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THE ADJOINT OF THE HIGHER ORDER HEAT OPERATORS ON JACOBI FORMS

ANIMESH SARKAR

ABSTRACT. We compute the adjoint of higher order heat operators with respect to the Petersson scalar
product on the space of Jacobi cusp forms.

1. Introduction

Constructing new modular forms by means of derivatives of modular forms is well known in the theory of
modular forms. Recently, Kumar [15] constructed certain cusp forms by computing the adjoint of the
Ramanujan-Serre derivative of a cusp form with respect to the Petersson scalar product. The work of
Kumar [15] has been extended by Charan [2], where the author constructed cusp form by computing
the adjoint of the higher order Ramanujan-Serre derivative ϑ

[r]
k . There is a natural generalization of the

differential operator ϑk in the case of Jacobi forms called the modified heat operator denoted by Lk,m,
which is defined as

Lk,m := Lm − m
3

(
k− 1

2

)
E2,

where Lm :=
1

(2πi)2

(
8πim

∂

∂τ
− ∂ 2

∂ z2

)
, τ ∈ H , z ∈ C. The operator Lk,m maps a Jacobi form ϕ of

weight k and index m to a Jacobi form of weight k+2 and index m, and is a linear map.
The main aim of this paper is to construct Jacobi cusp forms using higher order heat operator. To do

this, we first define the higher order modified heat operator (defined in Section 3) and compute its adjoint
with respect to the Petersson scalar product on the space of Jacobi forms. To prove our result, we consider
certain generalized Jacobi Poincaré series. Such Poincaré series was first studied by Williams [19] in the
case of modular forms. Jha and Pandey studied similar Poincaré series for Jacobi forms in [10]. For more
details on the problems of construction of automorphics forms, we refer to [8, 9, 11, 12, 13, 14, 15, 18].

We now give the outline of the paper. In the next section, we recall the basic definition and properties of
Jacobi forms. In Section 3, we state our main result (Theorem 3.1). In Section 4, we provide some results
which will be used to prove Theorem 3.1. A proof of Theorem 3.1 is presented in Section 5. Finally, we
give some applications of Theorem 3.1 in Section 6.

2. Preliminaries

Let H and C denote the complex upper half plane and the field of complex numbers, respectively. The
Jacobi group ΓJ is defined by

Γ
J := SL2(Z)⋉Z2 = {(M,(λ ,µ)) : M ∈ SL2(Z),λ ,µ ∈ Z}
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with the group law (M,X)(M′,X ′) = (MM′,XM′+X ′). The Jacobi group ΓJ acts on H ×C via((
a b
c d

)
,(λ ,µ)

)
· (τ,z) :=

(
aτ +b
cτ +d

,
z+λτ +µ

cτ +d

)
.

Let k and m be fixed positive integers. For a complex-valued function ϕ defined on H ×C and
γ =

((
a b
c d

)
,(λ ,µ)

)
∈ ΓJ, the slash operator of weight k and index m is defined as

(1) (ϕ|k,mγ)(τ,z) := (cτ +d)−ke2πim(− c(z+λτ+µ)2
cτ+d +λ 2τ+2λ z)

ϕ(γ.(τ,z)), (τ,z) ∈ H ×C.

We define ϕ|k,mM := ϕ|k,m (M,(0,0)) and ϕ|mX := ϕ|k,m
((

1 0
0 1

)
,X
)

for M ∈ SL2(Z) and X ∈ Z2. Then it
is easy to check that

(2) ϕ|k,m(M,X) = (ϕ|k,mM)|mX .

Definition 2.1. A Jacobi form of weight k and index m for the Jacobi group ΓJ is a holomorphic function
ϕ : H ×C→C which satisfies ϕ|k,mγ = ϕ for all γ ∈ ΓJ, and has a Fourier series expression of the form

ϕ(τ,z) = ∑
n,r∈Z,

4mn≥r2

cϕ(n,r)qn
ζ

r, (q = e2πiτ ,ζ = e2πiz).

Furthermore ϕ is called Jacobi cusp form if cϕ(n,r) = 0 for 4nm− r2 = 0.

Let Jk,m (resp. Jcusp
k,m ) denote the vector space of all Jacobi forms (resp. Jacobi cusp forms) of weight k

and index m. The space Jcusp
k,m is a finite dimensional Hilbert space with respect to the Petersson scalar

product defined as

⟨ϕ,ψ⟩ :=
∫

ΓJ\H ×C
ϕ(τ,z)ψ(τ,z)vke−4πmy2/vdV,

where dV := v−3dx dy du dv,(τ = u+ iv,z = x+ iy) and ϕ, ψ are Jacobi cusp form of weight k and index
m. For details on the theory of Jacobi forms we refer to [6].

