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THE ADJOINT OF THE HIGHER ORDER HEAT OPERATORS ON JACOBI FORMS
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ABSTRACT. We compute the adjoint of higher order heat operators with respect to the Petersson scalar
product on the space of Jacobi cusp forms.
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1. Introduction

.
@

' Constructing new modular forms by means of derivatives of modular forms is well known in the theory of
' modular forms. Recently, Kumar [15] constructed certain cusp forms by computing the adjoint of the
6. Ramanujan-Serre derivative of a cusp form with respect to the Petersson scalar product. The work of
7 Kumar [15] has been extended by Charan [2], where the author constructed cusp form by computing

"® the adjoint of the higher order Ramanujan-Serre derivative 19[ "I, There is a natural generalization of the
1— differential operator ¥ in the case of Jacobi forms called the modified heat operator denoted by .7 ,,,
2% which is defined as

21

kil 1

22 Lkm =L, —<k—>E2,

— 3 2
23

24 1 d 0?
z% where L,, := W (8 im % 3 2) T €,z € C. The operator .Z} ,, maps a Jacobi form ¢ of

os weight k and index m to a Jacobi form of weight k42 and index m, and is a linear map.

»7  The main aim of this paper is to construct Jacobi cusp forms using higher order heat operator. To do
og this, we first define the higher order modified heat operator (defined in Section 3) and compute its adjoint
o9 With respect to the Petersson scalar product on the space of Jacobi forms. To prove our result, we consider
30 certain generalized Jacobi Poincaré series. Such Poincaré series was first studied by Williams [19] in the
3¢ case of modular forms. Jha and Pandey studied similar Poincaré series for Jacobi forms in [10]. For more
32 details on the problems of construction of automorphics forms, we refer to [8, 9, 11, 12, 13, 14, 15, 18].
33 We now give the outline of the paper. In the next section, we recall the basic definition and properties of
34 Jacobi forms. In Section 3, we state our main result (Theorem 3.1). In Section 4, we provide some results
35 which will be used to prove Theorem 3.1. A proof of Theorem 3.1 is presented in Section 5. Finally, we
36 give some applications of Theorem 3.1 in Section 6.

37

38 2. Preliminaries

— Let 27 and C denote the complex upper half plane and the field of complex numbers, respectively. The
*_ Jacobi group I'V is defined by

42 IV =S, (Z) x 22 = {(M,(A, 1)) : M € SLy(Z), A, € Z}

43
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with the group law (M, X)(M’,X’) = (MM', XM’ +X"). The Jacobi group I'V acts on 7# x C via

(& ) om) o= (EE2 7250

Let £ and m be fixed positive integers. For a complex-valued function ¢ defined on 5# x C and

((f 2) ) € IV, the slash operator of weight k and index m is defined as

\m\w\b\w\w\*

. c(z+At )2
% M (Qh?)(7,2) i= (cT+a) R TSS9 (. (7,2), (1,2) € # % C.
"o We define @[ ,uM := @|in (M, (0,0)) and @[, X := @i ((§9),X) for M € SLy(Z) and X € Z*. Then it
10 1s easy to check that

1 (2) Olim(M,X) = (@i mM)|mX .

12
1* Definition 2.1. A Jacobi form of weight k and index m for the Jacobi group T is a holomorphic function
" ¢ : 7 x C— C which satlsﬁes (p| kmY =@ forall y € IV, and has a Fourier series expression of the form

E Z C(P n,r q Cr ( 271:117 C 27(12)
16 ”7r€Z7
P 4ngr2

17
18 Furthermore @ is called Jacobi cusp form if cy(n,r) = 0 for 4nm — r*> = 0.

¥ Let Jim (resp. J,f'f;p ) denote the vector space of all Jacobi forms (resp. Jacobi cusp forms) of weight k

Jeusp

om 1S4 finite dimensional Hilbert space with respect to the Petersson scalar

;i and index m. The space
o product defined as

5 )= [ eEaulmape ™ ay,
I\#xC

" where dV :=v3dx dy du dv,(t=u+iv,z=x+iy) and @, y are Jacobi cusp form of weight k and index
25 . .
5 ™ For details on the theory of Jacobi forms we refer to [6].

