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Abstract. Monodromy fields on Z? are a family of lattice fields in two dimensions
which are a natural generalization of the two dimensional Ising field occurring in
the C*-algebra approach to Statistical Mechanics. A criterion for the critical limit
one point correlation of the monodromy field o,(M) at aeZ?,

lim {o,(M),
st1

is deduced for matrices M € GL(p, C) having non-negative eigenvalues.

Using this criterion non-identity 2 x 2 matrices are found with finite critical
limit one point correlation. The general set of p X p matrices with finite critical limit
one point correlations is also considered and a conjecture for the critical limit n
point correlations postulated.

1. Introduction

The C*-algebra approach to the Ising model via the transfer matrix is now
wellknown, see [1, 4, 7-9, 10] for example. Monodromy fields on Z?2, introduced in
[14] are a family of lattice fields in two dimensions which are a natural
generalization of the two dimensional Ising field. They were inspired by [21] and in
a sense are lattice analogues of the continuum fields used in [21, IV] and also in the
Federbush and massless Thirring models, see [19, 20, 6]. These lattice fields are
interesting for several reasons. Firstly by controlling the scaling limit mathemati-
cally precise information on the continuum can be found and this approach was
successfully used for the Ising field in [17, 18], secondly there are numerous
analogues of continuum structures suggesting a discrete theory on the lattice itself.
For M € GL(p, €) and ae Z? it is possible to define the monodromy field (M) at a.
This is a generalization of the Ising field in the sense that when M is the scalar —1
the vacuum expectation of a product g, (—1)...0,(—1) gives the square of an
Ising correlation. The motivation for the name “monodromy field” is the fact that
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itis possible to “create” monodromy M located at a € Z? in the solution to a certain
linear difference equation on the lattice through a formula involving ¢,(M).

In [14] the one point correlations when M is a scalar were calculated using an
elliptic substitution. Also the asymptotics of the correlations were examined in the
scaling limit, that is the limit that sends the lattice spacing to zero and the
“temperature” to the critical point such that the correlation length remains fixed
(massive scaling regime). In [15] the critical scaling limit was studied, that is the
large scale asymptotics of the correlations at the critical point (massless regime).
However a limitation of the analysis carried out in [15] was the fact that the
monodromy fields had to appear in pairs, 6, ,(M)a,(M) ™!, which was referred to as
the twin problem. That is only correlations of the form

<Ga1(M1)Gb1(M1)— ! see aa"(Mn)Gb”(Mn)_ 1> s

could be studied. Moreover the M; had to have non-negative eigenvalues.
In order to find the large scale asymptotics at the critical point the following
limit needs to be investigated:

lim <o, (M},)...0, (M,)>.
st1

This is non-trivial since the monodromy fields, o (M), are not defined for s=1. A
conjecture from [15] was that the limit exists and is finite if M, ... M,=1I and if
M, ...M, =1 then the limit is 0 or co. The second half of this conjecture is now
shown to be false by an analysis of the limiting one point correlation:

lim {o,(M)>.
sT1

A criterion for this limit is found enabling the existence of a non-identity M with
finite critical limit correlation to be shown. However as is the case for the results in
[15] this is only true for M having non-negative eigenvalues. As for the general n
point correlations a product formula, see [15, 16], enables these to be written as
the product of the individual one point correlations and a det, term, see [22] for a
definition. This suggests that the one point correlations are sufficient though a
proof is not available as yet.

The restriction on M to have non-negative eigenvalues is somewhat incon-
venient since the Ising field case is given by the scalar —1 so none of the results are
applicable to this case and the critical asymptotics for the two dimensional Ising
model remain unknown.

The format of the paper is as follows. Section 2 gives the basic structure and
definition of the monodromy field o,(M). Section 3 deduces a criterion for the
crit«cal limit one point correlations based on the result of [14] concerning the
scalar case. Section 4 uses this criterion to find a non-trivial example of a matrix M
with finite critical limit correlation. The structure of the set of such matrices is also
studied. Finally Sect. 5 poses a conjecture for the general n point correlations using
a product formula.

2. Monodromy Fields on Z?

2.1 Introduction. This section gives a brief summary of the structure required for
the study of monodromy fields on Z?2. For further details see [14, 15, 16].
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2.2 Notation. Let H=L*(S*,C?) and p a positive integer with H*=H®...®H
=H®QC?. Let T be the multiplication operator on H defined by the 2 x 2 matrix:

Tf(9)=[ ]f(ﬂ),

where ¢, s>0 and ¢>—s?=1.
Let Q be the multiplication operator on H defined by:

O - ia(0)

of ()= [—ie“’“‘"’ leo ]f ),

where y(6)>0 and «(f) are determined by the following:

(1) «(0)=0,
(2) coshy(8)=c?/s—cosh,
(3) sinhy(0)e*® =(c/s—ccosf)+issinh.

Note that

c?/s—cosf ssinf—i(c/s—ccosf)
ssinf+i(c/s—ccosb) c?/s—cosf

T(6)=exp[—7(0)Q(O)]=e" "0, (6)+e"Q_(6),

where Q, =1/2(1+ Q) with Q?=1, Q self adjoint.
Also let z be the multiplication operator on H defined by:

#f (0)=e"f(6).

Now extend T, Q, and z to operators on H? in the obvious manner, namely
tensoring by I?, i.e. the operator acts on each copy of H. With a slight abuse of
notation call these operators T, Q, and z. Let W?=H?@ H?, where H denotes the
Hilbert space conjugate to H, and define a conjugation P on W? by P(x@®y)
=y®x. If Qy is the operator on WP defined as Q@ (— Q), then @y, anticommutes
with P and Qy is self adjoint with Q3 =1.

