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Every planar msp is four aclodable
Part I; discharging
Supplement: The details of the proof

of tha Discharging Theorea for R(¥,5,3) U

The proof of the Discharging Theorem as given in Section 3 of the
paper requirse the considerstion of a finite but large number of cAses
(of configurations whioh are aasociated with vertices of positive churges
2 Apgs 9qps o%0.). It is the purpose of this supplement to axhibit & tree
of.case-distinotions which in a relatively convenient way covers mil
necessary csses. This task is carried out in two steps,

In Step 1 (pp. 2 6 197 of this supplement) We aarry out the case-
distinotions 8o far that 4t only remains to check certain 1-parameter or
2-parameter classes of configurations. Por example, CTS#10 (Table 3) is
& 1-parametec olasa of configurations: The dlass aonsists of 2feonfijurationsd
®hich are obtained by attaching jo the #kawn confipuratibn of Table '3 ome
of the 23 specified S2-situations ut E (the parameter ranges over 77 values).
This class must be considered in the proof of the L-Lemma: It must be checked
that eash member of tha olass contains some L-situation which discharges st
Yeadt 4D{or 35, respeotively) along X. Correspondingly, CTS#24 is an exasple
oF a 2-pacamater class.

In Step 2, (pages C1 to C210) we cBiok the 1- and 2-parmsbter olasses
desoribed in Step 1. This part of the supplement consists entirely of tgbles

oslled.wlass check Msts.



(1) We begin by proving the lesmas on T-dimchargings as forsulated in
Section 3 of the paper, i.e., Leamss (5-6-6), (6-646), (5%.7-6-6), (6-6),
(1), (12,72), (12,72,T2), (7,72,72,7), and the three following lemmas.

Lowms (12,7); I V, is @ major Yertex of & which receives.s T2- and
»

an arbitrary ?-d: aoross two kive 6-6 edgés E, P, then one

of the four oshes drawn below applies: Either the configuration T2T2n, or its

%m‘a % Jeter $ 2
() (3 k

refleotion T212r, or the configuration ToTF oocurs with V,, E, F as indicated

in the drawing, o6r the T-discharging across P is induced by T1#1,

Lemma TZ.’E?IT)I 1f Vk 18 a major vertex of a* whith receives a T2-,
.
another T2, and an arbitrary T-discharging 1212" 14

across three opnwecutive 6-6 edges E, F, G

lin this order) then %he T7-dischargings acgoss v -
. L3

S and F are induced by T2T2"r tn 87 and the - que Ti3e

dr0harring aoross G 1 induced by M1 or MHSr.

Leming (12,7,72). 1f V, {s a major vertex of 4" which.yeceives & T2-,
an arbitrary T-, and ancther 42.discharging acrosa

three consecutive 6-6 edgas E, F, G (fn this order)

then thie.T-dischar#igg soross F 13.T1 and is induced
by WM.




Lemma (5-6-6) 13 proved Im Section 3 of the paper,

Proof of Lemma (6-6-6). Assusé in an arditrary triangulation 8,

V is A S5-vertex with three consecutive neighbors A, B, C of degree 6 so
that no T-discharging lheaves V across the edge A-B.Then one of the following

oceurs.

Sy

I.e., A contains one of the configurations 1-3, 1-6, 1-12 of Y and thus
ia di€ferent from 6°, q.v.d. @

. Proof of Lemma (57-7-6-6). Ansume in an arbitrary triapgulation 8,

Vs a S-vertex as described in the statement of the lemma so that nd T-
dlscharging loaves V acrous the 6-f edze. Then cne of the following occurs,

3-ia

@ BB

hus & ¢ 8%, q.e.a. W
Proof of Leama (6-6). Aysume in an arbitrary triangulation 8,
—~Zoof of Leams 6-0).

* 49 a"S.vertex with two consecutivd neighbors of degree 6 so that

no ‘1-discharging leaves V abross the 66 ed

. T™en one of the following occours,

§~ 1-6 see Feq, 10
v v

Thusy 1f 8 = 8%, then 1% contains the configuration of Figure 10, q




Proof of Lemma (T). Assume in an arbitrary triangulation 8,
T 18 & major vertex which s adjacent %o & 6-6 edge E a0 that V, receives
two different T-dischargings across E, i,e., two distinct T-discharging

situations (see Pigure 2) must be attached. Thus one of the followihg oceurs,

) = & =13
T 1#2p) Wen TiHer T4#3n, T1H#3, 3n,
or or or T1#4n,T1#4; 174
146r 2060 2#6x or  or or !
. T2#7n T2Mr 2410

Vi Vi Vi

Thus & ¢ A%, c.e.d.

Proof of L. (T2,T). Ansume in an arbjtrary triangulation &,
V, 18 & majpr vertex Which receives s T2-, and

*
©

an arbitrary T-diecharging across two consecutive

Y

6-6 ollges E, F (in that order). Then a configuration

of the (2-parametar) clags,(a) (see drawing té the V
K

the drawing. But ench configuration of (a) either contains a configuration

right) ocours in A with Vyr Ey F as indicated in

of u or complies with vne of tha tour cases described in the statement of -
the lemna (aee the class check list for (a)). Thus, if 8.3°, then one of

the four cases applies as ststed. in the lemna, q.e.d. §§

Proof of L. T2|T2) Assume in an arbitrary triangulation 8,
Vk is & msjor vertex which receives two T2-dischargings ascross two consecutive
6-6 edges E, F. We claim that either A#A" (:.e,, & contwins a member of W) or

& contains T2T2hor T212"r (see Figure 11) with V,, E, F as indicated in ¢he

drawing. ¥e may ume that & containa T2T2nor T2T2r as described in Lemma(T2,T)

since otherwise the claim woula follow immediately A x
from Lemma (T2,T), Moreover, the vertex A (see the
drawing to the right) must be sinor (#4nce otherwise Vi Vi

only 10 would be &acharged across one of the 6-6 edgds). But if deg(A) =5 then

1.6 ccours, 4f deg(A)= 6 then T2121 or 7282t ccours, q.e.d. @



Proof of

a (72,72,7). Assume in an arbitrafy triangulation. 4,

Vl is a major vertex which receives & T2-, another T2-, and an arbitrary
T-disGharging across three consecutive 6-6 edges B, F,”C. We ¢laim that
either A. 1s different trom A" or A contafns T272"rT1 as described
in the lemma. ¥We may assume that %he T2-disehargings scross ¥ and P are
induced by a configuration T272h or 7272°rin 8, since otherwise the claim
would follow immediately from Lemma (T2,72). Then & configuration of the

glass (b) (sed drawing to the right) ocours at E-F:

.
ind with Vo K F, G as indicaked sn the 727210 or .
.
212"
dréwing. (We regard (b) g8 A 2-parameter N . "
clasw.where the first parameter ranges only
over the two ‘Valwess3233and T272"r and Vi

the second paranetd® ranges over all T-discharging situstions and their
refleations.) But every configuration of (b) comtains either a configuration;
ot W, or 111, or TI#3r  as despribad in the lemna (see the class’ shesk
Lot for (b)), d.a,d. B
Lemmn (72,77,72) is an fwmediate consequence of lemma (2,72,T)./§
Prgof of t

(T T2)., Assumé in an arditrary triangulatdon 8,

V, 15 a major vertex whidh receives a TP-, an arbitrary T-, and anothey T2-
discharging aerossthrae consecutive 6-6 odges E, ¥, G. We claim that bither
5+ A" or the T-diacharging morome F is induced by T1#1. ¥e may assuse,that
Lempas () and (22,T) hold slso for & (siiice otherwise the claim would follow

iemedistely frow those lemsasi¥ They ome of the fobr cases of Lemsa (T2,T)

muot apply to the odgés E-F, md one of them (roflacted) must apply ‘to the
edges G-F, Jut by Lemda (T), the T-discharging pituations which are attached at
F must bo identical {n both casesy this leaves the only possibility the% T1#1

is g'tached to F in both cases, Y.e.d.



Proof of Lemma (rlmztrelr). Asbume in an arbitrary triangulation 8,
¥, s & major vertex which receives an arbitrary T-, a T2-, another T2-,
and another arbitrary T-dischargihg seross four consecutive 6-6 edges E, F,
G, B We clatm that & ¢ A°, Let us assuse that Lemma (T2,72,T) holds also
for A, Then one of the twd cuss¥ of Lemma (72,72,T) spplies to the edges
F-G-H and one of the cases (réflected) ‘applies to the edges G-F-%. But such
& merging i3 impossible, Thus Lesms (72,72,T) does’ not hold for 8, hence

848", q.e%. B

(2) Next we present g collection of 165 classes of configurations which

are drawn on the following five pages (Pigures I1,...,13) and tablish
that each cofiftwMsstfon which belongs to any one of those clasaes contains

a canfiguration of U by proving the-following?

Lemma (I). If an arbitrary triangulation & contains a eonfigurstion out
of ome of the olasses I1-1,...,15-35 Aa dafined in Fieures I1,.e.415 (pp. 7,1

of this gupyl‘ont) then A contains a configuration of u.

After we have provel this lemaa ge may treat the classes I1-1,..., 15-45
as 1f they were additidmd! confizurations in U, just containing the sysbols

*
and Q as defined in the paper, sce figure 4).

Proof of Lemma (1), We assume that A comtaina e .conf{guration out of

one of I1-1,..., 15-35., We assume, further that Lemmas (T), (72,T), (T2,T2),

(12,72,7), and (72,7,72) hold alwo for A; It remsins to consider @ll those
configuratiofis in I1-1,..., 15-3} which may occur in & and to exhilit some
configuration of U 1n esch of them.

I1-1,..., 11-24 are 1-parazgter classes ant arq treated in the ocorragp-
onding ‘olame check lists,L1-26,...,11-29 are 2-paraaeter classes) 11-30 is
ragarded s 1-pargmeter olass where, by Lemsa (12,T°), the parameter ranges

qnly ower thd two values T2r2’n and’ T872"ry (see class check lisis).
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Proof of Lemaa (1), oontinued

11-31 is partitioned into the following sub-clashes,
(¥e need to consider only those casea where the P-situation at F {s not reflooted,

by symmetry).
| X

1f M#1 or if TI#2 or if TI#3 or
T2#5 at P T2HE at P TOHT at' ¥

.11-32 15 regarded a 2-parameter olass, I1-33 a |-parameter oclass.

12-1,..., 12-27 ara 1- or 2-parameter classes..(See olass check lists.)

12-29, 12-51 may be roparded 2-parsmeter nince by lLemsa (T2,82),

the second T-discharging nust be induced by T#1, 12-32 and 1233 are
regarded 1-parasoter since by Lemma (£2,72,T), the twodl2-dischargings must
be induced by T272"ry moreover, the third T-discharging must be induced by
one of T1H, T1#3r. (3ee the olsns check lista.)

12-34 is covered by the following casc dimtinctions. Note that Lemna(T2,T)
applies to the qiges’ I-F and also to the edgos G-H. If T1#1 tn attached at (at
Mast) one of P, G, then we may assume by the mymmetry of 12-%4, that it is

e drawing below). Utherwise we have

attached at Fj then (12-34,a) occurss

(12-34,b) rot2n, ) f & (Totan,
1012¢, off,, T272r, or
iy
50 (R AN ol
ateF Al

[(zz-u;sil



Proof of Lenma (), finished

12-35,..., I13-35 are 1-paremeter olasses (see oheck liste).

In the remaining part of the proof”of Lemma (I, we shall need s lesma
on the configuration olass (T)T) (eee drawing below) ard its sub-olasses
#2111 ana (T2)T2).

V_ W W
ey Kﬁﬂfﬂ E’)_{Eﬂm Tnote that TNE/1* contane

3

TNT/1 as a sGb-eohCiguration

B R R
v W W v W vV W

TWT/1n M/ e M/ 2 T/t

lommn (‘!‘!"I’), It A contains a coufiguration of tho olass (THT) then

either & contains a configuration of U or & conteind one of TNT/1n TN/ 1r,

e in pritloular, 1f the conflguratlon balonged to the sub-
3

class (T°NT) then & contains one of THT/2 , 'l‘ll‘l‘/1', and 1f the configuration

belonged to L'.l‘zn’r?) then A oontains T||T/2 (with vertices V, ¥ and edges
E, F as indicated in the drawings abcve).

Proof see olass check list for (TT). &

Uning this lemas, we mey treat 1d-1,..., 14-4 as 1-parameter classes
(see olass check lists)., All the remsining classes 14-5,..., 15-35 can be
treated us 1- or -paramater Jlasses (see olasg check lists) where for
I5-11,,.., 15-13, and 1%-00 the wbove lomma #3 used again, and for 15-23,
15-24 Lenma (72,T,T2) (s used in order to conoluds that the oeaurrence of

15-73 implies the ocourrence of (15-2%,a) and that the ocourrence of

15-24 implies the occurremoe of (I5-74,a) (sae drawings below).
4




(3)  Next we prove Laama S*.

Proof of Lemsa 3°, 'Assume that an Arbitrary triangulation O contains an
S-nltustjon 3, i.p., that there is a simplicial immersion fiS-+4 which respeots

the degree speci®soations. Let £':3'e A be the oxtension of £ over the eplarged

S-situstion (as drawn in Table | where the addifienal verjioss - ‘which belohs
to 3% but not to S - are indicated by "olip marks"), Now mssuma further thet
£' doss not respeot tMe degres spectfiontions (of S7le Phegwn Olads that &
oontains o configuration of U and thugd ¢ A%, In order tc prové the olaim
we have to consider the additional vorticesy say v(”‘_..., V) of 5% anen
one f them has either the dsgres specifioastion 26 or 7. 1f V1) nan
the dogroa_specification 2 6 then wa have to congider the configuration,
say sé”, which 1s obtained from S by a@ding vertax V') with degree spectfioation
5 (tnatead of 2 6); 12 V(') hiag the degree apeoifioattun 27 then we have to
consider two configurations s:” and sé” which are oltalned from 5 by adding
vortex (') with degres spactfication § or 6, vespeotively.