2Z 2.1. Poincare series. We now define the Jacobi Poincare series of exponential type.

28
. Definition 2.2. Let m,n and r be fixed integers with r* < 4mn. Then the (n,r)-th Poincare series of weight
20 k and index m is defined by

5 (3) Pon(ma)= Y, &m0y,
32 yel\[V
33 where T :={((§*),(0,1)) |A,1u € Z} is the stabilizer of ¢"{" in TV It is well-known that P, € J,""'F

84 fork > 2 (see [7]).
35
55 The next lemma shows that the Petersson scalar product of a Jacobi cusp form ¢ € J;'” and A, yields

37 the (n,r)-th Fourier coefficient of ¢ up to some constant.

¢ Lemma 2.3 (eqn. 1, p. 519, [7]). Let ¢ € J;',F. Then we have
39 /

- 3

40 (4) (0, Pn) = Qum(dmn—1?)*F3cy(n,r),

= . . . 2Tk )
42 where cy(n,r) is the (n,r)-th Fourier coefficient of ¢ and 0y, = —
13 2x*2

13

44 For more details about the Poincar€ series P ., for Jacobi forms, we refer to [7].
45 Next we define the generalized Jacobi Pomcare series which will be used to prove Theorem 3.1.
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1 Definition 2.4 (Generalized Jacobi Poincaré series). Let f(7,z) be a holomorphic function on 7 x C
2 with Fourier expansion

3 flr,2) =Y, as(n,r)q"C".

4 n.rez,
5 4nm>r?

E where the coefficients ay(n,r) satisfy the bound ay(n,r) = O((4nm —r?) g_é_s). We define the generalized
7 Poincaré series Py ,,(f)(7,2) associated to the seed function f as

8

— (5 Pem(f)(T.2) =Y, flim?-

9

10
11 Remark 2.1. The bound satisfied by the coefficient in the above definition is needed for the convergence

1o of the series. More details can be found in [10].

yeTL\I/

13
v 2.2. Higher order heat operator for Jacobi forms. Recall that the classical heat operator is defined as

15 1 .0 22

"7 'We now state a lemma without proof which gives the relation between higher order classical heat operator

'8 and slash operator defined in (1).
19

20 Lemma 2.5 (Lemma 3.1, p. 98, [3]). Let ¢ be a Jacobi form of weight k and index m. Then for a
21 non-negative integer v, M = (j *> € SLy(Z), and X € 72, we have

22 d

= v (VN (2me\ T (kv = )V L (0) | 2r,mM
2 ol = Y07 () (%) 2 =
25 1=0 i (k+1—3) (ct+d)Y

2Eand

27

o L (91nX) = (L 9) nX.

2E An easy consequence of the above lemma is the following (take v = 1):

30

= m(2k—1)c
6 L mM =L —_

21?( ) ( m‘P)‘]H’Z m‘p+ ﬂi(CT—Fd)

a3 Therefore, in view of (2), L, ¢ is not a Jacobi form. However, we have the following:

34 Proposition 2.6. The modified heat operator Ly m defined as
35

% (7) L= Ln— 5 (k= 1/2)Es,
37

sg maps Jacobi forms (resp. Jacobi cusp forms) of weight k and index m to Jacobi forms (resp. Jacobi cusp

89 forms) of weight k+2 and index m, where E; = 1—24 Y o(n)q" (G(n) = Y d | is the Eisenstein series
40 nx=1 din

41 of weight 2.

42 . . . .
i Proof. The proof is just straightforward calculations, hence omitted. |

‘E Remark 2.2. From now on, we drop the index notation for .7} ,,, and write only .Z’; as the index is fixed
45 throughout the paper and the weight will be clear from the context.
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al 3. Statement of results

2
' For n > 1, we define the modified heat operator of order n, " : Jy ,, — Ji120,m Tecursively as follows:
4 m
= ® L% =9, L'o=Lnp-Z(k=1/2)E0,

E and

s ma 2

5 9 Pl — 2 (L) — (§> n(k+n—3/2)EsL" .

