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By introducing suitable loss random variables of detection, we obtain op-
timal tests in terms of the stopping time or alarm time for Bayesian change-
point detection not only for a general prior distribution of change-points but
also for observations being a Markov process. Moreover, the optimal (mini-
mal) average detection delay is proved to be equal to 1 for any (possibly large)
average run length to false alarm if the number of possible change-points is
finite.

1. Introduction. Consider a series of observations Xg, X1, X»2,..., whose
distribution may change at some point in time 7 > 1. The objective is to raise an
alarm as soon as a change occurs, subject to a restriction on the rate of false alarms.

The need for abrupt changes to be detected quickly with a low false alarm rate
in a stochastic system arises in a variety of applications, including quality control,
segmentation of signals, biomedical signal processing, financial engineering and
fault detection and diagnosis in complex structures.

In the classical setting of the problem, it is commonly assumed that the prob-
ability distribution of observations X¢, X1, X2, ..., X,,... is known and is Py,
for n < 7, and that after the change-point t, the distribution of X;, X;41, ... be-
comes P, which is also known. Without loss of generality, we can assume that
the distributions P,, have density p,,,i =0, 1. Here, vg, v; € V are two parame-
ters and V denotes the parameter space of v where p, # p,/ if and only if v # v’
for v, v’ € V. Note that the parameter v may not be the mean, deviation, etc., and
is often used to distinguish the distributions. Let P; and E; be the probability dis-
tribution and the expectation of {X;, X;+1, ...}, respectively, if a change occurs at
time 7, where T = 1,2, .... When t = o0, that is, a change never occurs, the prob-
ability distribution and the expectation are denoted by Py, and E., respectively
for all observations X, X1, X2, ..., Xu, ...

Generally speaking, any sequential test for change-point detection can be mod-
eled as a stopping time or an alarm time 7" > 1 adapted to the filtration {§;};>0,
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where §; = 0 { Xk, 0 < k <t} denotes the smallest o -algebra with respect to which
all of the random variables Xo, ..., X; are measurable. We usually assume that
Xo = xo (a constant) and §o = {¢, 2}. The optimality of the stopping time usu-
ally means that the detection delay (T — 7 + 1)* measured in some sense is the
smallest among all stopping times with a probability of false alarm P (T < 7)
no greater than a preset level o € (0, 1), or among all stopping times with a false
alarm rate no less than a given value y > 1, thatis, Eqo(T) > y.

Three major optimal performance measures exist for detecting change-points.
The first one is the Shiryaev [13, 15] procedure which can be written as

inf JIs(T)
TP (T<1)<cx

or
inf Is(T),
TEoo(T)>y
where
> okE(T —k+ 17T
(D Is(T)=E((T —t+ DT >71)= > k=1 PKEK( ) |

Z]?il :OkPoo(T = k)
and {pg, k > 1} is a known prior probability distribution of 7, that is, px = P(t =
k), k > 1. It is usually called Shiryaev’s Bayesian change-point detection approach
or the Bayesian formulation.

The second is Lorden’s procedure [5]:

(2) inf  J.(T),
TEoo(T)>y

where J1,(T) is the worst average delay, that is,

JL(T) = Iiull)esssup{Ek((T —k+ DFITk-1)}-

The third one, proposed by Pollak [7], also considers the worst average delay
Jp(T) =sup;~1 E;(T —t+1|T > t), and the optimal stopping time can be written
as -
(3) T:E;r(l;)zy JIp(T).
Note that 7 is deterministic and unknown in both Lorden’s measure and Pol-
lak’s measure. Hence, the two measures are often called non-Bayesian detec-
tion formulations. Moustakides [6] introduced a general framework for capturing
and better understanding the above three optimization criteria and showed that
Is(T) = TIp(T) = JL(T).

Since this paper focus is on the optimality of the Bayesian detection problem,
we will only recall the main results on the optimal or asymptotically optimal tests
in the Bayesian detection procedure. Those who are interested in the results on
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the optimality of Lorden’s measure and Pollak’s measure may refer to [9, 11, 14]
and [17].

Under the assumption that the observation process { Xk, k > 0} is i.i.d. and the
prior distribution of the change-point is geometric distribution, that is, p1 = po +
(1= po)o, pr = (1 = po)p(1 = p)*~! (k = 2), where 0 < pg <1 and 0 < p < 1,
Shiryaev [13, 15] first proved that

) S, =min{n : P(r <n|F,) > alp,a)}

is optimal, that is, it minimizes Js(T') for an appropriately chosen threshold
a(p,a) € (0,1) such that @ =P (S, < 7).
It follows from the Bayes rule that [10]

Ry (p)
P(r <nl§y) = Rop) £ 1p’
where
pO n n n
5 R,(p) =
® ) (1—p0),0k1:[1 —

forn > 1 and Ag = py, (Xk)/pvy(Xk). Hence, S, is equlvalent to the stopping time
©) Ts(p) =min{n : Ry(p) > c},

where c is a positive constant.
For a general prior distribution of the change-point T, Chow, Robbins and Sieg-
mund [1] have shown that the following test:

@) Tcrs = min{n : Y, = E(&n41180) }

is optimal in the sense that E(y/7.s) > E(y7) for all tests (stopping times) T such
that E(y7) < 0o, where

n—1
Yo=c(l—m)+ Y (n— i),
k=0
mn =P(T = nlFy), 7 =P(r = k|§n) and ¢, = ess supy, {E(Y7[Fn)}. Since the
random variables ¢,,n > 0, in Tcrs are in general impossible to compute directly
from the definition and, therefore, the test is difficult to use in practice, the above
result has rarely been mentioned in the relevant literature.

When the distribution of the change-point 7 is geometric, Yakir [20] gener-
alized Shiryaev’s result for the Markov chain case. Tartakovsky and Veeravalli
[19] proved that the Shiryaev procedure is asymptotically optimal in the general
non-i.i.d. case when the false alarm probability approaches zero. Tartakovsky [16]
proposed an asymptotically optimal Bayesian change-point detection procedure
for general non-i.i.d. models when the global false alarm probability Poo (T < 00)
approaches zero.
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Note that for pg = rp as p — 0, where r > 0, Shiryaev’s stopping time Ts(p)
converges to the following Shiryaev—Roberts [12, 13] test:

(8) TSR(c):minn:rl_[Ak—i—ZHAkzc}
k=1

t=1k=t

for a positive threshold ¢ > 0 and

\ - rpEI(T) 4+ (1 =rp) 332, p(1 = ) 'ER (T —k + D7
Js(T) = lim o~ —
©) p—>0 rp+ (1 —rp) Y72 p(1 = p) 1P (T > k)
_ rEi(T) + Z};‘;l Ex(T —k+ 1t
N 7'+Eoo(T)

Tsr(c) is often called the generalized Bayesian change-point detection. Pollak
and Tartakovsky [8] proved that the Shiryaev—Roberts test is optimal in the mea-
sure (9), that is, Tsr(c)) minimizes jS(T) over all stopping times 7 satisfying
Eoo(T) > y, where Eo(Tsr(c))) = y . Furthermore, Tartakovsky, Pollak and Pol-
unchenko [18] showed that the Shiryaev—Roberts procedure that starts either from
a specially designed point r or from the random quasi-stationary point is third-
order asymptotically optimal.

