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We consider the minimization of a strongly convex objective function
given access to unbiased estimates of its gradient through stochastic gradi-
ent descent (SGD) with constant step size. While the detailed analysis was
only performed for quadratic functions, we provide an explicit asymptotic
expansion of the moments of the averaged SGD iterates that outlines the de-
pendence on initial conditions, the effect of noise and the step size, as well
as the lack of convergence in the general (nonquadratic) case. For this anal-
ysis we bring tools from Markov chain theory into the analysis of stochastic
gradient. We then show that Richardson—Romberg extrapolation may be used
to get closer to the global optimum, and we show empirical improvements of
the new extrapolation scheme.

1. Introduction. We consider the minimization of an objective function given access to
unbiased estimates of the function gradients. This key methodological problem has raised
interest in different communities in large-scale machine learning [9, 53, 54], optimization
[44, 46] and stochastic approximation [30, 48, 52]. The most widely used algorithms are
stochastic gradient descent (SGD), a.k.a. Robbins—Monro algorithm [51], and some of its
modifications based on averaging of the iterates [48, 50, 55].

While the choice of the step size may be done robustly in the deterministic case (see, e.g.,
[8]), this remains a traditional theoretical and practical issue in the stochastic case. Indeed,
early work suggested to use step sizes decaying with the number k of iterations as O(1/k)
[51], but it appeared to be nonrobust to ill-conditioning and slower decays such as O (1/v/k)
together with averaging lead to both good practical and theoretical performance [3, 44].

We consider in this paper constant step-size SGD which is often used in practice. Al-
though the algorithm is not converging in general to the global optimum of the objective
function, constant step sizes come with benefits: (a) there is a single parameter value to set
as opposed the several choices of parameters to deal with decaying step sizes, for example,
as 1/(00k + A)°; the initial conditions are forgotten exponentially fast! for well-conditioned
(e.g., strongly convex) problems [42, 43], and the performance, although not optimal, is suf-
ficient in practice (in a machine learning set-up being only 0.1% away from the optimal
prediction often does not matter).

The main goals of this paper are: (a) to gain a complete understanding of the properties
of constant step-size SGD in the strongly convex case, and (b) to propose provable improve-
ments to get closer to the optimum when precision matters or in high-dimensional settings.
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10n the contrary, step-size scaling as 1/(uk) (with p the strong convexity constant) forget the initial condition
much slower. They also require to access u (which may be difficult) and are very sensitive to its misspecification
[54].
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F1G. 1. (Left) Convergence of iterates 9_15}/)

distribution 1y . (Right) Richardson-Romberg extrapolation, the disks are of radius 0()/2).

and averaged iterates to the mean éy under the stationary

We consider the iterates of the SGD recursion on R? defined starting from 6y € R4, fork >0
and a step size y > 0 by

(1) o =00 —y[ 107 +ex1(6)],

where f is the objective function to minimize (in machine learning the generalization per-
formance), €41 (9,57/)) the zero-mean statistically independent noise (in machine learning ob-
tained from a single observation). Following [5], we leverage the property that the sequence
of iterates (9,57/));(20 is a homogeneous Markov chain.

This interpretation allows us to capture the general behavior of the algorithm. In the
strongly convex case this Markov chain converges exponentially fast to a unique stationary
distribution 7, (see Proposition 2) highlighting the facts that (a) initial conditions of the algo-
rithms are forgotten quickly, and (b) the algorithm does not converge to a point but oscillates
around the mean of 7, ; see an illustration in Figure 1 (left). It is known that the oscillations
of the nonaveraged iterates have an average magnitude of y /2 [47].

Consider the process (é,gy))kzo given for all k£ > 0 by

k
20y _ 1 )
2 0" =——)>» 6.7,
@ kT k41 Z J
j=0
Then, under appropriate conditions on the Markov chain (9,9’));{20, a central limit theorem

on (9-]5)/) k>0 holds which implies that 9_,5)/) converges at rate O (1/ Vk) to

3) 6, = /Rd & dr, ().
The deviation between 9_,9’) and the global optimum 6* is thus composed of a stochastic part
Q_IEV) — G_y and a deterministic part 9_7 —0*.

For quadratic functions it turns out that the deterministic part vanishes [5], that is, éy =0*
and thus averaged SGD with a constant step size does converge. However, it is not true for
general objective functions, where we can only show that 0_), —6* = O(y), and this deviation
is the reason why constant step-size SGD is not convergent.

The first main contribution of the paper is to provide an explicit asymptotic expansion in
the step size y of 9_7/ — 0*. Second, a quantitative version of a central limit theorem is es-

tablished which gives a bound on IE[||9_), — 0_,9/) %] that highlights all dependencies on initial
conditions and noise variance, as achieved for least-squares by [15], with an explicit de-
composition into “bias” and “variance” terms. The bias term characterizes how fast initial
conditions are forgotten and is proportional to N(6p — 6*) for a suitable norm N : R? — R, ,
while the variance term characterizes the effect of the noise in the gradient, independently of
the starting point, and increases with the covariance of the noise.
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Moreover, akin to weak error results for ergodic diffusions [59], we achieve a nonasymp-
totic weak error expansion in the step size between 7, and the Dirac measure on R4
concentrated at *. Namely, we prove that for all functions g : RY — R, regular enough,
Jra g(@)dm, (9) = g(0*) + yC§ + 15, ry € RY, ||y || < C5y?, for some CY, C5 > 0 inde-
pendent of y. Given this expansion, we can now use a very simple trick from numerical
analysis, namely, Richardson—Romberg extrapolation [56]. If we run two SGD recursions,
(G,fy))kzo and (Ok(zy))kzo, with the two different step sizes, y and 2y, then the average
processes (é,gy))kzo and (é,ﬁzy))kzo will converge to 0_ and ézy, respectively. Since 9_7 =
0% +y Al +rldand by, = 0% 42y A} +ry, for i, 1) € RY, max([12r)]], 1735 1) < 2Cy2,
for C > 0 and A € RY independent of y, the combined iterates 29,57/) — 9,52)’) will converge
to 6* 4 2rId %d which is closer to 8* by a factor y. See illustration in Figure 1(right).

In summary, we make the following contributions:

e We provide in Section 2 an asymptotic expansion in y of 9_ — 6* and an explicit version of

a central limit theorem is given which bounds E[lléy (y) I2]. These two results outline
the dependence on initial conditions, the effect of noise and the step size.

e We show in Section 2 that Richardson—Romberg extrapolation may be used to get closer
to the global optimum.

e We borrow and adapt in Section 3 some techniques to analyze asymptotic bias of numerical
schemes in the context of diffusion processes to get new insight about SGD. We believe
that this analogy and the associated ideas are interesting in their own right.

e We show in Section 4 empirical improvements of the extrapolation schemes.

These results can be used directly, in practice, to achieve faster convergence in both asymp-
totic and nonasymptotic regimes. Moreover, convergence results can be used to derive confi-
dence intervals for 6*, as in [13, 57]. Another important application is the design of automatic
restart schemes for SGD. In applications (especially in nonconvex settings), practitioners typ-
ically use epoch-wise constant step size; the step size is periodically reduced [26, 29]. How-
ever, the reduction scheduling is typically hand tuned which is a major burden. Automatic
restart strategies have been considered [11]; they are based on reducing the step size when
stationarity is reached. The detailed analysis of stationarity we provide can allow to design
new or more efficient restart strategies for such applications.

Notations. We first introduce several notations. We consider the finite dimensional® Eu-
clidean space R¢ embedded with its canonical inner product (-, -). Denote by {e1, ..., es}
the canonical basis of R?. Let E and F be two real vector spaces, we denote by E ® F the
tensor product of E and F. For all x € E and y € F, denote by x ® y € E ® F' the tensor
product of x and y. Denote by E®F the kth tensor power of E and x®* ¢ E®* the kth tensor
power of x. We let £((R4)®k, R?) stand for the set of linear maps from (R")®* to R¢ and for
L € L(R?)®k RY), we denote by ||L| the operator norm of L.

Let n € N*; denote by C" (R4, R™) the set of n times continuously differentiable functions
from R to R™. Let F € C" (Rd, R™); denote by F ™) or D" F, the nth differential of f.Let
feC" (R, R). For any x € R4, f (”)(x) is a tensor of order n. For example, for all x € R4,
f 3 (x) is a third order tensor. In addition, for any x € R4 and any matrix, M € RI*d we
define f® (x)M as the vector in R? given by, for any [ € {1, ..., d}, the [th coordinate is

given by (f(3)(x)M)l = Zl = 1 M, jm(x) By abuse of notations, for f € C L(R?), we

ZProofs and results could be extended to an infinite dimensional domain. However, it would require heavy
technical considerations without bringing new important insights.
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identify £’ with the gradient of f and if f € C2(R?), we identify f” with the Hessian matrix
of f. A function f:RY — RY is said to be locally Lipschitz with polynomial growth or
pseudo-Lipschitz if there exists « > 0 and C > O such thatforall x, y € R I Fx) = fOD) <
C+[xI*“+ Iy Nlx — y|. In this document any locally Lipschitz function is assumed to
be locally Lipschitz with polynomial growth and therefore, for ease of presentation, we do
not specify it in the sequel. For ease of notations and depending on the context, we consider
M e R%*4 ejther as a matrix or a second order tensor. More generally, any M € L((RY)®k R)
will be also consider as an element of L((R?)®*—1 Rd) by the canonical bijection. Besides,
for any matrices M, N € R9%d M ® N is defined as the endomorphism of R9*d guch that
M QN : P+— MPN.For any matrix M € Rdxd tr(M) is the trace of M, that is, the sum of
diagonal elements of the matrix M.

For a,b € R, denote by a vV b and a A b the maximum and the minimum of a and b,
respectively. Denote by |-| and [-] the floor and ceiling function, respectively.

Denote by B (R?) the Borel o-field of R?. For all x € R, 8, stands for the Dirac measure
at x.

2. Main results. In this section we describe the assumptions underlying our analysis,
our main results and their implications.

2.1. Setting. Let f:RY — R be an objective function, satisfying the following assump-
tions:

Al. The function f is strongly convex with convexity constant pu > 0, that is, for all
01,0, € R? and t € [0, 1],

F(t61 + (1= 1)62) <1£6) + (1= 1) f 62) — (/21 (1 = 1)]|61 — 62]*.

A2. The function f is five times continuously differentiable with second to fifth uni-
formly bounded derivatives: for all k € {2, ..., 5}, supgega || f % (0)|| < +o0. In particular, f
is L-smooth with L > 0: for all 6y, 6, € RY

| f/61) — £ ©)| < L6 — 6.

