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A MIXED FORMULATION FOR A FLEXURAL NAGHDI SHELL WITH OBSTACL E

HANAN FERCHICHI

ABSTRACT. We consider a linear elastic Naghdi shell incorporatingashmembrane, bending domi-
nated effects and an obstacle. The asymptotic analysissstiatthe numerical locking is expected. We
make use of the theory proposed by Arnold and Bre#aid propose a locking free non-standard mixed
variational formulation for a flexural Naghdi shell with daele.

B R R R
|S|e|N|[E|S|o|a|~|o]a]s]w|n|r

1. Introduction
15

16 Many problems in physics and engineering involve the motialtbin elastic shell in contact with an
17_obstacle or another deformable body. The modeling of suchl@ms is done by variational inequali-
18 ties in a convenient functional space. Most of the papersritessand analyze the contact problem of a
19 thin shell with an obstacle as an unilateral contact prokdeohwith Signorini boudary conditions. In
20 [2], the authors propose and analyze a mixed formulation witibte Lagrange multipliers modeling
21 the unilateral contact of a Naghdi shell with an obstacleairniesian coordinates.

22 By incorporating the inequality constraints associatetiédhree dimensional contact problem model,
23 the asymptotic analysis when the thickness vanishes issituithe the case of thin shell without con-
24 tact for a confinement Koiter shell problerhd] and for a Signorini problem with unilateral contact
25 shell problem $][13]. In [5], the authors establish an extension of the error estimetied®en the
26 solution of the three dimensional problem and the two dinwgred membrane shell one to the case of
27 membrane shell with unilateral conditions on the contacinoiary.

28 The proposed contact model in this paper is different froenSkgnorini problem where only the un-
29 deformed shell and the lower face of the deformed shell anéirged [LO]. The asymptotic analysis
30 shows that the membrane locking is expected for a totallficed deformed shell in a half space
31 viewed as an obstacle. Then we propose a free locking mixedldation modelling a bending domi-

32 nated Naghdi shell with an obstacle.
33

34 2. Geometrical notations

z% Greek indices and exponents take their values in th¢1s@} and Latin indices and exponents take
., theirvaluesin{1,2,3}. The convention of repeated indices and exponents is ugtd he a bounded
.o open set ofk?. We consider a shell whose midsurface is giversby {(w) where@ € C3(w,R?)

4 IS @ one to one mapping such that the vectys= {4 are linearly independent at each point

40

41 2020Mathematics Subject Classification.
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(X1,X2) € w. We letds = % be the unit normal vector on the midsurface at p@ix;,x). The

contravariant basid is defined by the relatiod.&; = & whered; is the Kronecker symbol. We let

a(x) = ||laA §2H2 so that,/a(x) is the area element of the midsurface in the clgarfThe first and
second fundamental forms of the surface are given in caviac@mponents by:

agp = 8q.8g, by = 83.84 g = —8g.3 6.
The contravariant components of the first fundamental foneh the Christoffel symbol are respec-
- tlvely given bya?f = g* .af andraﬁ = &g q.8°.

10 LetE= (E®PMH).p, be the elasticity tensor ar= (G?F)a; be the metric tensor which we assume

0 \||m|m‘b‘w‘m‘»—\

11 to s?tisfy the usual symmetries and to be bounded and urifsimctly positive. For an homoge-
12 neous isotropic material with Young modulis> 0 and Poisson ratio € (0, %), we have

13

e E 2v E

14 EUB/\“ — aa/\ aﬁu aauaBA aaBaAu GUB — aaB.

5 2T+ * 1y ) 2(1+v)

16 Let € HY(w,R®) be a midsurface displacement field abd H'(w,R®) be a rotation of the nor-
17 mal vector given in covariant components by u;d@ and8 = 6,3%. The linearized changes of the
18 curvature tenso¥ = (Ygp)q g, the transverse shear tenspe= (®q)q and of the membrane tensor
19 A= (Naglap read in covariant components:

20

S Yop(U,0) = 3(6a/p + 65 /a — 0k (Uy5 — bygs) — bp (Uy/a — byals)),
22

23 Dy (U,0) =Uza+ bgruy‘f’ 6,

24

2E /\aB<U) = %(UG/B—I—UB/G)—baBUg,

25 wherevy g =Vgp—I" o ande =a%,z.