Hence Qy defines a Qy-Fock state of the Clifford algebra C(W?, P) whose
associated representation lives in the alternating tensor algebra A(W?), where W3
= QWP and Qi =1/2(1 + Q). The generators of this representation are given by:

F(w)=a*(Qww)+a(PQuw),

where a*( - ), a( - ) are creation and annihilation operators on A(W?).
Now define the restricted general linear group GLy(H?) as the group of
bounded, invertible linear maps on H? with bounded inverses whose matrices

[‘cl Z] in the HE @ H2. decomposition of H? derived from Q have b, ¢ Hilbert

Schmidt and a, d Fredholm of index 0. Also define GLY(H?) as the subgroup with d
1 +trace class and GLy(H?) as the subgroup with b=c=0.

Results in [16, 14, 5], also a brief summary in [3], demonstrate the existence of
a dense linear domain, 2 < A(W?), together with two group homomorphisms,
Iy: GLY(H?)—L(2) and I': GLY(H?)—»L(2), where L(2) denotes the invertible
linear maps from 2 to 2, such that:

Iy(@)F(w)=F(g®g*~'w)I,(g), geGLyH?),
I(g)F(w)=F(g®@g* 'w)I'(g), geGLyH?),
and Ty(hgh™)=T(W)Iy(g)T(h)~*.
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Also if GLY(H?) x GLY(HP) is the semi-direct product with composition rule
81X hy gy xhy=g higshi ! xhihy,

then the above gives g x h—I)(g)I'(h) is a homomorphism with kernel
K={gxh:gh=1 and detd(g)=1}.

Define GLQ(H") GLY(HP)x GLy(HP)/K, then (g x h)K >gh is a_well defined
homomorphlsm T: GLQ(H")—> GLy(H?) with kernel C*. Identifying GLQ(H") with
its image in L(92):

gFW)=F(T@Q®T(g)* 'w)g, geGLyH),
i.e. g is the implementer of T'(g). If Q, is the vacuum vector of A(W?) define

(2)0=(20,82), geGLy(H?),
that is if g=(g’ x /)K
(8)0=< Q0 Iy(g) [ (1) 2>
= <QQ> FQ(g’)QQ>
=det(d(g).

For more details of this, together with proofs, see [14, 5].

In other words, if ge GLy(H?) and has a decomposition as gog,, where
g€ GLy(H?) for i=0, 1 then T((go % g;)K)=g, thus the implementer of the
automorphism induced by g on the Clifford algebra is given by I')(go) I'(g,) at least
on the dense domain 2 and up to scalar multiple — a choice of factorization at the
GLy(HP) level being equivalent to a choice of normalization at the GLQ(H ?) level.

With the structures defined above it is now possible to define the monodromy
field o(M), where M e GL(p, C). Let M act on H? as I®Q M and define ¢ as the
convolution operator on H whose Fourier transform acts on I*(Z, ,, C?) as £f (k)
=sgn(k) f(k), for keZ,,,. Let &, =(1+¢)/2 and define

s(M)=e_Q®I,+¢, QM.

In [14] it is shown that s(M) e GLy(H?), then o(M) is essentially defined such that
T(6(M))=s(M). So from comments made above a factorization of s(M) into g,g;,
where g;e GLy(HP) is sufficient since o(M) may be defined as Iy(go)I'(g,). This
factorization is constructed in [14] and using that notation s(M)=s(M)D(M) so
that:

a(M)=I(s(M) I (D(M)).
This definition can be extended to the points on a Z* lattice as follows. Let I'(T)
and I'(z) be the implementers of T and z then define
SAM)=T**zs(M)z~ T,
and
o (M)=I(T)*T'(2*a(M)I'(z)"“'I'(T)"*,

where a=(a,,a,)eZ?. Call ¢, (M) the monodromy field at a — so a(M) is the
monodromy field at 0.
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2.3 Remark. The multiplication operator T introduced at the beginning of 2.2
Notation is the same as that for the study of the Ising model in [17, 18], where
c¢=cosh2K*. Hence, using this connection, it is possible to consider the cases s<1,
s=1, and s>1 to correspond to below the critical temperature, at the critical
temperature and above the critical temperature respectively.

2.4 Remark. One problem, which has been glossed over in the preceding
comments, is the fact that s(M) ¢ GLy(HF) when s=1 (Q depends on T and thus s)
and consequently a limiting argument is required. The objects of study are the n
point correlations:

<041(M1) e o'a,,(Mn)>Q ’

and in particular their limit as s11, that is, their behaviour as they approach the
critical temperature. From now on it will be assumed that s <1 and the Q subscript
in the correlation will be dropped.

3. A Condition for the Existence of Limiting One Point Correlations
3.1 Introduction. This section aims to classify the critical limit one point
correlations, lim (o, (M)), for all matrices M € GL(p, €), pe N with non-negative

st
eigenvalues. The starting point for this classification is a result of [14] concerning
the one dimensional scalar case, that is (p=1).

3.1.1 Proposition. Let k=52, k'>=1—k? and

K= "f do

0 [/1+k"%sin?0
Suppose A€ C\(— 0, 0]. If s(4)=s(2) D(4) and d(1) =d(s(1)=Q _s(A)Q _, then d(A) is
invertible and

{a(A)) =detd()= il |:1+,1—1q21 1+lq2’]

1 + qZI 1 + qll
where leZ,;, and q=exp(—nK'/K).
Note. As d(4) is invertible the correlation is non-zero.