If there exists a positive definite matrix £ € R?*¢ such that the function f is the quadratic
function 6 — || Z1/2(6 — 6*)|>/2, then A1, A2 are satisfied.

In the definition of SGD given by (1), (¢x)x>1 is a sequence of random functions from R4
to RY satisfying the following properties:

A3. There exists a filtration (F¢)x>o (i.e., for all k € N, Fy C F41) on some probability
space (€2, F, P) such that for any k € N and 6 € R, ex+1(0) is a Fi41-measurable random
variable and E[er1(0)|Fx] = 0. In addition, (ex)xen+ are i.i.d. random fields. Moreover, we
assume that 6y is Fp-measurable.

A3 expresses that we have access to an i.i.d. sequence ( fk/)keN* of unbiased estimator of
f', thatis, for all k e N and 6 € R?,

) Fig10) = £'0) + ex41(0).

Note that we do not assume random vectors (€x1 (9,9/))) keN to bei.i.d., a stronger assumption
generally referred to as the semistochastic. Moreover, as 6 is Fo-measurable, for any k € N,
O 1s Fr-measurable.
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We also consider the following conditions on the noise, for p > 2:

A4 (p). For any k € N*, fk’ is almost surely L-cocoercive (with the same constant as
in A2), that is, for any 7, 6 € R?, L{f{©0)— fi(m),0 —n) > ||2||[]fk’(0) — fi(n). Moreover,
there exists 7, > 0 such that for any k € N*, EYP[|lex(6%)]17] < Tp.

Almost sure L-co-coercivity [62] is satisfied, for example, if, for any k € N*, there exists
a random function f; such that fk/ = (fx)’ and which is a.s. convex and L-smooth. Weaker
assumptions on the noise are discussed in Section 6.1. Finally, we emphasize that under A3,
in order to verify that A4(p) holds, p > 2, it suffices to show that f] is almost surely L-
cocoercive and EVP[|le; (6%)||7] < 7p. Under A3-A4(2), consider the function C : R? —
R4*4 defined for all § € RY by

S) C(6) =E[£1(0)?].

A5. The function C is three time continuously differentiable, and there exist M, k; > 0
such that for all # € R,

® M1+ 6 —0*|").
nax, [CO)] < M1+ 6 6]}

In other words, we assume that the covariance matrix 6 — C(0) is a regular enough func-
tion which is satisfied in natural settings.

EXAMPLE 1 (Learning from i.i.d. observations). Our main motivation comes from ma-
chine learning; consider two sets, X', ), and a convex loss function L : X x ) x RY — R.
The objective function is the generalization error f.(6) = Ex y[L(X, Y, 6)], where (X, Y)
are some random variables. Given i.i.d. observations (X, Yi)ren+ With the same distribution
as (X, Y), for any k € N*, we define fi(-) = L(Xg, Yz, -) the loss with respect to observation
k. SGD then corresponds to following gradient of the loss on a single independent observation
(Xk, Yr) at each step; Assumption A3 is then satisfied with 7 = o (X, Y}) je(1,... k})-

Two classical situations are worth mentioning. On the first hand, in least-squares regres-
sion X =R4, Y =R and the loss function is L(X, Y, 0) = (X,0) — Y)2. Then, fx is the
quadratic function 6 — | X 126 — 6%) ||2/2, with ¥ = E[X X "], which satisfies Assumption
A2. For any § e R?,

(6) ex(0) = Xp X, 0 — X1 Yy

Then, for any p > 2, Assumption A4(p) and AS is satisfied as soon as the observations are
a.s. bounded, while A1 is satisfied if the second moment matrix is invertible or additional
regularization is added. In this setting & can be decomposed as e = oy + & where g is the
multiplicative part, & the additive part, given for 6 € R4 by 0x(8) = (XkX,j — )@ — 6%
and

(7 & = (X 0" — i) X¢.

For all £k > 1, & does not depend on 8. These two parts in the noise will appear in Corollary 6.
Finally, assume that there exists » > 0 such that

(8) E[II X 1?Xe X | < r2 2,

then A4(4) is satisfied. This assumption is satisfied, for example, for a.s. bounded data or for
data with bounded kurtosis; see [18] for details.

On the other hand, in (regularized) logistic regression, where L(X,Y,0) = log(1l +
exp(—Y(X,8))), Assumptions A4 or A2 are similarly satisfied, while A1 holds when reg-
ularization is added or with an additional restriction to a compact set (using selfconcordance
assumptions [3] would allow a direct unconstrained application).
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2.2. Summary and discussion of main results. Under the stated assumptions, for all y €
(0,2/L) and 6y € R4, the Markov chain (0,?/))1(20 converges in a certain sense specified
below to a probability measure on (R?, B(R?)), m, satisfying [pa |9 ||27ry (dY) < 400; see
Proposition 2 in Section 3. In the next section, by two different methods (Theorem 4 and
Theorem 7), we show that under suitable conditions on f and the noise (ex)r>1, there exists
A € R? such that for all small enough y >0,

6, =/Rd 971, (d) = 60"+ y A+ 1D,

where rl(/l) eRY, ||r)(,1) | < Cy? for some constant C > 0 independent of y. Using Proposi-
tion 2, we get that for all £ > 1,

_ Ao, )

) E[6) — 6*] p

+yA+r,
where r}(,z) eR4, ||r,(,2) | < C(y?+ e *#¥) for some constant C > 0 independent of y.
This expansion in the step size y shows that a Richardson—Romberg extrapolation can be

used to have better estimates of 0*. Consider the average iterates (éz(f,))kzo and (é,gy))kzo

associated with SGD with step size 2y and y, respectively. Then, (9) shows that (29_,5)/) —
é,izy))kzo satisfies

2

2A(6y,y) — A(6p, 2y) )
= + 2r}/ - r2]/

k

and, therefore, is closer to the optimum 6*. This very simple trick improves the convergence

by a factor of y (at the expense of a slight increase of the variance). In practice, while the

objective values at the unaveraged gradient iterates 9,?’) saturate (i.e., stop decaying) at a

9‘15)/)

E[zélgy) _ 9_/523/) . 9*]

suboptimal value rapidly, may already perform well enough to avoid saturation on real

data-sets [5]. The Richardson—Romberg extrapolated iterate 20_,?/) — 9_152}/) very rarely reaches
saturation in practice. This appears in synthetic experiments presented in Section 4. More-
over, this procedure only requires to compute two parallel SGD recursions, either with the
same inputs or with different ones, and is naturally parallelizable.

In Section 3.2 we give a quantitative version of a central limit theorem for (é,fy))kzo, for
a fixed y > 0 and k going to +o0; under appropriate conditions there exist constants B (y)
and B> (y) such that

(10) E[|6Y — 6, |*] = Bi(y)/k + Ba(y)/ k> + O(1/K).

Combining (9) and (10) characterizes the bias/variance trade-off of SGD used to estimate
0*.

2.3. Related work. The idea to study stochastic approximation algorithms using results
and techniques from the Markov chain literature is not new. It goes back to [23], which shows
under appropriate conditions that solutions of stochastic differential equations (SDE)

dYt = —f/(Y[)dt =+ V43 dB[,

where (B;)s>0 is a d-dimensional Brownian motion and (y;);>0 is a one-dimensional positive
function, lim,_, 1« ¥, = 0, converge in probability to some minima of f. Another example
is [49] which extends the classical Foster—Lyapunov criterion from Markov chain theory
(see [40]) to study the stability of the least mean square algorithm. In [10], the authors are
interested in the convergence of the multidimensional Kohonen algorithm. They show that the
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Markov chain defined by this algorithm is uniformly ergodic and derive asymptotic properties
on its limiting distribution.

The techniques we use in this paper to establish our results share a lot of similarities with
previous work. For example, our first results in Section 3.1 and Section 3.2 can be seen as
complementary results of [2]. Indeed, in [2] the authors decompose the tracking error of a
general algorithm in a linear regression model. To prove their result, they develop the error
using a perturbation approach. However, for linear regression, 9_,, = 0%, which justifies the
present work which deals with potentially nonquadratic objective functions f.

Another and significant point of view to study stochastic approximation relies on the gra-
dient flow equation associated with the vector field f’: X; = — f’(x;). This approach was
introduced by [33] and [30] and has been applied in numerous papers since then; see [6, 7,
38, 39, 58]. To establish our results in Section 3.3, we use the strong connection between SGD
and the gradient flow equation as well; in particular we introduce the Poisson solution asso-
ciated with the gradient flow equation. The combination of the relation between stochastic
approximation algorithms with the gradient flow equation and the Markov chain theory has
been developed in [21] and [22]. In particular, [22] establishes under appropriate conditions
that there exists for all y € (0, y), with yy small enough, an invariant distribution 7, for the

Markov chain (Géy))keN, and (77 )y¢(0,y) 18 tight. In addition, they show that any limiting
distributions is invariant for the gradient flow associated with f’. Note that their conditions

and results are different from ours. In particular, we do not assume that (QIEV))keN is Feller
but require that f is strongly convex contrary to [22]. In addition, we establish an explicit
expansion in the step size y for 9_,, — 6* and more generally for the weak error between 7,
and 8gx.

To the authors’ knowledge, the use of the Richardson—-Romberg method for stochastic
approximation has only been considered in [41] to recover the minimax rate for recursive
estimation of time varying autoregressive process.

Several attempts have been made to improve convergence of SGD. [5] proposed an online
Newton algorithm which converges in practice to the optimal point with constant step size
but has no convergence guarantees. The quadratic case was studied by [5] for the (uniform)
average iterate. The variance term is upper bounded by o2d/n and the squared bias term
by [16*]1>/(yn). This last term was improved to |Z~1/26*||?/(yn)? by [15, 16], showing
that, asymptotically, the bias term is negligible; see also [31]. Analysis has been extended
to “tail averaging” [28] to improve the dependence on the initial conditions. Note that this
procedure can be seen as a Richardson—-Romberg trick with respect to k. Other strategies
were suggested to improve the speed at which initial conditions were forgotten, for example,
using acceleration when the noise is additive [18, 27]. A criterion to check when SGD with
constant step size is close to its limit distribution was recently proposed in [11].