Fach onn of tha oonfimuirations sf“ efinad Above cwmdains mowa oonfigume

ation of Y (or squivalently, some confipuialion of Tuble J )4 see tha

check 1ist for Lamma 5' (pp. C23 Cs1).

Qur nbove unsumptionn abogt & imply that A contains At leant vne of the

contigurations s;‘) ant thus 8¢ 8%, q.ec. B



(4) Now we are prepared to prove tAe qu.(V.) - Lemma,
P ™5

Prpof of qm(vé) Lean o assuae that A is an arbitrary triangulption
5

AbSiguration in one of the configuration classes CTSHO1,...,CTS#33,

that oontains

¥V so that q,m'('l)>0. We olaim,that & contains a

as drawn in Table 3, with its central 55 1dentified to V, -omb coptains e

aome contiguratsn of U (o¥ equivalontly, some cenfiguratigp of Table J ).
Win order-o prove tha olais ve may assuse that the lepmas on T-dischargines
and Leama 5°, as proved for 8% {n Sections, (1} sn0 (3) of the supplement,
hold alpo for A (aince um.nuv‘}ae olais whh14/follow inmedistelyfron
*hose lemuas).

The proof is (ivilef.dnto the six ocases pu= 0,..., 5. The Gruﬂmt of
each case begins with wn arrangement check 13gt" (except for the ea-o'u-s
whioh berins with some preliminary lemmas) in which all possible arrangements

#f minor and wajor vertioes around the oentra) §-vertex V are liatedy

use

and " for "mijor¥yekn some instandeg wp choosq

tha yubo? "n " for "miner

U Lotingutol betwsmr " " ant "6 " (lagr-r-ufBY¥iontions) for minorsbertices

fore"reular discharging”(i,m., wajor neighbor of

@ te wiatinmitsh botween MK
.

-
V such that the pdge joinink it to V 18 not an S-edge), anii,"3 " for "small

g

discharing” (1.a., major nelghbor of V, joined to V by w rthermore
wa may chome to distinguish hetween "SO", "51", and "S8#" ‘for "S0., 31, %
32-11 soharring”, respectively.

Jowr arvangemen$s i7hly immeaiately Lhe presence of a conflguratibpn of W

the number®n Twble U {u.g., 1-5)

or of Talle &, This iv indicatd by iri“
’

L6 InTabEe 3 (pap., CTSHOR) next to the m:rangement,
ior

Hachargine of a 'otafValue of 0 or 30 1aave V, this { indioated by writing

rramzmengg 1t 11088 from Lemmas (5¥.-6),0r (G-6-6) that T-

1= 20 or T~ 30 next to the argangement,



Proof o-h,m('i) - Lenma
Introduction, continued
In each arrangement cheok list we try to avoid listing essentially
the same arrangement sevaral tises, i.e., listing oyolic permutations and

refleotions of thessame arrangement, For this purpo

nay atate m

restrictive rules, as for instance in the caga u= 2, that one of the smallest
3-¢isoharging® which leaves V sust be jnduced by an S-situation which is attached
at A (the first neighbor of V in the listing) and which is not reflected.

Sowe arrang

nis cannot be realized mo as to fulfill all thd requirements

for the roamson that no suitable S-situation exists. This is indicated by a

romark next to the arrangement,
Some arrangements are regarded as 1-paramoter or P-paramatcr oonfiguration
olasses which are traated further in the corresponding clams check liats. Ye

use the oymbol " & " in crder to indioate tha{ecertain statements and/or drawinge

define a configuration olass tha number of which, e.g., (1b), follows " & ",

In the more cowplicated cases we dafine certain configuration clxsies, such
as (78) or (?b), followins tha arrangement oheck 1ist and we indicate next to each
arvangewent by whioh of those clasees it 13 coverod. bug lnstence,”ee (la) "
written next to an arrangement (without the symbol " & " in betweun) mearc that
overy configuration which realizes the arrangement contains mome confipftajion
of the clasas (2a) as definad below, with central V. itenthflag to the contral

i

of the arrangement, It ahould be I\O}l‘d that sll classes we define aro
1-arameter or P-parameter classes and thus oan be conveniently trcated in the
sorresponding olass cheok liats.

Somo of the confipuration clawwon, tor inttance (?a), contain some "oritioal
confiuations”, 1.0., configurations which Jdo not ogntain configurasions from U

or trem Table 3, lh thesa canes we Jefine "gr. ;xe,; gub-glaggen”, for inatance,

the critigal sub-classes of (2

are C’a¥#1,..., C2a#25, whioh contain all the

oritioal oonfiguratfons (but may oontain aluo nen-crifgoes’ oconfimurations).



Proof of q“(VS) = Lomiva

Introduotidn, finishad

Baoh oritioal sub-olass lesds to one or more "derived gonfiguration ghashes’,
e.g., Cow#5 leads tu (2aa)y where tie onnfigurations in the derived olazses

are obtained frow configurations im the original of

by attaching anéther 8-
aituation. By thie wo mean: the following. If some configurgtion of the oritioal
sub-olass ocours in & with 1ts central ';5 Scenbified to V (amd 1f qpg(W> 0

and the value of p is as prescribed in the case-hypothesis) then some configuration
vt one of the derived olassaes must ocour in & with its central V’ identified

%o V. - 3omn of the derive

clusres may %gain contain oritical dub-olasses

whioh again lead to "second derived gonfiguration glnssen"s e.e
olags (3ab) containg the critical pub-olnss C3ab which leads to the second

the derived

derived cluss (34ba), 1In the corremponding olass cheok lista it in verified

that each cmfiuration of a certain olass contains a configuration of Y or

af table 4 or bulongs to one of the oritical sub-olasses.
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Prodf of qug(Vs) - Leana

Case u=0

et

rrangement ol et
A BCODE
55555
555 5 6fwl=l
555 6 6 .
55 6 5 6~1-2,
55 6 6 6=|=F
565 6 6=~1"2
5 6 6 6 6=I~}
6 6 6 6 6=l-8

Casg u=1
e

Arrangement check list

E A B C D &‘

5}”_, U 6 5 5 6e\CTSHOL
6 U 6 5 6 beCTSkod
5=1=2 U 6 6 6 6=Y730

6~ CTS#0 S 6 6 6 6 mo such §
6+3-2

S5wi~4

6=T=30

6 wosuch S
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Proof of qpg(Ve) - Lemns
Case p= 2
e

Arrangement 05.2 list

(Maawnallest S leaving the Vy is at A
and is not reflected)

=
>
o
o
©
-

5 no such S
6 mo such S
5 mo such S
6£(18)
5
6
5
6

U=l

us(la)
u~1-2
U~T=20
u=(lb)
sa(l¢)

5 vd’luftu(
wo suek S
S walacted
e such 5

PR N LR

e v ee e e @
EE N S U
cccceccecc

ENEN

vz(le)
U<¥=20
us(14)
sx(1y)
u~T20
u(Ik)
s & (1)

©
<
=
[
-

6 raflacted

.
5 wo sach S
6x(15)

5 ne such S
6=(IK)

5 3 ujhpful,
6 mo such S

5 S vaflacted
6 no such S



Proof of ‘*9('5) - Lemma

Case I 3
Arrangesent check 1ist
A E S0 031 at A, If S1 at A then no 30 anywhers.
If S1 of Type U~ U at A then 32 at Band S2at B,
1f 50 of Type U-U at A then 31 or 52 at K.
3 ~U\ 2 50 of Type U-U then 1% may be reflected
I£,3he 5 at A is {#248 thon 1t e reflected (248r)
¢ none of the above then it is not reflefted

A BCDE A BCDSB

som a s r—=(2b) s1a w81 2=(2d)
son n u s~ (Qa) s1m = U 3=(3a)
soa s » 8=(29

soa U = s—=(2a) s1m s1m u-(26)
som U U = wo such SO s1a 52a S~(3a)
50U = a 5—=(20) s1a R w S1=(2a)

s1a 51U »—(2Q)
stw sose h-(38)
st u s1a~(39
s182m n l:-(l.)

Tonf) ﬁr.ﬂon classes

50 br 51 at A
A E SatE
e . Precisely two of B, C, D gre minor (e, u=3)

) _1£ 51 at A then not SO at E .
3\/ 1f S1 of Typa U-U at A then S2 at E gnd S2 at B«
50 of Type U-U thgibft may be reflasted or no
1f the S at A is {#244 shen it 1s reffected (24809
none of the abov® ¥as 1% {s not reflected

The clasa (2s), as defined above, contains severnl qyfticel sub-olasses,

denoted C2ef1,..., 25 which are described oh the followimg 7 pages. Some’of «
the C2a- classes Jesd to derived olasses (2aa),..., {@ar) of emlarged config~
uraticws (vhers the enlargement comaists of attaching aniiffisr S-siteatien), *
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Proof of ‘!"s('s)‘ Ldmna
Case pe 3
The C2a. cssee
C2a # | (#0311 at A and one of ¥ 5r, 266r, ¥74, 325¢ st §
- i:;o of «##p13,...,016 at A wnd #261n at E

l (il one of these oénfigurations ogeurs - in the case p=3 - then
Uag(C) = 6 and thus some member of the canfigurawion class below eccurs)

A E

50 at.A and 32 at E as specifidd above ——n CTS #i¢,
3 h)
[

Cla #2; one or ##032,...,035 at A and #248r at E

£aafl
A —» CTsHIS
3 D
c

Clail #1021 at A and one of ## 265r,*266r, 274, 314r,...,318r, 325r R

S2 at E as apacified ahove a
a
{sn or S2 at b e ( a.)

A
) S

-~

Cla#§ ), aiy'stof ypes-Uath mdWissravs,

A
sato —+ mo suck S



Proof of qj5(Vy) - Leams ¢
Case b= 3
The C2a - chals, continued

C2a #5 . any § of Typy 5-V .h‘m" #261n as X
)

E
AW 31 or 85-at D '=(1|.&)
L) 15

c

c2a *6: .,*O?S at A W2 mih'a‘}ﬂh‘pﬂl‘

4
E i'sz at E as specified above ;(164)

51 or $2 at D

A
3D
C
C2a #¥#; #026 or 029 at A and one of Modgn, L2, 5170 at E
[

(324t E ap specified above - 2
a
E i31 or S2 at D A( Q

A

3 D
c

a#g: #02Morozmata end #264n or 205n At E

31 or 32 at D

E {sz at E as specified above X (2¢-f)

22
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Proof of qTS(VSE- Letma
Case u= 3%

2
The C2a - cases, continued

C #0350 or 031 at A and any 270t Iype 5-U at B
Q. N Y

|

A E

51 at A
52,8LE —»23
3 at C ~—» %00l (the only possidble)
EL
C
C2a IO one of #40%2,...,05 At A and one of #i265r, 267r, 268r, AUr, 2712,

274, *13,.374r, 325¢ At E

A E s £ 1f16d ab
2 af £ au specified above
C .n{m 0?5? at D - (1"5)

C2La #I: "one of ##057,...,081 at A and #285n or 312m st E

¥
A E ;az at E as spocified above, . .lih)
M or 52 at D = Qe
D

C2a WIQ; any st of Type 5-U or - U at A and #272nat &

+ Bl et A
132 at T
storszatd —» mo such .§

A
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Proof of ap(Vc) - Lonma
Case u=3

Me C2a - cases, continued’

. ' 261 E
Caq #13; 1191 st N end #2binat E

—» (TSI

D s at D é-(lqi)

CaF 4 | one of #H161, ..., 164 At A and #266r or 125r at B,
A £ 32 at B as specified sbove . (2, )
31 or S2uat D =1y

D

Cla #I5; oneof #161,,.., 164 at A anll 4214 at &

'

A {:31 at A as specified above

St or 32 at D é(la‘()
D



Propf of A.Ts(v(\ - Lemma
Casgi u~ 3

The Cca- cases, continued®

CLa Wb ; oneof #1es, 166, 167 at A and #26 ut 53

S1 at A as spscified above o )
zsu or S2 at D - (.').ql.

(_12 FIF; one of #231r, 21ar,..., 257r at A and #052 at B
* -
f deg(0)=5— CTS iy
/$ degle)=b— CTSH6

A E 50 at A as specified above —p

Cla W 18: cue or ##211e, 25ar, 2350, 2/7r at A and #125 at E

30 at & as specified sbove —» CTS ¥ 16

m

C2a #lg: ong of ##231r, 234r,..., 23Tr at-A and #054 or 055 at ¥

]
A E 30 at A as specified above
{sz ot 5 aa apecitied stove ¥ CT5 Laks
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rrovf of qu(v",) - Lemma

Case =3
The C2a - cases, continued’

C2a ”102 #215r or 2%r at A and H11R at §

i$ deg(¢)=5-—~ (TSH2
(5 deg(C)=6 > LTS W6

50 at A ae specified above —p

C2a 2L one of ##24an,..., 24Tn, Jron,

and any S2 of Type 5; U .at E (where "Type 5. U'. weans thosg

5 - aituations of Type 5- U which do not wllow snother Vg at

the bottom, i,e., the 3i''s are M 06,..