So far, in addition to the above two tests, S, and Tsr(c) have been proved to be
strictly (nonasymptotically) optimal. There is little research that deals with strictly
optimal tests in Bayesian change-point detection for a general prior distribution of
the change-point 7.

In this paper, by introducing suitable loss random variables of detection we ob-
tain strictly optimal tests for Bayesian change-point detection not only for a gen-
eral prior distribution of the change-point but also for observations Xg, X1, X2, ...
that form a Markov process. Our main contributions to the study of the Bayes
optimality of stopping times are in the following four aspects:

(i) We propose and prove that the stopping time (see Theorem 1): T*(c*) =
min{n > 1:Y, > c,(c*)py+1} is strictly optimal in the Bayesian formulation for
a general prior distribution {p;} and an observation sequence {X,,n > 0} being a
Markov process.

(ii) Considering simultaneously the probability of false alarm P (7 < t) and the
average run length (ARL) E,(7T') to false alarm, where P(T < 7) does not exceed,
or is not less than, a desired level « € (0, 1) and E(T') is “no worse” than y > 1,
we prove that the two stopping times (see Theorems 2 and 3): T), (¢, b) = min{n >
1:Y, > cu(c)pps1 + b} and T))(c) =min{n > 1:Y, > c,(c)} are strictly optimal
over all stopping times respectively in D), ={T > 1:Eo(T) > y; P(T < 7) <
a*} and D;/ ={T>1:Exc(T)>y;P(T <1)>0a*}.

(iii) By constructing a series of stopping times, we prove that

inf  Js(T)=1
T:Eoe(T)zy
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for every finite (N < oo) prior distribution {pr, 1 < k < N} and any (possibly
large) y > 1. This result is somewhat unexpected.

(iv) We choose another approach (different from Shiryaev’s method) to prove
the above results of optimality of stopping times since the posterior probabilities
7w, =P(7 <nl|§y),n > 1,is not a Markov process when the prior distribution is not
geometric and the observation sequence {X,, n > 0} is not mutually independent.

Section 2 presents three optimal tests subject to a given probability of false
alarm, or a given ARL to false alarm, for a general prior distribution of change-
point 7. In Section 3, for any finite possible change-points [px = P(r = k) =0 for
all k> N + 1, N < oo], we prove that the optimal (minimal) average detection
delay is 1, that is, inf7.g_(7)>, Js(T) = 1. Section 4 illustrates simulation results
of comparing the detection performance of the three tests: 75(c), the CUSUM test
Tc(c) and EWMA test Tk (c) for monitoring mean shifts in the special cases of t:
pr =1/5,1 <k <5. We conclude the paper in Section 5.

2. Optimal tests for Bayesian change-point detection with infinite possible
change-points. In this section, we consider the case where the change-point t
will take infinite possible nonnegative integer values, that is, P(ty = k) = pr > 0
forall k > 1.

Let the observations Xo, X1, X», ... be a time homogeneous Markov process
taking values in some real number space E C (—oo, +00) with a known transition
probability density p,, (-, -) before the change-point t > 1, and with the possible
post-change transition probability density p,(-,-) after the change-point, where
v € V and V is a parameter space. We do not know the post-change transition prob-
ability density of the process until it is detected. But the possible change domain,
and its boundary (including the size and form of the boundary), of the observation
process may be determined from engineering knowledge, practical experience or
statistical data. So we may assume that the unknown post-change transition prob-
ability density p,(:,-) lies in a closed domain I'(V), where I'(V) = {p,(-, ") :
v e V}, V is aclosed set of parameters, and a probability distribution Q of V is
known. If Q is unknown, we may assume that Q is subject to the equal probabil-
ity distribution of V if V is finite, or, to the uniform distribution of V if V is a
continuous region. For example, let p,(x, y) = (v2ro) le= 0¥ —w?/ 2"2, where
v = (u, o), n and o denote the mean and standard deviation, respectively. We may
take the set V satisfying V = {(u,0) : |u| < 1,0 < o < o1}, where 1 and o
are known; that is, the domain V and the set of possible post-change distributions,
that is, I'(V') and the uniform distribution Q of V are known.

Let

pul<-,-)=/vpv<-,->dQ(v).

The function p,, (-, -) can be considered as a special, known post-change transition
probability density of E.
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For every n > 1, the joint probability P(X| < xp,..., X, <x,) = F(x1,...,Xn)
can be written as

F(xy,...,x)
n X X1 x, k=1
=Zpk/ / / [T Pw®i-1.5)
=1 —00 —00 —00 i

n
X l_[pvl(yj—l,yj‘)dyl--- dyi_1---dyy,

( Zm) Foo(X1, ..., Xn),

where
X1 x, N
Foo(xl,---,xn)Z/ / [1Pwi-1.y)dy1--d
and Yo = X0.
When the observations X1, ..., X,, ... are independent with the probability
density p,, before the change-point and the probability density p,, after the
change-point, the joint probability P(X| < x1,..., X, <x,) = F(x{,...,Xx,) can

be written as

Fxi,...,xn)

n
= ZkaOO(xlv "'axk—l)Fvl('xkv ...,Xn)
k=1

(1 - Z,Ok) OO(xl’ cer }’l)s

where Foo(x1, ..., x%) = [15_) Foo(xi), Fu, (x1,....x%) = [T5_; Fy, (x¢) and the
probability density functions of Fi(xr) and Fy, (x) are p,, and py,, respectively.

For simplicity, we assume that Xo = xo € E, py,(x, )/ py,(x, -) has no atoms
with respect to Py, for all x € E, py,(x,y)/py,(x,y) =1 when p, (x,y) =
Pvo(x,y)=0and

Puo(x,y) >0 ifandonlyif p, (x,y) >0

forall x,y € E.
In order to derive the optimal detection test, we need the following lemma which
is a generalization of Theorem 1 given by Shiryaev and Zryumov in [14].
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LEMMA 1. For any finite stopping time T, that is, Poo (T < 00) =1,

00 T
> pEk(T —k+ Dt = EOO<Z[Yk_1 + pk]>

k=1 k=1

(10) =Y Eoo(Yil (T 2k +1))
k=1

[e.e]
+ > pPoo(T = k),
k=1

where 1 (-) is the indicator function, the random process {Yx, k > 0} satisfies the
recurrent equations:

(1) Yi = (Yk—1 + por) Ak, Yo=0

and N = py, (Xg—1, X))/ pvo(Xk—1, Xi) for k > 1.

