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Abstract. Let H= —A +V on [*Z), where V(x), xeZ, are iid.r.v.’s with
common probability distribution v. Let h(t) = [e™ " dv(v) and let k(E) be the
integrated density of states. It is proven: (i) If & is n-times differentiable with
h9t)=0((1 +1t])”* for some a>0, j=0,1,...,n, then k(E) is a C" function.
In particular, if v has compact support and A(t) = O((1 + |t]) ™ %) with « > 0, then
k(E)is C*. This allows v to be singular continuous. (ii) If h(t) = O(e~*") for some
o> 0 then k(E) is analytic in a strip about the real axis.

The proof uses the supersymmetric replica trick to rewrite the averaged
Green’s function as a two-point function of a one-dimensional supersymmetric
field theory which is studied by the transfer matrix method.

1. Introduction

The one-dimensional Anderson model is given by the random Hamiltonian H =
H, + V on [3(Z), where

(Hou)(x) = 3u(x + 1) + u(x — 1))

and V(x), xeZ, are independent identically distributed random variables with
common probability distribution v. We will denote by 4 its characteristic function,
ie., h(t)=[e™™dv(v).

Let A be aninterval in Z, we will denote by H , the operator H restricted to [2(A)
with boundary condition u(x) =0 for x not in A.

The integrated density of states, k(E), is defined by

k(E)= lim # {eigenvalues of H , < E}.

{Al>0
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It is a consequence of the ergodic theorem that for almost every potential the limit
exists for all E and is independent of the potential [14]; k(E) is always a continuous
function [5]. Under some mild condition on v k(E) was shown to be log-Holder
continuous [6] and Holder continuous on compact intervals [7].

Without restrictions on v we cannot expect too much more regularity. There is an
argument of Halperin (see [8]) that shows that when v = $6(v) + 36(v — a), given any
o > 0 one can choose a so that k(E) is not Holder continuous of order o; in particular
it gives examples where k(E) is not C*.

Further results have required v to be absolutely continuous with respect to
Lebesgue measure, say dv(v) = F(v)dv. If F is bounded, Wegner [9] proved that k(E)
is absolutely continuous with a bounded derivative. This has been extended by
Maier [10] to Fel?, p> 1. If [v*F(v)dv < oo, Lacroix [11] has shown k(E) is C'.

Constantinescu, Frohlich and Spencer [12] proved that if F is analytic in a strip
of certain width, then k(E) is real analytic for | E| large enough; If v is Gaussian they
proved that for large disorder k(E) is a real analytic function of E. Carmona [4],
using an idea of Molcanov, gives a simple proof that if | h(t)| £ C'e~“", where C’ < C,
then k(E)is analytic in a strip; this holds for v Gaussian for large disorder. Another
argument for the same result due to Simon can be found in [12].

Using the supersymmetric replica trick and a cluster expansion Klein and
Perez [13] showed how to use decay properties of A(f) and its derivatives to
derive differentiability for k(E) for either large disorder or large |E|; they also
obtained analyticity results. Their methods have strongly influenced this article.

Recently, Simon and Taylor [8] proved the surprising (at least at first sight)
result that if dv(v) = F(v)dv, where F has compact support and FeL}(R) = { fe L'(R)|
there exists ge L!(R) such that g(t) = (1 + t2)¥2f(t)}, with « > 0, then k(E) is C®. They
also conjectured that it should be enough to require that (1 + t2)*?h(t) be bounded
for some o > 0, and that the hypothesis of compact support should not be essential.
As they remarked, there are singular continuous v satisfying this condition (see [27,
Theorem XI1.10.12] and [28]).

In this article we prove Simon and Taylor’s conjecture. We also prove analyticity
results for the density of states. \

Our condition will be stated in terms of h, the characteristic function of v. We will
only be interested in A(t) for t = 0 (of course, h(—t) = h(t)) and we will only consider
the right-hand side derivatives at t =0.

We will now state our results.