In the context of discretization of ergodic diffusions, weak error estimates between the
stationary distribution of the discretization and the invariant distribution of the associated
diffusion have been first shown by [59] and [37] in the case of the Euler—Maruyama scheme.
Then, [59] suggested the use of Richardson—Romberg interpolation to improve the accuracy
of estimates of integrals with respect to the invariant distribution of the diffusion. Extension
of these results have been obtained for other types of discretization by [1] and [12]. We show
in Section 3.3 that a weak error expansion in the step size y also holds for SGD between
m,, and d¢+. Interestingly, as to the Euler-Maruyama discretization, SGD has a weak error of
order y. In addition, [20] proposed and analyzed the use of Richardson—Romberg extrapo-
lation applied to the stochastic gradient Langevin dynamics (SGLD) algorithm. This method
introduced by [61] combines SGD and the Euler—Maruyama discretization of the Langevin
diffusion associated to a target probability measure [14, 19]. Note that this method is, how-
ever, completely different from SGD in part because Gaussian noise of order y !/? (instead of
y) is injected in SGD which changes the overall dynamics.
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Finally, it is worth mentioning [35, 36], which are interested in showing that the invariant
measure of constant step-size SGD for an appropriate choice of the step size y, can be used
as a proxy to approximate the target distribution 7 with density with respect to the Lebesgue
measure e~/ . Note that the perspective and purpose of this paper is completely different since
we are interested in optimizing the function f and not in sampling from .

3. Detailed analysis. In this section we describe in detail our approach. A first step is to

describe the existence of a unique stationary distribution 7, for the Markov chain (0,?/)) k>0
and the convergence of this Markov chain to 7, in the Wasserstein distance of order 2.

Limit distribution. We cast in this section SGD in the Markov chain framework and in-
troduce basic notion related to this theory; see [40] for an introduction to this topic. Consider
the Markov kernel R, on (R?, B(R?)) associated with SGD iterates (Qlfy))keN, that is, for
all k € N and A € B(R?), almost surely Ry, (6, A) = P(6k41 € Albk), for all 6y € R4 and
A € B(RY), 6 — R, (0, A) is Borel measurable and R, (6, -) is a probability measure on
(R4, B (Rd )). For all k € N*, we define the Markov kernel R}’j, recursively, by R)l/ =R, and
for k > 1, for all §) € R4 and A € B(R?)

RE+1 (0, A) =A;d RY (60, d0)R, (6, A).

For any probability measure A on (R, B(R?)), we define the probability measure AR, for
all A € B(R?) by

ARY(A) :/Rdx(de)R’;(e,A).

By definition, for any probability measure A on B(R?) and k € N*, AR)’ﬁ is the distribution

of 9,5)/) started from 6y drawn from A. For any function ¢ : RY — R and k € N*, define the
measurable function RJ’§¢ :R? — R for all gy € R?,

Rigp(@0) = [ 6(©6)RS (6. d6).

For any measure A on (R?, B(R?)) and any measurable function 4 : R? — R, A(h) denotes
Jra h(0)dX\(6) when it exists. Note that with such notations, for any k € N*, probability
measure A on B(R?) and measurable function & : R — R4, we have )L(R]’jh) = (XR)]i)(h).
A probability measure 7, on (R4, B(R?)) is said to be a invariant probability measure for
R,,y > 0if 7, R, = R,. A Markov chain (6" )iy satisfying the SGD recursion (1) for
y > 0 will be said at stationarity if it admits an invariant probability measure 7, and 9,5}/) is
distributed according to m,, . Note that in this case, for all k € N, the distribution of 9,?/) is .

To show that (0,?/)) k>0 admits a unique stationary distribution 7r,, and quantify the conver-
gence of (voR{j)kZo to ,, , we use the Wasserstein distance; see [60]. A probability measure

A on (RY, B(RY)) is said to have a finite second moment if Jra 1D 21 (d®) < 4o00. The set
of probability measure on (R, B(R?)) having a finite second moment is denoted by P> (R?).
For all probability measures v and A in P>(R?), define the Wasserstein distance of order 2
between A and v by

12
Wa(h,v)= inf —Zd,d),
m = inf(([lv=yiPsx.dy)

where TT(u, v) is the set of probability measure & on B(R? x R¥), satisfying for all A €
BR?), £(A x RY) = v(A) and E(R? x A) = A(A).
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PROPOSITION 2.  Assume A1-A2—-A3-A4(2). For any step size y € (0,2/L), the Markov
chain (Qk(y))kzo, defined by the recursion (1), admits a unique stationary distribution w, €
P>(RY). In addition,

(a) forall @ e R?, k € N*:
W3 (R0, ), 7y) < (1 = 2uy (1 =y L/2)) A; 16 =117 dry (9);

(b) for any Lipschitz function ¢ : R — R, with Lipschitz constant Ly, for all 0 € R,
k e N*:

k k/2 2 172
RS ©) =7, )] = Lo(1 = 20y (1 =y L/2)P( [0 = 9 IPam, )

PROOF. Lety € (0,2/L)and Ay, A; € Pr(RY). By [60], Theorem 4.1, there exists a cou-
ple of random variables Qél) , 9(%2) such that sz (A, A2) = E[ll&él) - 9(52) %] independent of
(ex)ken+. Let (9,5 1))1{20,(9,52))1{20 be the SGD iterates associated with the step size y, starting
from 0(51) and 962), respectively, and sharing the same noise, that is, for all £k > 0,

1 1 1 1
an o =0 v [£60) + e (6)]
0 =07 =y [107) + errn (7).

Note that using that 6(1), 962) are independent of e, we have for i, j € {1, 2} using A3, that
(12) E[(65”, £(65"))] =0.

Since for all k£ > 0, the distribution of (9(1), 0,52)) belongs to IT(Aj Rk, sz’;); by definition
of the Wasserstein distance we get

W30 Ry 22Ry) <ELJ0}" =67
=Efle” - 7Ai6") - 67 -y eI
SE(l6s” — o I 217 05") - ' 657). 5" ~ 657
+VELLAE) - eI
ZE[le” — 671>~ 2v 1 =y LD 6") - 1'657). 85" — 657

(ii) 1 212
< (1—2uy (1 =y L/D)E[|65" — 65 ],
using (12) for (i), A4(2) for (ii) and, finally, A1 for (iii).
Thus, by a straightforward induction we get, setting p = (1 —2uy (1 — yL/2))

W3 (1 RY, 2aR}) < E[J6;" — 6,77
(13)
< pE[|6,2, = 62, 1" = 0" W3 (0 22).
Since by A2-A3-A4(2), \iR, € P> (RY), taking Ay = ARy, in (13), for any N € N*, we
have Z,I(Vzl sz(kle , sz)’j) < Z,]CVZI pkWZZ(Al, A1R,). Therefore, we get Z,;:f sz(kle,
MRij“) < 4o00. By [60], Theorem 6.16, the space Pz(Rd), endowed with W5, is a Polish
space. Then, (A R)’j) k>0 1s a Cauchy sequence and converges to a limit rr;l € P (RY):

14 lim Wo(A R, 7*1) =0.
( ) k—ir—&l}oo 2(1 JTy)
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‘We show that the limit n;' does not depend on A|. Assume that there exists 7‘[;‘2 such that
limg—s 100 Wa (Ao R, 7132) = 0. By the triangle inequality

Wa(m)' r}?) < Wa(m)' M RY) + Wa (MRS, MRS ) + Wa ()2, AaRY).

Thus, by (13) and (14), taking the limits as k — 400, we get WQ(M;I , n%z) =0 and n?l =
n;? The limit is thus the same for all initial distributions and is denoted by .
Moreover, 7, is invariant for R, . Indeed, for all k € N*,

Wa(my Ry . 7y) < Wa(my Ry, 7y RY) + Wa(my R 7).

Using (13) and (14), we get taking k — +o00, Wa(7r, Ry, 7)) =0 and 7, R, = 7). The fact
that 7, is the unique stationary distribution is straightforward by contradiction and using
(13).

Taking A = 8¢, A» = m,,, using the invariance of 7, and (13), we get (a). Finally, note
that fga |0 — ?)|?dmy (8) < +oo follows from the inequality for a,b € RY, [la — b|? <
2(llall* + 12/I115) and since we have established that Ty € Pa(RY).

Finally, if we take A1 =3¢ and A, = ), using 7, R, = m,, (13) and the Cauchy—Schwarz
inequality, we have for any k € N*:

[RE¢©) — 7, ()| = [E[0 (6 ) — (0 )]
< LyE'[|6) —62)|]

12
< Lo(1 = 20r (1 = yL/2) ([ 10 - 2P, )

which concludes the proof of Proposition (b). [J

A consequence of Proposition 2 is that the expectation of 9_,?/) , defined by (2), converges to
Jra U dmry, (9) as k goes to infinity at a rate of order O (k—1); see Theorem 16 in Section 6.2.

3.1. Expansion of moments of w, when y is in a neighborhood of 0. In this subsection
we analyze the properties of the chain starting at 6 distributed according to 7r,,. As aresult we
prove that the mean of the stationary distribution 9_,, = Jga U7y, (d9) is such that 9_), =0%+
¥y A+ O(y?). Simple developments of equation (1) at equilibrium result in expansions of the
first two moments of the chain. It extends [34, 47] which showed that (y_l/ 2 () —39%))y>0
converges in distribution to a normal law as y — 0.

Quadratic case. When f is a quadratic function, that is, f’ is affine, we have the follow-
ing result:

PROPOSITION 3. Assume f = fx, fx :0 — || £1/2(0 — 6%)|>/2, where S is a positive
definite matrix and A2-A3-A4(4). Let y € (0,2/L). Then, it holds 6, =0, 2 QI +1 ®
Y —y X ® X is invertible, and

/Rd(e —6") %7, =y (EQI+ I —yE® E)_l[/RdC(Q)ny(dQ)],

where éy and C are given by (3) and (5), respectively, and m,, is the invariant probability
measure of R, given by Proposition 2.
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The first part of the result, which highlights the crucial fact that for a quadratic function

the mean under the limit distribution is the optimal point, is easy to prove. Indeed, since

y, is invariant for (9,9/));{20, if Géy) is distributed according to ,, then 91(7/) 1s distributed

according to ), as well. Thus, as 91(}/) = Géy) —yf (Qéy) )+ yel(Qéy)) taking expectations
on both sides, we get [ps f'(¥)dm, () = 0. For a quadratic function, whose gradient is
affine: [pa f/'(9)dm, (9) = f ’(Q_y) =0 and thus 0_), = 0*. This implies that the averaged it-
erate converges to 0*; see, for example, [5]. The proof for the second expression is given in
Section 6.3.