792n, 531 nt A

LO7S, 084, ..., 004, 096,

A w E ceey 101, WA, 116, 120,..., 128, 125,,.., 145, |47,:.., 150,

51 at A as specified above

4’ 50 at E na apeciffed above == (la-m)
3

52 at B

(2a#22: -

and any 32 of Typo 62U at E (1.e., one of #4172, 173, 175,

af #4704, G, AT, TOm At A

weey 179, 182,000, 190, 107,,,., 197, 200,..., 250.1)
A E 51 at A%s specified above

)32 8t E nu specified above = (Q,a_n)
3 528t B

no P-dischargirg leaving ‘the central Vg

Cla#lsﬁonn of #2450, 246n, 24T ot A and #174 at E
—

A LK

31 at A an specified above

3 ’4» 24t B &(Qqa)

no T-."hohu:lng leaving the Vg



Prdot of "'EWS) - Lenza
Cuse pew 3

The C?a - cases, linisgad

C2a #24 ; #2550 ata ard one of #062,,.., 06r at &

v
A E (52 at 5 as apecified abova .
82 ut B = (ZQP) ‘-
B=E )
o
C

Cla #25 %245 ava and one of #4172, 198, 176, 220, 221, 224, 275 at E

'

E (52 at & an apecifiod avove
57 at B -—
no T-dlschurging leaving the central V.

o
-

a— E

>

SO of Type m-U at A (whenoe C cannot be of degree 5)
S at D

‘D no S at £
3

7N

»

o

X

Cliss (2b) ia partitioned into subd cliswes
C2b#1,...,6 a8 described on the next page.
CZo#6 leads to the derived olass (2ba),

El
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Proof of q,m(vi) - Lemma
Case p=3

The 2b- pub-classes

Clb #}: #011 at A

Clb ﬂl: one of ##012,..., 016 at A
> ome of ## I}, 1%4,120,18],121,192,198,199 at D —» CTS#20

C2Ab #3? #151 at A and 50 at D
—» #IS| at D > CTSH2YT

C2b #&4: #151 at A and St at D
—> ome of #WI6l.,l6F at D—>CTs #26 *

. #151 at A and one of ##171,,.., 173, 175, 176, 181,..., 190,
C2b#S: ’ ’ ’ ' » 190,
_— 193, 194, 199,..., 204, 211,..., 221,

72yeiey 229 8t Dy CTS H2S

Clb #6 . #151 ut A and ona of ##174, 179, 14y, 191, 192, 195,.
250, 230.1 Wt D

Luy 198,

A 32 at D as specified above ;(150')
no T-discharging leaving the central Vg

S1 et D -

-~ . b1 at A
[4 ‘K;ﬂ:;j'r:;u:::n ';ug n::nc :1 at D*Cld’l (3“
or B, ¢ ia &) Qass chack l.)

Ay e , oo
P\ {31 at A o =CTSH24
D



Av—m E

C

2]

‘%

52 at C

clt#l N #052 at C
v

A

D S2 at D

51 at A —p 002 o 003
(not refleated)

N ‘
3 Dl atcoratn

Proof of “Ts(vs) - emma
Cass p= 3

Contiguration classes, :inishad

A

C

—

A

(see class check l-')t)

Tho C2f - on . uy

= (2%a)

,@D s1ac =Clef|

51 at b éCJ.d(\.Z



Pront of qu (V) -t enma-

Caosu= 4

The C2f - cases,

(Q_j#l ome of HHOBY, 0E3,..., 066,
A .
Dosoaen  =(2%b)
C
le*?s: #0671 or’ 076 at C

A’

%D 32 At D é("f':)

C

one of #0R0, vR1] 082 at €
A b
Daws =(25d)
CAEHS? Hoos or 107wt
A i
Dywn =259

finsaned

068 at C

CASHE: Posntc
AV

hSZ-tD

Czj WP #146 at C
al

328t D

=(253)

=(259)



2 a0t of g

Caze h~it

rangemant oreck |

(4.} = Lenma

anrng to g

(diacharsing to A)+ (us .

. r € (didehary
el D miner at B

i at i (not rpflucte!)

e to €+ (tischarying to O}

o
i

$ at E
A 3 C L & A3 ¢ D = Lo C B
50 S U 50 31 w50 U w0 I O S
S0 m R S S0 3t m 51 U s0 S?2 m 51 3 80
L w50 U sy 31 m 32 5 Lo om0 50
50 m 51 U $1 1 m RS0 350 57 m o0
Sum 52 5 St $1m R 5150 S m RS0 L0
50 m RS0 U1 om0 U s
SO m R 31 ot R TR | (3@)
S0 m S0 Uy Um0t
50 m 81 5 s2 o1 m 52 31 51
30 0m S700 S0 1om R 500 91
30 m 5182 N TN
50 m 50 52 (3b)

b
N
L) D 3 D
c C
50 at A 81 at A 32 at A
S at E 5Q or S1 at E S0 at E




Proof of 4

32

Chse p- g

“he Com- cnami wrid their dorivatives

Csﬁ#l: FA1 wt A Ang one of #1065,

—»

VAN

vbry 274, 3257 at E

E (4 ursas A

mec) fiad wbove

30 or 51 at C

= (3a¢)
Claa¥!: . at = e {Pecifred abova
—» CTS #30

Lfiad

beve

CEau*Q_.' Pran S oaa

N
32 At E as
apacified nbove

oV or $1 et D

c =(Q3a b)
and one of #4012, 015, 016 2t T

ana one of ##021, 022, 023,

V5, ..., v2a, 042, UT,..., 040 at C
(#274 at 8) (#325r at E)
€
A
oY or
? D
C c

31 at C as 31 at Coas, 1atcC

specified above specified mbave specifisd above

SatD S at D with a<25 (5 at D with d<25

= (3a¢u.) é(Sa.h) =(3aa c)

C3ab : #74 a5 ana #2ser atiD
+

with d< 25

=(3aba)



Proot of ag, (V) - Leams «
Case ue 4

‘The C’a- canes and their derivatives, continued

C3a # 2 oneof #015,..., 016 at A and #261n at E

T
N\

S0 at A as "

spacified above A d |

¢ or S1 4
S at d S0 or S1 at.D,
W b :
é.-(3a.c) c = (30,&)

C3acHl: (#0130 014 at 4 amione of #ih12,.

or

ces 076 at Co

#015 or U16 at A ant cne of #011,..., 016 at Ce

—» CTS #20

C3ac 20 one of #Hu21,..., 025, 025,..., 029, A2, O At C

L ;D {sfn C as specified above
. S 2 (3aca)
Cc




Peiof of g (Vy) - Lomma
Case us=4

The Ciu- cnses and their deriwatives, finished

Cla #3232 M5 at A and #26mat &
AN,

S0 or 31 at D

S0 or 51 at C

c 2 Bae) ©  %(3a$)=(3ad)

Clag#l: morarc —» CTs#32,

C3ae #2 ! oneorwno,,.., 167 at C

=(3aca)




Proof of “'rs("s‘ Lemma
Case u=4

The C3b- cases and their derivativew

C3b# |2 #050 or 051 at & and #24; or S0 at T

T

/\
Vs
A E A €
4 #2490 or tin at E : #28% or ?1n at E
5 Dlsoersiac iy 5C er 31 at D
m
. P i(lba) C =(3lx|>)

C3ba#|; #030 at A and one of Hhu21, (22, 070 at C
A CEIR (209 weem A € #7251 at 5)
-D S oat D i!'\ _D 3 at b
=(3l KN
C ( b“‘) C _(Sbab)

C3L¢l#2: #031 at A and one of ##021, 022, 023 at C

3 at D S at D

’ or .
»i’;i‘aﬁ’iz ¢ Di"ﬁi‘sz‘igiz .
c ’
_;‘(55.&) =(!ba‘.)



PoOf of 4yg(Vg) - Lemna
Casn pea

The C3b. caaes and their deravatives, finished

C3b #2: cne o mioa2,,., vusoat A and "2abr at E
N
\

2(3bd)

v DSOOrS?n(D

=(3be)

50,01 S1 at ©

C Abhetrl: ono e monr,. ., 016t c —» CTS #3I

C Yo HEQ. one of #1021, 102, 008, 024,00, 0K ..., 041 At C
.
51 at C'as specitied above = (35(&)
at D
ote that (3bow) coptains (jeas) as a sub-class

N
and that (3bea) - (3ama) cunsiate of those configurations
which have on# of #1032, 034, 03%; 036, Oa4-ag C



Proot of «|m(‘l5) - | emma
Case p=.g

The C3c- cusa and _3ts §auivativey

C _7, C ! eny 32 ot Type S-U at A and one of i#om, An, ..., oo ood E
N
/ \
E A E
Q (so .Pk as 20 At £ s
v« sneoified above apecified above
qa SU or 31 at C SO o Ut at b
. =(3chb
4 =(3¢ a) ¢ ( )

Clca Wl: oot #oy,..., vibatc —» CTS#29

(,Sca #2' ine af HHODT, 020, QPS, 025,,.., 041 at C

(e #o0t at B (if ons £ MIDUI.... "3T at )
r
at C as or 1 st Coas

u,-.uxrt-d above ]) speoified above
S at D 5 at b
.
¢ = (3ca.a.) c Z(3cab)
Note that (3osa) contains (faca) Note that (Joub) contaims (3bos)
as g dab-class and that as a sub-ol and that
(30aa) - (3aca) eonaists of those (30ab) - (3bca) oonsists of those

oconfigurations which have configurations whioh haye
#030 or 031 at C #030 or 031 at C



Pronf of (V) - Leuna
4p5tYs

Case T 5

fbis oame i1 mainly troited by the consideration of pairs of S-situstions
(ot

alou' VeoWe shall dafine four clanses (4a),..., {Ad)gsof such pairs and prove the
™ Lowing

£ Type U~ 1) with plvots identifiet tu V and diatinguished adges consacutive
emn oy about thelr eritical sub-clanses,

Temmaa (dn),...,¢(

(da), .

If & oontains wome confimuration, aay K, of the olams
, or (4d), respectively; then K contains a configuration of W or K

belongm to the gritical asub-class (Cda) of (4a), (Cadb) of (4b), or €o one of the

viitical sub-classes (C4o¥1), (Cde#?) of (C4c), or to one of the critical sub-
“lassee (Cad#1),..., (Ca#6) of (Cad), reaprctively.

Yroof nee olagn check 'iata for (4u),..., (4d) (pp. C125¢¢). B
Configuration olnsuds

A
I e

one of ## 271r, 234r,
3 247r at B
(&

one of M 23In, 234n,...,
23 at A -

’

one of #4 231n, 23,

A, E
50 nt A any ...,
S1at B ] ] T3n et A

one of ¥ 241r,
B 246r, 24Tr, 249r
at B

a
\
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eroof of '1'1'5("5) - Lomma
et g §

Configuration olnsses, continued

A E
{unn of # Cnie, 0fr L, 25Te at A
3 D

52 nt B

[~

(#°31r at A)
A
one of #H¥4r,..,, 23E

dog(B) = 7 or cne of
L Kt oA

3 D i 2 3
= [m) C &

"
< ' 61r at 1}

A TR ae T B D0,

L1 oAt lowity B gam, CaTn, 24un

ot smallar une of # 241e,

D than #ara D46r, "ATr, 249
.

'

~Adn,
2520 at A

e

Poa5n st A and #0a%r at B =
A , #2938 nt A and #9530 sl B 3 [(CaafiY))

#ogar or 25¢ ot A and one of M2ddn,..., 240, Phiv at B
3 #od6r or B4Tr At A am one of ##246n,...,240n at B
. #240r at A und one of jH24m, :;z‘n, 253m, 2535r at B
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Proot of qu(V,) - anma
Crse p=Y

Confiruratior clgeaos, finished

3 .

m

C c

, 3%m, cr 335n
at B)

(de) and (40 miy be revarded to be derived
from (Cac#1).

A In Rl threaglannon (de)y..., (48)3
sithor 30 ag C,

1 or Sin, except ¥ 248n, at C;

or # ’a8r at C.

c

o wt n)
(4g) way Lo oprnnded o be aerived trom (Cach),
Fron aae orowe may aaonme thet £ A eontaina foma aontimuration, nay K,
ot one wf Che obanies (dad,..., (40) then K bolondy to one of the oritienl aub-
e (Ua), L., (C4dM6), mince ofharwlie ‘hy olalm 0% the A.,m(v,]'a - | omna

would tul

A E

imnediately from [emmaa (4a),...,(4d).

¥e may nssume thal the 1o;uence of dimcharging valuos from
Vto A, ¥, C, D, 3 (if read as a 5-digit numder) is mintmal

L _D compared with the other 9 posaible (olackwise or counter-
oloavwise) cyolic readiugs of the dimcharging valuos.

S05050U U imponsidble, aince tho 50 attached at D has to ba part of a eonfig-
uration K of (C4a) with A(K) (the vertéx A of X as
denoted in the dfawing on p.38) identified t5 A wnd



A B C D ¥

808081 U U

50 8032 S0 U

50 50 32751 5

covered by, (4e), (at), (4g).

Frout of (1) - Lenas
Cana u=5

Arrangemant check ity continued

B(K) identifted to By but simubganecusly, the 50 has to
be part of o contdoiration k' oP (C4a; with® A(K")
tentified to B and B(K') tdentified s C. Thus 50

hxs to be nonereflacted and reflmcted aimdltaneously
anit one of ##251, 034,,.,, 87 which i impossible,

imposnible, sinca the GO at I hug to be part of some K of (C4n)

with A(K), “(K) { ertificd 1o A, By and the SO hag to
be part of mome K' of (C4b) with A(K'), H(K'}
tuentified to L, C,

For the 50 at B 4 part of
some K of (Cda) with )y B(K) tdentified to A, B, and
thua is one of ## 2%1r, 0%r,...,27ry thUs the 32 at C
1s part of somo K'‘of (4a) with A(k'), B(A') tdantified
to B, Cy but K' must belong to one of (Can#1), (Cao¥?),
Thus some K of (40), (4f), or (4€) must ooonr
wtn A", B, L0 ddentif1ad bo B, C, D,

covered by (de), (af), (4g).

For by syumetry ol the arrangement (may read olockwisme
ata tipg at B), we may amsume that tha 51 a% D is
non-=¢flacted 1f 1t is not #0248 and that it is MW=
fleeted 1f it 15 #240. Then, by the same oonolusions
as in the previoup arfangemant, some K" of (de), (4f),
or Cagy muat oocbur.

S0 31 SCU U 1impossible, For he St at B has to be part of wome K of (C4b) with

A(K), B(K) identified to A, B. Thd 31 b3S slwo to be
pert of some K' of (C4b) with A(F'), @(K') tdentified
%06, B, T™hus the 51 has to.be reflected and pois
refleoted which is iwpossible since tha St'y ‘9‘&0&
syanefrio.