PROOF. Equation (10) can be obtained by way of proving Theorem 1 in [14].
Since

(T—k+ 1Dt = ZI(T k>m)—Zl(T>m)

m=1 m=k

where T > m € §,,—1 and m > k, it follows that

o0

Z (I(T > m))

I
M2

k—1 m—1
Ek<I(T >m) 1_[ Poo(Xj—1, X ) H Po (Xj-1, Xj))

m=k j=1 j=k

I
gk
=

523 Poo (X1, XD TIPS Py (X, Xj)>
HT:_ll Po(Xj—1. X )
Ly- 1)’

where]_[ kpvl(XJ 1, X;j)=1and

oo(l(sz>

3
1
=~

I
Mz

(I(T> m)

3
I
~

" X 1. X
1—[ Poi (Xi—1, Xi) Lo=1.

Poo(Xi—1, Xi)’
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Thus,

- (S rr=mi)

ZpkEk<T k+1)" =Ex ZkaI<T>m>
m(zp@k -)

k=1

<iipki ) EOO(Z[mepm])

m=1k=1 k—1 m=1

Furthermore, we have

(e oerr=o{ e on)

m=1

0
Eo(Yil (T >k+ 1))+ Y piPoo(T > k).
1 k=1

r”18

k

It follows from (1) and (10) that
(12) Js(T) =1+ Js(T)
for any test (stopping time) 7', where

Y1 Ec (Vi I(T = k + 1))
Z/(Zil PkPoo (T > k) '
By (11), we know that Y, — Y,—1 — o, = (A, — 1) (Y—1 + pn). Moreover,

v (Xn— )
n—1) =1

on(Xﬂ—laxﬂ)
Eoo (Y —Zpksn 1) Y, 1—Zpk,

that is, {¥, — >_y_; px,n > 0} is a martingales with Eo(Y,,) = >_}_; px. By the
optional sampling theorem of martingale (see [4], page 333) we can obtain the
following lemma.

(13) Ts(T) =

Eoo(AnlFn_1) =Eoo(

It follows that

LEMMA 2. For any finite stopping time T, if

T
(14) Eoo< YT—];pk) < 00, nli)ngoEoo(

n> =0,

n
Yo=Y i T >
k=1
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then

T 00
(15) Eoo (Y1) = Eco (Z ,Ok) =Y pPo(T = k) =P(T = 7).
k=1 k=1

We present a nonnegative loss random variable of detection, &, at time » in the
following:

n n
Ev=) Y1 +1+C<1 —Zm)
for n > 1, where ¢ > 0 is a constant. By Lemma 1, we have

T T
Eoo(ET) = Eoo (Z[Yk—l + Pk]) + (C + 1)|:1 — Eoo (Z pk>:|

k=1 k=1

(16) :ZpkEk(T—k+1)++(c+1)[1—2kaoo(Tzk)}
k=1 k=1

=ET —t+1|IT>0)P(T>1)+ (c+ DHP(T < 1).

The last equality follows from (1) and (15). If ¢ < 0, the value of &, will be smallest
when n = 1, that is, Eo,(§7) will be smallest when 7' = 1. So, we assume that
c>0.

Now we present a test 7*(c):

T*(c)=min{n > 1:Y, > ¢, (c) pn+1},

where {c, = ¢, (c), n > 1} is a series of positive random variable, measurable with
respect to §,, and depends on ¢ > 0 for every n > 1.

In the following theorem, we not only give the expression of ¢, but also prove
that the test 7*(c*) is optimal in the Bayesian formulation.

THEOREM 1. Let O <o <1 — pj and pr > 0 for all k > 1. Then there exists
a positive number ¢* and a series of positive random variables c,(c*) such that

P.(T*(c*) <1)=a,
i)

o
(17) cn(c*) =c* + Eoo< > Pm1 I(Bupi1)[c* — Y]
m=n-+1 pn—H

for n > 1 and the test T*(c*) is optimal in the Bayesian sense

(18) Jnf J5(T) = Js(T°(c")).

where Dy = {T > 1:P.(T <71) <a}, Yy = m/Pm+1 and By, = (Y <
cx(c®),n <k <m}. Moreover,

(19) Ts(T*(c*) < 1+¢*(1 = py).
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In particular, if ¢, = c| is a constant for all n > 1, then

l—« l—«
(20) _— 1< ———,
Eoo(o77) Eoo(pr*+41)

where T* = T*(c*),
PROOF. Let §n = —¢§,, and define a subset ﬁa of D, as
Dy ={T >1:P(T <71) <a, [Ex(Er)| < 00}.

We first prove that (18) holds for Dy To this end, it needs to prove the following
inequality:
Eoo(67) = Eo(67+) or Eoo(§7+) = Ecol(é7)

for any finite test 7 with E (§7) < o0.
By Lemma 3.2 in [1] (page 52), we only need to prove that for each n > 1

(21) EooEr+I§n) =& on{T* > n}
and
(22) EooE7|8n) <&  on{T*=n,T >n).

In fact, by (21) and (22) we have

Ewro=[ &+ [ &
{T*<T} {T*>T}

=3 [ +n§ [ NS

T=n<T*}

3

=3 [ ErlEo +n§ /,

n=1

) =BoolEr).

=n<T

For every N > 2, we define N positive random variables, cy v, cN—1, N - - -,
c1,n 1n the following:

CN,N =C,
Pn+2
Pn+1

Eoo (I (But1.0+1(N))cns1.8 — Yus111Sn),

5)

for 1 <n < N, where Y, = Y,/pps1 and By us1(N) = {Yk <ckv,n+ 1<k <
m < N}.

(23) e, N=cC+

N
Pm+1 ~
cn,N=c+Eoo< > (Bt (N))[e = Y]
1 pn-i—l

m=n-+
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Next, we show that ¢, y > ¢ for all 1 <n < N. Obviously, cy y =c¢ > c. As-
sume that ¢, y > ¢ forn < N. Since

Ch—1,N=C+ Pnl E (I(Bn,n(N))Eoo<|:c - ?n

Pn

N

1 ~

+ Y Pt I(Bm,nH(N))(c—Ym)}
m:n+1 pl’l+1

Eoo(I(Bpn(N))can — YallSn—1)

Sn—l)

and I (B, ,(N))lch. N — 17,1] > 0, it follows that ¢,—1 x > c¢. By the mathematical
induction, we know that ¢, y > cforall 1 <n <N.