General case. While the quadratic case led to particularly simple expressions, in gen-
eral we can only get a first order development of these expectations as y — 0. Note that it
improves on [47] which shows a similar expansion but with an error of order of O (y3/ 2y,

THEOREM 4. Assume A1-A2-A3-A4(6 v [2(k, + 1)1)-A5 and let y € (0,2/L). Then,
'O @I +1® f"(0*) is invertible and

(15) by, — 0" =yf"(0") "' £ (0")AC(") + O (),
(16) A;d (6 — 6%)%%7, (d6) = yAC(6%) + O(v?),

where

(17) A=(f"0"@I+1® f/(6*) ",

G_y and C are given by (3) and (5), respectively, and m,, is the invariant probability measure
of R, given by Proposition 2.

PROOF. The proof is postponed to Section 6.4. [

This shows that y +— G_y is a differentiable function at y = 0. The “drift” 9_1/ —0* can be un-
derstood as an additional error occurring because the function is nonquadratic ( f”/(6*) # 0)
and the step sizes are not decaying to zero. The mean under the limit distribution is at distance
y from 6*. In comparison, the final iterate oscillates in a sphere of radius proportional to /Y.

3.2. Expansion for a given y > 0 when k tends to +0c. In this sub-section we analyze
the convergence of 0_,?/) to 9_7/’ when k — oo and the convergence of E[Hé,gy) — «9_y %] to 0.

Under suitable conditions [24], 9_,9/) satisfies a central limit theorem: {Jl&é,ﬁ” — éy)}keN*
converges in law to a d-dimensional Gaussian distribution with zero mean. However, this
result is purely asymptotic, and we propose a new tighter development that describes how
the initial conditions are forgotten. We show that the convergence behaves similarly to the
convergence in the quadratic case, where the expected squared distance decomposes as a
sum of a bias term that scales as k2, and a variance term that scales as k!, plus linearly
decaying residual terms. We also describe how the asymptotic bias and variance can be easily
expressed as moments of solutions associated with several Poisson equations.

For any Lipschitz function ¢ : R — R?, by Lemma 8 in Section 6.2 the function Yy =
Z;;O(‘)’{R;'/(p — 1y, (@)} is well defined, Lipschitz and satisfies ), (¥,) =0, (Id — R))) ¥, = ¢.
The function v, will be referred to as the Poisson solution associated with ¢. Consider the
three following functions:

e r, the Poisson solution associated with ¢ : 0 > 6 — 6%,
e w, the Poisson solution associated with 6 — v, (9),
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° X,} the Poisson solution associated with 6 — (v, (6))%2,
° X% the Poisson solution associated with 6 — ((, — ¢) (6))®2.

THEOREM 5. Assume A1-A2-A3-A4(4), and let v € (0,1/(2L)). Then, setting p =
(1 —y )72, for any starting point 6y € R?, k € N*,

E[60 —8,] = k™! (y (60) + O (oY),
E[6 —0,)% ) =k""m, (W E2 — (W — )®2)
— k[, (wye " + o)) + %2 00) — 10 (60)]
+ 0k,

where 9_,5}/), éy are given by (2) and (3), respectively, and 1, is the invariant probability
measure of R,, given by Proposition 2.

Equation (5) is a sum of three terms: (i) a variance term that scales as 1/k, and does not
depend on the initial distribution (but only on the asymptotic distribution ) ), (ii) a bias term
which scales as 1/k? and depends on the initial point 6y € R and (iii) a nonpositive residual
term which scales as 1/k2.

PROOF. In order to give the intuition of the proof and to underline how the associated
Poisson solutions are introduced, we here sketch the proof of the first result. By definition of
¢ 10+ 0 — 0" and since V¥, satisfies (Id — R,)¥,, = ¢, we have

k
E[60)] -6 = (k+ 1) Y (RLe)(60)
i=0

=1, (p) + (k + 1), (60) + Ry, (60),

where we have used that

SR (p =y (9) — RS R (0 — 7, (9) = by — REF
i=0 i=0

Finally, we have that R)’j Yy (Bp) converges to O at linear speed, using Proposition 2 and

my, (Yy,) =0.
The formal and complete proof of this result is postponed to Section 6.5. [

This result gives an exact closed form for the asymptotic bias and variance, for a fixed y,
as k — oo. Unfortunately, in the general case, it is neither possible to compute the Poisson
solutions exactly nor is it possible to prove a first order development of the limits as y — 0.

When fx is a quadratic function, it is possible, for any y > 0, to compute v, and X;’Q
explicitly; we get the following decomposition of the error which exactly recovers the result
of [15].

COROLLARY 6. Assume that f is an objective function of a least-square regression
problem, that is, with the notations of Example 1, f = fs, ¥ =E[XX 1, ex are defined by
(6) and step size y < 1/r?, with r defined by (8). Assume A1-A2—A3-A4(4). For any starting
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point 6y € Rd,
E6) — 6% = (1/(ky)) =~ (60 — 6%) + O (pY),

E[(6 — 6%)%] = (l/k)E_l{/Rd C(G)dny(e)}Z_l

+(1/(y?) =7 Q[e00) % — 7, (9®%)] =~
—(1/(Py)) (22 @+ 1dRE ), (9%%) + O (k73).
WithQ=(EQI+IQL—yEQ)NERI+IQ —yT)" !, and
(18) T:RY*4 5 RI*4 A E[(XTAX)XXT].

PROOF. The proof is postponed to the Supplementary Material [17], Section S5. [J

The bound on the second order moment is composed of a variance term
k_IE_ln,, (C)X ™!, a bias term which decays as k2 and a nonpositive residual term. Note
that the bias is 0 if we start under the limit distribution.

3.3. Continuous interpretation of SGD and weak error expansion. Under the stated as-
sumptions on f and (er)xen*, We have analyzed the convergence of the stochastic gradient
recursion (1). We here describe how this recursion can be seen as a noisy discretization of the
following gradient flow equation, for t € R :

(19) O =—1f"6).
Note that since f’(6*) = 0 by definition of 6* and A1, then 6* is an equilibrium point of
(19), that is, 6, = 6* for all ¢t > 0 if 6y = 6*. Under A2, (19) admits a unique solution on R
for any starting point 6 € R4, Denote by (¢:):>0 the flow of (19), defined for all § € R4 by
(¢:(8))>0 as the solution of (19) starting at 6.

Denote by (A, D(A)), the infinitesimal generator associated with the flow (¢;);>0 defined
by

h(g(0)) — h(6
D(A):{h:Rd—ﬂR: forall @ € R?, lir%M
1—

exists },
(20)
forall h € D(A), 6 € RY.

Ah(6) = lim {h(p:(0)) — h(0)}

— t

Note that for any 4 € C'(RY), h € D(A), Ah=—(f", I').

Under Al and A2, for any locally Lipschitz function g : R — R (extension to a func-
tion g : RY — RY can easily be done considering all assumptions and results coordinate-
wise), denote by hg the solution of the continuous Poisson equation defined for all 6 € R4
by hg(0) = fooo(g((ps (0)) — g(0*)) ds. Note that i is well defined by Lemma 21(b) in Sec-
tion 6.6.1, since g is assumed to be locally Lipschitz. Roughly, Lemma 21(b) implies that, for
any 6 € RY, there exists C(6) > 0 such that for any s € Ry, |g(ps(8)) — g(0*)] < C(0)e™*
and, therefore, s — g(¢s(0)) — g(6*) is integrable on R for any 6 € R, By (20), we have
for all g : RY - R, locally Lipschitz,

1) Ahg(6) = g(6%) — g(6).

Under regularity assumptions on g (see Theorem 23), i is continuously differentiable and,
therefore, satisfies (f’, h/g) = g — g(0*). The idea is then to make a Taylor expansion of

h g(Q,g_)]) around 9,?/) to express k! Zle g(@l.(y)) — g(6™) as convergent terms involving the

derivatives of h. For g : R? — Rand ¢, p € N, £ > 1, consider the following assumptions:
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A6 (£, p). There exist ag, by € Ry such that g € CY(R?) and for all € R? and i €
(o 0, gD O < aglllf —0*117 + bg).

THEOREM 7. Let g:R? — R, satisfying A6(5, p) for p € N. Assume A1-A2-A3-A5.
Furthermore, suppose that there exists g € N and C > 0 such that for all 6 € R¢,

E[lei@]" 1< c(1+]0 —67]%).

and A4(2p) holds for p = p+3+q V k.. Then, there exists a constant ¢ > 0, only depending
on p such that for all y € (0,1/(cL)), k € N* and any starting point 6y € R? it holds that:

{ 12 A *)}}

(22) )
= (1/(ky)){hg(60) — E[h (9k+1)]}
+ (r/2) r(h (6*)C(6%)) — (v/ k) A1 (B0) — v Aa (B0, k),
where 9,57/) is the Markov chain starting from 6y and defined by the recursion (1) and C is

given by (5). In addition, for some constant C > 0 independent of y and k, we have

A1(60) < C{1+ 60— 0*7}.  Ax(B0.k) < C{1+ 60— 6% /k).
PROOF. The proof is postponed to Section 6.6. [J

First, in the case where f’ is affine, choosing for g the identity function, then hyg =
Clps — 0%} ds = >~ 1, and we get that the first term in (22) vanishes which is expected
since in that case 0_), = 6*. Second, by Lemma 22(b) we recover the first expansion of
Theorem 4 for arbitrary objective functions f. Finally, note that for all ¢ € N, under ap-
propriate conditions, Theorem 7 implies that there exist constants C, C2(6p) > 0 such that

Elk~L Y5, 16 —6*[24] = C1y + C2(60)/ k + O (12).

3.4. Discussion. Classical proofs of convergence rely on another decomposition, origi-
nally proposed by [45] and used in recent papers analyzing the averaged iterate [4]. In order to
highlight the main difference, we here sketch the arguments of these decompositions, namely,
the fact that the residual term is not well controlled when y goes to zero in the classical proof.

Classical decomposition. The starting point of this decomposition is to consider a Taylor

expansion of f’ (9,51)1) around 6*. For any k € N,

F1OF) = 1100 =07 + ol — %),
As a consequence, using the definition of the SGD recursion (1),
9151)1 _ 9(1/) —yf (9()/)) Y ers (9(}/))
==/ (0700 — )~ v (67) +v0 (|67 =67 P).
Thus,

11060 —6%) =y (-6 +60") — ek (6) + O (|6 — 6* ).
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Averaging over the first k iterates yields

(k+ D)6 —6%)

k
=y~ 0" 05" - 620 = > £1(0%) e (67)
23) P

k
£ 0(167 — o).
i=0
The term on the right-hand part of equation (23) is composed of a bias term (depending on
the initial condition), a variance term and a residual term. This residual term differentiates the
general setting from the quadratic one (in which it does not appear, as the first-order Taylor
expansion of f” is exact). This decomposition has been used in [4] to prove upper bounds on
the error but does not allow for a tight decomposition in powers of y when y — 0. Indeed, the

residual Gi(y) — 0* simply does not go to 0 when ¥ — 0; on the contrary, the chain becomes
ill conditioned when y = 0.