Procf of “'r.s(""‘ - . emTa
Cose p» 8

Arcgarenort chack 1dst, continued

3¢ @1 3150 ocvewad by CTI#I3,
Yor the 80 at A is part of some K of (C4p) with A(K),
B(K) tdentified to A, B, and thus is one of #W231n,
2%4n,...,"3Tn~@he S0 at D is part of some K' of (Cayp)
with A(K'), 8(K') 1lentified to D, C, and thus is one
of #2231, ?54:-.....2}1:-‘ ’

%021 3151351 {nmposaibla, For fhe 50 qt A has to be part of some K of (C4b)
with A(K), B(K) tdentified to A, B and hag to be part
of some X' of (C4b) with A(K'), B(K') identified to
A, E. Thus the SO hm ta be one of #WH231,-234,..,,257
raflacted and non-reflected.

30 61 51 R1 327 covernd by (40), (af), (4g).
For the 50 at A ia part of some K of (C4b) with A(K),
B(K) iden®ified to A, B, and thua is ome of #¥ 23'n,
veoed . THUS the.yd ani the 32 are tho essantial
pact of some k' of (Cae#1) or (ST with A(K'), B(K')
fdentified to A, E. Un_.the gther side, tha 31 at B ie
n part of K amd thus is one of ##241r,...,244r, 246r,

S

P4IT, 249r,...,B52r, Consequently, he 81 ut © 43 part
of wome X" of (CAate) or (Caa#s) witn A(K" ), B(X® )
itentified to B, C, and thus is one of ##244n,...,248m,
233r. Consequently, the S1 at D is part of some K™ of
(C4a®1) or (Gaa#2) with A(K™), B(K™) ydentified ta
C,. D, and thog is one o W Fa 249%0esdy
?52r. Thus iMe 31 at D and the configurstion k' form
the essential PAFt of some configuration K"" of (4e),
(an), or (&) with A(K™), B(K"™) 9 C(X"™) tdent.
ifimd to A, E, D,

S0 81 51 32 31 imponsible for tha same resson for which 30 $1 S1 S 51 1e im-
possidle,



A B CODE

508152 5052

S1.31 51 81 31

Arremy

oovered by

imposeible

49

Froof of 4y (i) - Leama

Care u=

t check list, fi~fshed

4ae), (2£), (ag).

For the &0 at A is part of some X of (Cqb) with A(K),
B(K) taantified to A,B, ani thus 1s vne of #271n,
204ny..., 7470, Thua the SO at A and the 52 ot ‘B are
the evsential part of gome K' bf (C4c#1) or (Cac¥2)
with A(K'), BUK') Lubntified to A, E. Thys the 50 at
D and the configure®@®n K' tofm the essential pars of
sowe “confipuration K" of (de), (4f), or (4g) with

A(K"), B(K"), C(K") ddentified to'A, B, Dy
nince by Lemme (44), none of the 31'a. 3an be #oat,...,

248, 2aB,..., 5% For otharwine we could assume

by symmetry that the S1.at A 34 one of ¥ 241r,...,
043r, 248n,. 249r,..., 2537y then the 31'm at A and mt
B would form the essaptial part of a ounfijuration K
of vne of (Caa1) (CAa¥6) wrth A(K), B(K) ident-
ified either %o Ay ¥, or to B, A; dut nore of ¥ 241r,
e0y 2437, 2481, 2497y, ..,293r can be contained 1IFK at
A(K), ! nona of ##42Mn,..,,?4%, ?48r, 249n,...,%53n

oan be aontained in X at B(K). Thus tte anly S1's tlat
cculd posaibly coour @ # 244,...,247. Bu¥ then the

vertices F, G, B, I, J (1= ‘raying to the left ) would
have to be altarnatingly of. Aegr
ovatic order, whioh io impossibl

5 and non-5, in

This finishés the proof of the qm(vg) - Lemma, .
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(5) of of tha

-Lovma,  CTS#01 contuins the L4-situation #401 with
tnchampine edgo identifiet to the wige marked X . in Table 3,

(I3 contn ns the Lh-aituntion 11, CTSHO3 containm #421,

-
CrSHOE cTs#op CTS#13 crste
containg containa oontains *entaine
waro #4091 #511

*hy .
(by Lemman{6-6),8

cms#ry CTs#32
contaime contains
#621 *547

The other CTS-situations gre treated as 1

aneter and 2-purimeter config ution
classes in corresponting olass oheck liots (sse pp. C 13322).



S6), 1n the proof uf the qgy (V) - lomma wo have frequently to consider all
possible arcangements of 5- and non-5-vertices which fors a consecutive etring
of § noighbors of V, (p=2,3,...,7y k= 7,...,10). We prement therefore below and
on p. 46 complate iists of all posaibdle " 3-uigit,..., T-digtt’arrangements "
of this typo. The arrangements are listod in lexicogrephio order and pach one of
them is given a wumber, .k., 6/21 (the 217 6-iiyit arewpgement). Yo @0 not list
however, thosa arrangemehts which would yiol. a larger reading (regaried as a
decimal number with " " replacad by " 0 ") if road fackwhrds; e.g., the list of
6-digit arrangements does not include ., . 5. . 5 whioh would be 6/23 read
backwards, denoted by " 6/23r ". We shall use these nyabers (with or without the

eymbols "n " and "r" for "pon-reflected" and "reflieqied") later for referemce.
k2

5-digit arrangements A-digit arr nt:
S/ 55555 41 5555
5/2 5555 . a2 555,
5/5 555.5 4/5 55.5
S/4 555 .. aa 55 . .
5/5 55.55 a5 5.5,
5/6 55.5 4/6 5..5
S 55..5 [V T
5/8 55... 48 .55,
5/9 5.55. a9 L5 ..
5/10 5.5.5 ano . ...
S/11 5.5, .

/12 5..5.

513 5 . o S 2otlet arrangaments
5/14 5. ... & 555
5/15 .555. 32 55. .
5/16 . 55.. 33 5.5 -
/1T . 5.5 5.,
5/18 . 5. .. 35 .5. .,
5/19 . .5.. /6 .., .

5/20 ... ..

45



A e

o

~

L)

-

~

o

-

o

LZAE I
1/2% 5
1/3

T/48
1/5

1/6 %
i

1/8 2
/9

17108
/1
1/12%
113
1/14
/15
1/16%%
TNTRS

R e R Rt

[CIRV

-

5
1/19%5
1/20
T/218
1/22
1/23¢ 5
7724 5
1/ 5
T1/26¢5
1/21 %
1/28 5
1/29 5
1/308 5
1731 s
/52 5
1/33%5
1/34%5
1/3% 5
18645

[EIRY

@ o

1-ligit arrangements

“w

[E T e

Voo ow e

[EIRVIT

5

[E

-
~
>
5
-
«

7/50 5 . .

-
~
>
®
-
w

1/63%. 8
1/643. %

5

w

145%. 5 .

1/66X. 5
/6 ..
1/69%F. .
17108, .

[CRVIRVIRC I

LV.AT T
C1/124. . .

[C NI

-

o .

- -

€-digit arrangemen’

6N
6/2
6/3
6/4
6/5
6/6
6/1
6/8
64
6/10
6/1)
6/12
613
6/14
6/15
6/16
6/17
6/18
6/19
6/20
6/21
6/22

6/34
6/35
6/36

o
v

[CIReS
[

B Y R Rt AR )

w oo
[CRC TRV R R N

w oo

[ERV VIV VR

O R T IR I

[

W [CRNRV N

v



(L) - Mhprove the Qpy, (V,) v Lemma for the single cases k=T, ka 8,0k=9,
k=10, and xW11, The cae k X*12 ia proved in Gwotion 3 of the papar as an

inmediate consWuence of the Upper Bound Yeama.

Proof a¥ th‘n “’7“ ¥e denote by A the number of L-alscharging edges .

that go to V (the Alintral vertex of degree 7 which is Qqy - Positive by hyposhesis
of the lemma). We disNinguish the owses A= 0, A=1, and AZ 2,

¥e denot® the neighbor vertices of V in consecutive order, reading clodkwise
or counter-olockwise, by A, By C, D, E, F, G, so that the correspondipg reading
of "5"or " " ("mon-5") A; maxinal (among the 11 possDie readings pf this kind),
Then the reading of "5"'9:0'." ‘cbrregponds to oneof the 7-digth arrangeasnts whieh

are "cyolically maximal" and denoted *l "¢ " on p. 46. We consider these arrange-

p. 46), For

ments in the order of’ their numbers of thess arrangenents

we have to consider all p#esible "subearrangements” of 6. and major ertices at

consecutive strings of non-5-vertices. For instance, for the main arrangement 7/30,
55.4 ..., we have to consider 20 sub~arrangements 55 6 6 6 6 6,...,
S50UUUU, (whers ".U." #tknds foj "major vertel” and the enumeration of-
the sub-arrangements is in the order 5/1,...,5/20 of the 1ist of 5-digit arrange-
ments presented on p. 45 « #itA *5" replaced by "6" and " " replaced by 'U").. .

In general, we have to ider only those sub. which oontad:

jeither at least three 5's, or two 5's and at least one pair of adjacent 6's, or
one 5 and at leaft two pairs of sdjacpnt 6's, or no 5's but at ieast four pairs
of adjadept 6's {sines in all other cases V could not be qy - positive). This
elizinates for imsthnoe 9 of the 20 subearrangements of 5 5 . . . . . from our
1is%. TYor the Wl““ we have to oonsider all possible distridutions
of T-discharging valwes "12%, 11", or "x" ("mo T-discharging”) to the-6-6-edges
as Yar as they yield & positiye ¢y - vajus for V. Here we still assume that the
lemmas on T-dischargings, as proved im Seotion (1) of the supplement, hold for B,




/1.

1/10

112

1/16

/19

&£

— 1 <

wow

v s s o\

[C IR

(CERCRNCERV)

[V RV IRT]

c € c o

c € c c & -

a8
Beoot of qu (V) - Lemma

Case A% 0
Atrengemest cheok 1st. A3 ¢
Er e ./ \
& D

~a-) A E/
55 F
55 .2
550 —s or

51, cTL$

5 .
5 . .e2-]
5 6 s~3-26
54 s~cTL#3 5-2 7 CTL#Y
5 U UCTLK3

&8 %,m

D12
.*‘1‘;'- %
CTLRG cn#‘s

5 . 22
5 6 623-26

5 6 u.f,TL#é
5 u nr

CTL#ky CTL#g



Proof of q,n(VT) - Lemima
Case A= 0O

check list

/21 55«05 .5 .
L_Yss L5 =2

5

5 5 U 5 . 5 u=~CTL¥%9
1/23 5.5 .05 .

5.5 6 5 . . .en-2

5 s u.s ...

5 5 U 5 6 6 6-3-1%

5 5 v 5 6 6 u

5 5 u 5 676 u-CTL#I|

5 5 U 5 €Me u~CTLWIL

5 5 U 5 6%6 u~CTLMIO

5 5 U 5 6 u —~CTLHIO

5 5 U 5 U 6 €

5 5 u 5 u 6 Te=Il-1

5 5 U 5 U 6*esCTLHIO

5 5 u 5 u 6 u=-CTLKIO

5 5 u 5 u u ~CTL#ID



1/26

N Y Y R NV RRv ]

o w

w

O R R IR

Proof of qp (V;

)~ Lemma

Case A= O

Arrangement oheck 1ist, continued’

c c o

o o o <

50

E 0 4 G

5 .

5 ~3-26

5 6 u=CTL#I3

5 U 6=CTL#IG g

5 v Y ———p

506 vmCTLMD . Terips T oTime

s U 6=CTLMIN(")

PV or

5 6 umﬂ

s . CTLK20 »  CTLMZ|
(reflected)

S U U————l

CTL#/¥  CTL¥IE  CTLR22



7/30

5/2

5/3,4

575 ww 08

5/15

5/16

Arrangement check list

PG s IR e [ iy Y S IS Sy

[CINRV IRV Sl

w

ey
). 2

2

ey

[CERC IRV

N N v )

el

[CIRV]

Broof of qqy (Vy) - Lemma

.

F TR N N

[EIC IS

e

[ Rt aRT)

Case A= 0

cennnued;
c bz F e
6 6 6 6 6=4-28
6 5 6 6 v
6 6«6 6 u—TI-l
6 67675 y=T11-5
6 6 £T6 u—=Il-lO
% ¢ ~hou.
’3“" 6 u =TIl
*vs'Ts U .=LI~§
%y .
6% v ~Ti-!
6 U 6 6 U
6 U €%6 y-=CTL#2}
6 ™6 u=-CTL#24
U6 6 6 U
U €™M y=CTL#2LS
u 6™6Ms U—CTL#26
U 6M6%6 y-CTL#23
u 6MeMs ywCTL#2}
U 6T 6XE u~CTL#2¢
U 6 6 v u
U 66 U U-=CTL#23
v M6 U u-=CTL#

51



Proof of qﬂ_('l7) - Lemma
Case A= r

Axrangement check l1ist, continued®s

A 2 c. D z P G
/%9 5 5 .05 .
5 6 5 6 5 ~3-28
5 6 5 U 5 6 bEwbely
5 6 5 U 5 6 u=CTL#®2E
5 6 5 u 5 u e=CTL#¥29
5 6 5 u 5 u u=CTL#29
5 U u 5 6 &
ljs U s u o5 6Te=Il"2
s u 5 u 5 ¢*e=-CTL#3b
5 U 5 U 5 6 U
2.
5 U 5 U 5 U 6 L:ﬂ_l.]
- i CTL#30
500 5 u o5

UHEEE
%%%m -

4315 47 CTI.'!I,

mm



T/42

53

Proof of qu (V,) - Lemns

Case A= O

Arrangement check list, contimied’

[
LT 1 KT

~

A

> won o ow

[EINCA SR

IR SN

[CR AR AT

B

N T B v e

w

[ N N IV A e

) E ?
6 6 6
6 6 ¢
676 ¢
6 67¢
6%6 u
U6 6
U 6”6
v M
6 € 6
6 6 &
€T6%¢
626X ¢
M6 %6
6*6™¢
6%¢™Me
6 6 U
6™ v
M6 v
U6 6
v 6%
v eMe

6~4-15

u

u-Il-4

u=TI-l

~Ti-4%

u

uCTL#3F

U ———> _M#1 -T#2 ™M#
GLRSE O [

6~4-1S

u

u-Ti-26

U+GTLHGS

=CTLRGS

vIl-3

veCTL #46

~CTL#4F

~CTLREY

U

U= CTLRGO

frp—— TT IR 0T
CTLONICTLING (6-18..
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Proof of qp (V,) - Lomma
Case A= 0

Arrangement check list, contimues®

A B C D 2 ? G

™6 u-CTL#O
U s U 6 €

5 6 U 5 U 6TeeCTL#SI
S 6 u 5 u sTealTLHSZ

1/47 ———s . 5. .
5 6 6 5 6 6 6-3-2F
5 6 6 5 € 6 U
[_5 676 5 6 & u=ll-2
35 6 6 5 6 6 U-It-12
s 676 5 6 U .=Lim2
s 676 5 U u=Il-2
5 6 U 5 6 6 6Ee3=2F
5 6 U 5 6 6 U
Ijs 6 U 5 6% u-CTL#SO
LM
13

5 U U 5 6 6 6e3-2F
S U U 5 6 6 U
[{5 U 8 5 676 u-CTL#S|
5

6T6 u-CTL#S2



Proof of qTL(V.,) ~ Lemma
Case A= 0

Arrangement check list, con!inunﬂ-l

1/52 [ § . .