On the other hand, ¢, v <c(1+ ,on_ﬁl Z;fznﬁ Pm=+1) forall N > 2. This means
that there exists a sub-sequence {N} such that ¢, n, — ¢, as k — oo for every
n > 1 and, therefore, B, ,(Ny) = B = {I?j <cj,n<j=<m}ask— oo, and

Pn+1

Pn

=c+

Pn+2
Pn+1

Eoo(I(Bn+1,n+1[Cn+l - ?n—f—l]lgn))

)

cp=c+

00
1 -
=C+Eoo< Z Pm+ I(Bm,n+l)[c_ Yin]

This is (17).
Hence,

1(T* > n)Eoo(Ers — &) |3n)

=1(T*>n) Y Eoo((I(T* > m)[Ent1 — En])ITn)

m=n

= —pn+1I(T* > I’l)

x[?n—c+ 3 B2 (1<Bm,n+1><?m—c>|3n)]

m=n+l pn-H
=—pp1 I(T* > n)(l?n —c,) > 0.

That is, (21) holds.
Let Ty = min{T, N + 1} for each finite stopping time 7. We first show that

N
Eo| Y 2@y > mle - Vnll3,
P
m:n+1 ”+1

(24)
<(cp,Nn — ) (Ty > n)
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for 1 <n < N. Obviously, (24) holds forn = N. Letn = N — 1. We have

'ON;IEOO(I(TN > N)[c— Yy]IFn-1)

< PN+1

e Eoo(I(Ty > N)I(By.n(N))[c — Yn1IEn-1)

PN+1

<I(Ty >N —1) " Eoo(I(By.n(N))[c — YN1IEN-1)

=(en-1,N — ) (Ty >N —1).
Assume that (24) holds for n < N — 1. It follows that

N
M(Z p’;}jl [(Ty > m)[c — Tl 3n_1)

= P g (1T > e — VallFut)

Pn

Sn—l)

N
+ g (Eoo[ > 2Ty > mye - ) 3}
Pn m=n-+1 Pn+1

< P lg (1T > m)e — Valut)

On

Pn+1

+ Eoo((en,n — I (Ty > 1)[n—1)

Pn

= P B (leny = Tall (T > m)I§1)

Pn

< P B o (I (Bun(N))eay — Tl (Ty > n)[Fu1)

n

<I(Ty >n—1)(chp—1,N —0©).

By the mathematical induction, we know that (24) holds for all 1 <n < N. Taking
N = Ny and let k — oo in (24), we have

o0
(25) EOO( S 2T > myle — Vol

gn) <(cn —)I(T >n)

for all n > 1. Thus,

I(T* =n) (T > n)Eoo((Er — £)IT0)

=1(T*=n) Y_ Eoo((I(T > m)[Ems1 — En])ITn)

= —'On+]I(T* == l’l) [I(T > n)(fl’l - C)
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1
Z E., (pm—l— )]

m= }’l+1 pn+
:pn+1I(T*_n)|: I(T >n)Y, + I(T > n)c

)]

Z (pm+11(T>m)(c—l7

Pn+1
< pni1 [(T* =n)[~I(T > n)Y,, + (T > n)c,]
= purt [(T* =n) (T > n)lc, — ¥,1 <0

since ¢, < Y, when T* = n. That is, (22) holds for all n > 1.
From (21) and (22), it follows that E, (§7) > Exo(&7+) for any finite test T with

Eco(é7) < 00.
Since the probability

P(T*(c) = 7) =p1+ Y pPoo(T*(c) = 2)
k=2

is continuous and strictly increasing in ¢, P(T*(0) > 1) = p; < 1 —a forc =0and
P(T*(c) > 1) > 1 — « for a large c, it follows that there exists a positive number
c*suchthat P(T*(¢*) > 1) =1—a or P(T*(c*) < 1) =«

It follows from (16) and Exo(§7) > Eoo (§7%(c*)) that

E(T—-t+DIT>1)P(T>7)+(1+*)P(T < 1)
> (11— )E((T*(c*) — 7 + 1)|T*(c*) = 1) + (1 + ¢*)ar.
Furthermore, by (12), (13) and (21) we have
Js(T*(c")) =E((T*(c") — v + DIT*(c") = 7)
ket Eco (Y I (T*(c*) > k+ 1))
ket PePoo(T*(c*) > k)
Zk | Eoo (Y = ¢*prg1 + oy ) L(TH(c™) =k + 1))
Y ket PkPoo (T*(c*) > k)
Y ie1 € k1P (TH(c*) > k + 1)

=14+

<1+ =
Y i1 PP (T*(c*) > k)
£1
=1+c*<1— >§l+c*(1—p).
Y2 | pePoo(TH(c*) > k) !

This is (19). Thus, if E(T — 1 + 1)|T > 1) > 1 + ¢*, then
E(T—t+DIT>1)>14+*>E(T*(*) — 1+ 1)|T*(c*) > 7).
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FE(T—t+D|IT>1)<1+c* thenE(T —t+D|IT>7)(1—x)+ (1 +c*)x
is increasing in x = P(T < t) and, therefore,
A—)E(T —t+ DT >7)+ (1 + )

>E(T—-t+DIT>7)1-P(T <71))+ (14 "P(T <7)

> —a)E(T*(c*) =+ DIT* (") = 1)+ (1 + )
since x = P(T < 1) < «. This means that

E(T—t+ DT >1)>E(T*(c*) —t+ 1)|T*(c*) > 7).

Thus, (18) holds for Dy.
In order to prove that (18) also holds for D,, we define a set of stopping times
as

DoM)={Ty =T AM:P(T <1) <a}

for every positive integer M > 0. Obviously, Dy,(M) C ﬁa C D, and
limps_ 00 Do (M) = D,. This means that (18) holds for D,,.

Let ¢, = ¢ is a positive constant for all n > 1. In order to estimate ¢y we will
check that T* = T*(c*) satisfies the condition of Lemma 2.

Note that [¥, — Yy—1 — pn| < (Ay + D) Yn—1 + pn), I(T* = n) € Fp—1 and
Eco(An|Sn—1) = 1. We have

(YT* Z,Ok
T*
sEoo<Z Yy — Yoo —pn|)

n=1

T*
< Eoo(Zmn + D(Yo1 + pn>>

n=1

M
=

oo((An + D(Yn-1 + pn)I(T* = n))

3
Il
—_

(Z T* >n (A +1)(Yn l+pn)|gn 1))
=1

(Z(Yn 1+ o) (T* = n))

<2(C1+1)an (T*=n) < oo,

n=1
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where the last inequality comes from Y, I(T* > n) < ¢1p,1(T* > n). On the

other hand,
, T > n)

T*
< lim Ec (;(Ak + DYi—1 4+ o), T* > n) =0.

lim Eq (

n— 00

n
Y, — Z/Ok
k=1

This means that condition (14) of Lemma 2 holds. By the definition of T*, we have
Cl p’; > Yr+«_1 and Y7+ > c1pr*4+1. From Lemma 2, it follows that

l -« Eco(Y7+—1) Eoo(Y7+) l -«
1= <c1 <

1= = .
Eco(p7+) Eco(p7+) Ex(pr+11)  Eco(pr+t1) O

REMARK 1.  When the observation processes {X,,n > 0} are mutually inde-
pendent, we know that {Y,,, m > 0} is a Markov process. In this case, the positive
random variables {c,} become a series of positive numbers which can be written
by

Pn+2

Eoo(l(Bn—i-l,n—l—l)[Cn—i-l - ?n—i-l]lYan = Cn)
Pn+1

n:%)

In fact, ¥, > c+ gz—ﬁEoo(l(B,,H,m)[cm — Yu411|Y,) if and only if ¥, > ¢, for
n>1.