Now assume M € GL(p, €) and has no negative eigenvalues. Hence there exists
amatrix S,,€ GL(p, €) such that S,,MS;,' = J,,, where J,, denotes the Jordan form
of M. Thus

S(M)=(1®Sx") (6~ @I +&, ®J 1) 1®Sy)
=(1®8x")s(J ) (1®Sy).
Therefore if s(J,,) is factorized as s(J,,)D(J,,), s(M) may be factorized as

(1®54)sU 1) 1 ®S3) (1®S3) DU 1) 1 ®Sy) -

Hence
(o(M))=det d(1®S4") s(J4) 1 ®Sy))

=det(1®Sy")d(s(J ) 1®Sy)

as Q_=0_®I commutes with 1®S{; "
=detd(s(J y))
=<0 -
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Appealing to [14], in general the factorizing terms are given by the following:

Suppose P,, P_ are the orthogonal projections onto the subspaces of
L*[—K, K], C) whose elements have fourier expansions in exp(inlx/K) with no [
negative, positive terms respectively. Then:

D(M)=I1,®(P,®I,+P_®M)_,

where I, is the identity on H%, (P, ®I,+P_Q®M)_ acts on H> ¥ L*([ K, K],
O)®C? and

s(M)=s(M)D(M)~* with d(s(M))1+trace class.

So suppose the eigenvalues of M are 4, ...4, then the Jordan form

Ay 0y
g . ’
M o Opey
}'P
where ;€ €C\(—0,0] for i=1,...,p and 6;=0 or 1 for j=1,...,p—1 and
d(4,)
d(4,)
d(s(Us)= ’

d(4,)

Therefore detd(s(J,,) = [p] detd(4;), that is:
i=1

(a(M)) =<a(J ) =detd(s(J ) = ilfll detd(4;)

1+/1i-1q21 1+l,-q2'
1+q21 1+q21 :

=111

i=11>0

Also note that for a=(a,,a,)eZ?,
{o M)y =detTz"d(s(M))z~ T~ *
={a(M).
So we have shown the following lemma:

3.1.2 Lemma. If M eGL(p,C) has no negative eigenvalues then

1+,1i—1q21 1+/1iq21
14+¢* 14+4%

(o (M)>= ili 11>—[o [ :l, VaeZ?.

3.2 Convergence Argument. The previous subsection showed that if M € GL(p, C)

has no negative eigenvalues then

p 1447 g% 1+ 2,4%
<o-a(M)>= H H l: 1+q21 1+q21

i=11>0

], VYaeZ?,
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where 44, ..., 4, are the eigenvalues of M, which of course can be rewritten as

11 <o

Now a straightforward calculation, see also [14], shows that
4 og <o} =17 %, (+a) ka7

and hence if C, denotes a contour which joins 1 to 4 without crossing the negative
axis or passing through 0 then

log{o A>= [ (u—p™") ¥ (u+q*) ut+q ) ldu.
Ca >0

3.2.1 Remark.Hence in this more general case taking logarithms as above leads to
the following equation.

log o (M) =log [1 <))

)4
= ,;1 log{a,(4:)>
)4
= _:/:,1 cj (:ui—':ui—l)l;o (mi+a*) " M+ %)y
)4 <)
=2 CI (—uh) go(us+qz”“)“l(ui+q‘2"”1)‘1dy,.,

where C,, denotes a contour joining 1 to 4; without crossing the negative axis or
passing through 0.

3.2.2 Remark. Using the definition of ¢ and the Taylor series expansion for
(1—x)~Y2 it is a simple calculation to show that ge(0,1) and as s11, g11 with
K- and K’'-mn/2. Now if the sum present in the above is replaced by the
corresponding integral then the limit as g1 can be calculated as will be shown
later. Consequently the difference between the sum and integral is the item of
interest and it is this which will now be considered.

3.2.3 Proposition. Suppose Z, ,:[0, 0)—C is defined as

Zy ) =(u—p" D (p+g> ) utg )7,
where q€(0,1) and pe C, with Ae C\(— 00,0]. Then
. (1= @
}11:111 (5 n:L-:O (Z, m+Z, (n+1))— (j) Zq,u(x)dx) =0.

The proof of this proposition follows using a series of lemmas.
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3.2.4 Lemma. Extend, in the obvious way, the function Z, , defined above to a
function on C. Then if |u|+1,

1 2 w
3 ngo Z, mn+Z, (n+1)— z{) Z, (x)dx
12 Z, (—iy)=Z,,y) = sgn[Re{l(w)}] 2mi
= 7 (j; o4 oL L dy+ p;l 2,ulogq : o™i ¥ 2prilflogg | ¢
2 sg[Re{l(w)}] 2ni
+ =~ 2“ logq : e—ni[l(u)+ 2p1ri]/logq+ 1
sgn[Re {I(4)] 2ni

2ulogg " gsenIm )il ()/logq +1°

where l(u)=1log(— u) and log denotes the principal value.

Proof. The proof owes much to the Plana summation formula, see [24], of which it
is essentially a variant.
Consider integrating the functions

Z,,2)
Y*(@2)= ei_zq":‘z——l’

around the indented (semi-circles of radius r round the integers, r—0) rectangles
with corners 0, R, R¥ Ri and F Ri respectively, see picture below, and letting
R— 0.

Ri R+Ri
Ry
Y (2)
; Y
QQ—0
dius r
Ra
Y*(z)
-Ri R-Ri
Fig. 1

Now, both Y *(z) and Y ~(z) have as poles the integers, together with

S (e N

% 2logq 2’
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Thus if |u| > 1 then Re{log(u)} >0, hence the poles z, have real part greater than
zero provided g is large enough. Also it is easy to see that,

>0, forpz1,
tm{zy }{ for p<—1,

with sgn[Im{zg }]=sgn[Im{l(x)}].
Similarly if || <1 then the poles z, have real part greater than zero and
for p=1,

+
IIn{Z"}{>O, for p£—1,

with sgn[Im{zg }]=sgn[ —Im{l(x)}].