6/ s 6 6 6 6 6 6=4-29

6/2 5 6 6 6 6 6 U
s 666 6 6 u=Il-26
5 6™6X6%6 6 ueIl-29
s 6™eXgX™e yeIl-i3
5 6MeT6 6 6 ueLl=26
5 6M6x6™g ¢ well-¢
5 6Mex 6™ eg usII=ID
5 6%6™6 6 6 ueIl=3
s 6%¢ 676 ¢ u=Il-6
s €6 6 %6 u=LI-I3

6/%4d s 6 6 & & U
s 66T 6 v oIl-26
5 66X 6™g u LeYl-6
5 6 676 6 U .~L=3
5 6 6 676 U .eLl-6

6/5 5 6 6 6 U 6 6

L 5 66T6 u 6 eeLl-26

5 6™6%6 u 6™6wLI-2F
s 6™6T6 U 6 s~Ll-26
5 6%6™6 v 6"¢eII-3

64 5 6% 6':"2 6 u 6 u=Ik26

6/1,8 s 67266 u v .eTI-2¢



7/52,24nished

6/

6/12
6/16
6/21

6/28

1/12

56

Proof of qn(v,,) - Lemma

Case A= 0

ARrangement check liat, contimued®

\ A B C D E ® G
| 5 66 u 66 u=CTLHS)
5 66 u U g=Tl-2}
5 6 U 67676 y=CTLHSS
5 U 6 6 6 6 u
s v 676%6%s y=II-3|
L 5 U 6MeMgX g e (TLWSH
5 U 6™6X6™g jwI1-28
5 U 6X6MeMg y-CTL#SY
5 U 6%6Ms y y=CTL#SS
——
3 £ fF 6 6 6 €
67666 6 6 eIl-3l
6™6™6%6T6 6 6LI-32,
6726% 6% 6% 6 § 6inpossDla to obtain T>60
6726M6T6 5 ¥ gaRpe3l with & cycliocally
676™6%6 6 6 6 1aposs. :::::::i:n:f
6™6%6™6 ¢ 6 6 inpuss. |values
L, 66*6" 6 6 6 6 tmposs.
6T 6T 6™ 6 6 eeLIny|
6™ 6% 6% 6 ¢ 6 6~taposa.



¥roof of gy (V,) - Lenaa
Case A= 0

Arrangement check list, finished

/12, z‘sn.nnea: A B C D E F G
172 6 6 6 6 6 6 U
I—-é”s"s Te 6 6 u=Il=3]
6T26™6%6T6 & u~ll-32
66M6Ts ¢ 6 u=Ti-dl

6726 6% 6726™ 6 U reflected reading s larger than

26 %66 ¢ & yeLl-28 non-refl ected

6666 ¢ 6 ueLI=M

6T 6726% 612626y raflected readingAs larger than
non-refle¥ted

1/4 6 6 6 U U

6™ e™g u ueLi-3)

Case )\ =

We partition this case into sub-cases according to the "width" w ofithe L.
s1tuation with pivot V and according to the "nominal contribution value.
(counting 50 for each Vg of the i-situation which is adjacent to V and which is
not distinguished by a large discharging value in Table 2). For some sub-cases
we have to consider all possible arrangoments of 5- and non-S-vertices which are
adjacent to V but do not belong to the L-aituation. Por some of the arrangements
we have again to consiser the sub-arrangements of 6. and major vertices at the

places of tne non-5's. However, we may ismore all tho

artangements which
canndt yield jositive qm - values for V, For instance, if the v-valus of the L-
situation 1s 40 then among the additidonal neighbors of V we must have either at
least one v5 orF several Vg a0 as tp provide for at least two 6-6 edges (in order

to have 7> 20).

51
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Proof of qp (¥;) - Zemma

Case A= 1
Sub. V=3, ¥a10

In this sub-case an L-situation L which is ope
L= 401, 402, or 403

of ## 401, 402, 403 (keflwcted or non-reflected)-is
attached 5o aa to induce-an Ledis¢hesging of 20 to V. &/’j::\}
Those neighbor vertices of V tmat do mot belong ¥o & / D \E
are demoted A, B, C, D in countef-clodweise orderj A‘\\ / D

the neighbors E, ¥, and G of V belong 4o L as L. 3aman c
indicated in the drawing to the right.

Wo present a 4-digit arrangemert check 1ist for A, B, C, D. In this 1list
we shall have to indicate occasionally whether or not a T-discharging goes to V
across one of the edges G- 4 or-D- E, Thua we shall mention the vertices E and
G algo. In or after the arrancement check list we define (using the symbol
" ") some configuration clapsds, (%a),..., €54), which are treated further in

the corresponding class check lisbs (in offter ¢o-show that each configuration

i1 thetw olasnan efther contains mcedfisur.t: n of B er s tc one of
the ClLeclasses of Table 4), Lf a'edMfisuzation_ddass is quotsd arted avme
arrangement without the symbol % i1n‘Selmsen, shénas 6 S 5 == (5b),
then this means that every Gonfiguration of the arrangement cortains some’

configuration of the ulu: (but not mecadssrtly-vice werss).

PV | 5

=(5a) m‘“

e

4/8 . 5.
[—6 >0 —v(Sb) 12 L= 401 or 402: (TLH#SP
vUos o5 ou > Jirr.a03: CTLF#ESE



[ Y R . RNvY

ey

Proof of qp (V) - Lenma

Case A =1

Sub-case wa 3, va 70, gontinued

" In " means: L is not

"Lr " moans: L

reflected

is refliected

D E
—(5b)
6 =(s5t)
v —
6
6T wIl-|
6x —— T

i

ifLo: CTL#HSO
iflr: CTL#SS

if In: CTL #60

if L= 401 or 402r: CTL¥R63

if Le 405r: 2|~8

if 1t CTL #1060
if Le: CTLHRG

59



Proof of qpy (V) - Lemma
Case A= 1

Sub-case W« 3, v=70, finished

4/10 o o e
Tg ~Il-|
Py if Lz 111
66 af Le: TI-S
r if Ln: T1-S
6 676 £ 1r: T1-10

i

if L= 401 or 402: CTL#64
1f L2 g03: 21-8

Af 1= 4010 or 402n: CTL¥kEY
if L= 405n: 21-8
if
if
ir
ir

flll

{
S

Lr: CTL#62

u
. L=avi: I1-22
oo e (Tl L= go2: I3-33
. anx:.‘itr T1: CTL#HTO
1r 12: CTL#GY
Sub-case ¥a 5, v= 50 (Lear)
Arrangement check list & 3

4 A B C D E A

ANyenayT 5 — 2=l \ /

.5 05 .
[%ass._.g_-s

U s 5 u —=CTL#H%ES

60



Proof of qp (V,) - Lonna
Case A= 1

Sub-case w= 3, ve= 60, finished

G A B C D E

4/ 5 .
6 5 . -2-9
u s 6 6 32}
U s 6 u —CTL#E6
U 5 u 6
U s u el -~ I1-?
U s u 6x =CTL#C6
U s u u -=CTL#66
4/10 . . . .
Te . . . —=TI-#
*¢T6 . . —TI-8

XX, TeX . —w1l-21

v 6% u ~TI-2l

Lub-cuse we 3, V= 40

Arrangement chook list

¢ A B C D E

ANyt 5 é(Se)

it Le 421,...,425, or 427

a/6 -5 05 . s CTL # 71
[‘%6 59 - "(Sf) 1t L - 420

u 5 5 U-————">

5-1
CTS#72

61



Broof of qp (V,) - Lonma
Case A= 1

Bub-case W= 3, v= 40, finished

m
G A B c D E

4/ 5 . =50
6 5 . . ~=(5%)
v =(s9) if tn: CTLERS
b 6 U
° {1{ Le: CTL#AY
U 5 U 6
U 5 V) 6 t —'(5 h)
Uos U 6% L
u 5 u u —t e X ;
4/10 e
e . . . —(sh)
releg L x o =(50)
XMtz x é.(SJ)

x

6T M T x o I1-3|

Sub-case W = 4

fﬁ}(“‘”
\

&

62
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Proof of qu(v.,) « Lemma
Case A= 1

o
Subecase w= 5, v>40

r (w=5,v>40)

Tue configuration class (5£) containa the critical suh-class (C5¢)

for which we have to consider the possible arrangements.

(€58): 1 15 one ot ## 60s,..., 607, LR E?;;;";'s:‘g;’_
1

615,616, 617
G S 7 4

Arrangement check list for (C5¢) A 3

5 é(Sla.)
L. 13l
o 6 - lels

6 U :-:(SLL)
U u = CTL#?



Proof of qu(""z) 4 Lemma

Case A= 1

Sub-gase w=5, v=40 or 35

Arrangement check list

8 A B C

5 = (Sm)
™ T = (5n)

T2k T ,"(5,,)
T T2 = (5¢)
M mem — T1-31

Sub-case Wa 6 or T

&

L.

AT

=5,
v=40

. or 35)

N
\%_/ ¢
3

64



Proof of qp (V) - Leasas

Case A2 2

(1)

In this case weWay assume that there are two L-situations, say L
and 12, with their pivots.identified to thes7-vertex V. Denote the

tigtinmishod S-vertices of M1 ana L(2) vy v;" and v;z’. Now ye alaim

that A contains u conffguration of W or contains two canfigurations
K ata k(2 4o that each of them belongs to ome of CTL#SE,..., CTL#IT,
thelr pivots are identified to V, and 5o that the Jzstineuished 5-vertex

of K1) (121,2) 1o identified to véi) The claim follows from our treatment
ol the Case A= 1, aince there wo have shown the following, If A contains (1)
an Lorituation, say L1, with pivot identafred to V and (2) a S-verter vg"’)
Which 19 siftorent from the Wstinmuished S-vertex of (') but is adgacente
to V then A contains a configuration of W or contains a CTL-sitystion as
(2)
5

aonectod, (Note that the presence of L'} and v{?) alone guarantes that

gy, (V) > 0.)
low we whall prove Lhab Lhe merking of any, two CIL:pitustions ™M

ane 88 adeacribed’ 1n the paragraph above ylelds some configuration of & .

This will finish the yroof of the qn(VT) - | omma.

) ana (2

The mergan of ig only possible i eithgr both k") and
147 batons: to the olass GILHTA or both of them belong to CLLHT6 (ainos
otherwize it would not even be possible to merge those parts of k(" mma

(%) unich are Actually draws in Table 2). Thus we are left with the following

two classes of confiurations.

one pair of one pair of

fa21,..0,405, {604,%..,607,
az1, a28)? 615,616,617)2
‘!l oyl 1,2
at (U', U°) at (2', 2°)
= (&=

(Jes class check lists.) This finfoges, the pioof of the qp(V;) - Leana. [}



8) In this section we prove some lemdas on L-dischargings and -especially
on mogbinations of L-dlschargings and on combinations of L- and T-disgharging

which go %o the same vertex V. Theee lemmas will be needed in the foliWng

Section ()  4n which we shall prove the'q (V) - Lemms for fhe degrees k=4,
k=9, k=10 and k= 11. Some of these lemmas are formulated in Section 3 of
the paper where they are usedfor proving the qpy(V,) - Lemna for uzx,_z;.. These
are Lemmas (60 or 50, T)} (60 or 50, T2, T2), (5, L, ¥, (5, L), (5, L, T2),
(5,Ly - 160 or 50), (5,L, v, L, 5), (60°0r'50, . , 60 or 50), (60 or 50, MO

or 50). In audition we shall erove the following ofx jemmas.»