9

10 By Proposition 2.6, .2" : Tl = J,flezlm is a C-linear map. Therefore, it has an adjoint map .£" :
11 J,ffzpnm — J; P such that <,$” Q,¥) = (@, L"y) forany ¢ € J'1)  and y € J."¥. The aim of this

12 paper is to compute the adjoint map of .#” with respect to the Petersson scalar product. This is done by
13 explicitly computing the Fourier coefficients of the image of ¢ under 2" for any ¢ € J,ifﬁl e e now
14 state the main result of this paper.

15

16 Theorem 3.1. Let k,m,n € Nwithk > 4n+4. For any ¢ € J,fff; . the (N,R)-th Fourier coefficient of
7 L€ J,Sf:;p is given by

18

;Z(IO) BN.R) = (g) a(t+N,R) kan(t)

2 (k+2n—3/2)

(4Nm— R

<V F(k—3/2) =0 (4(t_|_N)m_R2)k+2ﬂ 3/2°
21

oo where a(s,t) is the (s,t)-th Fourier coefficient of @, the constants & mn( ) is given by

23 "

— n\ (k+n-3/2)! ( m>r 2\ :

24 —— ) 4Nm—R°)""" t=0
e rzg)<r> (k+n—r—3/2)1\" 3 (4Nm =) if

il N.R

26 1D Q‘kmn():

27 L (n\ (k+n-—3/2)! ( m>r P ,

- —— ] (A4Nm—R")""e,.(t t>0
28 r; r)(k+n—r—=3/2)!'\ 3 (4Nm Ve ) i ’

29
5 and Ex(7)" = Ze,(t)qt.
ST =0

%2 4. Preliminary results

33
34 We first state few results which will play a crucial role in the proof of Theorem 3.1.

Z% Proposition 4.1. Let n be a positive integer and ¢ a Jacobi form of weight k and index m. Then we have
- n
. Lo =) AVEIL T,

38

— r=0
o (k-+n=3/2)
n +n— ! m\’
h An Jkm _ (_ 7) ‘
o e <r> (k+n—r—3/2)1\ 3
2 Proof. This can easily be verified by simple induction arguments and we omit the proof. ]

43
44 Next, we describe the image of Jacobi Poincaré series under . in terms of the generalized Poincaré
45 series.
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Proposition 4.2. Let n be a positive integer and k > 4n+4. Then we have

gnP]iVm = ]Pk+2n,m((P)7

r=0

Proof. Since the proof is just a routine calculation, we give a brief sketch of the proof. For any € > 0, we
have e, (t) = O(r?"~1+€), thus the convergence condition for Py, ,(¢) becomes & —2n+ ¢ > 2. Thus,

|
2

3

4 n

5 where the seed function @ is given by ¢(7,z) = g" R Z Af’k”"E§(4Nm — Rz)”fr
6

7

8

E for k > 4n+4, Piionm(@) is given by

— nooppkm <aT +b

11
— (12) (P|k 2n,mY = E2
2 7€1§\FJ o ye%w;) (ct+d)* ct+d

)r (L (@) lesam

14 T+b\" & 12 ;
' Since E, <a —td) = ]Z{) (:) (ct+d) T <27L’Cz> E'Z’7 after a change of order of summation the right

16 hand side of (12) is reduced to

17 . .
18 ni‘j n_j _% e (k+n_j—3/2)!L:n(qNCR)’k-i-Zr,m’y
r i (k+r—3/2)!  (ct+d)yr—r-7 |’

n
D W Wi
9 yerL\T/ j=0
20 .
-1 Since the expression inside bracket is Ly, ’(g

r=0

N R m7), by linearity of L,, and slash operator, we can
22
-3 write the above expression as Z A% kmplpn=i Y. ¢"C%imy |- Now the statement follows from