Thus choose R large enough such that some poles are contained in the
rectangles but none lie on the lines joining + Ri to R+ Ri and R+ Ri to R. Note
that Im {I(x)} +0 since pe C\(— 0,0], hence no z; lies on the positive real axis.

Note also that the semi-circles, with radius r, round the integers contribute a
net residue of,

Z, m/4, n=0,R

for each rectangle as r—0.
Hence the following equation is obtained using the residue theorem,

Z, (W2, 1<nsR—1,

Z,,,2) (Z)
| D | S
1
1 -
- )=: s+ Zy 1)
i Z4,,(2) —sgn[Re{l
+2miRes (e“Sgﬂ[lm(l(#)}]S‘;nu[Re{l(u)}JZNiz_1 , zg SErlRelN

P(R) ( )
q, 1 —sgn[Re{l(u)}]
+2mi Z Res( “2miz ngn[Re(l(ﬂ)}]p>

i 3 Res( 2o o),
e

2miz_ 1 sgn[Re{l()}1p
p=p’(R)

Now it is easy to show that the left-hand side of this equation equals

f Zq u(x)dx+ j‘ q y(R+lY) Zq u(R_l_V) Zq It(ly)+Zq u( i)

dy

e21ty —1
(x+ lR) (x—iR)
j. 23:(‘;( ix) j‘ 23:(‘;(+1x) -1 dx s

and as R— oo this becomes

Zq,u(iy) +Zq,u(— ly) dy

© 1o —
gZM(x)dx+? (f) 1
the last two integrals tending to zero by taking a factor of e~ 2"%, bounding the
resultant integrand and using lim Re™?*®=0. The parts involving Z, ,(R +iy)in

R— 0
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the other integral also tend to zero by a similar process, taking a factor of g2R* 1
and using lim Rq“*R* V=0 for all ge(0,1).

R—>

The right-hand side of the equation is fairly straightforward. The residue of the
pole at z} is given by

sgn[Re{IG}] ~1
2 U log q et 2mi-{—sgn[Re{l(m}1{l(w) + 2pni}/2 logg} +1°

where the choice of sign depends on which rectangle the pole is contained in. As
R— 0, both p(R)— oo and p'(R)— — o0, so the right-hand side becomes,

% Y (Zg,+2Z, nt+1)- h sgnz[lll{]e o{gl(:)}] s iﬁ:}/log” 1
_ ¢ sen[Re{lw}] 2ni
p=—w 2ulogq ¢~ ™Nm) + 2pril/loga | {
_ sgn[Re{l()}] 2mi

2ulogq " geenm{()Inil()/logq 1 q *

This gives the required result.

3.2.5 Remark. The case |u]=1 is somewhat simpler. Due to the presence of the
—1/2,in the formula for z} the poles zF all lie in the left half of the complex plane,
in this case, so do not contribute any residue to the integration thus leaving only
the integral as in the Plane summation formula. If sgn(0) is defined to be zero then
Lemma 3.2.4 gives this result and the restriction |u|#1 can be lifted.

3.2.6 Lemma. For ue(E\(—OO,O{] thf",
.2 sgn[Re{l(w)}] 2mi -
@ mE T N T Zmiosa ¢ =
.4 sgn[Re{l(w)}] 2mi -
@ }zlrnll F‘éw 2ulogq e 0T Zrmiosd =0,
sgn[Re{l(1)}] 2mi -0
" 2ulogg " gssalm{inil(w/loga 1~

0,

©)

Proof. 1):

= sgn[Re{l(w)}] 2mi
p=1 2ulogq " gmill(w) + 2prilflogq +1 '

2 [senlRe{lw}] 2ni
p=1 | 2ulogq ' g™l + 2pril/logq | { |
= |ullogg ,,;l o~ "M} + Zpnifiogq _{

IIA

using e —1=Z]e* M 1< e +1,
—2logqg = 1
nlyl =1 (m{i(p)} +2pn)
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using Im{l(u)} +2pn>0 for all p=1 and e*—1>x?/2 for x>0,

—21989 (1 g1 1/n%)
|yl

using Im{l()} +2pn>2(p—1)7 for p=2 and Im{l(p)} +2n2=7.

Now it is easy to see that

lim ~ 284 (1 4 1 1/n%)=0),
qt1 , l
hence
. sgn[Re{l(w}] 2mi -
31111111 p=1  2ulogg  emUT2pmilicsd =0

as required.
2): Follows in the same manner as 1) using the transformation p——p and
noting the following:

(1) 2pn—TIm{I(w)} >0 for all p=1,

(2) 2pn—Im{l(u)}>2(p—1)7 for p=2,
(3) 2n—Im{Iw)} 2 7.

3 [sen [Re {IG)}] 2ni
| 2plogq  esotmuGmIGIod 1 |

= [ullogq e ™MmiTiiioga 1
—2logg ‘ 1
nlul (Im{I@})*
Note Im{l(u)} +0 as ue C\(—0,0]. Now
—2lo 1
att nlulg - ({1}~
hence the required result is obtained.
3.2.7 Lemma. For ueC,, e C\(— 00,0]

T Zq u( ly) Zq u(ly) =0.