Lemma (2, L, 42). If vé'), vé”", vé”, vé’”; véf‘)

neighbors of & majgr véstex V. of A" yo that two T2-d{sciargings go uctoss the
I8 3

(h_ (2

6 6

ve consgcutive

6-6 odges V and vi. vL"' ani an L-ischarging: goss from v;"" to ¥,

then the configuration arawn to the 1% cuedrs

1n 8% (with ¥, %5 iniicated in the draminr)s

i
" (]
) o, e g

Wi teur conMecstive nadghbora

of & major vertex V. of A% qo that an L-discharging roes from vg” to V) and &
“

«
T-Jischarging goes across the edgo“lz’)lvg“ then

. (L= 432)
the L-discharging is induced by one of ## 4u1, 402, Vo )
1o
403, 431, 432, 465 und either the T1- hocharging .
is induéed By T1#1.or the confisuration drawn to Nt

the raght oocurs in A" (with ¥ as inuicated n the drawing)

Lonma (13)7 Jupposé that 8° cyngaing twe Lesituntions L Knd 12 witn
the same pwot'vk but.gafferent aischurein: wisvs, Then we have tite following.
1) If ndRpore than five neishbors of ¥, in A% are occupied by (the images

2(2)

1
of) the fully Jagres-speoified vertices of L ana tian ef ther one of the oor
. 2
figurations (uenoted L°#801,...,094) dbawn in Table &L, vages 1 and 2, ocours

in 8% with pivot identified to Vh amti with L-.1scharging edges (inaiceted in

66



6

) identified to the L
)
’

2
Tavle & by the discharsing values written to thése edg:

(1) 2)
and L%/, or one of the L-situations, vay L

(2)

digcharging edges of L is

one pt ## 530, 549, 550 (see Table 2) and contains LY?) (where 1(2is # d41)ws
(11) 1f precisely six consecutive neighbors of V; in &% are occupied by

1)

.
(the inages of) the fully degree-specified vertices of L' and L2 tnen‘tne

following hold,

(i4,8) If 3ach of L

2
(denctod 124901 ,977) dramn in Table L, pages 3 and 4, occurs in A% with

(1102 hyg wiath w =4 thep one of the contigurstfons

pivot'ilentified to Vk and with L-discharging edges identified to the L-discharging

edges of 1" ana 112,

3£.3) . If one of the L-satuations, any L{'), is of widthwe6 then 1t is

ona of # 701, T11,:..,720 (see Table 2) and L2 1a #441 mnd ia contained in L¢")

Lemna (5,1, . ,600r 50)%  If v?ﬁ, RIS v;‘” are four consecutive neigh-
e O e 5 'S

bers of a major vertex V, in 0 3o that the hypothesis of Lemsa(b,L,.,60w0r 50)

s fwifillod (iee Sectin ¢ of the paper) tbon one of ## 530, 701, 716, 611,
a

din e e e 5 peipectiviny) vecurs e 87 (with piict lientified

O
5

to Viowd Togaactarne Vo'aortentitied to V and V;“)).

Seann (L, L). If v;", v;z\

are two consecutive neighbors ofsw major vertex
v, in A" so that from each of them an L-discharging goes to V, thén one of ## 801,
802, 0%, 028,..4,833, 061,...,672, 995,.s., 910, 926,...,9T7 (see Table &)
occurs if A® (¥ pivot™iventified 5 V,). In particular, in 8" there is a

thifd Y-virtex which is adjacent to both vg” and v;z’).

Lemma (L, 5, L)~ If vé'), v;z), v;” are three consecur{veWegree-5-neighbors
of & major vertex ¥, of 8" so that -dischargings go from v;” and from vg” to

V, then ome of # 820, 627, 902, 903, 904, 921,...,925 (ses Teble &) coours

in &% (with plvot iientified to V,) or one of the L-dischargings is induced by

#531 or by #701,
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e Table 2)

Proof of Eeumas (5,fL) &nd (5, L, 5). In évery L-situation (

the distinguiphed 5-vertex has two neighbors which are a¥so neighbors of the
Pivot; at least ohe of these two vertices is of degree greater than five. In
particular, if the L-aituation is L5 or L6 then oth of these vertices are
of degree greater thafpfive, This:implies th® lemmas. Ml

Prowf of Lemma (60 or 50, T). Assume that in an kfbitrary triangulation 4,

there is & major vertex V, which receives an L6- or 1§-discharging and a T-

discharging as desoribed in the lemma. Thén the L-disbharging is imduced by ons

of # 411, 441, 491, 49% and a configuration one of W#a11,
of the conflguratytn olass (6a) (see drawing to “""33,5';2'1
the righ ocours in A& (with ¥, as indicated in N

the drawing). But every configuration of (6mn) -V..

pontains either & configuration of Uor 1a a
configuration of ome of the classes defined in Figure 12(a) and (b) (see the

olass cheok list for (6a)). Thia implies the loman.

Proof of Lemma (60 or 50, T2, T2). Assuse 4 an arbitrary triangulation 4,

there is a vertex V. which receives an L6- or L§-discharging and a T2-disoharging
as desoribed an the lemma. Then by lLemma (60 off 5D, T), a confipuration according
to Figure 12(a) ocours in & (with V, 4s indicdted in the figurs). Now o dJUER
further that V, receives a second T2-ischarg§n§kcrées s 6-6 edge consevutive

to the 6-6 edge of the first T2-disohargings Then 12-5 ocgurs in 0 and thus

5 ¢ A*. This proves the lemna. B

)
Proof of Leama (60 or 50; T, 60 or 50) By iemma t6b or 50, T), ‘A"
(1) agoordfing to Pigure 12(a) or <(h) ¢ that

contadns the L-sdtuation which-inducgs the L-diacharging from' v;‘) to Y.

(2)

contains a configuration, say K
K(1)

.

Again by Leama (60 or 50, 1) A° conteina a contiguration K'?) accorfiing to

Figure 12(a) or(b) which induces the L-Nischarging from vg‘) to V. Botk o

ant £2) intuce the T-dtelharging soros YR VY. Thus the T-dtachareing



3

situation must be aymmetric (by L-mwa(?)) an. thus must be T1#1 (aee Figure 2)

This proves the leama. B

Proof of Le

(T2, L, T¢). Assume that in an arbitrary triangwlasion 8,
there is a vertex Vk which receives two

described in the lemma. Then the Leaiacharsmri is intused by one of #% 411,

li3chargings ans an- L-1:3charging @s:

421, 422 (no other L-si‘fatior can be attached Sn tais casze). But if the L

situation is #4279 then 12-1 occursy 1f tre L-situation 13 "'L?? ther 14-12
‘occursy thus in these cases wa have & # A%, If the L-situation is #4171 then

by Lemma (60 or 50, T), either again & ¥ 8° or two confisurations according to
FPigure*12(a) octur, each of which inauces one of the T2-dischargings and the L-
discharging so-that the configu-ation of Lemma (T2, L, T2) occurs. This vroves

the lemw. B

Proof of Leamas (5, L, T2) and (5, L, T1). Assume that in an arbitrary

triangulation A, there is a major Ver*ex Vy which reccives an L %and a [

digcharging as described in the lemmas. Then the L-dischirging must bé induced
by on® of # 401, 402, 403, 451, 432, 465 (the only L-situstions in shich the
distinguished V; has & V5= and & Vg-neighbor which.ara.also majacent to: the pivot).
Thus a configuration of the clasa (6b) one of #4401, 402, 403
(see drawing to the right) occurs (with 431,432,465 at X

V, 8s indicatdd in the drawing). But if

.

the T-discharging is not inuuced by T1#1

k
then a confimuration of (6%) contains

eithor a configuration of U, or 1s the configuration of lLemma (5, L, T1), or is
the configuration Cgb dramn to the rignt,
(seo the olase check list for (Eb)). If
in configuration C6b the degeee of V, ia c6b

specified to be 7, 8, or 9 then 2-9, VK

7-T, or 12-10, respectively, occury if e degres is specified 210 then it is
the configuraties of Figure 13. This proves the leamas.
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Proof of :amma (5, L, . , L, 5. A3sun~ taat in an aroitrary traangulation

4, thers 13 a vertex Vk which recerves two - :ischargings as stated in tne
Lenra. hen aach one of the ; -!lschamin: s

muat ba 1n uced by wne of ## 40%,402,403,451, one pare ouf of [¢0T,402,403,
—1€57,86% ana a confisuration of the £30032,465)2 o feds, ..,
clase (6c) (see drawing fo the right) Slz 67} salln1)
ovcurs in & (Mgh ViNaw inatcated in

the, _rawin,

Sut exeuhfizuration of

(be) eitcer contains a Pansuuration of W or 13 one of the configurations

Cec#tt,..., Céolt4 urawn béWow, (see the class chéck list for (6c)).

P i AT

)
Coo#, 1 céetl 2 CooH 3 Cée# 4

If in one of the configurations Cécti,...,4 the degree of ¥, 1is specified to

by oy wt s kb s conbiewration ot Woociues; wimover, b o one ot Ghokl,
5,4 the erres of ¥, is specifiad to be 10 then a confiruration of U cccurs,
(3ee the class sheck list for C6c). If the usgree of ¥, ia 59 in C6c#1 then
we have the configuration of Figure 12(f)j if the degree of V, is >10in

6ok 2,3, pr 4, then we have a configuration according to Figure 12(g) or (b),

This finishes the proof of the lemma. W

Proof of Lemma (60 or 50, . , 60 or 50), Assume that in an arbitrary

triangulation A, there is a vertex Vy which receives two L-dischargings as

d ibed . h
lescribed in the leama. Then each one of the at (X,1): one pair out of

L-dischargings must be induced by one of {411,4417,491r, 4951}

495n} or {441n}
x {4414,551n, .00y
553n,7200}

(% -

#0411, 441, 491,...,495, 551,...,553,720ana % (411,441n, 4910

a configuration of the olass (6d) (i right)




occurs 1n A (with V), as inuicated iur ‘he drawing;. dut a cortipumasionced (£d)

sither contains a conficuration of W or 35 sne pf she confirurat.cnaof r.ure

'l
12(c), (@), (see tho class checr 1ist o~ (£1),, Thi# proves tne Zanse, B

Proof of nemma (L%). In order to letormine all poss.ble mecsanss of two

Lesitustions as considered in tne :ewa, We consi.e: f.r eacn L-sivuaiicr

in
Table 2 the "degree-reading” of tne ne:.x scry L tne p.voy., fo .patunte,
## 201, 402, 403 have the reaiing 5 5°6, in their ref.ections nave 4he

reading 6 5 5. The followiny resdina occwr irafist 2.

2
"
-
.
IS

n=5

LR o mel
556 5556 56316 555756 6515756
635 5575 55756 1 T1a4
636 5516 51515 5875756
631 55171 515176 6,77556
657 . 5155 515717 65178
657U 5756 57856 657%5¢
638 . 5856 56576 651575
736 5956 65576 031376
756 6555 65755 657%77
U/ 56 6550 651 50 Vo7 ek
856 6575 6T 66 6508576
6516 65875 5135756
€571 66856 67%1785
6385 671555 673856
6586 67556 6835156
€595 617375 1715156
67155 61576
67156 678711 In most of the readings, the
6e5¢ 61385 distingujshed V, 1
7-755 61%66 gujshec Scmoce\arony
717%6 68376 in one place. In this event it
171515 is marked by an upper bar.
171316

-



‘L), sontioued

?roof of Lemma
(1) In view of these réadings we have o consi.ier Jin-an arditrary “riangulation

(1 5
&) ks fol.oming puesibilities for mergings »¢ 101 ant L'%7 yitn resulting

¢.rfiurati n-of wicth €5 (and with non-i:entified iistinguisnec vs's/.

el
(6e) = -5 65 - wpairs uf [801n,...,4220,400r, ... ,420rp x (41r, ... 4228,

[ 221r,...,428n}

(6£) 2 6556  ~ef4din,...,403n} x (4650} —» no nerriee possidle
——— (hLe) 36 T 5 4 —w {4012 403r} x {4uln 403n}
- 005 6= 1401n, .., 4030) x (400, .., 8030
(be) 2 65556 —wi=t

[l )

(on) & 6556 raflection of (4f)

(b1) ¢ 65 5 - - = [4d1r,...,4050) x {4310,,..,4370,851n, ..o, 464n) £
(65) 2 © 5576 —wlduir,...,405r}x {620} — no mersing prssible
(6k) & 65756 —»(aRin,diir)—w2-1

(60) = €375 . —w(a23n)x [435c,e...ya81r,a66r,...,470r)

(om) & 65 7.5 - —» [agfn) x [530r,5497,5:00} —3 no merging posaible

dende basie,

I TN

#4417, 4667,5..,478¢} x {55Un, 5497, 5500} ~ the only possitle
marging 13 the inclusion of 441r 1n 530n,549n,5500
—»(451r,432c}x (431n,4352n} — the@ly posaible merging
is 820

~»(465r,465n) ~» no merging possible

same as (6n)

—

(68) = 6575 - reflection of (6o0)

(6%) ¢ 635856 —e (479n,480n} x {479r,480r} = 7-1 or 11-10 or 694
—— .

(6u) 2 65956 ~w (481n,481r) —» 121

(6v) = 651756 +»{549m,550n} x (549r,550r} —» no merging possible



-
3

eco5f of Leama

Zack gonfisu-ation of (6a),..., (év,

orcor:espon

to one of Wie cuses wtatis . Lemza, e tne.

class check iists for (6s), (6fei, (5ij, (€4), (6n..., pe.ovas Part 1) af

the leama.

(1i.a) Because of the resuings af the I-3itiatiorna !pase "5

consider (in an arbitrary triankulation &) only tne fcl.swins iwo possibilities

for mergings of X1 and P buth o0f wa th i, with.cesultind corfiguration
of.mith 6.
S
s
(Ta) T~ - -55 - -, —= prirs of (471:,...,457r,8%1r,.
S i
(7%) 3 " 8775 ., —w [464n,49dn} x {4bdr,a74r) — a0 mersing prssible
[C)
4

Zach configiration of (7a) either contains a confisuratiod of U or iw
one of ## 901,...,977, (see tho class check list for (7a)). This proves ‘art (1i.a)
of the lemma.

(11.b) We bave to consider the following poasibilities for aergings of L'

of width 6 and L(z) with resulting configuration again of width 6.

—‘1 1701, 711r,.,.y715r,716n,710r,,..,7 202 x L1222}
o) 2 - B 56 e

L“) =% nc merging vossibie
i

(1) ¢ - -35756 "orjestbe on.y poasllble
o nelusions of 4dir
———— .

(7o) 4 655756 —=[716n}x [401r,...,403r} —wno mercirs possible

w Lu)
(7¢) &

515856, 60— {730r} x {479r, 480r} —# no merging possible

This proves Part (if.b) of the lemma and finfshes the proof of Leaza (12). a
Proof of Lemma(5,L,.,600r 50)" (waich supersedes(5,L,600r 50)). kssume in an

arbitrary triangulation 4, there is a verbex V which receives two L-discharginglfl-

as stated im the lemma, Then the first L- {whlo?.w}.d)'.---.d}'l.01‘ 465X

discharging must be induced by one of ## 401, )411,841,491 1495,551,552, or 553
t Y

402, 403, 431,...,437, 465, 530, 701, T16; .