o1 - j=0 yer\1V
o5 Proposition 4. |

26

27 5. Proof of Theorem 3.1

28 We write D and D; for (4Nm — R*) and (4(t + N)m — R?) respectively. By Proposition 4.2, we have
29

30 R
30 n n.k,m yn—r H'N R t+N R
o & PIQI Z A D IP>k—‘,-2n m Z € C Z 'Q‘k m n k+2n m’
—— r=0 >0 120

32

g where in;f ,(t) is given by (11). Using Lemma 2.3 and the definition of the adjoint map, we obtain
34

: a(t+N,R)
36 (x D k+3/2b(N R) <Zn (p7 > <(P7 Zkan Pltcigzlin> (Xk+2ankan )W
37 t

37

s Upon simplification, the above equation yields

e D(k+2n—3/2 1+N,R) QYR (;

40 b(N,R):(T> (k+2n-3/ )(4N _Rzk 3/22 a( ) kmn()

41 T I'(k—3/2) (4(t +N)m — R2)k+2n— 3/2°

41

42 ..
5 6. Applications
‘E In this section, we apply Theorem 3.1 in some of the special cases and obtain special evaluation of certain

45 L-series. Let E4 and Eg be the Eisenstein series of weight 4 and 6, respectively. We use the following
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1 Fourier series expansion of Ejy :
2
- 1
3 E()_1+24OZG3 q—ZG3 n)q", where 63(0) := 390"
T n=1
4
5
o Example 1. Consider @01 = 44 ——(E¢E41 —EsE¢ ) € chgslp , where Ey 1 € Ji is the Eisenstein series
z of weight k and index 1. By taking ¢ = @01 in Theorem 3.1, we have 2 10,1 € Jg”fp = {0}, and
'8 consequently
9 ind Cl()t—l—NR)Q.Sll(t)
10 _Z 4(1+N) — R2)8+2-3/2
11
o where clo(N R) is the (N, R)-th Fourier coefﬁment of @y0,1. Computing the involved constants explicitly,
15 We have QY (0) = (4N — R2 = 5/2), and QF ", () = —600 () for ¢ > 0. Therefore,
14 602 clo(t+N,R) (4N —R*—5/2)cio(N,R)
15 l‘—|—N) R2)17/2 B (4N_R2)17/2
16
;7 Now, if we take N = 1 and R = 1, we obtain the following special evaluation of the above series.
E ot C10(4t+3) . 1
20
2T Example 2. Consider the Jacobi cusp form ¢@; = E4@;2; of weight 16 and index 1, where @2 =
1
22 24 —(EfE4) —EgEg) € chgsf’ Then by taking ¢ = ¢; in Theorem 3.1, we have .Z% ¢, € Jf;slp Coiz.1,
% and VR
24 4 )
- I\N"I(16—3/2 c(t+N,R) Q t
25 ¢, C12(N,R) = (> T6-3/2) (4Nm — R?)12-3/2 ( ) 12’116’2(3/)2
e m) I(12-3/2) 20 (4(t+N)—R2)""

27 for some ¢y, € C, where Ci2(t,8) and c(ot,B) are the (a, B)-th Fourier coefficients of @i and ¢,
og respectively. Since

30 ¢1 =240 (Z 63(f1)61") ( )3 Clz(fzar)qtzir> :

31 t120 15 ,rGZ;4t27r2>O

32 we have

33 ct+N,R)= Y  o3(t1)Ci2(12,R).

31 t1+th,—N=t

35 Consequently, we have

36 N,R

- 912‘7172(I)t HZN# C)'3(t1)C12(t2,R)
. 80, C12(N,R) = AN

38 o “12UV, 16—3/2 ’
>0 2

- >0 (4(t+N)—R?)

40 for some complex constant 8y, . Again, by putting particular values of N and R, one can obtain various

41 arithmetic relations between the Fourier coefficients of @121 and Ey4.
42
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