New decomposition. Here, we use the fact that for a function g : R? — RY regular
enough, there exists hg : R? — R satisfying, for any 6 € R?,

he(0)f'(0) = 8(0) — g(6),

where h/g(Q) e R7*4 and f'(8) € R?. The starting point is then a first-order Taylor develop-

ment of & g(QIX)l) around 9,9/) . For any k € N*, we have

() ) YN\ () () ) ») 2
he(6,70)) = he(6,7) +h;r(9ky )05 —=67) + o6 =67
=he(0") = v, (07) £/ 0) = v I (6 )ers1 (6
) )2
"‘0(”‘9/(11 -6, 1)
_h 9(}’) _ 9(7) _ 9* _ h/ 9(7/) 0(7)
=he(6,") —v(g(6,"") — 8(67)) Vg(k)8k+1(k)
) )2
+o(l6 -6 1)-

k+1
Thus, reorganizing terms,

) - ) )
86,") —5(6) =y l{hg(eky ) — hg(ekil)}
( - ¥) 2
+ 1O )er1(6) +y 7 0167 — 61P).
Finally, averaging over the first & iterations and taking g = Id, give
k+ 1B —6%)

k
@4 =y (nal6”) = malO) + a6 )eisa07)
i=0

k
_ 2
+v IZO(”Q‘Z)] _Qi(y)” ).
i=0

This expansion is the root of the proof of Theorem 7 which formalizes the expansion as
powers of y. The key difference between decompositions (23) and (24) is that in the latter,
when y — 0, the expectation of the residual term tends to 0 and can naturally be controlled.



BRIDGING THE GAP BETWEEN SGD AND MARKOV CHAINS 1363

- -1

- -2 /? -2
N N
S~ S~ 3

| -3 |
> <
= 4l—1/R? = 4 —1/R?
= —1/2R? — —1/2R?

b% —1/2R*VE b% Sl-1/2r2VE

o) -5l _Richardson 1S —Richardson
- —Online-Newton| - -6 f|—Online-Newton|

0 2 4 6 0 2 4 6
logo(k) logyo(k)

/? _2 L
>
N—
= 3l

| —1/R
= —1/2R?
> 45
= —1/4R?
— —1/2R*VE

b% 5| _Richardson

o Richardson 3~
- -6 [|—Online-Newton|

0 2 4 6
log0(k)

FI1G. 2. Synthetic data, logarithmic scales. Upper left: logistic regression, d = 12, with averaged SGD with
step size 1/ R2,1 /2R2, decaying step sizes (yy =1/ (2R2«/E)) (averaged (plain) and nonaveraged (dashed)),
Richardson—Romberg extrapolated iterates, and online Newton iterates. Upper right: same in lower dimension
(d = 4). Bottom: same but with three different step sizes and an estimator built using the Richardson estimator

9k 9(7/) 29_152)/) + %0_154)/), with three different step sizes 3y, 2y and y = 1/4R2.

4. Experiments. We performed experiments on simulated data, for logistic regression,
with n = 107 observations, for d = 12 and 4. Results are presented in Figure 2. The data
are a.s. bounded by R > 0; therefore, R> = L. We consider SGD with constant step sizes
1/R?, 1/2R? (and 1 /4R2) with or without averaging, with R?> = L. Without averaging, the
chain saturates with an error proportional to y (since ”9(;/) 0% = 0(/y) as k — +00).
Note that the ratio between the convergence limits of the two sequences is roughly 2 in
the unaveraged case and 4 in the averaged case which confirms the predicted limits. We
consider Richardson—-Romberg iterates, which saturate at a much lower level, and performs
much better than decaying step sizes (as 1/+/k) on the first iterations, as it forgets the initial
conditions faster. Finally, we run the online Newton algorithm [5] which performs very well
but has no convergence guarantee. On the right plot we also propose an estimator that uses
three different step sizes to perform a higher order interpolation. More precisely, for all k €

N*, we compute Gk = 9(7/) 20 H) 4 %§,§4y). With such an estimator the first 2 terms in the

expansion, scaling as y and 2, should vanish, which explains why it does not saturate.
We also performed experiments on the covertype dataset (581,012 observations, d = 54),
obtained from the LIBSVM data website.®> Similarly, Richardson-Romberg iterates outper-

3 http://www.csie.ntu.edu.tw/cjlin/libsvmtools/datasets
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FI1G. 3. Covertype dataset.

form constant step size while decaying step sizes are particularly slow. Convergence results
are given in Figure 3.

5. Conclusion. In this paper we have used and developed Markov chain tools to analyze
the behavior of constant step-size SGD with a complete analysis of its convergence, outlining
the effect of initial conditions, noise and step sizes. For machine learning problems this allows
us to extend known results from least squares to all loss functions. This analysis leads nat-
urally to using Romberg—Richardson extrapolation that provably improves the convergence
behavior of the averaged SGD iterates. Our work opens up several avenues for future work:
(a) show that Richardson—Romberg trick can be applied to the decreasing step-sizes setting,
(b) study the extension of our results under selfconcordance condition [3].

6. Postponed proofs.

6.1. Discussion on assumptions on the noise. Assumption A4, made in the text, can be
weakened in order to apply to settings where input observations are unbounded. Typically,
Gaussian inputs would not satisfy Assumption A4. There exists no L, such that almost surely
f,g is L-Lipschitz continuous and, therefore, Assumption A4 (p = 2) does not hold. Indeed,
for least squares regression, as described in Example 1, we have fk/ ) — fk’(n) =X kX,;r 0 —
n) which is || X k||2—Lipshitz. If || X% is not a.s. bounded, then there exists no L such that
almost surely f is L-Lipschitz.

However, in many cases, we only need Assumption A7 below. Let p > 2.

AT (p).

(i) There exists 7, > 0 such that {EV/?[||le; (6%)7]} < T,.
(i) Forall x,y € R4, there exists L > 0 such that, for qg=2,...,p,

E[] f{ ) = A ]]
< L9l =y =y, @) = ).

where L is the same constant appearing in A2 and f is defined by (4).

(25)

For Gaussian inputs Assumption A7 is satisfied, for example, for A7(p = 2): E|| f,é ) —
S =6 =) ENXe > Xk X 16 — ) < R*O — ) "E[Xk X 16 — n).

On the other hand, we consider also the stronger assumption that the noise is independent
of 0 (referred to as the “semistochastic” setting, see [18]), or more generally that the noise
has a uniformly bounded fourth order moment.
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A8. There exists T > 0 such that SupgeRd{El/4[||8](9)”4]} <rt.

Assumption A7(p), p > 2, is the weakest, as it is satisfied for random design least mean
squares and logistic regression with bounded fourth moment of the inputs. Note that we do
not assume that gradient or gradient estimates are a.s. bounded, so as to avoid the need for
a constraint on the space where iterates live. It is straightforward to see that A7(p), p > 2,
implies A4(p) with 7, = 7, and A8-A2 implies A4(4).

It is important to note that assuming A3 (especially that (ex)ren+ are i.i.d. random fields)
does not imply A8. On the contrary, making the semi-stochastic assumption, that is, that the
noise functions (&g (0x—1))ken+ are i.i.d. vectors (e.g., satisfied if & is constant as a function
of 0), is a very strong assumption and implies AS8.

Validity of the results under A7(p). Most of the results given in the main text would hold
under A7(p), for p large enough. In the following proofs we use A7 when possible. It is easy
to see that under, say A7(p = 10), Propositions 2 and 3, Theorems 4 and 5 hold.

6.2. Preliminary results. We preface the proofs of the main results by some technical
lemmas.

LEMMA 8. Assume A1-A2-A3-A4(2). Let ¢ : RY — R be a Ly-Lipschitz continuous
Sfunction. For any step size y € (0,2/L), the function v, : R? — R defined for all 6 € RY by

+00
(26) Yy (0) =) R,¢(),

i=0
is well defined, Lipschitz continuous and satisfies (Id — R,) Yy, = ¢, 7, (¥,) = 0. In addition,
if J/y :R? — R is another Lipchitz function satisfying (Id — R},)l/;y =¢,my (17/),) =0, then
wy = &y-

PROOF. Let y € (0,2/L). By Proposition 2(b), for any Lipschitz continuous function ¢,
{60 — Zle (R;/qb(e) — 1y, (¢))}k>0 converges absolutely on all compact sets of R4, Therefore
Y, given by (26) is well defined. Let (6, 1) € RY x R?. Consider now the two processes
(9151))20, (9152))@0 defined by (11) with A; =8y and A, = 85. Then, for any k € N*, using
(13):
o [RE$(©) — Ry )] < LyE'[16g]) — 6,7 7]

< Ly(1 = 2uy(1 = yL/2)) )16 = 9.

Therefore, by definition (26), v, is Lipschitz-continuous. Finally, it is straightforward to
verify that v, satisfies the stated properties.

If 1}), : R? — R is another Lipchitz function satisfying these properties, we have for all
0 eRY, (Y, —,)(0) = R, (¥, — ¥, )(0). Therefore, forall k € N*,0 € RY, (¢, —,)(0) =
R)’i (Y, — ¥,)(0). But, by Proposition 2(b), limy_, 4 o0 R)li Wy =¥ O) =7, (Y, —¥y) =0

which concludes the proof. [J

LEMMA 9. Assume A1-A2—-A3-A4(2). Then, we have for any vy € (0,2/L).