1t it is imduced by 530, 701, or 716 then tbe = @

®
se0ond L-dispharging is induced by 441 (seo Leams (L%) and the Lemms is



geriiie.. It the 'iest L-diacharsiny 19 .mouse. by 401, €02, 403, 421,...,437,
or 465 then ina sec¥M: L-arscharvins must be iniuend by one of 4'1, 441, 491,

7% and a confiuration >7 the class (7g) see dyawing on 0.77)

cwmznﬁﬂnhunamnuhdmﬁm:nuu%EMacmﬁ@nﬂmolﬂy
eithar conta:rs a conficuration of W 4r is cne of 811, £12, 813 (see the
clace check ligt for (7g)). This proves ine ismka. B

¢.oouf of .emma (L, L). Assume that in ar acrbitrary t~ianmilation A, there
Looelf of comma f L)

13 a vertex / ah.ch recaeives two L-fiscnargings 4s stated .n the lexma, Then

each L= llscharging 1s inauced by one of ## 401, 407, 403, 433,...,437, 4351,...,

464, 530. If none of the L-dischargings .3 iniuced by 550 then the hyp-thesis

of Lemma ( (i) or (21.a) 1» fulfilled anc lemma (L, L) Tcliows frem Lemma (Lz),
If onw of the Ledischaraings is inducod by 530 than the other L-aischarging is
ir.uced by one of 437, 461,...,465, 5/0 and 21 occurs, This :inishes the proof

of the lemma, B

#roof of Lemma (L, 5, L). Ajsume tnat in an arbitrary triangdlation b,

there 1s a vertex. V* which regeivcs two L-dischargings as stated in the lemma.

Then each L-diacharglng is induded by one of ## 4Q%, 402, 403, 431, 2437,

451,000y d6d, Y5U, 551, YUI. L1 one of tme -+ur3cnargings 18 inwuced By 531

or 701 then there is nothing to prove. If one of the L-dischargings is induced
Ly 431 or 4¥2 then the hypathesis of Lemma (L?) (1) or (1i,a) is fulfilled
and Leuaa (L, 5, L) follows from Lemma (L2).

a pair of{401,402,403,433,

e 0837,451,...,464,530}2
at (X,Y)

1f each L-Jischarging is ihduced by one of
401, 402, 403, 433,...,437, 451,...,464, 530

then s configuration of the class (h) (see '.=

drawing to the right) occurs in & (with Vk a8

Vi

of (7w contains a configuration of U (see the clasn check liak fam (7h)).

indicated in the drawing. Bu* each ¢onfiguration

This finishes the proof of the lemra.



Now we snAll prove tne ;N(VK - mra £o- Vertex .erresn ke

w7y
k=10,and k=11, We assdge tnat & 13 an aro.: s

Lon wLgRTguniaIns

8 qq - positive vertex ofi degree k. #e nave %o orrve inazll con a
confizuratin of Y or eontains a confimrat.cn ascpet. £ uoeTt C
s1tuations CTL ## £1,..,,1% of Tacle 4 (witg central ve-jex-T.ar*:fia: 3 ¥ )

so that no ad

ronal §-iicharqines &7 to [ .- =UC
s1achan ve been
and (8) of this supple#dnt ho.d also for &,

He wetots oy ¥ the muximal wiitprA? L-
Prsaner Ko ¢ nean

3
weuy 691, B11,..., 894 (see Tavle 2 or & ,-s3pactis

Lemmas on T- and

sivits

ilentifres to V ,

that 3cme

of #'

Ji is comtainet in b

with pivot identifjed to V, but that nc confi uraticn of greater w (o

.
none of ## 701,...,7%0, 901,...,977) 1s attachat to V . If no L-atiusticn do

attached to V theh we dsfine ¥ to be zern, o~ 2mon d

¢ “, or 10,
our . casg- diatinctions will be accoriing to the value of ¥,

Further we denote by v the maximal contribution value oftthose,L- or L2
situations which are uf siuth § (and are attaches v ¥ . f o7 inatarze, U Ns

V<100 or 95" means that Bne of ## 531,...,547, 841,.

L.,B4% 1a attached to ¥,
but none of ## 550, 811,...,835-13 attached (ani also none of larger w).

¥e shall use the V- values mainly for Jistinguishing sub-cases.

roof of the qm (V

Case #2 6

—_—
Sub-case v > 80

(T=702) (WaT) T ot wes, v>80
H (i.e., Ta701, 711,...,728,

901,.5., 935)

\
!




80

Proof ofaqe (7 ) - Lemma
Casn W2 6,
®

Sub-cate 7 > §C, contipued

Ir this subecate, 51-f or a confizuration of the class (8a, occurs (see

drawings on n4ge 79) with V as indicated in the drawings. Bach configuration
5 ¢

o¢ (#a) containy a confimration of U or corresponds to one of the foliowing

s check 1i3t far (8a)).

critleal cases Cgart,”, 4, (30e hae cl

e # 723, Coats: [ is # 728,

L is # 720, Cha#

Cratt

he confisu~ations CAa#1,7,%, we have to consider the possibdle

rtices, etc;, for-the remaining two neighbors

arrangements of 5- and nongd

Arranyement check list tor Cha¥!

4 A B C
5 —» 22-10
b 5 —e 22~F
6 6

"6 6 —» 12070 (by Lemma (60 or 50, M) —22-20
™6 6 —»Ti#  (by Lemma (60 or 50, ¥) — 1=3
612 1522,

v 5 —» 50-20



Proof of qy, (Vy) - Lonma
Case 26

Sub-case v > 80, .nizhe:

Arrangement check list foc Cha#2

T2 (T2

5
6
6

3
6

——% 22-10 H
5 —» 22~%

I

1zpussible by Lemma (60 or 50, T2, T2,

impogaible s.nce nc

at B (while A :3 major)

L-s1tuation can be attached

5 —» 22-H*
6 & —» 22~
6 6
6 67 —» I&
26726 % inposaidble by Lemma (60 or 50, T2, T2)
s
EU L one of 423, 4244428,492,493,496, 4,501,

503,505,
518,519
or 508

or
one of 427, 512, 513, 514

2 B—> 22
at B—p [-3

at B—P "‘3,



Proof of qu('re) - Leuma
Case #2 6
(L=951,...,977)

Sub-case V= 80

Ar-angement chock gt

5 _'—_(Bb)

L‘{ ~(89)

-3

Sub-case ¥ < 80 (1/6., L= 729 or 730)

greangemant check list for T=729

Yo L5 or L6 can be attached at H
H A B C C

5 5 — 2318 reiks

6 ——v 2319

w

U 1mpossible since by Lesma (5, L), ap (V)€ 0

5 —» 13-4

o & o

6 1mpoasible since’q,, (V)€ O
n(NE

vos (L5+ teape L5 or L6)
L4 U L5+ —p #441 at B —» -2
R U L6 impossible since no L6 can be attached at B (while
4 is major)



Proof of qﬂ(‘v'g) ~ Loftma

Case #2 6 r
Sub-case ¥ < 80, €:ip.ihal |
|
Arrangement check list for L= 750 \
)
B A B ¢
5 — 43-F
6 5 —u 256

' .
6 6 1mpossible since by Lemma (17,.72, 12), g (V) € 0

[: [V
U L6 impossible since no L6 can be attached at B (while
A 13 major)

N

Case # « 5
—_—

Sub-case ¥ > 80 (i,c., L= 530,...,550, 811
or L= 551.552.551 (ve80) ,
-

Each configuration of (8¢) contains a configuration of U or is the

critical configWyatidn C8d, (see the class check list for (8d)).
Ced: [ is # 532.

Arrangement check list for C8d

H D

E A 8 C D )
5 —»50-1 AEB/ c
6 5 —»50-4
6 6 & —e50-9 some L attached at B
6 6 U H

t 6 6 v —(8 J,a)

R ™6 u o1 2(8dd)

B 6 6 U L5+ —p 551, 552, or 553 at b —» Si-10

83



Proqf of q,,L(V,) - Lemma
Case ¥ = 5

Arranpement check 113% tor C8d, finished

LN
[::5.;& o L-'(Sla)

N “ U
Loy s ou & (Bih) "R " means "regular
R oU L U == (KJ.G) a1scharging) i.e., no
R U Rou R CTL#ISB L-discharging goes
from the V. to V
VR 2

U . U -——s 551, 552, or 553 at H =® S|~I0

Sub-case v = 80 or 75 but 551,552,553 do not occur

(r.e., T = 861,,..,894)

The clacs (8e) haa the following fous eritical sub-cla , (ses the

clasa chegk list for (8e)).

Coet1: T is # 670, Cee#f2: T is # 872,
_ -

Coe#3: L is # 880 or 887, Coefia: L i3 # 882 or 889.
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Proof of qp ("e) - . enma
Caze ¥ = 5

Sub-case v = 80 or 75

Arrangement chock list for Cgell

H ATB c D H
3/1,2,3,4 5 2913 ATy C

s/2 . ’ -1

f2x,ax 5 weSe-l #6 aisume L to be non-reflected

3/5 .5 . and ¢
65 . -2 thé "reflectad -rrm’xuems“
v s 6 —»30-I¥ 3/2r, 3/4r (3ee page 45) also

3 we have to consider

[u s U
U L5+ U —wone of 621,..,624 attached at B —923=3

3/6 o
P66 6 . »I2-21
F166 ¢ —wT2-21
5 6 67 —IS-I3
Arrangement cheok list for Cyef2 R
Hae+ A B ¢ H
$/1,2,3,4 o wew 56-29 1.
5 ol ASC
3/2r,4r . 5&_;’ 55-4
3/5 -5 .
6 s . —» ¥-2l
U L5+ . g one of 491,492,493,495 a¥ached at B —» 30~|
3/6 P

[-"‘e’ ¢ 6 —2I2-22
TgT2g ¢ —wI2-2l



Proof of qn(vﬁ) - Leoma
Cace 8- 5

Sub-case v = 80 or 75

Arrangement check l1st for Caeft3

oA B H
5 — -2 A.\ A
6 5 —» O-lb 3

6 6 impossible since qp (V) € 0

V 5 1mpossible since no L5+ can be attached at B

Arrangement check 1:st for Coetts

# A B C

5 L= P2 H y
¢ 5 —=0-l A=yC
¢ —»43-13

u S U impossible since mo L5+ can be attached st B

70 or 6%

If # 618 or 619 1s attached to V then 61-4 occurs,
if # 620 is attached then 33-20 accurs.

Thus we may assume that one of ## Yy aieEd’] is attached 3o V.



H o4
31,2 5
3/3 5
s/4 5
La 5
R L4
R L4
R L4
R R
R &

5 oy
3/5 .
6
u
u
3/4r -
L5 .
[

6

U

2roof of 3 (Va) - iremza

w
Case # = 5
Subecase ¥+ 7C or 65

L« %61n,...,

T

Arrangement sheck list 617n

5

6

v H 7D
=(8%) A\B/ c

=(59) critical sub-claas Cry se: n.pR

by Lemma (5,.), only L4 - situations can be at H or Ay
by Lemma (L,L), not beth H and A can L-aischarge to V
» :‘.(ah).,«me of 450geesy 437 at H), CBh sz pj69
by Lemma (5,L,T?), no T2 can go acrosa edge B-G

6 ='(Ec.')~° (401, 402, or 40% at A)

676 2 (85)=(one of 451,..., 265 a2 A)
6Te e »12-22
6T 6™e —I2 2k

6
u

5
5
LS+
5

= (8k)

__'._(8[,) critieal sub-classes CAf see p.89
= (gﬂ) critical sub-classes Cfn see p,30
1mpossible sinoe no L5+ oan be at H or B (since 551
552,555 are ruled out by aub-case hypothedis)
no L6 can be attached at Hy the only possible L5 ad H
is 441

a(8n)

£ 411, 491,...,495 at C —» deg(D) = 6
(8¢)~ ome o s 1195 41.€ = don D
(8?) be paired with 602,

continued next page
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Proof of qu (V,) - Lemma
TL '8

Case # = 5

Sub-case v = 70 ¥r 65

Arrangement check list, finished
H A B C D
P 115 at H then V, at &, since LS = 441

16 72 then 1207 — 2%°20 {see Lemma(60or 50,1).
5 6% 6™ Mplae2ld
L 56T 6™e 2(8q) )
L e T T2 é(s");(one of 466,...,480 at H

1 6™ 66 —aI223

¢ "o 6 _.i:n 71 then 14122716

Critical sub-clagaes

cag: [ 1o one of #¥ 580, 591, 592, 595, 611,...,613, 615,...,617

Arrangement check list for (Cge)
N
H A B C H
3 -3 A .3 T

u
L U ~»43%3 or 434 at H - 23-26
R L u if ona of 433,...,436 at A —® 23-26

it 437 at A e 25-22

R R U "‘L 1t one of 441, 466,...,473, 419,...,481at C-#1-2
if 474 at C=w 13
it one of 476,...,476 at C—e2:2

R R U R-=$CILI3Y
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Proof of qp (V,) - Lunaa
Case # - 5

Sub-case ¥ = 70 or 65

Ceh: T 1s # 562

Arcangement check :13t for Ca8h

H A B C D

€ 6 v®50-7

6 U impossidle since qu (V) <0 /

v 6™ —eby Lonma(TlT) — - —-» L

Coldl T is one of ## 5pa,...,597, 604,...,617

Arrangement chock list for Caf#i

[ L5¢ T e W U —wd4l at B =® 22-10
LS+ U 491,,..,4% at B —

cg!d2: L is #561; 562, or 602 L
Are ent oheck tist for Cof? d D
[~

E 4 B e D AR

L it L is 561 or 562 ~»50-§

v if £ is 602—w 55-257 .