Theorem 1.1. Let n=1. If h is (n— 1)-times differentiable for t =0 with h"~ 9
absolutely continuous, and (1 + |t|)*hYt) is bounded for some o >0 and j=0, 1,
2,...,n, then k(E) is a C" function of E.

Corollary 1.2. Let (1 + |t])*h(t) be bounded for some o > 0. If | |v|"**dv(v) < o0 for some
€>0 k(E) is C". In particular, if v has finite moments of all orders k(E) is C*.
Our result on analyticity is

Theorem 1.3. If e*'h(t) is bounded for some o> 0 then k(E) is analytic in a strip
|Im E| < oy for some a; > 0.
We approach the density of states thru the Green’s function of H. Let G(x, y;z)=
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{(x|(H—2)"!|y) where x, yeZ, Im z>0. Then (e.g. [4,14]) G(z)=EG(0,0;z2)) is
the Borel transform of dk(E), i.e.,

and we have:
i) G(E + i0) =lim G(E + in) exists for a.e. EcR,

nl0
ii) if dk, . denotes the absolutely continuous part of the measure dk,

dk 1
a.c. —— E '0
iE —x Im G(E + i0),

iii) dKgpne = dk —dk, . is supported by
{EeR|limIm G(E + in) = co}.

ni0
Thus Theorem 1.1 and 1.3 follow from

Theorem 1.4, Let n= 1. If h is (n— 1)-times differentiable for t =20 with h"~ D

absolutely continuous and (1 + |t|)*hY(t) is bounded for some o> 0 and all j=0,

1,...,n, then G(E +i0)=lim G(E + in) exists for all E€R and is a C"~* function of E.
ni0

Theorem 1.5, If e*''h(t) is bounded for some o >0 then G(z) has an analytic
continuation to Im z + oy > 0 for some oy > 0.

We will now describe the strategy of our proof. Let A, ={—1, -1+ 1,...,0,...,1},
H,=H,, and

G(z) =E(<O|(H,—2)"1|0)),

SO

G(z) = lim G(z) for Imz > 0.
[adc)

In Sect 2 we will use the supersymmetric replica trick [15-18]to rewrite G(z) asa
two-point function of a one-dimensional supersymmetric field theory. We will
introduce a supersymmetric transfer matrix and do explicitly the integration over
the anticommuting variables. This will give us

Gi(z2) =21 | {[(TB@)Y11(->) B0 2yrdr, (L1
0

where B(r; z) = h(r)e'™", B(z) denotes the operator multiplication by f(-;z), and T is
the operator given by

(TN = -2 (f) Jo(rs) f'(s)sds,
where J,, is the Bessel function of order zero. This operator is studied in Sect. 3.

Since the proof of Theorem 1.5 is simpler, we give it first on Sect. 4. Recall G(z)—
G(z) as [—» oo for Im z> 0. It will be easy to see that under the hypothesis of
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Theorem 1.5 G/(z) can be analytically continued to Im z + o > 0 and (1.1) still holds.
We show that (1.1) yields bounds on G/(z), uniformly on [, so an application of Vitali’s
Theorem gives Theorem 1.5.

Section 5 contains the proof of Theorem 1.4. We first show that for large [(TB(z))'1
has n derivatives with good decay properties at infinity. This uses the Calderon-
Lions method of complex interpolation. The theorem is stated in Sect. 5 but proved
in Sect. 6. In addition, we show that in this Sobolev-type space TB(z) has 1 as an
algebraically simple eigenvalue with a gap in the spectrum. If &(-;z) is the
corresponding eigenvector, we will conclude that

G(z) = 2i | &(r*; 2)*B(r*; 2)rdr.
0

Since our estimates will have uniformity properties in z, we will be able to let
n=1Im z]0 and obtain the conclusions of Theorem 1.4.

Corollary 1.2 is proven in Sect. 7.
Notes. 1) If dv/dv has an analytic continuation to a strip with decay at infinity,
analyticity of the density of states can be derived [31] from formula (IX.5) in [32]
and by the methods [29] of [8].