2my 1

lim <
at1 i 0 e

Proof. Substituting the formula for Z, , and simplifying gives

-I Z, {—in—2Z, u(zy)
io e?™ 1

sin(2zyK'/K)
—1 (#+q—21y+1)(ﬂ+q2:y 1)(#+q21y+1)(u+q—2;y 1)

= C4) °5°

where

20~ —¢)

Clw.q)= p
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Making the substitution x=2nyK'/K this becomes

o )}o sinx d
"4 | (er/K,_1)(ﬂ+qeix)('u+q—1e‘ix)(“+qe_ix)(ﬂ+‘r’1eix) X
, 0 sinx
=CWd | o D0 &
where
(1—g)(1—p?)
Clg)=— -
(k9) glogg
and

g% 1, q)=(u*+q%) (W +q7 %)+ 2u(p* +1) (g +q~ ') cosx +4p” cos*x.

Note that the function C'(u, q) has limit 2(u*—1) as q11, hence the integral must
have limit zero for the lemma to be true. To show this, split the infinite integral at
the point I, which is defined as follows:

(1) 1—COSICA= [mln {1’ l.u'+ 1l2}:|/3’
ueCy
(2) n/3>1:,>0.

Note this is well defined as yue €\(— o0, 0] so cannot be —1.
Now

°I° sinx dx
re, (€7 1) (u+ge™) (u+q ™ e ™) (utqe” ™) (u+q™ ")
© 1

< e ha—g ™
as [u+qtler™ =||u|—q*=1—gq, for q large enough, for all pe C\(— c0,0],
@ 5! i
< e —————————————
A, KxKy =g
_ 5!(—logg)®
ALl m(1—g)*
This last expression has limit zero as g1 so
() tim { Ll
att 12, (@K =) (u+qe™) (u+g~ e ™) (u+qge” ™) (u+q " e™)
Let f(x)=sinx/(e¥*% —1) then it is straightforward to show,
1) fO=K'/K,
(2) f is decreasing, Vxe[0,1c,],
(3) f(x)>0, Vxe[0,1.,].

Let g:[0,1¢,] x € x[0,1]>C be defined as
g(x, 1, @) =(* +¢%) (W +q~ )+ 2u(u* + 1) (g +9~ ') cosx +4p* cosx,

dx=0.
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then 3Q €(0, 1) such that,
lg(x, u, q)|>e(C;)>0, Vxe[0,1c,], VueCy, Vqe[Q,1].

This can be seen as follows:

g(x, u, )=+ 1) (u* + 1)+ 4u(u® + 1) cos x + 4u® cos® x

=[(u*+1)+2pucosx]?,
hence g(x, u,1)=0 when
U= po(x)= —cosxiim.

But

lto(x)+11*=2(1 —cosx)<2(1 —cosl,)<3(1 —cosl,),

80 uo(x) ¢ C;. Consequently |g(x, u, 1)|>¢(C,)>0 for pe C, since |g(x, p, 1)| 0 for
pueC; and [0,1¢,]x C, x1 is closed. Continuity of g then gives the result.
With the properties of f and g given above,

I?z sinx al < 1 Ie,K
o (e —1)g(x, 1,9) gC) K~

provided q large enough. But, as above, the last expression has limit zeroas g1 so

Ic, sinx

N lim - i
R s Y Y P T T P L

Formulae (1) and (}) give the required result.

Proof of Proposition 3.2.3. With the information accumulated in the previous
Lemmas 3.2.5, 3.2.6, and 3.2.7 it is clear that Proposition 3.2.3 is true.

3.3 Convergence Theorem. The results of Subsect. 3.2 can now be used to examine
the behaviour of one point correlations as the critical temperature is approached.

3.3.1 Theorem. Suppose M € GL(p, C) with its eigenvalues denoted by A,, ..., A, and
A, € C\(—0,0] for i=1,...,p. Now let

p
I= .;1 {log(4,)}?,
then the following holds:

1) If ReI>0 then hm (o M))=+00.

2 If RelI<0 then hm (o (M)>=0.

3) If I=0 then hm (o, M))=

4 If Rel=0,ImI=+0 then hTm {o(M)) does not exist.

3.3.2 Remark. The imaginary part of I determines the direction of rotation of the
outward or inward spiral occurring in cases (1) and (2) and the direction of rotation
in case (4). This will be explained further in the proof.
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Proof. From Remark 3.2.1

log{a (M)) = =Z I (—uh) Z i+ N Mw+q 2" Y dy,,

Ai

p
=Y j Z Z, .{n)dp;, in the notation of Proposition 3.2.3

i=1 Cs; n=0

= i | { "5‘(0) + j Z, ,(x)dx

i=1Cyy

+ B 3 o)+ Zyuln+ 1)~ | Zq,m(x)dx]} du;.

However from Lemma 3.2.3 and the bounds contained in Lemmas 3.2.6 and 3.2.7
dominated convergence applies to the last term above giving,

lim | B S (Zy W) +Zy u(n+1)— ?Zq,ui(x)dx] dp,=0,
at1 Ca |2 n50 o
for all i=1,...,p. Hence
im og (o, = £ {f [ ZasD) IZ“(x)dx] du}
i=1 QT Ci;

The behaviour of the two terms inside the sum as q11 will now be considered
separately. Firstly,

Zq,us(o) . — U )
&2 j2<u,+q)<ul+q‘1)”l

Therefore

. Z,..{0) } . { (mi—up Y }

lim —L2EE du, o = lim ————dy;

at1 {C£: 2 at1 C-[., 2(.ul+(1)(ﬂi+q 1) H
— (wi—u ")

Cay 2(#¢+1)2

by dominated convergence,

1 1
—— \au
4, [(Hua 2ui] i
logi;

=log(1+4;)—log2—

Secondly,
Z, (x)dxdy,
c{ .~ g o X)dxdy;

— j ? (l‘l‘i—#i—'l)
G 0 W+a7 ) (w+g™ 7Y
oo{ M.q2x+1 U 1q2x+1

— dxdy,
C.[. W 0 I 1+Hiq2x+1 1+'u—1q2x+1} M

dxdy;
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using

_ 1 zr ! z it
(40T e+r )= S 2e—zY {(1+zr-1)_(1+z~1r-1)}’

-1 1+ uq
= . 2mlogq Og[1+ Wi q] i
_ {1 log(u;) 1 [ 1+pq ]}
. 2w 2mlogg Zu,logq 1+puq !
_logk (logd)* | [ 1+pg } du,
2 4logg ¢, Zu,logq T+pg™!

and

. 1 1+uq }
lim -lo — | dy;
po c{n 2u;logg g[1+uiq T
= [ lim log| ———= |} dy,
cjh at1 {2u.logq g[lﬂt.-q o ifas

=d.dm +u,)

=log(1+4;)—log2.