/Rd f(®)m,(d) =0.
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PROOF. Let (Q,EV))kGN be a Markov chain satisfying (1) with Géy) distributed according
to 7r,,. Then, the proof follows from taking the expectation in (1) for k = 0, using that the

distribution of 91()’) ism,, E[e1(0)] =0 forall 6 € R? and ¢ is independent of Géy). O

LEMMA 10. Assume A1-A2-A3-A7(2). Then, for any initial condition Géy) e R4, we
have for any y > 0,

E[ o) — 0" P| 7] < (1 =2y = y D)7 — 0*[* + 2,

where (9,57/))/(20 is given by (1). Moreover, if y € (0,1/L), we have
(28) [ l6 =6 x, @) <y (utt — y L))

PROOF. The proof and result is very close to the ones from [43], but we extend it without
a.s. Lipschitzness (A4) but with A7. Using A3-A1 and f’/(0*) =0, we have

2 W) 2 NP
E[|6) —6"[*|Fe] < 16" = " 17 + v [ £l (67)| 7]

(29) — 2V E[(f11(0) = £11(6). 6 — 6%)| ]
(30) < (1 =2up) 67 = 6*|” +v’E[| i 67 P17 .

In addition, under A3—-A7(2) and using (4), we have:

2
L[ £ 621 7]
2 2
<2EL f16) = Fi O PIF] +E[| S 07717 ])

2EL i1 6) = fia (017 + )
2LE[(f1(0) = fl1(07), 6 — 071 Fi] +77)
2L OF) = £/07), 6 — %)+ 7).

AN IA

[A

Combining this result and (30) concludes the proof of the first inequality.

Regarding the second bound, let a fixed initial point Qéy) € R?. By Jensen inequality and
the first result we get for any k e Nand M > 0,

E[|6, — 0*]7 A M] < (1 = 2y (1 — y L) 057 — 0%
k
+2p%% ) (1-2yu(l —yL))".
i=0

Since by Proposition 2(b), lim— 4o ELI67) — 0% 1> A M1 = Jza(ll6 — 6*|%> A M}, (d0),
we get for any M > 0,

[ {16 =67 A b}, @0) <y /et - y L),

Taking M — +o0 and applying the monotone convergence theorem concludes the proof. [J

Using Lemma 10, we can extend Lemma 8 to functions ¢ which are locally Lipschitz.
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LEMMA 11. Assume A1-A2-A3-A4(4). Let ¢ : RY > R bea function such that there
exists Ly > 0 such that for any x,y € RY,

(31) lp(x) =] < Lllx — {1+ llxll + llyll}.
For any step size y € (0, 1/L), it holds:
(a) there exists C > 0 such that for all 0 € RY, k e N*:
[REp(©) — 7, ()| < CLy(1 —2uy (1 — y L)) * {1+ |6 — 6*]*):

(b) the function v, : R? — R defined for all 6 € RY by (26) is well defined, satisfies
(Id — R)) ¥y, = ¢, my, (¥),) =0 and there exists Ly > 0 such that for any x, y € RY,

(32) W) =¥ (] = Lyllx — yI{1+ lIxll + Iyll}-

PROOF. The proof is similar to the proof of Proposition 2(b) and Lemma 8. It is given in
the Supplementary Material [17], Section S1. [J

It is worth pointing out that, under Assumption A8 (the “semi-stochastic” assumption),
a slightly different result holds. The following result underlines the difference between a
stochastic noise and a semi-stochastic noise, especially the fact that the maximal step size
differs depending on this assumption being made.

LEMMA 12.  Assume A1-A2-A3-A8. Then, for any initial condition Qéy) e R?, we have
forany y € (0,2/(m+ L)],
2 2
E[ 6, — 0*|*|Fe] < (1 = 2yuL/u + D)6 — 0% +y*2%,

where (9,8/))1{20 is given by (1).
PROOF. The proof is postponed to [17], Section S2. [J

We give uniform bounds on the moments of the chain (9,9/) Jik>0 for y > 0. For p > 1,
recall that under A4(2p) the noise at optimal point has a moment of order 2 p, and we denote

(33) wp =EV2P[[le1(6%)]*].

We give a bound on the p-th order moment of the chain, under the assumption that the noise
has a moment of order 2p.
For moment of order larger than 2, we have the following result:

LEMMA 13.  Assume A1-A2-A3-A4(2p), for p > 1. There exist numerical constants
C,, D, > 2 that only depend on p, such that, if y € (0,1/(LC))), for all k € N* and 6 € R4

E'P[l6 —6*[*]

k1) [ " Dpyfzzp
<(1—=2yu(d—C,yL/2))"EVP[I2]|'p]6o — %] + T,

where (ngy))keN is defined by (1) with initial condition Géy) = 6y. Moreover, the following

bound holds

(34) /Rd |6 — 6% "7, (d6) < (Dpy3,/1)”.
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REMARK 14.

e Notably, Lemma 13 implies that [ga |0 — 0%||*1,(d0) = O(y?) and, thus, [ga |0 —
0*|1>7, (d0) = O(y3/?). We also note that [a l60 — 6*||°7, (d9) = O(y) also implies,
by Jensen’s inequality, that ||9_y —0**> = o(y).

e Note that there is no contradiction between (34) and Theorem 7, as for any p > 2, one has
for g(0) = 1|0 — 0*||* and hg the solution to the Poisson equation, that hg(@*) =0, so that
the first term in the development (of order y) is indeed 0.

PROOF. The proof is postponed to the Supplementary Material [17], Section S3. [J

LEMMA 15. Let g:R? — R satisfying A6(1, p) for p € N. Then, for all 01,60, € R?,
8(61) — g(02)] < agllOr — Oal{bg + 1161 — 6|17 + |62 — 6] "}.
PROOF. Let 6,6, € R4, By the mean value theorem there exists s € [0, 1] such that if
ns =s01 + (1 — s5)6,, then
|8(01) — g(62)| = Dg (1) {61 — 02}.
The proof is then concluded using A6(¢, p) and
[ns — 6] < max(]éy — 6"

|62 —6%]). O

’

PROPOSITION 16. Let g : R? — R, satisfying A6(1, p) for p € N. Assume A1-A2—
A3-A4(2p). Let C,, > 2 be given by Lemma 13 and only depending on p. For all y €
(0, 1/(LCp))and for all initial points 6y € R4, there exists C ¢ independent of 0y such that
forallk>1,

'E{k‘l i{g(@‘”)}] - / g(0), (d0)
i=1 R4

PROOF. The proof is postponed to the Supplementary Material [17], Section S4. [

< Co(1+ [0 —6°]")/.

6.3. Proof of Lemma 3.

PROOF OF LEMMA 3. By Lemma 9 we have [ps f'(0)m), (d6) = 0. Since f’ is linear,
we get f’(6,) = 0 which implies by A1 that 6, = 6*.

Let y € (0,2/L) and (6 )ien, given by (1) with 63" distributed according to 7, inde-
pendent of (ex)ren+. Note that if f = fx, (1) implies for k =1,

O — %)% = (ad = yS) (60 ~6%) + ver65) >

Taking the expectation and using A3, Géy) is independent of ¢; and 7, R, = m,, we get

/Rd (6 —6) %, (d6)
=(1d — yz)[/Rd 6 —6%)%x, (d@)}(ld —y%)
(35) +y? fR €O, (do),
(ERd+1dRT -y ® z)URd(e — 9*)®2ny(d9)]

- y/RdC(Q)JTy(dG).
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It remains to show that (X ® [d+1d®X — y X ® X) is invertible. To show this result,
we just claim that it is a symmetric positive definite operator. Indeed, since y <2L~!, Id —
(v /2) % is symmetric positive definite and is diagonalizable with the same orthogonal vectors
(f)iefo,...,ay as L. If we denote by (A;);¢(0,...,.4), then we get that (Z @ [d+1d®X —yEX ®
Y)=X(d—-y/2%¥)+ (Id — y/2%¥) ® X is also diagonalizable in the orthogonal basis of

.....

O

Note that in the case of the regression setting described in Example 1, we can specify
Lemma 3 as follows:

PROPOSITION 17. Assume that f is an objective function of a least-square regression
problem, that is, with the notations of Example 1, f = fs, ¥ = E[X X "] and &y are defined
by (6). Assume A1-A2—-A3-A4(4), and let r defined by (8). We have for all y € (0, 1/r?),

ERd+Idex —yT) [f]Rd 6 — 0*)®2ﬂy (d@)] = yE[Sfm],
where T and & are defined by (18) and (7), respectively.
PROOF. The proof follows the same line as the proof of Lemma 3 and is omitted. [J
6.4. Proof of Theorem 4. We preface the proof by a couple of preliminary lemmas.
LEMMA 18. Assume A1-A2-A3-A4(6 V 2k.)-AS5, and let y € (0,2/L). Then,
(36) g, —0*=yf"(6%)" f’”(@*)A[/I:M{C(G)}ny (d@)} +0(y*?),

where A is defined by (17), éy and C are given by (3) and (5), respectively.

PROOF. Lety € (0,2/L) and (QIEV))kGN, given by (1) with Qéy) distributed according to
7, independent of (&)ren+. For conciseness, in the rest of the proof we skip the explicit
dependence in y in Gi(y) ; we only denote it 6;.

First, by a third order Taylor expansion with integral remainder of f’ around 6*, we have
that for all x € R,

37 JHOE f”(@*)(@ —6%) + (1/2)f”/(9*)(9 - 9*)®2 +R1(6),
where R : R? — RY satisfies
(38) sup {|R1(6)]/[6 — 6% |*} < +oo.

HeRd

It follows from Lemma 9, taking the integral with respect to m,,,

0= /Rd [£7(0%)(6 — 0%) + (1/2) £ (6*) (0 — 6%)®2 + R1(0) ), (dO).
Using (38), Lemma 13 and Holder inequality, we get
(39) 1"(07)(0, —07) + (1/2)f”/(9*)[ fR (0 — 07, <de>} =0(y*?).

Moreover, we have by a second order Taylor expansion with integral remainder of f’ around
0%,

61— 0% =60 — 0% — y[(6%) (60 — 0%) +£1(60) + Ra(60)],
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where R, : R? — R satisfies

(40) sup {| R20)]/]6 — 6%} < +oc.
peRd

Taking the second order moment of this equation and using A3, 6 is independent of €1, (40),
Lemma 13 and Holder inequality, and we get

fR (6 -6, (o)
==y )| [0~ 67, @) |(d—ys"(6%)

n yZ/Rd C(0), (d8) + O(y*2).
This leads to:
/Rd 0 —6%)%%7,(do) = yA[/Rd CO)my (dG)} +0(y°7).