2) Rene Carmona has shown us a manuscript by March and Sznitman [30] with
related results. In particular they obtain formula (1.1) by probabilistic methods.

2. A Supersymmetric Transfer Matrix
The supersymmetric replica trick [15-18] says that, if x,, x,e A, Im z>0,

Gxy,x5;2) = {x,[(H, —2)~ ! [x2)
1
=i jw<x1)df(x2)exp{ i 3, O L(H —z)@](x)}D o,

where @(x) = (H(x), Y(x), P(x)), d(x)eR?, Y(x), ¥(x) are anticommuting “variables”
(i.e., elements of a Grassman algebra),

D(x) D(y) = P(x) D) + W) + Y(yW(x))
and

l
D@ = [] d®(x), where dd(x —dz[7 X)d(x)d? P(x)
x=-1

(see [29, 18, 13, 20, 21, 22]). Notice that [e~ #*" *Xdd(x) = 1

Since we are working with a finite lattice the above formula is fully rigorous. To
compute functions of ¥, § we expand in power series that terminate after a finite
number of terms due to the anticommutativity. All {y(x), Y(x); x= —1....,1}
anticommute. The linear functional denoted by integration against dy/(x)dy/(x) (it is
not an actual integral) is defined by

f(@ao + ap(x) + a,P(x) + asP(x)d(x)d(x) = —
To simplify our notation, we will write @(x)? = ®(x): @(x), P(x)* = P(x)* P(x)
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Recalling the definition of H, we have

! I
Gxy,x,52)= i[‘p(xl)l//(xz)eXp{ —i Z V(x)®(x)* +iz Z I‘D(X)Z

x=-1 x=—
—i Y O(x)d(x+ 1)}D,d§. (2.1)
Let us first assume that j |v]dv(v) < oco. This implies that h is continuously
differentiable with a bounded derivative. Since in this case
e ®*dv(v) = je*”“" O dy(v)
= [e (1 — ivy)dv(v) = h($?) + K ()Y = h(¢p? + ) = h(P?)

we can average over the random potential in (2.1) to obtain

) 1-1
E(Gi(xy, X35 2)) = i [ Y(x W(x,) D—lﬁ(@(x)z;z)exp{—i Y d)(x)-¢(x+1)}D,(D,

x=-1
(2.2)
where B(r; z) = h(r)e™".
By an approximation argument we have

Theorem 2.1. Let the characteristic function h be absolutely continuous with a bounded
derivative. Then (2.2) holds for Im z > 0.

Since in this article we are interested in the density of states we will now take
Xy = x, =0, but our methods work for general x,,x, and give exponential decay
for imE(G(x,, x,; E + in)).

nl0

So let
Gi(2) = E(G(0,0; 2)) =i [ y(0)§(0) Ij[ B(D(x)% 2)

exp {— iy O dix+ 1)}D,¢D.

x=-1

We now introduce a supersymmetric transfer matrix: let

T(®,, ®,)=e "1 %2,
and let us define the operator T on supersymmetric functions (e.g., [20]) by
(TF)(@3) = [T(D,, P)F(PAD,.
Let us denote by B(z) the operator multiplication by f(-;z), i.e.,
(B(2)F)(®?) = p(@*; 2)F(@?).
Then (2.3) can be rewritten as

Gi(z) = i [ YOW(O)B(P(0)%; 2) {[(TB(2))'11(@(0)) }*d P (0).

We now perform the integration over the anticommuting variables y(0), ¥(0) and
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obtain
Gie) = = [ BOUOP: D T(TBE 11072 40) 24
where
(TG = e %2/ (90

Here we used the fact that if

F(@%) =f($*) +[($* ),

then

(TF) (@) =(Tf)(¢) + (TS ) (¢*W. (2.5)
If we now change to polar coordinates (2.4) and (2.5) become

G(z2)= Qi?: {L(TB(2))'1]1(r*) }*B(r?; z)rdr (2.6)

and
(THE*) = -2 ? Jo(rs) f'(s?)sds, 2.7)

0
where
J ( )__ 1 T —iscosBdG (2 8)
ols) = 57; g e .

is the Bessel function of order zero.