Combining the information contained above

hm log<o,(M))= Z m{

i=1qf11

(logl,)z}
4logq

- Z (log,)*

But I is some complex number ReI+iImI. So if I +0 the logg term will dominate
and the behaviour is as follows:

(1) ReI>0; ImI>0: “lim log<o,(M))= oo + 00i”. That is {6,(M)) spirals out-
wards in an antlclockwi%:e direction as st1.

(2) ReI>0; ImI<0: “lim log<o,(M))= 00— c0i”. That is {o,(M)) spirals out-
wards in a clockwise dlrrectlon as stT1.

(3) ReI<0; ImI>0: “hm log<a(M))=—00+ c0i”. That is {c,(M)) spirals
inwards to zero in an antlclockw1se direction as s11.

(4) RelI<0; ImI<O: “hm log{o,(M))=—00—o0i”. That is {o,(M)) spirals

inwards to zero in a clockw1se direction as s11.
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(5) ImI=0 so I=Rel and “limlog<c,(M))>=sgn(I)oo”. That is if I>0 then
qt1
lim {o,(M))=c0 and if I <O then lim (o (M))=0.

(6) RelI=0 so I=Imli and “11m log<cr,,(M)>—sgn(ImI)ooz” That is if ImI>0

then <{g,(M)) rotates antlclockw1se around the unit circle and if ImI <0 then
(o, (M)} rotates clockwise around the unit circle, so in either case the limit does not
exist.

Hence the interesting case occurs when I =0 and it is a consequence of the
above that, .
lim log {6 (M)>=0.
st1

Therefore lim (o, (M)>=1.
st1

Theorem 3.3.1 gives a classification of the critical limit of one point correla-
tions, which will be investigated more thoroughly in the next section. But first
some remarks on the negative eigenvalue situation.

3.3.3 Remark. Firstly the special case when the eigenvalue is —1. From

Proposition 3.1.1, 1—q
<aa( 1)> H [1+q21:, :

This is the square of the spontaneous magnetization for the Ising model, thus its
critical temperature behaviour is already known, see [12, 13, 26, and 11,
Chapter X] together with [2, 23, 25] for example, namely

lim {o(—1)>=0.
qr1

Consequently, in some cases, the value — 1 could be added as a permissible value
for an eigenvalue with its treatment being separate from the others. That is,
suppose the eigenvalues of M are 44, ..., 4,_; and —1 with the reduced matrix M’
having eigenvalues 4,,...,4,_ . If M’ satisfies Theorem 3.3.1 cases (2) or (3) then

lim <o (M)>=0.
st1

If however M’ satisfies case (1) then the limit is not clear. This is due to the fact that
Lemmas 3.2.6 and 3.2.7 fail if 1= — 1. Consequently Proposition 3.2.3 fails and this
plays a crucial role in the convergence argument.

However, having said this, the function I(z) = (logz)?, where z e €\(— 00, 0] can
be continuously extended to include the point z= —1 by defining I(—1)= —n>.
This suggests that the value —1 could be added as a permissable value using a
continuity argument on the eigenvalues. That is, something like,

lim 10g<o (M [Ap, ..o Ap — 1> =1lim  lim  log<o (M[Aj,..., A, 4]
st st A= -—

AeC\(— ,0]

- { S (logi)? +(logz)2}
i=1

=lim lim
atl  A-—1 4logq
Ae@\(— 0,0]

14
- { Z (IOgli)z_”z}
. i=1
B ?TI? 4logq '
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Unfortunately, going from step (2) to step (3) in the above is not clear.
For A negative with A+ —1, defining the sequence

sgn(1+ A
R

T ~log(—/1)], for leZy,,,

or equivalently

q,=exp |:sg2nn(1—_-i;/1) . log(~l)], for neN,

4,€(0,1) for all n, lim g,=1 but for each g,{c,(4))¢,,,=0. This suggests that for

n— oo
matrices with such eigenvalues the limit as s11 is zero if any such limit actually
exists.

4. An Example of a Non-Trivial Limiting One Point Correlation

4.1 Introduction. The previous section gave a condition for a matrix with non-
negative eigenvalues to have a monodromy field which has non-degenerate, not
zero or infinity, critical limit correlation. However, as yet, the existence of any non-
trivial matrix which actually satisfies this condition has not been shown. It is this
matter which is considered in this section.

4.1.1 Notation. Let C§ denote the permissible values of 4,,...,4,, that is,

R={(A1,...,4,)eCP: },e C\(— 0,0], Vi=1,...,p},
and define the map I: C4{—~C by

p
I(Ay, ..s )= 2:'1 (log4,)?.

Then the object of interest is the set of points in € with I(4,, ..., 4,) =0 which will
be denoted by %”.

4.2 Investigation of 6% for p=1,2.
4.2.1 Proposition.

) (,...1)e¥” Vp=1.
Q) ¢'={1}.

Proof. (1): I(1,...,1)=0 is obvious. This is equivalent to M being the identity
matrix and is the “trivial” situation referred to above.