2.1. Poincaŕe series. We now define the Jacobi Poincaŕe series of exponential type.

Definition 2.2. Let m,n and r be fixed integers with r2 < 4mn. Then the (n,r)-th Poincaŕe series of weight
k and index m is defined by

(3) Pn,r
k,m(τ,z) := ∑

γ∈ΓJ
∞\ΓJ

e2πi(nτ+rz)|k,mγ,

where ΓJ
∞ :=

{((
1 λ
0 1

)
,(0,µ)

)
|λ ,µ ∈ Z

}
is the stabilizer of qnζ r in ΓJ. It is well-known that Pn,r

k,m ∈ Jcusp
k,m

for k > 2 (see [7]).

The next lemma shows that the Petersson scalar product of a Jacobi cusp form ϕ ∈ Jcusp
k,m and Pn,r

k,m yields
the (n,r)-th Fourier coefficient of ϕ up to some constant.

Lemma 2.3 (eqn. 1, p. 519, [7]). Let ϕ ∈ Jcusp
k,m . Then we have

(4) ⟨ϕ,Pn,r
k,m⟩= αk,m(4mn− r2)−k+ 3

2 cϕ(n,r),

where cϕ(n,r) is the (n,r)-th Fourier coefficient of ϕ and αk,m =
mk−2Γ(k− 3

2)

2πk− 3
2

.

For more details about the Poincaré series Pn,r
k,m for Jacobi forms, we refer to [7].

Next we define the generalized Jacobi Poincaré series which will be used to prove Theorem 3.1.
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Definition 2.4 (Generalized Jacobi Poincaré series). Let f (τ,z) be a holomorphic function on H ×C
with Fourier expansion

f (τ,z) = ∑
n.r∈Z,

4nm>r2

a f (n,r)qn
ζ

r.

where the coefficients a f (n,r) satisfy the bound a f (n,r) = O((4nm−r2)
k
2−6−ε). We define the generalized

Poincaré series Pk,m( f )(τ,z) associated to the seed function f as

(5) Pk,m( f )(τ,z) = ∑
γ∈ΓJ

∞\ΓJ

f |k,mγ.

Remark 2.1. The bound satisfied by the coefficient in the above definition is needed for the convergence
of the series. More details can be found in [10].

2.2. Higher order heat operator for Jacobi forms. Recall that the classical heat operator is defined as

Lm =
1

(2πi)2

(
8πim

∂

∂τ
− ∂ 2

∂ z2

)
.

We now state a lemma without proof which gives the relation between higher order classical heat operator
and slash operator defined in (1).

Lemma 2.5 (Lemma 3.1, p. 98, [3]). Let ϕ be a Jacobi form of weight k and index m. Then for a

non-negative integer ν , M =

(
∗ ∗
c d

)
∈ SL2(Z), and X ∈ Z2, we have

Lν
m(ϕ|k,mM) =

ν

∑
l=0

(−1)ν−l
(

ν

l

)(
2mc
πi

)ν−l (k+ν − 3
2)!

(k+ l − 3
2)!

Ll
m(ϕ)|k+2l,mM
(cτ +d)ν−l

and

Lν
m (ϕ|mX) = (Lν

mϕ)|mX .

An easy consequence of the above lemma is the following (take ν = 1):

(6) (Lmϕ)|k+2,mM = Lmϕ +
m(2k−1)c
πi(cτ +d)

ϕ.

Therefore, in view of (2), Lmϕ is not a Jacobi form. However, we have the following:

Proposition 2.6. The modified heat operator Lk,m defined as

(7) Lk,m := Lm − m
3
(k−1/2)E2,

maps Jacobi forms (resp. Jacobi cusp forms) of weight k and index m to Jacobi forms (resp. Jacobi cusp

forms) of weight k+2 and index m, where E2 = 1−24 ∑
n⩾1

σ(n)qn

(
σ(n) = ∑

d|n
d

)
is the Eisenstein series

of weight 2.

Proof. The proof is just straightforward calculations, hence omitted. □

Remark 2.2. From now on, we drop the index notation for Lk,m and write only L ; as the index is fixed
throughout the paper and the weight will be clear from the context.

Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

28 Nov 2023 21:51:52 PST
230926-Sarkar Version 2 - Submitted to Rocky Mountain J. Math.



THE ADJOINT OF THE HIGHER ORDER HEAT OPERATORS ON JACOBI FORMS 4

3. Statement of results

For n ⩾ 1, we define the modified heat operator of order n, L n : Jk,m → Jk+2n,m recursively as follows:

(8) L 0
ϕ = ϕ, L 1

ϕ = Lmϕ − m
3
(k−1/2)E2ϕ,

and

(9) L n+1
ϕ = L (L n

ϕ)−
(m

3

)2
n(k+n−3/2)E4L

n−1
ϕ.