3. Some Harmonic Analysis on [0, «0)

We will now study the operator T given by (2.7). By an integration by parts,

(Tf)(r*) =£(0) + (RF)(r?), (3.1)
where
(Rf)(r?) = r z T (rs)f(s2)ds. (32)

We recall that the Bessel functions of integral order n can be defined by

d n
J(s)=(— 1)"s"<S-d;> Jols),n=0,1,...,

J=(=1D)"J_s) for n=—-1,-2,...,

where Jo(s) is given by (2.8).
T and R can be expressed in terms of Hankel transforms, which are defined by
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(e.g., [23,24])

[ee]

H,(9)(r) = [ (rs)"/2J (rs)g(s)ds
0
for neZ.

It is easy to see that | H,(g9) ||, < 2/7 || g, and there is a Plancherel theorem for
Hankel transforms [23] on I*([0, co0), dr): | H,(g) |l = || g || ». It follows from the Riesz
convexity theorem that one has a Hausdorff-Young inequality for Hankel
transforms:

IHig)l, <lgl, for 1Sps2 -+ =1.
pp
Thus (2.7) and (3.2) can be rewritten as
r3(Tf)(r?) = — 2Ho(s'2f'(s%))(r), (3.3)
r VARSI = H-y(s™ 2 f(s?)(). (3.4)

We have the following general formula for derivatives of Hankel transforms
[24]:

d m
i (E) (7" 2g(r) = H((— )" [H, - m(g())(5)D(r)

forn=0, 1, 2,...,and also for n= — 1 if g(0) =0. Thus

(=2 T VHQ £ (r?) = (= 2 Hyp - 1 (™72 B(s2)(r) (3.5)
holds with Q=R for m=0,1, 2,...,k=0, 1, 2,..., and for Q =T with m=0, 1,
2,...,k=0,1,2,...,and m+k=1.

So we are led to define the Hilbert spaces:
#o={f:[0, 00) > C measurable; | fllo=Ir""2f(?)|, < 0},

#,={f:[0,00)>C continuous; f is (n—1)-times differentiable on (0, co) with
f®~1 absolutely continuous with

n

IFIE= 3§ 42520 1 < co)

forn=1,2,...,and

HY=Ho, H0={feH,;f(0)=0} for n=12,....

It follows from (3.5) that T is a unitary operator on #,forn=1,2,...,and R is
unitary on #°0 forn=0,1,2,....Inaddition (3.1)says that T = R on #° forn > 1;in
particular T leaves #°° invariant.

Let us now denote by B the operator multiplication by fe#,. Then (TB)'1 is
well defined. It also follows that r~Y/28(r?)eL!, so by (3.4) Rf is well defined and a
bounded continuous functions with (Rf)(0) = 0. Thus if we apply (3.1)  times we get

(TBY1=(I + RB+(RB)*+ --- + (RB))L. (3.6)
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For later use we rewrite (3.6) as

(TBY1 =1+ RB+(I+RB+ - +(RB)2)(RB)1, (3.7)

and

(TB}'1 =(TB)l + (I + RB+ --- + (RB) " 2)(RB)?1. (3.8)

If only assume that f(r*)e L, we still have RB as a bounded operator on #,.
The following lemmas will be of importance.

Lemma3.1. Let f(r?)el”([0,0), dr), where 2<p=<oo. Then |(RB)? o, =
18?115
Proof. Let fe#. Then

RB)Y*f llo = IBRBS [llo = l#~ "B (RBS)(?) 5
< ﬁ(rz)”p” r_I/Z(RBf)(rz) “(1/2—1/;;)‘1
SHBEH I~ 2BAE 1724 17p)
=1 BE 0= 2BEA S ) 12+ 1,
SIBEAHIRIr 2D = 1B fllo. W

Lemma 3.2. Suppose 8 is a continuous function such that (1 + r*)'*f(r?) is bounded for
some y > 0. Then (RB)*1e# .