Though it is very difficult to find the exact value of ¢* and ¢, (c*) in Theorem 1,
as it depends on «, py,(-,-), pv,(-,-) and {p}, one may estimate its upper and
lower bounds by calculating the two numbers Eq(o7+) and Eqo (o7++1). In fact,
we can obtain an approximate value ¢* of ¢* by numerically calculating the expec-
tation Eoo (Y- pg) such that 1 — a0 = P(T*(@) > 1) = Eoo (X1 pp) for a
given o = P(T*(¢*) < 7). Especially, when the observation processes {X,, n > 0}
are mutually independent and px = (1 — p)pk~1 k > 1, we know that {I}n, n>1}
is a time homogeneous Markov process. Hence, ¢,, = c is a constant and

chp=c+

o0
Pm+1 o
:C+Eoo< Z et I (B n+1)lc — Yl

cl=c=c+ pEoo(I(Bn+1,n+l)[Cn+l - Yn+1]|?n = Cn)

=c+Eoo(Z p" I (Bpy12)lc — Ym+1]|?1 =c1>

m=1
forallm>1.Notethat ] —a =1 — E((1 — ,o)T*) and

po

o
Eoo(pres1) =3 (1= p)Peo(T* =k) =par,  Eoolpre) =1
k=1
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It follows from Theorem 1 that
1-— l—a— 1-—
7(;{ — 1 = 7(1 P <C1 < « .
Eoo(o1+) pa po
For example, let« =0.05, p =0.7,¢ =0.1, p =0.6 and @ = 0.2, p = 0.5, we can

obtain the estimations ¢/, ¢{ and ¢{’, respectively, in the following:

1-0.05-0.7 1-0.05
—————~T7. 14 <] <2714~

0.05 x 0.7 0.05 x 0.7
1—0.1—0.6:5<C,,<15= 1-0.1 ’
0.1 x0.6 1 0.1 x0.6
1-02-05 3o <8 1-02
_ = < < = .
02x05 “ 02x05

On the other hand, let py,(-) and py, (x) be two densities of normal distributions
N(0, 1) and N(1, 1), respectively. We can obtain the numerical simulation values
¢} ~10.885, ¢/ ~6.301 and ¢}’ ~ 3.352 by running 10° repetitions.

Now we consider the optimal test with the restrictive condition Eo(T) > y > 1.
Consider the loss random variable of detection, z,, at time n in the following:

n n
(26) w,,:ZYk_l—f—l—i—c(l—Zpk)—bn,
k=1 k=1

where c, b are two nonnegative constants satisfying ¢ + b > 0. Note that w, may
be negative. By Lemma 1, we have

Eoo (@)

T T

=Ex (Z[Yk—l + pk]) +(+1) [1 —Eoo (Z Pk>:| — bEoo(T)
k=1 k=1

(27)

= ZpkEk(T —k+ 1)+ + (c+ 1)|:1 — ZkaOO(T > k)i| — bEo(T)
k=1 k=1

=ET —t+1IT>0)P(T>1)+ (c+ DHP(T < 1) — bE(T).
We present a test:
(28) Ty(c,b)y =min{n > 1:Y, > c,(c, b) pnt1 + b},
where {c,(c, b), n > 1} is a series of positive random variables satisfying ¢, (c, b) €

Sn. Obviously, T, (¢, 0) = T*(c) when b =0.

THEOREM 2. Let py > 0 for all k > 1 and E(T), (c, by)) < o0 for ¢ > 0 and
some number by > 0. Then there exist two numbers b*, ¢* and a series of positive
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random variables c, (c*, b*) such that Eo (T, (c*, b*)) =y, b* < pymin{c*/(y —
1), bo, 1},

enlc.b%) = ¢ + 5/ pu

00
Pm+1 ~
+ Eoo( Z m I(Bm,n—i-l)[C* + b*/,Om_H — Ym] 3,1)
m=n+1 Fn+l

forn>1,and T,(c*, b*) is optimal in the following sense:
2 inf T)=Js(T,(c*, b*
(29) Anf TIs(T) = TJs(Ty (c*, b)),

where
D, ={T>1:Exo(T)>y;P(T <71) <a’*},

Bunt1 = (Vi < ck(c*,b*) + b*/ppy1,n + 1 <k <m)} and a* = P(T, (c*, b*) <
7). Moreover,

30) TIs(Ty (c*,b%)) <14+c*(1 — p1) +b"(y — D).
PROOF. It needs only to be proved that (29) holds for the following subset 5V
of Dy:
D, =|T>1:Ex(T)>y;P(T <71) <a*; Ex(|or]) < 00}
By the same way of proving Theorem 1, we can show that
(3D Eoo(@7) = Eoo (@7, (c,p))

for any finite test 7 and Eo (|oo7|) < 00.
On the other hand, we know that Ex (7}, (c, b)) is continuous and strictly in-
creasing in ¢ and b with Eo (T}, (0,0)) = 1 and

Eoo(Ty (¢, b)) /' o0

as ¢ /' oo for every fixed b > 0. This means that for every small b* < by, there
exists a unique positive number c* > 0 such that

Eoc(Ty (¢, 5) = 7.
Obviously, the number ¢* = ¢*(b*) is monotonically decreasing in b*. Hence, we
can take a small b* such that b* < p; min{c*/(y — 1), bg, 1} and, therefore, b* <
p1<1—a*
Let T* =T, (c*, b*). It follows from (26), (27) and (31) that
ET—t+1T>0)P(T>7)+ (1+*)P(T < 1) —bE(T)

>E(T*—t+ 1 T*">1)P(T* > 1)+ (" + 1)P(T* <) — by
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and, therefore,

E(T—t+1IT>0)P(T>71)+ (1 —i—C*)P(T <7T)
(32)
>E(T*—t+ 1T*">1)P(T* > 1)+ (" + 1)P(T* < 1)

since Eoo(T) > y.
Furthermore,
Siet B M (T* > k+ 1))
Yoie prPoo(T* > k)
1 TR ot +DPoo(T* 2 k4 1)
N >Rt pkPoo(T* = k)
_ Ep by -
ke PkPoo(T* > k)
<1l4+c*"—(c*p1 —b*(y — D).
Thisis (30). f E(T —t + 1|T > 1) > 1 + ¢*, then

E(T* —t+1|T*>1)=1+

=1+4+c"

ET—t+1T>1)>1+c*>E(T" -1+ 1|T* >1).
Let E(T —t +1|T > 1) <1+ ¢*. Since
ET —t+1T>1)(1—x)+(14+c")x

is monotonically increasing in x and P(T < t) < P(T* < 1), it follows from (32)
that

E(T—t+ T >7)P(T*>71)+ (1 4+ "P(T* < 1)
>ET—t+ 1 T>=0)P(T>1)+ (1+"P(T <71)
>E(T*—t+ 1T*">1)P(T* > 1)+ (" + 1)P(T* < 1)

and, therefore,
ET—t+1T>1)>E(T*—t+1|T* > 1).
Thus, (29) is true. [

By using Theorem 2, we can obtain the following corollary.