27 Let € be the shell thickness. The reference shell is defined by:

2% C— { M e RS, OM = W(X]_,Xz) +X3§3(X1,X2), } .
o (X1,%) €W, F <X3< 5

., We suppose the shell clamped on a pact dw and set

e V = {(V,8) = (vd,5a"), vi € H}, &; € HE}.

s LetAy(.,.), Am(.,.), As(.,.) be respectively the bilinear forms associated to the benefiergy, mem-
36 brane energy and shear energy and given by:

37 I EaBAU . S

W Ao(0,8:V,8) = /COTYO,B(U,Q)Y,\“(V,é)\/EdX
39 L

o An(0.8:9.8) = [ EPMAGp(@A, () Vadx

41

2 A0.6:0.8) = [ G q (U,6)9p(v,3)vadx
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The total energyE of the deformed shell is given by:
. 3 Lo -
@ E(Y.8) = S Ao(¥,8:9.8) + - An(V.5:%,3) + SA(1,3:7.8) - L(¥),

wherel (V) = [, F.vy/adxandF is the external force applied to the thin elastic linearshel
Let G be the inextensional displacement space defined by:

G = {(wd,5,3%) €V such thai\y¢ (V) = Dy (V,8) = 0}.

o|~|o|als]w|[n]|r

‘9 The spaceG also called subspace of admissible pure bending displatsneerresponds to zero
10 membrane and shear energies. The shell is called flexuralroinhibited or bending dominated for
11 suitable non zero loading and boundary conditions and iirikgtensional displacements subspace
12 G contains non zero displacements. Since the limit probleposed over G and to get a well posed
13 flexural shell problem, the external applied forces areestim the form byF = 3 andf e L%(w, R3)

14 is independent of [6, 14).

15

16 3. The Naghdi model for a bending dominated shell with obstde

ll Assuming that the deformed shell remains in a given halfesiae- {y € R3; oy.p> 0}, wherepis a

o given non-zero vector i3 [10]. Then, the unknown displacement flejpdx)a'( ) + X360, (x)@% (X) of
-~ a point of the deformed shdll is determined such that the eneiB, 5) is minimized over a strict
subseU of V given by:

% 3) U = {(0,8) €V (@(X) + ()& (X) + xs6487).p > 0 VX € 0, Vg € [—g, g]}.

ZZ The constrained minimization problem will be the following

25 -
Find (40,0) €U
ymin{ ( ( )

26
Z (4 S -
27 @) E(U,0) = mf(v,S)eU E(V,0)

28 . . . . .
oy As a consequence of the projection theorem, the prolflefyin) is equivalent to the following prob-
5 lem (P4, ) of variational inequalitiesd]:

= ( Find (0,8) €U
- L [ ETPY 1 (6,6)Y5 , (V— 0,5 — B)/Adx
= ©) (P) +872 [ BV AGp (M)A, (V— T) /Ad Xt

z% £2[,G WP (T,8)g(V—1,3 — 6)y/adx> | (V—0)

38 -
. L vV (v,0) €U
0 wherel (V) = [, f.V.

41

42 Theorem 3.1. The minimisation problem¥ is well-posed.
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1 Proof. Sincel” # 0 and due to the Korn’s inequality, we deduce the elliptiomV of the symmetric
> bilinear formAy(.,.) +£72(Am(.,.) + As(.,.)) associated to the problerd)[3]. Moreover,U is a
3 non-empty, closed and convex subspac¥ of hen the problemd) has a unique solutior®]. O

4
5 Let Gy be the non-empty, closed and convex subspade siich that the deformed shell remains in
— H[10]:

6

7 (6) Gu = {(vd,3,3%) € G; ((X) + Vi (X)& + x38, (X)37 (x)).p > 0 VX € w}.

9 The limit problem of(#2,, ) whene vanishes is formulated i®y and we have the following result:
10

% Theorem 3.2. The solution of the scaled flexural bidimensional proble#y, ) tends to the solution
o of the limit flexural problem posed over the convex#&hd given by:

= Find (d,8) € Gy

B (7) %wa EorB)\uYag(U, é)Y,\“(V— U,0— 6)/adx> | (V—0),/adx
16

ll v (va 3) € GU

18

19 Proof. The proof is similar to those of theorem 6 it(] for a bending dominated Koiter shell subject
20 to a confinement condition.

21 We note that the bilinear form associated to the variatipnaiblem ) is V-coercive, the linear form
22 | (.) is continuous oveY and thaiGy is a convex closed subset\fthen the problem7) has a unique
23 pure bending solution for which the deformed shell remaimsie side of the plan.