Proof. It follows that r'/2f(r*)ef forall 1 < g, < g <2, where g, depends only ony,
and B(r¥)el? for all large p. Thus r~"*(RP)(r*)eL¥, where 1/q+1/q'=1, and
r~Y2B(r*)(RP)(rH)el 2. [ |

4. Proof of Theorem 1.5

We first assume that 4 is also absolutely continuous with 4’ bounded, so Theorem 2.1
applies and we have, from (2.6) and (3.6), that

e

Gfz)=2i| {[ El_‘ [(RB(Z))"I](rZ)}2 B(r*; zyrdr  for Im z>0. 4.1
o (| S0

By an approximation argument we can now extend (4.1) to /1 as in the hypothesis
of Theorem L.5.

Since B(r?; z) = h(r*)e'”’, and e*h(r?) is bounded with & > 0, we can use the right-
hand side of (4.1) to analytically continue G(z) to Im z+ o> 0.

Since | h(t)| < 1 forallr # 0, there exists 2 < p < oo such that | (h(r?)|dr < 1. Since
0

e’ h(r¥)el? for T < o, we can select 0 < 7 < o such that | e” h(r?) l,<t.

It now follows from (4.1), (3.7), Lemmas 3.1 and 3.2 that G,(z) is uniformly
bounded in !/ and in z for Im z + 7 > 0. It follows from Vitali’s Theorem that G(z) is
analytic for Im z + 17> 0. ||
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5. Proof of Theorem 1.4

Under the hypothesis of Theorem 1.4, B(r; z) = h(r)e™" is (n — 1)-times differentiable
for r = 0 with B~V (r; z) absolutely continuous, and, if Im z = 0, (1 + )2 pY(r2; 2)
is bounded, j =0, 1,...,n, for some y > 0. As before B(z) will denote the operator
multiplication by f(-; z). Notice that B(z) is a bounded operator on #,,, leaving #°5,
invariant, for Imz>0and m=0, 1,...,n.

We will need more. We will need that applying RB(z) repeatedly takes #,
to #2.

Theorem 5.1. Let f(r) be (n— 1)-times differentiable with B"~V(r) absolutely con-
tinuous, such that (14r2)"2B9r?) is bounded, j=0, 1,...,n, for some a>0. Let B be
the operator multiplication by f. Then there exists ko depending only on y, such that for
all k= kg, (RB) is a bounded operator from #, to #. Furthermore, if f(r;z)=
B(r)e'™ and B(z) is the corresponding multiplication operator, the norm of (RB(z))* as
an operator from #, to #? is uniformly bounded for Im z20 and bounded Re z.

If y> 1 (e.g., if the probability distribution v is the uniform distribution on a
bounded interval) it is not hard to prove this theorem. But for small y it requires the
Calderon-Lions method of complex interpolation, so we will postpone it to the next
section.

Let g(t) be a real valued C* function with compact support on R such that
g(t)=1 for [t| < 1. Let hy(t) = g(t)h(t), hy(t) = h(t) — hy(2), and let B{r;z) = hfr)e™,
j=1, 2. Then

B(r;z) = B1(r;2) + Bo(r;2) and  Bi(r;2)eH,, Ba(r;2)eH

for Im z=0.
Recall that (3.8) holds for Im z > 0, so we have

(TB(2))'1 = TB,(z) + RB,y(z) + (I + RB(z) + --- + (RB(z))' " %(RB(z2))*1  (5.1)
for Im z>0. '
By Lemma 3.2, (RB(z))? 1€, for Im z =0, and the right-hand side of (5.1) is well
defined for Im z > 0.
Now let us pick k, from Theorem S.1. It follows that
(TB(2))'**1 = (TB)*Tp,(2) + (RB(2)*[RB,(2)
+(T + RB(z) + - + (RB(2))' " %)(RB(z)*1] (5.2)

isin s, for Im z > 0 and the right-hand side is a continuous function of z, Im z > 0,
with values in &#,. We have proved the first part of

Lemma 5.2. There exists 1, such that for 12 1(TB(z))'1e#, for Im z>0, is a

continuous function of z with values in #,, and can be extended by continuity to

Im z 2 0. Furthermore £(z) = lim (TB(z))'1 exists in 3, for Im z = 0, the convergnece
1=

being uniform in Im z = 0 with bounded Re :z.