Combining this result and (39), we have that (36) holds if the operator (f”(60%) ®
[d+1d® f"(0*) —yf"(0*) ® f”(0%)) is invertible. To show this result, like in the quadratic
case, we just claim that it is a symmetric positive definite operator. Indeed, since y < 2L7!,
by Al, Id — (y/2) f”(6*) is symmetric positive definite and is diagonalizable with the
same orthogonal vectors (f;)ic(o,....q} as f”(6%). If we denote by (A;)ic(o,....q}, then we get
that (f"(0") ® d+1d®f"(0%) — yf"(0*) ® f"(6™) = f"(0") ® (d — y/2f"(6%)) +
(d — y/2f"(0%) ® f"(0*) is also diagonalizable in the orthogonal basis of R¢ ® RY,
(f; ®1))i jeto,....ay and (A; (1 — y 1) +A;(1 —yAi))i jeo.....qay are its eigenvalues. []

LEMMA 19. Assume A1-A2-A3-A4(6 Vv [2(k, + 1)])-AS. It holds as y — O,

|, com, @) =ce)+ o0,

/Rd CO) ® {6 — 0%}, (d6) = C(6%){G, — 6%} + O (),
where C is given by (5).

PROOF. By a second order Taylor expansion around 8* of C and using A5, we get for all
x € R? that

C(x) —C(0*)=C'(0%){x — 0"} + Ri(x),

where Ry : R? — R satisfies sup, cga | R1(x)[l/(|lx —0*||> 4 [|x +6*||**?) < +o00. Taking
the integral with respect to 7, and using Lemma 18 and Lemma 13 concludes the proof. []

PROOF OF THEOREM 4. Let y € (0,2/L) and (Géy))keN, given by (1) with 05”) dis-
tributed according to ), independent of (gx)ren+. For conciseness, in the rest of the proof we
skip the explicit dependence in y in 91.("); we only denote it 6;.

The proof consists in showing that the residual term in (36) of Lemma 18 is of order O ()/2)
and not only O(y3/?). Note that we have already proven that éy —60* = O(y). To find the
next term in the development, we develop further each of the terms. By a fourth order Taylor
expansion with integral remainder of f around 6* and using A2, we have

01 — 6% =0y — 0" — y[f"(6%)(60 — 0%) + (1/2) f P (6*) (6o — 6)**

(41)
+(1/6) D (6%) (60 — 6%)% + £1(60) + R3(0)],
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where R3 : R? — RY satisfies sup,cgrd R3(x)[I/llx — 0*||* < +o00. Therefore, taking the
expectation and using A3-Lemma 13, we get

(6%)(6, —6%) = — (1/2) O (6%) /Rd (6 — 6", (d6)
(42)
—(1/6) £ D (6%) /Rd 6 — 6", (d6) + 0(y2).

Since f”(6*) is invertible by A1, to get the next term in the development we show that

(@) [pa(0 —0%)%3m,(d0) = My? + o(y?).
(b) Jra(©@ — 6927, (d9) = Oy + Ay? + o(y?), for O given in (16), proving (16).

(a) Denote for i =0, 1, n; = 6; — 6*. By (37)=(38), Lemma 13 and A3-A4(12), we get
E[n$*] =E[{(1d — v f"(6"))no — ye1(6o) — v.f" (0*)n§* + R1(60)} ]

=E[{(1d = y£"(0")n0}** + y*{e100)}** @ {(1d — v£"(6%))m0}
+y{(1d =y (0")no}®* @ { £ (0*)15}
+y {7 (0%)n5*} @ {(1d — v"(0%))n0}**] + O(v?)

=E[{(1d = y£"(0")no}* + v*{e100)}** @ {(1d = v " (6%))mo}]
+0(y?)

=E[{n0}®%] + E[yB{no}®* + y*{£1(60)}** @ {(1d — v.£" (¢*))mo}]
+0(yY),

where B € L(R?’, R?’) is defined by
B=/"(6")®ld®ld+1d® f"(6*) @ Id+1d®1dQ 1" (6%).

Using A1 and the same reasoning as to show that A in (17) is well defined, we get that B is
invertible. Then, since ng and 7 has the same distribution , , we get

/R (6 —6%)% 7, (d9)

=8| [ @)@ (1= s @)@ -0}, @) |
+0(y?).
By Lemma 19 we get
/Rd (6 — 6%, (d6)

=yB7[{C(6")} ® {(1d — yf"(6%)) (6, — 6)}]+ O(r?).
Combining this result and (36) implies (a).
(b) First, we have, using (41), A3 and Lemma 13, that

E[(61 — 6%)*’]
— E[(Qo _ 0*)@2 _ J/(Id@f//(@*) + f”(@*) ® Id)(9 _ 9*)@)2
+(r/2)(00 —0%) @ [ £ (67) (60 — )}
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+ /D FP6%) (60 — 62} @ (60 — 6%) + 12€160) % (60)]
+ 0()/3).

Since 6 and ¢, follow the same distribution 7, it follows that
y(Id®f" (%) + f"(6*) ® Id) [ A‘% [(6—6%)%m, (de)}
(43) =0t + [ o -e)e 1V e76 -7
FLLFOE)0 07 © (0 - 67) + 161607 @0 |, (@),

Then, by linearity of f”/(6*) and using (a) we get (b).
Finally, the proof of (15) follows from combining the results of (a)—(b) in (42). [

6.5. Proof of Theorem 5. Theorem 5 follows from the following more general result,
taking ¢ : 0 — 6 — 6*.

THEOREM 20. Let ¢ : R? — R? be a Lipschitz continuous function. Assume A1-A2—
A3-A4(4),and let y € (0,1/(2L)). Then, setting p = (1 —2uy (1 — yL))l/z,for any starting
point 6y € RY, k € N*

k—1
E|:k_1 Z (p(@i(y))] =1, (@) + (1/ k)Y, (6p) + 0(/{‘2),

i=0
and, if 7, () = 0,

ol ger) ]

1
= [‘p;(/m — Yy — )®?]
1 p—
— Gl @y +om)) + 100 — xy @] + 0 (k).
where ¥, , @y, X;, X)% are solutions of the Poisson equation (26) associated with ¢, 1//]?2
and (Y, — ©)®2, respectively.

PROOF. In the proof C will denote generic constants which can change from line to line.

In addition, we skip the dependence on y for 9,9/), simply denoted 6.

Let 6) € R?. By Lemma 8, Y, exists and is Lipschitz continuous; using Proposition 2(b),
7y (Y) = 0, we have that RS v, (60) = O (o), with p := (1 = 2uy (1 — y L))'/2. Therefore,
setting @ =k~ Y520 0(6),

k—1
E[@=k""> E[p®)]
i=0

k—1
=k~ )" RLg(6o)
i=0
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k—1
=71y () + k' D (R, 9 (60) — 7 (9)))

=11, (9) + k™1, (B0) — RE W, (60) = 7y (9) + k™", (8) + O (pY).

We now consider the Poisson solution associated with @@ " Xy By Lemma 11 such a func-
tion exists and satisfies 7y, ( Xy) =0, RV Xy 3(60) = O(p*). Therefore, we obtain using in addi-
tion the Markov property:

1 kol
E[®r @] ] = Z ICCHE

[ :

=—QZ( [e@)e@) ]+ > {E[e®)e®)']

j=i+l

E[so(emo(eif]})

k—1

=~ LRl

lkl

k—1
k22< > {E[e©6)e©)) ]+E[¢<9j>¢<9if]})

=0 \j=i+1

1 1 &
= — o (op” ——22 (R (00 ")(60) — 7y (90 ")} + O (")

1 k—1/ k—1
k22< > {E[e®)e®)) ]+E[¢<9,-)¢<9»T]})

i=0 \j=i+1

1 1
= ——m(pp') - kzxy(90)+0( ")

k
1 k—1 /k—1—i
22< > {E[p@) (R} 9(0)) "]+ E[RS0(6:)9(6:) ]})
j=0
Thus, using that forall N € Nand 6 € R¢, j.VZORiw(e): "o (RIy, (0)— Ry, (0)) =

Yy () — RY 14, (0), we get

1 1
E[@c@y | =—my(0e") = 75X 00)

k—1

(44) kZZ (R} 0w, — @ (R} vy) "100))

k—1

1
tia 2l (R [vye " = R ¥y 160} + 0 (0.
=0
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Moreover, since ¢ is Lipschitz continuous and RJI,V Yy is Cp™N -Lipschitz continuous and we
have supxeRd{R}l,wa (x)/lx|l} < CoN by Lemma 8, we get for all x, y € R? and N € N,

(45) lo(RY vry) T () — (RN v, ) T )| < oM llx =yl (1 + Nl + 11
Then, we obtain by Lemma 11
2 2 RyLe(RY ™ vy) 60)
i=0
15 i k—i, \T
= 3[R, — Tl (RE vs,) 6
(46) =0
+ - Z”y Rk I‘PV) ]
k—1
= (C/b)(1+160l) Y. p* + 7, (9w, )/ k+ O(Kk?),
i=0
using 7, (V) = Z+°° R! w,, (0) =@, (0), forall 0 € R?, where @, is the Poisson solu-

tion associated w1th Yy. Slmllarly, we have

=
_ZRl Rk Y0 100) =7y (w0 ") /K + O(K),

1k 1
(47) . Y {RL[ov,) 160) — 7y [@v,) 1} = X, (B0) + O (k2),
i=0

1 k_l .
e AR [0y 0100 — 7y [¥y0 1} = 1 G0) + O (),
i=0

where X;‘ and X; are the Poisson solution associated with (plﬁyT and 1//y(pT, respectively.
Combining (46)—(47) in (44), we obtain

0w ]) + 7y (0 T) = 7y (00 T)] + O ()

E[op0) ] =

(48)
1
=l () + 7y (@y0 1) + X500 = x5 60) = 13 E0)],

First, note that

(49) o +oU) U =—(@ =)@ — V) + Y,

In addition, by Lemma 11 and definition, we have for all 6

X; (60) — X (60) — x; (6o)

400
= Z{R’y [oe " — o) — ¥ye 100 — 7y (00" — ¥, —vye']}

Z RL[(¢ = ¥y) (9 —¥) T — ¥y ) ](60)
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—m e =¥y —vy) " =¥y ¥, 1}
= x*(60) — x' (60).
Combining this result and (49) in (48) concludes the proof. [

6.6. Proof of Theorem 7. Before giving the proof of Theorem 7, we need several results
regarding Poisson solutions associated with the gradient flow ODE (20).

6.6.1. Regularity of the gradient flow and estimates on Poisson solution. Let £ € N*, and
consider the following assumption:

A9 (Z).' f e Cf(Rd) and there exists M > 0 such that for all i € {2,..., ¢},
supgega | FPO)] < L.

