ‘m% 8) A (11 =) (Tw) (c)ds — ‘m% B) /0 (r2 =) (Tw) (c)ds
< T)lx 1Tl g 1o
= NER) LR

— 0 as 11 — .

Therefore, we have ||(Tw)(71) — (Tw)(12)|ly — 0 as 71 — 72 for w € Q,. According
to the Arzela-Ascoli theorem, we claim that T is completely continuous. Thus, the
Schauder fixed point theorem implies the existence of a solution in €2, for the BVPs
(1). O

Theorem 3 Suppose that (H])—(H?)” hold. Then the fractional BVP (1) has at least
one solution in Y.

Proof The proof is similar to that of Theorem 2, so it is omitted. O

Next, we apply Leray-Schauder’s degree theory to obtain the existence
result of solution to (1).

Theorem 4 Suppose that assumptions (H1) and (H2) hold. Then the fractional BVP
(1) has at least one solution on'Y .

Proof Introduce a suitable ball 2., C Y as
Qry i ={weY :[wl|y <r3,7€[0,1]},

where 73 is a positive constant and will be given later.

Obviously, €2, is a closed, convex and bounded set.

Consider the operator T defined in (8) on Qr,. We will prove that T : Qp, — Y
satisfies the condition

0¢ (I—9T)(00,), Ywe€ I, VIe]I0,1], (13)
where [ is the identity operator. Introduce the homotopy
hy(w)=H(W,w) =w—99Tw. (14)

Next, we prove that hy is completely continuous.
If w € Qr,, then we have that

0 < fw(r)] < max |w(7)] < [lwlly <73,
7€[0,1

0< 5 DFw(r)| < max 5 DFw(r)| < wlly <rs.
T

Hence,
Flr,w(r),§ DEw(r)) < (1) + (k1 + ko)rs.
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As argued Theorem 2, T is continuous, uniformly bounded and equicontinuous.
Therefore, according to the Arzela-Ascoli theorem, from (14), we know that hy is
completely continuous. If (13) is satisfied, then the Leray-Schauder degrees are well
defined. From the homotopy invariance and normalization degree, it follows that

deg(hﬂv QT’37 0) :deg((j - 19T)7 QT‘:}a 0) = deg(h17 QT’37 0)
:deg(h07 QT‘37 0) = deg(lv QTav O) =1 75 Oa

since 0 € Qp;. From the nonzero property of the Leray-Schauder degree, we get
hi(w) = w —Tw = 0 for at least one w € ;. To give the value of r3, we suppose
that w(7) = ¥Tw(r) for some ¥ € [0,1] and for all 7 € [0,1]. Thus,

lw()| = [HTw)(n)] < [Twllx < [Tiwlx + [|Towllx

1 |(1—A)21’“+2|)
<
Trélgxl]/ G(7,5)e |d<+(k1+k2)|\wHY( TatlD) = (I=AT(a+1)

m i )
%A;ﬂi/o |9(§i7€)4p(§)|dg+%

1_51) ‘ «
XZBZ( oy @ s a-am),

and
§ DEw(r)| = 195 DETw(r)| < |§ DETwl|x < |I§ DETiw|x + ||§ DETow] x
o Ut k)lwly ( 2-a(l-np) 2770 )
—F(Zfﬂ) r'2-B) (1-A)(a+1)  T(a+1)
(k1 + ko) ||wlly
+F( Z/Bz/ |g §za ‘d§+m
m |1 _ ) | \a
xzﬂl( Sl e ra-em)
Thus,

lwlly =llwlix + 1§ Diwllx = dl|Twly = d|Twllx +9)I§ DI Tw|x

B4k + ka)xwlly

SV+7F(2—B)

which means that

lwlly < (1= (k + k2)y) " (u+ ﬁ)

Let r3 = (1 — (k1 + ko2)x) ! (u—i— %) + 1, the inequality (13) is satisfied. O

Theorem 5 Suppose that (H1) and (H3) hold. If Iy + 1o < x~ %, then the BVP (1)
has a unique solution.
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Proof By condition (H3), we obtain following estimate:

(Tw)(r) — (Tv)(7)|
/|G I (6 w(6), § DEw(s)) — £(s, (), § DEw(e))ds

b Do [ o), D) — 1600, § D2
=1
1
<+l —viv( [ |G<m\d<+—§jm/ (65 slas )
L la-aptega —&)al
S(r(0¢+1)+ I-ATla+1) 1—Azﬁl< a+1)

T+ a- a)“)) (b + 1) — vy

* (a—i—l

and

|(Tw) (7

’

) = (Tv) (1)] = [(Thw) (1) = (T1w) (7) + (Tow) (7) = (Tow) (7)]
<|(Taw) (1) = (T1w) ()] + [(Tow) (1) — (Taw) (7)|

2—a(l-A4A) 92—a
((1 — AT (a+1) T(a+ 1))(11 + L) |lw—v|y

IN

I +1 N
ﬁZﬁz (1= &)al +€ +(1 - &)l - vy,

1§ D2 (Tw)(7) — § DE(Tv)(7)| < ﬁ /0 " PITW) (6) — (Tv) (9))ds

1
< -
“re2-p5)

Thus, we obtain that
[(Tw) (1) = (Tv) ()lly < (l +12)xllw—v|y and (I1 +12)x <1,

which means that 7" is a contraction. Therefore, the BVP (1) has a unique solution.
O

I(Tw) = (Tv) ||x-

4 Examples
Example 1 Consider the following BVP
3 1
chfw( ) = f(m, w(T §D2w(r)), €0, 1] a € (1,2],

w(0) =0, ( )+%w (7) 5 (g) (15)

Taking
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By computation, we deduced that

Frw,v) <40 +14 Sl

s
|f(m,w1,v1) — f(7T,w2,12) |w1*w2\+%\1/1*1/2-

100
Let (1) =472 4+ 1, ky =0, ko = Iy = 20> 11 = 1pp- Furthermore,

3
A= "BEr T R 05TTA< 1, pr 48782,

=1
bt lo = S (1) +la)p ~ 0.4508 < 1
1 271007 1 2)p ~ U. )
ki 4 ko = 510, Y & 15.0825, (k1 + ka2)y ~ 0.9477 < 1.

Hence, the conditions (H1)-(H4) are satisfied. By Theorem 1, the BVPs (1) has a
solution.

Ezample 2 Consider the following BVP
§CDYw(r) = f(7,0(7),6 DPw(r)), 7€ [0,1], ac (1,2],
1 /1\ 1 (1\ 1 (3 (16)
where 0 < 8 < 1. Taking

7 —1)! 7 .
512(21)7 éizf Z:1a2137

47
v AT : . T
F(rw,v) = MT 62 + Ao sin 7t |51 + Aze
1+77 "t Nzeam

where v, \;(i =1,2,3) > 0. By computation, we deduced that

3 3 - | N a—1 a—1
A=Y gt =3 0 21-1)' (i) < (%) <1,
=1 =1

Frw,v) < (1) + kilw|™ + ko|p|*,

%, k1= %, ko = % For 0 < §1, d2 < 1, the condition (H2)/

holds and for §1, d2 > 1, the condition (H2)” holds. Hence, from Theorem 2 and 3,
the BVPs (1) has a solution.

5
™2,

|w

where (1) =

Ezample 3 Consider the following BVP

chi%w(T) = f(r,w T)’CDT%w(T)), T€e[0,1], ae (1,2],

5 (2) .2 (3,8 (4 (17)
fakdng 5 2 8 i+ 1
7 .
51:?7 52253 53257 gi:?77':132737

e AT (w+v)

Hmwv) = o e dn A )
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18 Well-posedness for multi-point BVPs for fractional differential

For w1, v1, wa, v2 € R, by computation,

1
If(T,wivn) — f(T,ware)| < m(\wl —wal + |v1 —val),

1

1 =1y = EONoEE Hence, the condition (H3) is satisfied. Furthermore,
2
l lo = ————— ~ 17.0292, (I l ~ 0.4357 < 1.
1+12 N , (i +12)x <

Thus Theorem 5 guarantees the uniqueness of a solution for the BVPs (1).
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