2):
loghi=0 < A=1.

4.2.2 Remark. This proposition may appear a bit discouraging as it says, for the
scalar case (p=1), there exist no non-identity complex numbers A€ C\(~— o0, 0]
which have a critical limit correlation lim {a(4)).

st1
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However the reason for this is the “lack of freedom™ in the scalar case which will
now be explained. From the proof of Proposition 4.2.1 to get I(1) zero the
imaginary part of A must be zero, thus I(A) is now only determined by the real part
of A and this one variable dependence is not sufficient to get a non-trivial solution.
Thatis one variable does not provide sufficient “freedom” for a non-trivial solution
to exist. However for the larger dimensional cases (p = 2) there are more variables
present and hence more “freedom”, so a non-trivial solution is possible. It is this
that will now be shown by considering the simplest case p=2.

4.2.3 Proposition.
G*={(e**",e*® ). where «,0e(—mn,m)} .
Proof. By definition, for (1, 1,)e %2,
(log4,)?® +(log4,)*=0.

So

logl, = +ilogi,.
That is, if 1; =e***, where «eR and e(—m,n) then

logd,= +(6—ia),
and hence,

Ay =et@=in),

However, since log is the principal value the imaginary part only takes values in
the interval (—n, 7). Hence a also has to be restricted to this interval for sucha 4, to
exist. The result now follows from the above.

4.2.4 Remark. Proposition 4.2.3 demonstrates the existence of non-trivial 2 x 2
matrices M which possess a critical limit one point correlation.

4.2.5 Corollary. If M is a 2 x 2 matrix with eigenvalues A, and 1,, where for i=1
and 2, ;€ C\(— 0,0], and

lim (o, (M))=1,
qT1

then
e <Ay, Ayl < e,
Proof. Follows from definition of ¢2.

4.2.6 Remark. With reference to the comments in Remark 3.3.3, the value —1
taken as the eigenvalue A, would correspond to a=0, 6=6', where §'—> +=.
Consequently there would be a corresponding 1, =e?, where # — + =, such that
(A1, A,) e 2. This suggests that the points (—1,e*™) and (e*", — 1) could be added
to the set €2 given in Proposition 4.2.3.

Note that the plus or minus option in the exponential both here and in the
description of %2 is not surprising as {¢,(M)) is invariant under the transfor-
mation 1— A1~ 1, where A is one of the eigenvalues of M.



Critical Monodromy Correlations 339

4.3 Investigation of €*
4.3.1 Remark. The condition I can be simplified somewhat as follows. Suppose
logA;=x;+iy; for j=1,...,p where x;€R and y;e(—mn,n). Then I becomes
p p )4
Py (x;+iy)* = Y (xF—yD+2i Y (x))-
j=1 ji=1 j=1
So I=0 if and only if,
)4
) X (7 —y))=0,
i=
p
@ T (p)=0.
i=
Now introduce the points x=(x;, ..., x,) and y=(y,, ..., y,) of R?. Then I =0 if
and only if|

@) lIxlla=lyll2»
(b) x@y=0, where ® denotes the scalar or “dot” product.

This last set of conditions has a nice geometrical interpretation. If you choose a
vector y in IR? then the vector x needs to be of the same magnitude lying in the
(p— 1)-dimensional subspace which is the hyperplane perpendicular to y.

Since y;=Im{logA;}, y;€(—m,7) and consequently the vector y is contained in
the open subset of R? given by,

BP={(ry,...,r,)):—n<r;<mfori=1,...,p}.

This imposes a restriction on the magnitude of the vector x and hence on the
magnitude of the eigenvalues of M as will be shown next.

4.3.2 Lemma. Suppose x€R? and y e B? and they satisfy the conditions (a) and (b)
given above with p=2. Then

[x{<m}/p—1, foralli=1,...,p.
Proof. Assume, without loss of generality, that y,+0 then condition (b) gives,
p—1
- Z XiYi
i=1
Vp
Substituting this in (a) and writing as a quadratic in x, gives,

xp=

p—1 p—1 2
2y; Y, Xy (Z xiyi)
2 2 1 iYi
+ i= i=
x% ((yl Zyp)) +x1< 22 >+ 2 .
p yP

Vp
p-1 P 5
+ 3 xi— ¥ yi=0.
i=2 i=1

Thus

et 2o & 2 Pt 2 Pl 2
1 '22 Xyt yp |/ (Vi+Yp) .Zl yi— -Zz xXi)— 'Zz XY
i= i= i= i=
i+ '

X1



340 N. A. Watling

3 +2) (Z y2— 7; x?) - (Zi: x,.y,)2 >0.

Now, without loss of generality, consider x,. This is a maximum in the above
inequality when x3=...=x,_; =0 in which case, after rearrangement

But x, is real, so

i +yd) Z v
xz_—————
Wi+y3+y))
. Z y?
=0 T D)
<2m®+(p—3)m*=(p—1)n2.

That is |x,| <7]/p—1. The symmetry present implies that the inequality holds for
all x;.

4.3.3 Remark. Note that the result above is the best possible inequality of its type.

Taking, for example, x, =(n—¢)]/p—1, x,=...=x,=0 and y; =0, y,=...=y,
=7 —¢ demonstrates that the x; and y; may be chosen so that the magmtude of the

x; can be arbitrarily close to n}/p—1.

4.3.4 Corollary. Suppose M is a p x p matrix with eigenvalues A, ..., A, where
A€ C\(—00,0] for i=1,...,p, then if there exists a A; such that

|l g(e™™P™ 1, e T),
then
lim (o (M)>=+1.