COROLLARY 1. Let B = {Bk,k > 1} satisfying 0 < Bit+1 < Bk, k/Br+1 >
(k — 1)s/Bk for k > 1 and Y32 | B = 0o. Then the following stopping time:

n n X; 1. X;
T, (B) =min nzl:z Pr Pu(Xi-i l)chg(y)
izl Bt iy Puo(Xio1, Xi)
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is optimal in the sense that
Yoo BEk(Ty (B) —k+ D+ — inf Yiey BrE (T —k+ D7
2 BiPi(Ty, (B) = k) Tedy 302 BPk(T = k)
or equivalently,
Y2y BBk (T (B) — k)t ot 2y BrEi(T — k)t
Y BPr(Ty (B) = k) Tera, Y2 fiPu(T = k)
where cg(y) is such that Eoo(T),(B)) =y and A, ={T :Exc(T) > y}.

PROOF. Let pp = p(a)(atk — 1) + g '/*) 72 for k > 1, where p(a) =

[0 (atk — 1) + B /*)72]7! and a > 0. Note that B > iy > O for k > 1
and Zk:l Br = oc. It follows that py > pr41 > 0 for k > 1, lim,_,¢ p(a) =0 and,
therefore, lim,_, px = O for every k > 1.

Taking b* = 0 in Theorem 2, we have

where Ex (T, (c*,0)) = y and ¢* = ¢, depends on a. Note that

Yn/pn+1 = Z l_[Ak

—1 Prtl

for every n > 1, where Ay = py, (Xk—1, X)/Pvy(Xk—1, Xx), and p;/pn+1 —
Bt/ Bn+1 as a — 0. It follows that

n n
. Bt
lim ¥, = Ag.
lim n/ Pn+1 ;ﬁnﬂ 1!:[; k
Moreover,
1/2
Py (an + B, 1)?

Prtl (a(t — 1)+ g, )2

is monotonically increasing in a for t < n + 1 since k</Br+1 > (k — 1)s/Bx
for k > 1 and, therefore, ¢* = ¢, is also monotonically increasing in a for
Eoo(Ty (c*,0)) = y. Thus, lim,_, T, (c*, 0) = T,/ (8) and lim, .o cq = c5(y).

On the other hand, from P(T < 1) < ™ it follows that

P(T=17)=) pPo(T 2 k)
k=1

>1—a* _Zka T, (c*,0) > k).
k=1
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Note that py — 0 and pr/p(a) — Br as a — 0. Hence, ™ — 1 asa — 0,
lim D, = lim {7 > 1:Exo(T) > y; P(T <7) <2’} =A,
a—0 a—0

and

> E.(T —k+ DT
lim J5(T) = lim Zk—;op" K +1)
a—0 a—0 3 72 pkPoo(T = k)
_ Yo BE (T —k+ DT
Y re 1 BP(T > k)

Thus, we have

Yoot BEx(Ty (B) —k+ D+
> ket BiPr(Ty (B) = k)
=l 95,6, 0) = fmng 55D

i Yro B E(T —k+ D7
Ted, Yty BiPk(T = k)
Furthermore, by Y02, BEx(T — k + DT — Y2, BE(T — bt =
Y i BPk(T > k), we have also
Yiey BBk (Ty (B) — k)™ _ inf Yt BEE(T —k)F
Sl BPr(Ty(B) = k) Tea, Y32, BPu(T = k) O

REMARK 2. Note that > 72 Py(T > k) = Eoo(T). When the observations
X;,i >0, are mutually independent and By = 1 for k > 1, we have T, (B) =T,
and

2 BTy (B) BT inf Y E(T —)F

YV Tehy Eoo(T)
o0 _ 1\t
< inf Zkzl Ek(T k)
TeA, Y
_ S BT (B b)Y
B Y

and, therefore,
o0 o0
Y E(Ty(B) k)" = inf FTET —k)*.
k=1 27 k=1

Thus, the result in [10] is only a special case of the corollary. If 81 =141, Br =1
for k > 2 and the observations X;,i > 0, are mutually independent, then, by the
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corollary, T}, (B) = Tsr(c),) and
rEeo (T, (B) + 232 Ex (T (B) —k + DF
r +Eoo(Ty (8)
— inf FEso(T) + X 22 Ex(T —k+ 1)
" Tena, r+ Eoo(T) ’

where Tsr(cy ) is the Shiryaev—Roberts test defined in (8) and r > 0. This is just
the result of Lemma 1 proved by Polunchenko and Tartakovsky [9].

Next, we will consider the optimal test for the case “P(T < t) > «™” which is
just the opposite of “P(T" < t) <a*”in D,,.
Consider the following loss random variables of detection:

(33) M= Vi1 +1—cn,
k=1

where ¢ > 0 is a constant. Note that 1, may be negative.
By Lemma 1, we have

T T
Eoo(n7) = Eoo (Z(Yk_1 + pr) + 1) —Ex (Z pk) — cEoo(T)

k=1 k=1
(34)
—E(T —1+1|T > 1)P(T > 1) + P(T < 1) — cBoo ().
Let
(35) T,(c)=min{n >1:Y, > c,(c)}

for ¢ > 0, where {c,(c),n > 1} is a series of positive random variables satisfying

cn(c) € .

THEOREM 3. Let y > 1 and Exo(T;(co) < 00 for some number co > 0. There
exists a positive number c¢* and a series of positive random variables c,(c*) such

that Eoo (T, (c*)) =y and
‘Sﬂ)v

cn(c*) ="/ pn+1

o0

Pm+1 =

+Eoo( S I B )€ Pmrt — V]
m=n+1 IOVH'I

(36) inf Js(T) = Ts(Ty(c")),
where

D), ={T = 1:Ee(T) 2 y; P(T <7) 2 "}
and o* =P(T,)(c*) < 7).
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PROOF. It needs only to be proved that (36) holds for the following subset of

D.:

Dy ={T = 1:Ex(T) 2 y; P(T <) = a*; Eco(|17) < 00}.
Let 1, = —n, for n > 1. By the same way of proving Theorem 1, we can prove
Ex(n1) > Eco(n7,) for all T satistying Eoo(In7]) < 00.