By Proposition 2.6, L n : Jcusp
k,m → Jcusp

k+2n,m is a C-linear map. Therefore, it has an adjoint map L n∗ :
Jcusp

k+2n,m → Jcusp
k,m such that

〈
L n∗ϕ, ψ

〉
= ⟨ϕ, L nψ⟩ for any ϕ ∈ Jcusp

k+2n,m and ψ ∈ Jcusp
k,m . The aim of this

paper is to compute the adjoint map of L n with respect to the Petersson scalar product. This is done by
explicitly computing the Fourier coefficients of the image of ϕ under L n∗ for any ϕ ∈ Jcusp

k+2n,m. We now
state the main result of this paper.

Theorem 3.1. Let k,m,n ∈ N with k ⩾ 4n+4. For any ϕ ∈ Jcusp
k+2n,m, the (N,R)-th Fourier coefficient of

L n∗ϕ ∈ Jcusp
k,m is given by

(10) b(N,R) =
(m

π

)2n Γ(k+2n−3/2)
Γ(k−3/2)

(4Nm−R2)k−3/2
∑
t⩾0

a(t +N,R) Ω
N,R
k,m,n(t)

(4(t +N)m−R2)k+2n−3/2 ,

where a(s, t) is the (s, t)-th Fourier coefficient of ϕ , the constants Ω
N,R
k,m,n(t) is given by

(11) Ω
N,R
k,m,n(t) =



n

∑
r=0

(
n
r

)
(k+n−3/2)!

(k+n− r−3/2)!

(
−m

3

)r
(4Nm−R2)n−r if t = 0

n

∑
r=1

(
n
r

)
(k+n−3/2)!

(k+n− r−3/2)!

(
−m

3

)r
(4Nm−R2)n−rer(t) if t > 0,

and E2(τ)
r = ∑

t⩾0
er(t)qt .

4. Preliminary results

We first state few results which will play a crucial role in the proof of Theorem 3.1.

Proposition 4.1. Let n be a positive integer and ϕ a Jacobi form of weight k and index m. Then we have

L n
ϕ =

n

∑
r=0

An,k,m
r Er

2Ln−r
m ϕ,

where An,k,m
r =

(
n
r

)
(k+n−3/2)!

(k+n− r−3/2)!

(
−m

3

)r
.

Proof. This can easily be verified by simple induction arguments and we omit the proof. □

Next, we describe the image of Jacobi Poincaré series under L n in terms of the generalized Poincaré
series.
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Proposition 4.2. Let n be a positive integer and k ⩾ 4n+4. Then we have

L nPN,R
k,m = Pk+2n,m(ϕ),

where the seed function ϕ is given by ϕ(τ,z) = qNζ R
n

∑
r=0

An,k,m
r Er

2(4Nm−R2)n−r.

Proof. Since the proof is just a routine calculation, we give a brief sketch of the proof. For any ε > 0, we
have en(t) = O(t2n−1+ε), thus the convergence condition for Pk+2n,m(ϕ) becomes k

2 −2n+ ε > 2. Thus,
for k ⩾ 4n+4, Pk+2n,m(ϕ) is given by

(12) ∑
γ∈ΓJ

∞\ΓJ

ϕ|k+2n,mγ = ∑
γ∈ΓJ

∞\ΓJ

n

∑
r=0

An,k,m
r

(cτ +d)2r E2

(
aτ +b
cτ +d

)r (
Ln−r

m (qN
ζ

R)
)
|k+2n−2r,mγ.

Since E2

(
aτ +b
cτ +d

)r

=
r

∑
j=0

(
r
j

)
(cτ +d)r+ j

(
12c
2πi

)r− j

E j
2, after a change of order of summation the right

hand side of (12) is reduced to

∑
γ∈ΓJ

∞\ΓJ

n

∑
j=0

An,k,m
j E j

2

[
n− j

∑
r=0

(
n− j

r

)(
−2mc

πi

)n−r− j (k+n− j−3/2)!
(k+ r−3/2)!

Lr
m(q

Nζ R)|k+2r,mγ

(cτ +d)n−r− j

]
.