Proof. The lemma follows from (5.2) and Lemma 3.1. Just notice that
I B2 2)ll, < 1h(F?) [, for Im z 2 0, and that || A(r?)||, <1 for p large enough. M
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Notice that Lemma 3.2 and (2.6) tell us that
G(z) = 2i | &(r?;2)* B(r?; z)rdr, (5.3)
0

and G(z) is a continuous function of z for Imz 2> 0. This is Theorem 1.4 for n = 1.
Lemma 3.2 and its proof also tell us that TB(z)&(z) = £(z) and &(0;z) = 1. In fact
we have more:

Lemma5.3. Let Im z = 0. Then 1 is an algebraically simple eigenvalue for TB(z) in A,
with corresponding unique eigenvector &(z) normalized by £(0; z) = 1. Furthermore, the
direct sum A, = C&(z) @ H#'\ diagonalizes TB(z) in the form TB(z) = 6,¢(z) ® RB(z),
where () =f(0). In addition, the operator norm of (RB(z))* in #°? is bounded by a
constant < 1 uniformly in Im z 2 0 and bounded Re z.

Proof. If fest,, then [=f(0)i2)+[f—f(0)(2)] and [—f(0)(z)e#7.
Thus #,=Cé(z)® #°. The lemma now follows from Lemmas 5.2, 3.1, and
Theorem 5.1. ]

To finish the proof of Theorem 1.4 for n = 2, we must show that G(E +i0) is a
C"~ 1! function of E. From (5.3) we have

G(E +i0) = 2i(ME(E), BEE)ME(E)), (54

where

Cuyvy = [ u(ro(r?)r~tdr
0
is a continuous bilinear form on 0 and M is the operator multiplication by the
function r'/2, ie., (Mu)(r?) = ru(r?).
Let us fix EqeR, 6 >0, and let

15 = sup { || (RB(E))* llf'c'); |[E—E)|<d} <1
by Lemma 5.3. Let Y denote the circle {zeC;|z — 1| =3(1 —t¢)}, &o = &(E,). Then

1
¢(E) = 575! (z— TB(E))™'dz&, (5.5)

for |E — Ey| <.

Since E— TB(E) is a continuous function with values in £ (#,), the space of
bounded linear operators on 5, it follows from (5.5) that E — £(E) is continuous
with values in & ,,.

Now, TB(E) is not differentiable as a function with values in &#(#,), butitisasa
function with values in Z(#,, #,_,), the space of bounded linear operators from
H,to H,_,,aslongas n=2, and d/dt TB(E)=iTM?*B(E). So it follows from (5.5)
that &(E) is continuously differentiable with d¢/dE(E)e#, _,.

More generally, if 2k < n, TB(E) is k times continuously differentiable with

dk

(dE)k TB(E) = ikTMZkB(E)eg(%m ‘%n—Zk)ﬁ
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and it follows from (5.5) that &(E) is k-times differentiable with d*/dE* E(E)e S, _,,.
It now follows from (5.4) that G(E + i0) is a C?* function of E if 2k <n.
But we can do better, in fact we will show G(E + i0) is C" ™.
To do so notice that R is self-transpose with respect to {, > on #, ie.,

<Rf,g>=<f,Rg> fOI' fage'}fO'
Similarly, B(E)' = B(E), the transpose being with respect to {, > on #,, so
(RB(E)) = B(E)R,[(z — RB(E)) '] =(z — B(E)R)™".