On the other hand, we know that Ex (7}, (c)) is continuous and strictly increas-
ing in ¢ with Exo (75 (0)) = 1 and Exo (T3 (c)) /" 00 as ¢ /" o0 since Eqo (T (co) <
oo for some number cp > 0. This means that there exists a unique positive number
c* such that Ex (7} (c*)) = y. Note that Eoo(n7) > Eco (177;,(c))- It follows from
(34) that

ET—t+1T>0)P(T>7)+P(T <71) — *Exo(T)

> E(T,(c*) — v + 1|T(c*) = 7)P(T;)(c*) = 7) + P(T;(c*) < T) — c*y.
Moreover, E(T — t + 1|T > t) > 1 and, therefore,
ET -+ 1T =1)—1D)P(T,)(c*) = 1)+ 1= c"Eoe(T)
>ET —t+1T=17)—1)P(T >7)+ 1 — *Exc(T)
=E(T —t+1IT>0)P(T>1)+P(T <1)—*Ex(T)
= B(Ty(c") — 7 + 1T,(") = )P(Ty (") = 7) + P(Ty(c") < 7) — "y
— (E(T(") — 7 + 1Ty (c") 2 1) — DP(Ty (") = 1) + 1 — 'y
for P(T;,(c*) > v) > P(T > 7). Thus,
E(T —t+ 1T > 1) > E(T)(c*) — t + 1T, (c*) = 1)
forall T € D;,’. O

3. Optimal tests for Bayesian change-point detection with finite possible
change-points. In this section, we assume that the change-point t is at most
finite, that is, T < N < oo. Its distribution {poy, k > 1} satisfies Z,jcvzl pr = 1 and
pr =0 for k > N 4 1. We can think of the distribution of the change-point t as
being finite. Here, the integer N can be sufficiently large. For example, N = 108
is large enough in practical application.

Consider a test 7 which is unbounded, that is, P(7 > M) > 0 for any large
M > 0.

Since py, (x, -)/ Py, (x, -) has no atoms with respect to Py, for all x € E, it fol-
lows that

Ex(I(A1 < D[Xo=x) <1, Exc(I(A1 <D|Xo=x) <1

forall x € E.
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For example, lzet lz’vl(x’Y) = (\/2710)_1@_@_)‘_’:1)2/2"2 and py,(x,y) =
(V2m0) le=0=9)7/20" Then A; = et X1=X0=11/2)/0" \yhere 1 > 0. Then
Exo(I(A1 < D|Xo=x) =Eoc(I (X1 —x — p1/2 < 0)| X9 =x)

ni/20
:f (W2m) e P du < 1,
—0

—+00
Eoo(l(A; > 1)|X0=x)=/ (V2r) e P du < 1
u1/20

for all x. Let
A= supEoo(I(Al < 1|Xo=1x), B =supEx(I(A1 > 1)|Xo :x) <1

xeE xekE

C = sup Ex([In A11%| X0 = x).
xeE
Under the conditions that A, B < 1 and C < oo. Theorem 4 below shows that if
only the restrictive condition Eo(T) > y exists, then

inf Ty=1
T:Eof(lnzij( )

for every finite prior distribution {0, 1 <k < N} of the change-point 7, where the
number y > 1 and N < oo.

THEOREM 4. Let p1 >0, Z,ivzl pr=1,A,B <1 and C < 0o. Then there is
a series of tests (stopping times) {Tn (c), ¢ > 0} such that Eqo (T (¢)) > v,

(37) lim Is(Tn(0)) =1, lim Eoo (T3 (c)) = o0,

and, therefore, infr.g_ (1)>), Js(T) =1 for every finite prior distribution {py, 1 <
k < N} of change-point t.

PROOF. The proof of Theorem 4 is shown in supplementary materials [3]. [

Now we consider the probability of false alarm P, (T < 7). Since

N N

Poo(T <7) =) okPoc(T <k) =1=p1 =D piPoc(T 2 k) < 1= p1,
k=1 k=2

it follows that Poo(T < 7) < 1 — py if and only if Eoo(T) = 1 + XN ) Poo (T >
k) > 1 for pr > 0,2 <k < N. Thus, we have the following corollary.

COROLLARY 2. Assume that the conditions of Theorem 4 hold. Then
JIs(T)=1

inf
{TPoo(T<t)<1l—p1}

for every finite positive prior distribution {py, 1 <k < N} of the change-point 7.
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TABLE 1
Js(T) with ARL( ~ 1000

Shift in p 0.0 01 025 05 075 1.0 125 15 2.00 3.00
r = 0.000166 1006.95 446 272 195 163 144 131 122 1.09 1.0l
¢ =-06 (164,713.92) (21.40) (5.69) (2.59) (1.83) (1.49) (1.32) (1.20) (0.97) (0.83)
r = 0.000344 1002.15 647 348 239 192 1.64 145 134 1.8 1.03
¢ =-02 (82,057.39) (26.64) (6.89) (2.82) (1.84) (1.50) (1.30) (1.12) (0.90) (0.74)
r = 0.000463 995.04  7.65 391 263 209 177 155 140 122 1.06
¢ =0.0 (62,621.72) (28.80) (7.38) (3.06) (1.93) (1.49) (1.25) (1.10) (0.88) (0.65)
r = 0.000744 100342 1037 494 306 244 204 177 158 133 L.11
¢ =04 (40,856.77) (32.86) (8.42) (3.23) (2.06) (1.52) (1.25) (1.08) (0.85) (0.58)
r =0.001078 1002.66 1334  6.09 3.60 274 232 201 178 147 1.17
=08 (28,285.51) (36.53) (9.47) (3.58) (2.17) (1.60) (1.25) (1.09) (0.83) (0.56)
r=0.001813 1003.58  19.82 872 4.87 355 2.87 246 220 1.81 1.36
=16 (17,225.21) (43.10) (11.39) (4.20) (2.43) (1.67) (1.33) (1.09) (0.83) (0.57)
r = 0.003347 1004.85 3396 1474 780 550 434 3.60 3.10 2.51 1.90
=32 (9312.11)  (54.93) (14.56) (5.32) (2.98) (2.06) (1.54) (1.25) (0.87) (0.60)
r = 0.0065 996.64  63.01 27.12 14.13 974 736 6.04 521 4.08 2.89
¢ =64 (4786.32) (73.22) (19.71) (7.19) (4.02) (2.68) (1.99) (1.57) (1.09) (0.68)
r=0.012773 998.26  117.17 51.03 2645 18.16 13.56 11.03 9.44 697 4.99
¢ = 12.80000 (2406.36)  (94.81) (26.64) (9.85) (5.48) (3.61) (2.65) (2.07) (1.43) (0.84)
r =0.025781 100047 20835 95.08 49.54 34.82 25.54 20.77 18.14 13.03 9.34
¢ = 25.60000 (1201.08) (113.21) (34.89) (13.29) (7.51) (4.98) (3.61) (2.83) (1.90) (1.08)
r =0.032120 999.09  242.32 113.01 60.29 41.22 32.16 24.80 20.92 16.99 10.72
¢’ =31.50000 (980.29) (116.60) (37.35) (14.48) (8.17) (5.42) (4.06) (3.09) (2.14) (1.19)
CUSUM 1001.83  437.25 147.34 3821 1693 10.14 721 5.60 3.90 2.51
c=5.0758=1.0 (988.56) (434.01) (141.95) (31.89) (11.28) (5.49) (3.34) (2.27) (1.32) (0.68)
EWMA 99835  349.33 10492 30.94 15.61 1022 7.58 6.04 435 2.86

c=0.644, L =0.1 (984.87) (339.44) (95.54) (22.50) (8.96) (4.87) (3.13) (2.24) (1.39) (0.78)