Proof. Suppose lim {o,(M))>=1 then by the main result of Sect. 3, I=0.
But from LenIma 4.3.2 if I=0 then
Ix,~|<n]/pTi, Vi=1,...,p.
Now A;=e**¥ 50 |)|=e*, consequently if =0,
e WPl |4l <e™PT ) Vi=1,..,p.
This gives the result.

4.3.5 Remark. By considering Corollary 4.3.4 the following can be seen. Suppose
any 4, is outside the shaded annulus in the diagram below.

Then (4,,...,4,) ¢ 6*.

4.3.6 Remark. The structure of 4” is not clear for p>2, however the following
properties can be seen fairly easily:

(1 {1}=%'c¥?*C...c¥*C...,
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NOT TO SCALE.
|z|-_-e'7'v"l(p‘1 )

|z=e™(P-1)

Fig. 2

where the inclusion ¥*—%**! is the map which takes
s v ) EB (s vy Ay 1) EBHH1.

This is equivalent to embedding the k x k matrix corresponding to the element
of € in a (k+1) x (k+ 1) matrix by adding a 1 on the diagonal.

Hence ¢72{(1, ...,1)} for all p=2, that is, for p=2 there exist non-trivial p x p
matrices M, whose monodromy one point correlation {¢,(M,)) has a critical
limit. In fact the geometmcal interpretation given earlier indicates that the
inclusion given above is strict.

(2) (gn X(gmc(gn+m’
where the inclusion 4" x €™ —%"*™ is the map which takes
Ay ooy Ag) X (U wvor ) EG" X B™ (A gy oo ey i s s U) EE" T

The map at this level is equivalent to placing the nx n mateix and the mxm
matrix down the diagonal to form an (n+m) x (n+m) matrix. Note that the map
given in (1) is a special case of this map when n=k and m=1.

Q) If
Ig={(Ay,...,4,)eCk: 4,eR Vi},
and
I ={(Ay, .., A,) e CE: Al =1 Vi},
then €°n(Igul,)={{,...,1)}.
(4) If for j=1,...,p with p=2
I;={(4y,....A) € Cg: e CkAR, i*j; Im(4;)+0},

then °n U 1,=0.

A sunple analysis of the function I allows the last two comments to be
generalized slightly, as follows:
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(5) By considering the imaginary part of I the following can be seen. Suppose 4,, is
contained in either of the shaded regions in the diagram below for all i=1,...,p.
Then the imaginary part of I is a sum of all positive or all negative terms and
consequently cannot be zero.

Fig. 3

Thus (4, .., A,) ¢ €.

(6) By considering the real part of I the following can be seen. Suppose 4, is either
contained in, or outside of, the shaded region in the diagram below for all
i=1,...,p. Then the real part of I is a sum of all positive or all negative terms and
consequently cannot be zero.

NOT TO SCALE.

Fig. 4

Thus (44, ...,4,) ¢ %"
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Section 5. NV Point Correlations

5.1 Introduction. The two previous sections dealt with one point correlations and
their critical limits. This section will consider higher order correlations. Unfortu-
nately, as yet, there are no concrete results concerning critical limits only a
conjecture. The starting point for this analysis is the “product formula,” see
[16, 15], which is stated below for reference.

5.1.1 Theorem. Suppose that gkeﬁQ(H) for k=1,...,N with

by
dy,

Suppose also that d, is invertible for each k=1,...,N. Then

T(g) =G, = [‘c‘ ]e GLo(H).

N

{81---8n0= kﬂl {gk> det,(1+LR),

provided {g,...gn>#+0, where:
L denotes the N x N block matrix with entries for i<k,

-Q., k=i+1,
la=7 —0;41Q+, k=i+2,
—Giyq1--0-1Q4, k>i+2,
for i>k,
o._, i=k+1,
=1 & Q- i=k+2,
a7t ...d; 0, i>k+2,
and for i=k

lii=0’
and R=R1@R2®...®RN, Where

R. = —bd; ', bd !
o di e, 0 |

5.2 Conjecture for Limiting N Point Correlations. The “product formula” given in
Theorem 5.1.1 gives rise to the following two Corollaries when applied to the
specific case of monodromy fields.

5.2.1 Corollary. Suppose M ;e GL(p,C) and has no negative eigenvalues for
j=1,...,n. Then

(Ga(My)...0u(M)>= T1 <o(MD)dety(1+LR),

where L and R have the structure defined above with

a, b
wina=[3 2]
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Proof. By definition T(s,(M))=s,M). The condition on the eigenvalues of M;
implies that d; is invertible for all j=1, ..., n. Hence Theorem 5.1.1 gives the above
as

(o(M)y={c, M)y, VaeZ>.

5.2.2 Notation. Let the expression (1 + LR) present in Corollary 5.2.1 be denoted
by

XMy, ...M,:a4,...,a,),
and let

X(M,,...M)= X(M,,...M,:q,....d).

5.2.3 Corollary. Suppose M;e GL(p,C) and has no negative eigenvalues for
j=1,...,n. Then
det,X(M,,...,M,:a,,...,a,)

det, X(M,,....M,)

05, (M})...0,(M,))={a(M;...M,))

Proof. Apply the product formula to
(oM, ...M,))=<c(M,)...a(M,)).
This together with Corollary 5.2.1 gives the result.
5.2.4 Conjecture.
If lslTrrll {o(M,...M,))> exists then lirnll (6,,(M,)...0,(M,)) exists.

5.2.5 Remark. To prove this conjecture the existence of a limit for the determinant

expression is required. This appears intractable at the present since s,(M)

¢ GLy (H?), where Q, denotes the critical temperature Q, that is Q.= lim Q. Note
sT1

the conjecture is trivially true when a, =...=a, as expressions are equal.
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