LEMMA 21. Assume Al and A9(€ + 1) for £ € N*,

(a) Forallt =0, ¢; € CH(RY, RY), where (91)rer, is the differential flow associated with
(19). In addition, for all 6 € R, t %(e) (0) satisfies the following ordinary differential equa-
tion,

dgy" (6)
ds s=t

=D f op)®), forallt=>0,

with ¢, =1d and wéz) =0fort>2.
(b) Forallt >0and 6 € RY, ||g,(8) — 0| <e 2|6 — 6*|>.
(c) If¢=>2, forallt >0,

@ (0%) =e /O,
d) If¢>3,forallt >0andi, j,l€(l,...,d),

(" (0"){f @£}, 1)
—At e—()xi-i-)uj)l

e
f(3)(9*){fi Qf; @i} if M F A+ A,
= )\l - )\-i — )‘j
—te M FO (0¥ (f; @ f @) otherwise,
where {fy,...,£;} and {\1, ..., g} are the eigenvectors and the eigenvalues of f"(0*), re-

spectively, satisfying for all i € {1, ...,d}, f"(0*)f; = rf;.

PROOF.

(a) This is a fundamental result on the regularity of flows of autonomous differential
equations; see, for example, [25], Theorem 4.1, Chapter V,

(b) Let 6 € R?. Differentiate lr (0)]1* with respect to ¢ and using A1, that f is at least
continuously differentiable and Gronwall’s inequality concludes the proof.

(¢) By (a) and since 6* is an equilibrium point, for all x € R, £5(6%) = ¢, (6™){x} satis-
fies the following ordinary differential equation

(50) EF(07) = —f" (s (07)& (07) ds = — f"(07)7 (07) ds.

with &5 (0*) = x. The proof then follows from uniqueness of the solution of (50).
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(d) By (a), for all xj,x; € RY, £"172(6%) = ¢/(0*){x; ® x3} satisfies the ordinary
stochastic differential equation:
d%‘g]’xz * 3) * ! (p* ! (p*
5 0 =7 (@s(0))igs (67)x1 ® ¢ (67)x2 @ €]

— [T OD{ET ™ @i}

By (c) and since #* is an equilibrium point, we get that £, 2 (6*) satisfies

dg1
ds
Therefore, we get for all i, j, [ €{1,...,d},

(9*) _ _f(3) (9*){e_f.//(8*)lx1 ® e_f//(e*)[x2 ® ei} _ f//(g*){;.yxl,xz ® e }

fi.f;
d(&" . 1)
ds
This ordinary differential equation can be solved analytically which finishes the proof.  [J

=—f® (0*){67)‘”{',' ® ef)”-/‘lfj fi}— )\l(fsfi’fj,fl>-

Under A1 and A9(¢), for any function g : RY — RY, locally Lipschitz continuous, denote
by hg the solution of the continuous Poisson equation defined for all 6 € R4 by

61 he(®) = [ (el ) = g(67) .

Note that g is well defined by Lemma 21(b) and since g is assumed to be locally-Lipschitz.
In addition, by (20), hg satisfies

(52) Ahg(0) = g(0) — g(6%).
Define hyq : R? — R? for all x € R4 by

o0

(53) ma®) = [ @) 6"} ar
Note that &g is also well defined by Lemma 21(b).

LEMMA 22. Let g : R? — R, satisfying A6(L, p) for £, p €N, £ > 1. Assume Al and
A9(L +1).

(a) Then, forall 6 € R4,

hg|(0) < ag{(bg/mw)|0 — 6% + (p)~'110 — 6%]17}.
(b) If€>2, then Vhia(6*) = (f"(0*) "L If £ > 3, then forall i, j € (1, ...,d)},

2 d
DI (5 = SOOI 0") @1+ e s (0) e @ )] @ )
! J =1
% (f”(H*))_lel].
PROOF.

(a) Forall 8 € R?, we have, using Lemma 15 and (51),

+o0
g (0)] sag/O [ s (0) — 0% [[{bg + 05 (©) — 67"} ds.

The proof then follows from Lemma 21(b).
(b) The proof is a direct consequence of Lemma 21(c)—(d) and (51). Il
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THEOREM 23. Let g : R? — R, satisfying A6(£, p) for £, p € N, £ > 2. Assume Al—
A9(L +1).

(a) Foralli e{l,..., 1L}, there exists C; > 0 such that for all 6 € R andt >0,
let”©)] < Cie™.

(b) beirthermore, hg € CH(RY) and for all i € {0, ..., £}, there exists C; > 0 such that for
all 0 e R?,

|2 @)] < Ci{1+ 16 — 67|17}

PROOF.

(a) The proof is by induction on £. By Lemma 21(a), for all x € RY, 9 e RY, £X0) =
Dg;(0){x} satisfies

d&5 (0)

54) P

=—f"(e ()& ©)

s=t

with &5 (#) = x. Now differentiating s — &, (9) 12, using A1 and Gronwall’s inequality, we
get [|EF(0) (> < e~2" | x||*> which implies the result for £ = 2.

Let now £ > 2. Using again Lemma 21(a), Faa di Bruno’s formula [32], Theorem 1, and
since (19) can be written on the form

des(0)
ds

d

==Y fl@®)fejle;,

Jj=1

s=t

foralli € {2,...,€}, 0 € R? and x1,...,x; € RY, the function &% (0) = ¢ (0){x1 ®
-+- @ x;} satisfies the ordinary differential equation:

ds)ﬂ ..... Xi (9) d
e B D DESD DI AR ()
§ s=t i=19QeP({L,....i})
(55) i
Xiyyery X
x {ej ®® ® g ”(9)}(&1-,
I=1 jy,, 1R
where P({1, ..., }) is the set of partitions of {1, ..., i}, which does not contain the empty set,
and |€2] is the cardinal of Q2 € P({1,...,i + 1}). We now show by induction on i that for all
i €{l,...,¢},there exists a universal constant C; such that for all r >0 and 6 € R4,
(56) sup ¢ 0)| < Cie ™.
xeRd

For i = 1, the result follows from the case £ = 1. Assume that the result is true for {1, ...,i}

fori e {1,...,¢ — 1}. We show the result for i 4+ 1. By (55), we have for all 6 ¢ R? and
xl,...,xie]Rd,

dl|g @) )12

- _ Z f(|Q|+l)(§0t(9))

ds s=t QeP({1.....i+1})
i+1
x {éf‘ """ Toe® & &'TVon.
I=1 ji,..., jI€Q
Isolating the term corresponding to Q2 = {{1, ..., i 4+ 1}} in the sum above and using Young’s

inequality, A1, Gronwall’s inequality and the induction hypothesis, we get that there exists a
universal constant C;1 such that for all > 0 and x € R4 (56) holds for i + 1.
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(b) The proof is a consequence of (a), (51), A6(¢, p) and Lebesgue’s dominated conver-
gence theorem. 0

6.6.2. Proof of Theorem 7. We preface the proof of the theorem by two fundamental first
estimates.

THEOREM 24. Let g : R? — R, satisfying A6(3, p) for p € N. Assume A1-A2—-A3-A5.
Furthermore, suppose that there exists ¢ € N and C > 0 such that for all 6 € R?,

Efller@]" ] < C(1+]0 —6*]%).

and A4(2p) holds for p = p +3 + q V ke. Let Cj be the numerical constant given by
Lemma 13 associated with p.

(a) Forally € (0,1/(LCp)), k € N* and starting point 6y € R4,

|: -1 Z 0()/) *)}i|
_ hg(B0) — Elhg (6]
- o
+(/2) A; S @E[[e10))*] dry 0) - (r/ k) A1 (60, k) — v Aa(B0, k),

where 9,?/) is the Markov chain starting from 6y, defined by the recursion (1), and

(57) sup A1 (6o, i) < C{1+ |60 — 6*| ).
ieN*

(58) A2(60, k) < C{1+ 1160 — 6*117/ K},
for some constant C > 0 independent of v and k.
(b) Forally € (0,1/(LCj})),
\ fR 8(0)my(d0) —g(6%) + (v/2) fR e OE[[e@)}*]dm, (6)| < Cy*.

PROOF.

(a) Let ke N*, y >0 and 0 € R?. Consider the sequence (Qéy))kzo, defined by the
stochastic gradient recursion (1) and starting at 6. Theorem 23(b) shows that 4, € C3(RY).
Therefore, using (1) and the Taylor expansion formula, we have for all i € {1, ..., k}

ho(671) = ke OF) + yhg (67 ) =10 + i (67))
ORI 0) e 0
(y /(3'))}1(3)(0(7/) +S(V)A91(1)1){ f (Ql(}/)) + 8i+1(9l’(y))}®3,

where s ) ¢ [0, 1] and AQ(y)l = 91(1)1 Gi(y). Therefore, by (52) we get

KUY {2(60) - g(07))

-

Il
—_

1

) k
hg(0) —hge (0, ))
_ s 8\Wk+1 +k 1Zhg/(9i(z)l)8i+l(9i(y))

ky i=1
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k
+ (/@) Y Hy O N=f'67) + e (67))

i=1

k
3
+02/GW) A O + 57 MG (= £'67) + e (67))°
i=1
Taking the expectation and using A3, we have

[ 12 (69 - *)}}

Elhg(0) — he(07)]
ky

+ /) [ HOEL (o1 @) dn, @) = (v/@h0) By + (12/GI0) B

where

Bi60.40 = E[i<hg(e*>{el<e*>}®2 ) 0 s 01|

k

By(6o. k) =E [Z WP O + 57 M0 =F1(0) + e <e,-<”>}®3]-
i=1

Then, it remains to show that (57) and (58) holds. By A2, Theorem 7(b) and A5, there exists

C > 0 such that we have that for all § € R,

|H' ©)| < Ci(1+ |kIIL + p +216 — 6%),

where H : 0 — hg OE[{— f'(9) + £1(0)}®?]. Therefore, (57) follows from A3, Lemma 15
and Theorem 16. Finally, by Theorem 23(b) and Jensen inequality, there exists C > 0 such
that for all i € {1, ..., k}, almost surely,

3
h(3) (9()’) + S(V)Aez(l)l){ f (ei(V)) T it (ei()/))}®

<+ 16717 + leia @)™ G + 1310i11(6)).
The proof of (58) then follows from A2, A3, (57) and Lemma 13.
(b) This result is a direct consequence of Theorem 16 and (a). O

PROOF OF THEOREM 7. Under the stated assumptions, the functions ¢ : 6 >
hg(@)E[{S(Q)}@)Z] and g satisfy the conditions of Theorem 24. The proof then follows from
combining Theorem 24(b) applied to iy and Theorem 24 applied to g. [
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