Since the expression inside bracket is Ln− j
m (qNζ R|k,mγ), by linearity of Lm and slash operator, we can

write the above expression as
n

∑
j=0

An,k,m
j E j

2Ln− j
m

 ∑
γ∈ΓJ

∞\ΓJ

qN
ζ

R|k,mγ

. Now the statement follows from

Proposition 4. □

5. Proof of Theorem 3.1

We write D and Dt for (4Nm−R2) and (4(t +N)m−R2) respectively. By Proposition 4.2, we have

L nPN,R
k,m =

n

∑
r=0

An,k,m
r Dn−rPk+2n,m

(
∑
t⩾0

er(t)qt+N
ζ

R

)
= ∑

t⩾0
Ω

N,R
k,m,n(t)P

t+N,R
k+2n,m,

where Ω
N,R
k,m,n(t) is given by (11). Using Lemma 2.3 and the definition of the adjoint map, we obtain

αk,mD−k+3/2b(N,R) =
〈
L n∗

ϕ, PN,R
k,m

〉
=

〈
ϕ, ∑

t⩾0
Ω

N,R
k,m,n(t)P

t+N,R
k+2n,m

〉
= αk+2n,m

∞

∑
t=0

Ω
N,R
k,m,n(t)

a(t +N,R)

Dk+2n−3/2
t

.

Upon simplification, the above equation yields

b(N,R) =
(m

π

)2n Γ(k+2n−3/2)
Γ(k−3/2)

(4Nm−R2)k−3/2
∞

∑
t=0

a(t +N,R) Ω
N,R
k,m,n(t)

(4(t +N)m−R2)k+2n−3/2 .

6. Applications

In this section, we apply Theorem 3.1 in some of the special cases and obtain special evaluation of certain
L-series. Let E4 and E6 be the Eisenstein series of weight 4 and 6, respectively. We use the following
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Fourier series expansion of E4 :

E4(τ) = 1+240
∞

∑
n=1

σ3(n)qn =
∞

∑
n=0

σ3(n)qn, where σ3(0) :=
1

240
.

Example 1. Consider ϕ10,1 =
1

144
(E6E4,1 −E4E6,1) ∈ Jcusp

10,1 , where Ek,1 ∈ Jk,1 is the Eisenstein series

of weight k and index 1. By taking ϕ = ϕ10,1 in Theorem 3.1, we have L
∗
ϕ10,1 ∈ Jcusp

8,1 = {0}, and
consequently

0 =
∞

∑
t=0

c10(t +N,R) Ω
N,R
8,1,1(t)

(4(t +N)−R2)8+2−3/2 ,

where c10(N,R) is the (N,R)-th Fourier coefficient of ϕ10,1. Computing the involved constants explicitly,
we have Ω

N,R
8,1,1(0) = (4N −R2 −5/2), and Ω

N,R
8,1,1(t) =−60σ(t) for t > 0. Therefore,

60
∞

∑
t=1

σ(t)
c10(t +N,R)

(4(t +N)−R2)17/2 =
(4N −R2 −5/2)c10(N,R)

(4N −R2)17/2 .

Now, if we take N = 1 and R = 1, we obtain the following special evaluation of the above series.

∑
t⩾1

σ(t)
c10(4t +3)

(4t +3)17/2 =
1

319/2 ×22 ×5
.

Example 2. Consider the Jacobi cusp form ϕ1 = E4ϕ12,1 of weight 16 and index 1, where ϕ12,1 =
1

144
(E2

4 E4,1 −E6E6,1) ∈ Jcusp
12,1 . Then by taking ϕ = ϕ1 in Theorem 3.1, we have L 2∗ϕ1 ∈ Jcusp

12,1 =Cϕ12,1,
and

cϕ1C12(N,R) =
(

1
π

)4
Γ(16−3/2)
Γ(12−3/2)

(4Nm−R2)12−3/2
∑
t⩾0

c(t +N,R) Ω
N,R
12,1,2(t)

(4(t +N)−R2)16−3/2

for some cϕ1 ∈ C, where C12(α,β ) and c(α,β ) are the (α,β )-th Fourier coefficients of ϕ12,1 and ϕ1,
respectively. Since

ϕ1 = 240

(
∑

t1⩾0
σ3(t1)qt1

)(
∑

t2 ,r∈Z;4t2−r2>0

C12(t2,r)qt2ζ
r

)
,

we have
c(t +N,R) = ∑

t1+t2−N=t
σ3(t1)C12(t2,R).

Consequently, we have

δϕ1C12(N,R) = ∑
t⩾0

Ω
N,R
12,1,2(t) ∑

t1+t2−N=t
σ3(t1)C12(t2,R)

(4(t +N)−R2)16−3/2 ,

for some complex constant δϕ1 . Again, by putting particular values of N and R, one can obtain various
arithmetic relations between the Fourier coefficients of ϕ12,1 and E4.

Acknowledgements. The author is thankful to his supervisor Dr. Abhash Kumar Jha for suggesting
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