We also recall that T =R if f(0)=0.
From (5.4) and (5.5) we get, for |E — E,| <0,

1
G(E + i0) = ﬁi dz ]jr dz’ { MK(z, E)¢q, BE)YMK(Z, E)%, ),

where K(z,E) = (z — TB(E))™ ..
If n=2, it is not hard to see that since ¢, €7 ,,

iG(E +i0)= Lz [dz[dz' {2{K(z, E\TiM*B(E)K(z, E)¢o, M*B(E)K(z', E)¢y >
dE 2n4i Y Y

+ {M?K(z, E)o, iM*B(E)K(z', E)So) },

a continuous function of E.

The same procedure can be used for general n. For an operator valued function
A(E), let A A(E) = 1/e(A(E + e) — A(E)).

When we compute lirré A, (d*/dE¥) G(E + i0), we must move some operators from
one side to the other of the bilinear form {,) using the transposed operators. We
illustrate the procedure in the following term that appears in A, (d/dE) G(E + i0):
2{ MK(z, E+¢)T(A.B(E))K(z, E\TiM?B(E + ¢)K(z, E + €)¢,, By . JMK(Z, E+ )5, >.

(5.6)

In this case £{,e# ;. We cannot just take the limit as e—~0 for the vector

appearing on the right-hand side of {,)» because the vector to which the last

operator T would be applied would not necessarily be in # since A,B(E)—
iM?B(E), and we may only have £,e.# ;. But (5.6) can be rewritten as

2<(A,B(E)K(z, E)TiM*B(E + ¢)K(z, E + €)&,,
TK(z,E + ) M2B(E + e)K(Z, E + €)%, . (5.7)

The rearrangement is legitimate since all vectors are in the right spaces. We can
now take the limit as e —»0 and obtain

2(iMB(E)K(¢, E)TiM2B(E)K(z, E)¢o, MTK(E, 2) M2B(E)K(Z, E)é, ).

The same procedure can be applied to all terms appearing in A4,
(d*/dE¥) G(E +i0), k<n—2, to give existence and continuity of
(d**1/dE** ') G(E + i0). This proves Theorem 1.4. |
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6. Proof of Theorem 5.1

The proof will proceed by induction on .

If n=0, there is nothing to prove since RB is a bounded operator from #, to #
(notice that the theorem makes sense for n = 0, the hypothesis being simply that S(r)
is a bounded measurable function).

So let us assume the theorem is true for n — 1, n = 1; we will prove the theorem is
then true for n.

We are going to use repeatedly the Calderon-Lions interpolation theorem
[25,26]. We will use the notation V,,0 <t < 1, for the interpolating spaces between
Vo and V,. We will write V(! = V,, V™ = the ' interpolating space between V"~
and V,. In what follows S: V— Wor V 5 W mean that S is a bounded operator from
Vto W. For all spaces V,, and V, between which we will interpolate we will have
I V, > V,. We start by introducing the following spaces:

Xo=Yy=2,=#,, Zl==7fr?,
and
X, = {f:[0, 00) > C measurable; ||(1 + r?)"?r~2f(r?)|, < 0},

Y, = {f:[0, c0) = C (n — 1)-times differentiable on (0, o) with £~ absolutely
continuous; i ¢ 12 f®(r2) |12 < o0}
We can iti::%tify the interpolating spaces X, [26]:
X, = {f:[0, 00)— C measurable; ||(1 + r?)"/2r~12f(r?)||, < c0}.

From (3.5) we have

R R R R
Xoo Yo Xy, X -Y >X,,

so we conclude that X,—i Y,iX, for all te[0,1]. Recall R*=1.

. . R__B_ R
Let us write ¢ = y/n and notice that X, > X,—> X, > Y,.

We now interpolate between the Y’s and the Z’s. Let S({) = **B(1 +r2)\ =92 for
Re ([0, 1]. Then S(0): Y, — Z,and S(1) = Y, — Z, by the hypothesis on . It is easy
to see that S({) satisfies the hypothesis of Theorem IX. 20in [25], so we can conclude
that S(t): Y,— Z, for te[0,1]. Taking t =0, we get B: Y, > Z,.