24 We deduce from§) thatve > 0 andV (V, 3) € U, we have:

25

2% 15 J ETPAIY o g (TF, 65)Y), 4 (TF, 6°)y/adx+ £ 2(J,, EPPAHN 4 (UF ) (TF) y/ad X

26

27

- + [, GOP g (T, B2y (TF, 62)/adX) < 2, [, EFPARY, 5 (TF, 82)Y; (¥, 3)/adX
29 (8)

30 & 2( [, ETPAHA L5 (TE) A, 4 (V) v/adx+ [, GIBD, (T, B2)Dp(V, 3)\/adX)

31

32 —(V—T¢)

33
5. Using the ellipticity of the bilinear forny(.,.) + £ 2(Am(.,.) + As(.,.)) and the continuity of the
5 linear forml(.), there exist constan,Cy > 0 such that:

z% ©) CoI(TF, 69|13 < Co(l1(9, &) v (€, 6%)llv +2¢ 77| (¥. 8)||vI(e, 6%)|v
o +[1(9,0) v +[|(T, 6%) [v ).
% Then by takingV, 8) = (0,0), we get||(T¢, 8¢)|v < CCp.

49 Moreover, from the uniform positive definiteness of thepeitiity tensor, we get:
41

22 (10) Sa.pllE  Nap(@)Fr ) + Sa € Pa(T)]Z,,) <C.
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‘1 We deduce from the boundedness of the solui#n 6¢) in V that there exists a subsequence also
2 denoted ¢, 6¢) such tha(u®, 6¢) — (U*,6*) in V. Then:

-~ (1) Np(TF) = Ngp(UF),®q (T, %) — g (U, 6%)

% By similar arguments, there exist subsequemcé:é\aﬁ (U) ande 1o, (T, éf) that converge weakly
— respectively to\,5 and®q. Then/Aqp(UF) andPq (TF, 6%) converge to zero ih%(w). The unique-
5 ness of the limit imply thaf\ 5 (0) = 0 andd, (U*, 6*) = 0. Then(t*, 8*) € Gy.

E Given (v, 3) € Gy, we have:

10 a = o = 2

Ty Joo BT Yap (€, 6°)Y) (0, 6°)AUX< [, B Yo (0, 6°) Y3 (Y, 8) /adlx

12

s (12) +872( [, EWPAHE A4 (TF) Ay (V) v/ad X+ [, GAP g (8, B%) D (7, ) y/adX)

14

5 (V= TF) = & [, ETPARY,5(0F, 8°)Y; (V. 8) /adx—1 (V— ),

16

o and

18 2 B2 Yap (0, 8°) Y3, (0, 8%) v/adx— J,, B Yop (0, 6)Y,,, (", 67)/adx

19 (13)

20 < Joo BN (T, B) Yy, (TF, ) /adx

21

22 Sincee tends to zero, we obtain:

= L [ EABARY, (T, 6%)Y; ,(V—TF, 8 — 6)/adx> | (V—TF), V(V,8) € Gy.
25 Therefore(U*, 6*) = (U, 8) is the unique solution of7).

% The weak convergende, éf) — (U, é*) inV imply the following strong convergence irf (w):
27

2 (14) Nap(UE) = Nap(UF), g (T, 65) — g (U, 6%).

2% The usual based Sobolev spacaorm is given by

31 . 3 2
22 (15) 1(V,9)lv = (ZHViHHl(wﬁ > 1%llhrw)?
5 i= a=1

32 Since(U, 6) € Gy and from (12),(13) we have:
35

% (0~ 0,85 B)|lv < J,, Ep Yap (0 — T, 8% — B)Y; (¢ — 0,6° - §),/adx

37

3 (16) < 15 JEMPAHY 5 (TF, 65) Y2 (T, 6)/adx— | (U — TF)

39

40 apa aph = -

2 ~2 [, Bz Yap (0F,6°) Y, 4 (0,6) vadx+ [, 555~ Yap(0,6)Y) (U, 6) yadx
s2_Then, we deduce thai®, 8%) — (0,6) in V. O
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1 The limit solution of the problenmg) deduced by the asymptotic analysis is an inextensionplatis-

> ment such that the deformed bending dominated Naghdi strakins in the same half-spae A

3 degradation of the approximation occurs for small thickneben using the standard finite element
4 methods for a bending dominated shéll§, 14].

5 This phenomenon is called the numerical locking. It occungemvthe standard finite element tech-
s hiques fail to approximate the inextensional displacengentinuous space, and the discrete one is
7 usualy reduced to zero. Mixed formulations are proposesd@aocking [1, 4, 7]. Numerical studies

g of the mixed numerical scheme proposedihghow a good properties of convergence as predicted
9 [8,11,12].