4. Numerical simulations. As an application of Theorem 4, we consider the
test T5(c) with py =1/5,1 <k < 5. It follows from Theorem 4 that

Ts(T5(c)) = 1 +o(1)

and EOQ(TS2 (c)) is sufficiently large for a small number c.

In the following example, we compare the detection performance of the three
tests: T5(c), the CUSUM test T¢(c) and EWMA test Tg(c). Table 1 corresponding
to the example shows the simulation results of Jg(-) of the tests T5(c), T¢(c) and
Tg (c) with ARLg ~ 1000 for mean shifts from =0 to © = 0.1, 0.25, 0.5, 0.75,
1, 1.25, 1.5, 2 and 3, where ARLy(T) = Eo(T),

Y B (T —k+1)7F
Y i Poo(T > k)

Js(T) =
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and Ey (T — k + 1)™ denotes the out-control average run length (ARL) from 0
to w at the change-point k. The numerical simulation results of ARLg and Js(-)
in the table were obtained based on 107 repetitions. The paper [2] compares the
ARLs of the four tests: CUSUM, EWMA, GEWMA and GLR in detecting mean
shifts when t =1 or equally, p; = 1.

EXAMPLE 1. Let the observation processes {X;,, n > 0} be mutually indepen-
dent. Let Xg ~ N (0, 1) and after the change point 7, Xz ~ N(u, 1) for k > 7.
Hence, Z; = u(Xx — ©/2). In order to compare the detection performance of
Ts(c), Tc(c) and Tg(c), we write their definitions in the following:

min{l <n <5:Z,>c +1n5},
BO=Vminln=6:2+ 3 (Zk — o) = ¢ +1n5 - (1 = 5)r() .
k=6

where ¢ = ¢’ and
Z\=2Z1—pmo,  Zh=7Zr—po+In(1+e?),
Zh =73 — po +In(1 + %2 4 %2 F21),
Zy=Z4— po+1In(l 4 % 4 572 4 H3H0H2)
Zt =75 — o+ In(1 4 e% 4 %412 4 24t st 2oy pZat 23t 2ot 2y
The popular upward-sided CUSUM test, T¢, is defined as
n
Tc(c) = inf{n : max L_;}M S(X; — 5/2)} > c},

where ¢ > 0 is a control limit and §/2 > 0 is the reference value. Here, we take
s=1.
The EWMA is also a popularly used test which can be written by

Te(c) =inf{n > 1: E, () > ¢},

where A is a weighting parameter (0 < A < 1), ¢ > 0 is the control limit and
E,(0)=AX,+ ({1 —=XE,—_1(A) with Eqg(A) = 0. Here, we take A = 0.1.

The simulation results of Js(T5(c)), Js(Tc(c)) and Js(Tg(c)) are shown in
rows 1-11, the twelfth row and the last row, respectively. The values in parentheses
are the standard deviations of the simulation results of detection delay. We can see
from Table 1 that: (1) The larger the standard deviations of the in-control run length
(false alarm), the smaller the average detection delay Js(75(c)) before detecting
the mean shifts. For example, the standard deviation in the first row is 164713.92
with ARLy = 1006.95, but the average detection delay is only 4.46 for a small
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mean shift 4 = 0.1. When the standard deviation is 980.55 with ARLy = 999.09
(see thirteenth row), the average detection delay becomes 242.32 for u = 0.1.
(2) Ts5(c) performs better than T¢ and Tg for a small mean shift u = 0.1 even if
they have the same standard deviations for . = 0 (see the last three rows ). (3)
Ts5(c) performs better than T¢ and Tg for all mean shifts 4 when the standard
deviations of 75 for u = 0 is greater than 9312.11 (see rows 1-7).

5. Conclusions. By introducing suitable loss random variables of detection,
we have derived four strictly optimal tests T*(c), T'(c), T, (c,b) and T (c) for
Bayesian change-point detection not only for a general prior distribution of the
change-point but also for observations Xg, X1, X», ... that form a Markov process
under the restrictive conditions that {Poo (T < 1) <o}, {Eco(T) = y,P(T < 1) <
o} and {Eoo(T) > y, P(T < 1) > o™}.

When the number of change-points t is finite (N < 00), that is, the prior distri-
bution {pr, 1 <k < N} of 7 satisfies p, = 0 for all kK > N, we have constructed a
series of tests {Tn (c) : ¢ > 0} in Theorem 4 and proved that lim._,o Js(Tn(c)) =1
and lim,_, EOO(TJ%,(C)) = 00 with Eoo (T (c)) = y > 1. Since Js(T) > 1 for ev-
ery test 7', Ty (c) can be considered as an asymptotically optimal test when ¢ — 0.
This implies that

T:Ef(l;)zy St
for a finite number of change-points t.

It follows from Theorem 4 and the numerical simulations in Section 4 that the
smaller the value of Js(Tn(c)), the larger the variance Var,,(7x(c)) for a given
finite false alarm rate Eo, (7T (c)) > y. This also means that the larger the variance,
the greater the risk of false alarm. In order to reduce the risk or the variance, we
must consider a stronger restrictive condition {Exo(T) > v, Vars(T) < 02}. An
interesting problem would be to find a test T (c*) that is optimal in the sense that

inf TIs(T) = Ts(Tn(c"))
{TEoo(T)>y, Vars (T) <02}
with Eoo (T (c*)) = y and Vare(Ty(c*)) = 02 when the number of change-
points t is finite. Other problems such as how to calculate Js(Tv (c*)) and how to
estimate ¢* are also worth studying in the future.

Acknowledgments. The authors would like to thank the editor and anony-
mous referees for their many valuable comments that have resulted in signicant
improvements in the article.

SUPPLEMENTARY MATERIAL

Supplement A: Proofs of Theorem 4 of the paper “On the optimality of
Bayesian change-point detection” (DOI: 10.1214/16-A0S1479SUPP; .pdf). We
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prove in the supplementary material that the optimal (minimal) average detection
delay is equal to 1 for any (possibly large) average run length to false alarm if
the number of possible change-points is finite for observations being a Markov
process.
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