We have so far shown that (RB)*: X, — Z,. Since (RB)*:Z, — Z,, we have that
(RB)*: X, — Z'?. Reiterating the argument, we get that (RB)*™: X, — Z0™.

Now let W, = #°0_,, W, = #?. By the induction hypothesis there exists k, such
that (RB): Z, — W, and, of course, (RB)**: Z, — W,. It follows (RB)*' *2™: X ; — W™,

Now let D be the operator defined by (Df)(r?) =f"(r?), and let

V,={f:[0, 0) > C measurable; "~ *T*"12f(r?)||, < o0},
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where 0t < 1.Ifk=0,1,...,n— 1, D*: Wy —> V,, D" W, > V,, so it follows that D*:
wim — yim,

But we can identify VY [26]: V™ ={f: [0,00)—>C measurable;
A 1 U0 ] PRSI

So we choose m such that (1 — o)™ <y. If fe W™, f®ey™ for k=0, 1,...,n—1.
Thus (Bf)®eV, for k=0, 1,...,n—1. It follows from (3.5) that (RBf)®eV, for
k=1,...,n

Now let feX,. Then (RB)*' "2 fe W™, so

((RByr*2m+ifybeyt for k=1,...,n. (6.1)
On the other hand, RB: X, — X, so
B(RBY' *2mt1ifey, . (6.2)

From (6.1) and (6.2) we conclude that B(RB)*' *2™*! fe #, and hence is in #°72,
so (RBy**2m*2 fe 0 for all feX,= H,,.

If B(r; z) = B(r)e™", B(z) the corresponding multiplication operator, it is easy to
check in the proof that we get the desired uniformity in z for the norm of
(RB(z))~. u

7. Proof of Corollary 1.2
Corollary 1.2 follows from

Lemma 7.1. Let (1 + |¢[*)h(t) be bounded for some o> 0 and let {|v|"**dv(v) < oo for
some £¢>0. Then h is n-times differentiable and there exists 6 >0 such that
(1 4 1t])°hYt) is bounded for j=0, 1,...,n.

Proof. We will show that there exist § > 0 such that (1 + |t])°h™(¢) is bounded. Let
x(v) be a C* function such that y(v)=v" for |v| =1, y(v)=0 for |v| = 2, and | y(v)| £2
for all v. For R > 0 let yx(v) = R"x(R™'v).

For any k=0 there exists C, < oo such that if J(t)=[e™ “y(v)dv, |(t)] <
Ci(1 + [t~ 1. It follows that

| 7RO < CR™ (1 + R¥[e[) 1 (7.2)
Since h"(t) = (—i)" [ v"e” "dv(v), we have that for R =2

[0 — (=) [ x()e™dv(v)l =] [ (0" —yr(v))e™ “dv(v)|

oIz R
<2 | [v]"dv(v) S2R™E[|v|"**dv(v).
[olZR
We have
g™ dv(v)=2m) " (xexh)()=2n)"" | xg(s)h(t—s)ds

Isi=t/2

+Qm)t | yg(s)h(t — s)ds. (7.3)

|s|>1/2
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We now use (7.1) to estimate each term; we have

| [ xr(s)h(c—s)ds| < DR™(1 +¢]) 7%, (7.4)

Isi<t/2

and

| | xr@h(t—9)ds|SCR™' [ (1+R¥s/) 1ds S DR'(R|t))' Y, (7.5)

[s|>1/2 s|>t/2

where D, and Dj are finite if we take k > 1.
From (7.2), (7.3), (7.4) and (7.5), we get

[h™(t)] £ K R™* + K RY(1+[t]) ™ + (R]£))' 75), (7.6)

with K, and K, finite constants depending on k> 1. Fix k. Then for fixed ¢ pick R=
R(t) =|t| 7. It is clear from (7.6) that we can pick an appropriate >0 to get the
desired result. |
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