10

1 4. A mixed formulation for a flexural Naghdi shell with obstacle

2 Using the same technique of partial selective integratfom@mbrane and shear energies proposed

“ in [1], we introduce the following auxiliary variables which regent the membrane and shear stress
Y asidea multiplicator factor:
15

. 1

L A = (AP)ap, AP = (5 —co)EPHA, (D),
- 1 -

s (18) X = (XMar X" = (5~ c0)GP0p(0.6)

19
20 wherecg €]0,672].
21 Consider the st/ = {(¢,n)/ $°F,n“ € L?(w)} and the following bilinear forms:

22

2% AT, 8;7,3) = /w %ZE"B"“YGB(U,@)Y,\“(V,S)\/éder

%(19) Co /w Gy (U, 8)Dp(V,8)v/adx+co /w ECPANA g (U)AL (V) v/adX
?(20) B(V,S;i,g)=/M%(V,S)u“\/adx+/a)/\aﬁ(w5“ﬁ\/ad><,

5 @) CAXEH) = [ (6 apxPhVatx+ [ (EH)ag A" HEP Vadx
zi For(U,@;A,)_() e U x W, the total energy is given by:

32

= (22) E(1,8;A, %) :53(%A(n,é;n,é)+%;C(A,K;A,K)—lm)).

34
2 An extension of the classical inf-sup condition is done ksuasing that there exists a constant- 0

2 suchthat15]:

¥ (23) 12, X111 = 0lIA, xw

38

-5 Where||.||w is the standartl® product norm andl|. || is the semi norm:
© B(7,5:4.%)

41 H‘Avlmz sup = — V(A,K)GW
2 wdeu\io,p V3l
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1 Theorem 4.1. The constrained minimisation problem

2 Find (4,6;A,x) €U xW such that

= (24) ) | 3

- E(U,6;A,x) = mf(VvS?i»H)eU XWE(V75;£’H)

6 has a unique solution and is equivalent to the following peah

% seek pairél, é;i,&) € U x W such that

9 . o - -

o (25) A(U,6,v—U,0-0)+B(V-0,0-6;A,x) >1(V-1) V (V,9) € U,
11

v B(u,e;i,g)—l_f—;gzc:@,)_(;i,g):o ¥ (€, 1) EW.

13
1 Proof. We define the bilinear forrA
o A(U,8;A,x;V,8;&, 1) = A, 6;V,8) + B(V,3;A, X)

16

17

18 ~B(0,6; &, 1) + 15 2CA, X: €, 1).

" The bilinear formsA, B, C are continuous respectively dhx V, V x W andW x W. We note also
20

,; thatAisV —elliptic andC is W—elliptic, so the bilinear forml\ isV x W elliptic. MoreoverU xW is
-, anon empty closed and convex subspacé g\W. Then the problem25) has a unique solution.

2? Remark 4.2. If (U, é')\ ,X) €U xW is a solution of 25) then(, é) is a solution of §). Moreover

— there existgA, x) € W such thatd, 6; A, X) €U xW is a solution of25) wheneve(d, 6) is a solution
- of 5).

27 BeS|des, the solution oRf) is bounded and we have the following result:
28

° Theorem 4.3. There exists a constant€ 0 such that the solution oRf) verify:
30

s (26) 16,81l + 112, X lw < CllH v

:3% Proof. By replacing(V, 3) by zero in the first line ofZ5), we get:

34

3? (27) A, 8;4,6)+B(U,6;A, x) < (1)

— or B(U,6; AX) = %ZC(A,)_(;A,)_() > 0 then by using the coercivity &(.,), C(.,) and the conti-
nwty of B(.,) we get:

39

a0 Cu/|d, Bl < [|!flvr
a1 (28)
a2 CollA, x|lw < (672 —co)|B|/[|, B]v
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1 It follows that @6) is verified withC = C; %+ (C1C2) ~*(672 — co) | B -
> Once more, we have:

2 (29 B(V—0,8—6:A, x) < (|Al[[d, 8llv + 1 [v) IV -1, 6 — 8]lv
4

- Since @3) is verified, then:

© (30) BIA xllw < AT, 81y + I [lv

% Then, @6) is verified withC = B~1(||A||C;* + 1) + C; ! independent of the small parameger O

2 5. Conclusion

10

11 The equilibrium state of a flexural elastic thin Naghdi sheth obstacle solves a constrained min-
12 imization problem over a convex space. In this work, we useasymptotic analysis to show the

13 bending dominated behavior of a bending dominated Nagrell glith obstacle therefore numeri-

14 cal locking is expected. The standard finite element methoglsinable to approximate well a non
15 inhibited shell problem for low thickness. Then, we propadecking free mixed variational formu-

16 lation to approximate a non trivial inextensional displaests for a non inhibited Naghdi shell with

17 obstacle. The theoretical well-posedness of the proposeednscheme is established. Numerical

18 investigations should justify the robustness of the predasixed problem in front of the numerical

19 locking.

20
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