,

153 U —p 441.a% Huls22.107

L5+ U~ 491,...,495 at B ——»

266



2rovf of qp (V,) - Leaza
Case ¥ =5

Syb-case v o 70 or 65

L1s # 5h% on ot

Comf

Arrangement check list tor Cedf1

H A B C D

u no u-dfscharmn; can go trom H to V (sifice 532,...
541 cannot obcur by sub-case hypothesis)

U Lo —» ‘41 must be attached at B —m 518

YoLa Lt él(&ma)-(.ho L4 at B pust be of discharging value > 35

oo thus must ve one of 466,...,468,471,472,
475y 4754..4,477, 479, 480

comf2: T 1s ome of ## 78, 501

—» no L-diicharytns can wo rrom H to V

(s1nce 57

.,541 cannot be attached by

aub-case nypothas

7). No I can be attached
at B, “hus a T-diacharying must go across

the edge C-D.—» 14-3S

Sub-cazs ¥ = 60 (1.e., [ = 621)

Arr nﬁement check list
(no reflected arrangements by symmetry)
c o

H

3/1,2 5 5 —»29-18 AN~ C

3/3 S.. 05
EL .5 -4(85)
3/
.. —l8y

6726™2 wp i2.4 A

Lata
(withw & 55

]

o

continued nexi page
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5/5

3/6

3/1,0

3/3

5/4

572

3/5

3/4r

3/6

Proof-of

Ay

(Vg) = Lonma

Case # = 5

Sub-case v = 60

Arrangement check liat, finibned

H

ETG 5

ET? 61‘2 6‘“ 61‘2

T2

A

Sub-cace ¥ = 50 (:.e.y L 19 622, 621, or 62
jrrangement sheck list

B

B

S

c

c

5

5»(&5)&\« definad on p,0)

Lo+

D

~ 24-19

- 174

i

D

—e 23218, D
(4

P

fe622 -
—» 411 ar 111 ay cofif 7672 @I

IR TR X SR e

~(8s)

5

6
5
L

L5+ =®411 or 441 at c-'{

L

—. 51

- 2519

> 23-9

- 12-4
if L= 622 -0 123

impossible since
ag (Y 20, by Lemma(72,72,T)

1f L= 62%0r 624-92-2
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Proof of oky (V,) - Lemma

GAse ¥ = 5
Sub-case ¥ = 40 or 35 (i.e., L = 631,..., 691)

Arrangement chack ligt

£ may be retlected or non-reflectedy thus we have to coftwider enly
the mon-refle~ted arrangements 3/1,..., 3/6 (see p.d45).

/7
d A B c D “

'’
v \2
</ s s s =(8t) ANy C
3/2 5 5 . (by Lemma(5,L), no L5+ can be attached)
11 6Te—(8w) >
L R 6% —(S u.)
B o1 6% 6=~(8w)
2/ 5 5
w6 . 5 *(SV) (41182,
15 t = (8w)
a4 E b .
ar T T, - N
{:gz‘r‘ﬁg;‘;‘\%,) w 676 6 (8\!) (411 at Ay 497 canriot be attached)

3/5 . 5 .
66 16 ¢T63(Bx) (411 erw

6™6 15 626 impossible by Lemma (T2, L, T2)

3/6 L. impossible since qq (V) <0
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Proof of qp (V) - Lemna

Case ¥ =« 4

Note that by case-hypothegis, no L-situation of width w>4 can be attAched

to Vy moregve , no pair of L-situations as cossidersd in Lemma(L,i

801, 802, H03, can be attached to Vi

Sub-case ¥ 2100 0£®)5 (1.e., T = 231,...,4°7)

Arrangepent check ligt
(L aay be reflectsd or non-reflected; thus we have to {7\ 7\

consider only the non-reflected arrangements 4/1,...,4/10) ' \E
AY

H A B C D E 3~C
s =(9a) .
4/8 .5 5 . (ng L-situation can be attached
|8t Eor at H, by cass-hypothesis

6 5 5 . b

~ @b O a3,
e s AN SST)

[iu L5 U —(9) -

] Ry

R 1f Le 43efnoind
_L if L= 4352-wCTL®2}
L. if L= 433,...,437— CTL#IZ0

5
¢ s . . "'(‘.’»b) (/‘—‘t\:-m....,an
N «f L (nS4) at B
u 5 6 6 = (9"-) .
3 =
UL . =(90)
U R M 1f L=d31n or 432n—» CTLREY
S~a )if L= 431r 6r 452r—» CTLE
v R —» Jif L=433n,..., 43Tn=>
: if L= 433ry..., 43Tr—CTLHAI
a/18 e e e

6T6 . . . = Laa3iror 432r—w 12-6
*eeTe L% =(2)
xgMgT2g X =(9f)
x. 1 . x 1¢ Lo 431 or 432 —» 10-13
676 6767 ——> Jit Taddl,... 437 10-5
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Proot of qnﬂa) - Lerma

Case # = 4

= 80 (1,e., L = 441, 801, 802, or 803)

Arrangement check list

Y 8 C D E

attached at H or at E
by case-hypothesis

if D= 4t —» CTLWIZY

. ] 1r £ag01—» CTLWI23
4/9 [ L5 .. 1f L4802 —» CTLMIZS

6 5 . . - (Sh)” L.g03 —» CTL#IZ¢
vos 6 6 =(95) GED v-e0
L Lu S 6 u @Pé

% 6 5 5 . "(9."») ne L-situstions can be

U Lse 6 U & (gk)
u 5 u . =%no L ocan be attached at B
U 5 U 6% 6= Taaafr ans TAHTr, by Lenmu(s,L}‘!zz

and (600r 50,T),~» 22,
a/10

66 , . . =% L4410 ana T2HMFp 22-20
6T 666 — 1228

6 6 6 6 ~ (it T = 241— 1049
if L = 801, 802, or 803 —» 10417



Proof of qn% Lemma
A - 4.

95

Sub-cwee v = 70 or 65 (i.e., Taw 45}4m..,401)

Arrangement check list

H A B C D E

\é"';.-i.\ (WI)

4y 5
a/8 .5 5 .
6 5 5 . —=(lod)
u s 5 v
L

v "z.gu

occ

4/9 . 5
6 5 ~(10d,)
e
U LS+ 6
v e 66 A(10f)
v e 6 6 "g=llog)
u = 66 N =(I0k)
uor 6Me™e 2 (100)
U s 6 U

Lu 16 6 u =(10))491 8t B

U s U

continued mext page

5 U é(lUc)_ one 01451.~;'¢“

VAV
c
no Lidischarging can

go from H or E to V
By case-hypdiiesis

A64 at B

1£°Y 13 ono of 45%,..,,464 —» CYL¥I3§

s 465 — CTLFI3S"

1£/T 13 one of TGE, . T IE Yl L #13¢
=t

mi-m...hm

o=

6 2(10g)one of 451,.. 7485 at B (441 oannot
ur by sub-case hypothesis)

impossible sincé no L can be attached at B

and thus |.ﬂ,(v) g0



Proot of g (V,) - Leana
Ease ¥ - 4
Sub-case 7= 70 or 65, Arrangement check list, finished
B A B C D E
4/10 L.

6'1‘
66 . . ™61

6%6 6 6 €T »10.17

6TgT M T % (iok)

6M26T2 6 % (T2 ¢ % a(l0L)

§T2M T2 T o x é(w‘“)

6T2gMgM gT2gx = (1ow)

€ Mg gx =(l0r)

6V 666 T g% inpossible by Lenna(T,72312,7)
"n‘rz 6‘1|6T26x é(“r)

MM gT2T2 6 x é(lo,)

6 . . 6T%T,10 465

Critical ¥udeglasses

sl AL 2 UL

Cloa: L 13 475r

WEencnt check 1Mt for C10a

H K B C D

31,0004 5 —»22-1
3/2r,4r 5 =>1-9°
3 | - .5 .
e 6 5 .—e22-5
UM 6 w269
UN ¥ 1no L can be d at C, by
L U R U impossible since no L can be attached at 4

(by sub-case hypothesis)

Bouorow-e CTLRBE
sontinued Wkt pege



Proof of q[hde') - Loty
o
Sub-case(p = 70 ov 65

Arrangement check list for C10a, finished

. . . no LS+ can e attached at A,
. (by Lepma(s,L)
L. . .‘gitona of 401,402,403,451,...,460, 464 at At~
if one of 461,...,467 at A=e2-1
R . . 6"ew1m10
T

6 *s =»10-5

ist for €1
B ¢ D & A c,D
3
5
.5

[3 -¥31.29

—» 411 Wdtached at B-» 226

1
M
5
oo o
cc

- 1€
. -w 491 attached at B-p22-6

c © <
o



Proof of qu (V) - Lemna
Case ¥ - 4

‘Sub-case ¥ = 70 or 65

C1Qg: L 1a 476ror 477r ang ona of 476, 477 is attached at B.
If a ¥2-discharging goes acrosg one of the

edges C-D, D-F, theh ¥4-12 occurs. H

If mo T2-digeharging goss to V then & A E’
T1.discharging must go across C-D and

another «T1-discharging must go across D-E 4

(since otherwis® q,n(v) would not be positive).

If both T1-disghargings are T1#1 then 8-14 occurs.

e, 71-discharging other thah $1#1 goes to V then we aay sssime by symmetry
that it goes across D-E Then we havas T4 TI#2r TiM3n
13 22 6-i4

Sub-case ¥ - 60 (d.e., L = 491)

Arrahgement check Yist
H A B C D E

4yl s — .00
4/2r,...,Tr . 5 5.3
4/8 L5 5 .
6 5 5 . w5T-4
U 5 5 6 ~#30.5
U 5 5 U impossible singe-nd | car be attached
(by sub-casé hypothesis) and Q80
%) .5 .
6 5 . —»57-4
U 5 6 6 -»i0-12
5 6 U impossible sincw qn (V)0
U 5 U . impossible aince qp (W0

contigued next page
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a/i0

4y
a/8

4/

4/10

Pzoof of “n(vs) - Lemma
Tase ¥ «.4

Sup-c¢ase ¥ = 60

99

Arréngement check list finished

i A B C D B

6 ~e 30-5

T

- . . 6 e I5-

T26126T1 6’!‘26 x

Sub-casg ¥ = 50 (1.e.,

Arrapgement check 1is%

A L b

5 é(lor)
5 s .

6 s s . —(i0s)
v o5 s
P SR
6 5 . . —=(i0s)
vos o

[-u t 6%6Te 5(10t)

5
5
6 6 5 U —w8-13
5
5

U lmpossible since qp (V) <O

U
' iapossitle since ap (V€0

11

-~ 12445
T2 T T2 M x g,

50

£ - 492,...,495)

>‘I
VTS
\r
L
u/"'

1

é‘P

(cratical case C10s sea p,100)

no L6 can be attached (by sub-case hypoth.)

if Lr <@ 15-18

Cr oy 1o it Tn—s 12-33
6"6T26‘“6"6"s—0{

§T2 MM g T (T2

6T26T26% 6126126 —p 1518
TN 2™ g o 1a 40



Proof of qn(‘le) - Lomma

100

Case # = ¢
*»
Sub-case v = 50
.
H
C10s: I is 493n Y
- A /
Arrangement check 1is% fer*C10s c
E A B ¢ D & 3
5 - 7-7
.5 - 1423
6 6 -5 30-12
6 U amposoible since mo T2 oan £o to ¥ if LéatB,
by Leama($0 or 50, 7, 60 or 50)
U .
L 6T 6 1511
H A B C D N
=(1ow)
4/ 5 (
' ! at nost one L7
/8 . 5 5 . atB, C,but 1 c
. none of width w>3, by sub-case hypotbesis
recall 6726 R La 6
Lemma(5,L,T2) i * 7-21 (since 401,402,0r 403 at C)
6 R @ 6 6—aT2-"
et R 6T 6—mre20
Iy} .5 . . - ¥ only possible L5+ at B is 411
676 16 67
. r it Lo ~» 8-8
66 16 67676 Y0t ars
616 67676
unn( 6% 1 6T6™s =(10V)
Leana(12,L,T2) -
" 6™6 14 6"6”6—\{u fn s 12.75
6T r MM gA if Ir —» 13-26



4/10

31,7
$/22,3,4r

"/

/e

Proof ef ""ﬂr(vﬁ) ~ Lemms
Case ¥ = 4
Sub-case ¥ = 40 or-35
Arrangement check list, fimished
H A B C D E

Ee“s‘iﬂ‘ 626" ¢ iz

Critscal sub-classes

Arrangement check 1is% for C10u# 1 2
A B C Dag )
L N

5 5

~» 7.2

5 —e21a17

5. . at.most one L can be attached at A, B
[: 5 676 .
<, 6T wrs.1m
PR the pnly possiblesi5+ at & or B is 411
. fwhich rEquires ceg(B)=6)
65 . ez ®
u s 6T wisa12

L& U L4 674 jmpossible by case-nygothesis’ (since tha
14's had 16 be of width w < 5, but them

would form a pair as considered in Lemms

(€2))
6 66 . —pIo-1
16 66T 6T w318
e 6™6M6 T wir.2s
e 676 6™ w1512



102

Proof of qp (V) - Lemma
Case W= 4

Sub-case v =, 48 or 35

£10w#2: T ia 500r

A B c D E * ID
3/Myeend 5 — 516 A 3/('
3/2r,4r . — 777
35 . 5 . the only possible L5+ a% A or C is 411
6 5 . - 31-4
U s 6 7120
3/6 PR
6 6766 — -2k
6 6T6%6T wo-2a
6 676767 —w9a24
U 67667 wa

Cilou#s: L s 505

Arrangement check list for C1Ou# 3

A B C » B A E
3/ 0t 5 — 27722 1"(:’3
3/2r,4r 5 - 27231
3/5 .5 the only possible L5+ at A or C is 4
6 5 . - 7-27
L4 U 5 67 —wihe L4 at A must be 425 — 273
U 14 67 —wthe La at C must be 423 < 23-8
3/6 « e .
6 6 - 213

it 422n at A ~® 15-8

6 T 6 T 6 TL 1L 421n at A-=p 12-15
if 2217 or 422r at A - 27-3



S10u#4: L is'503r

Proof of qﬂ(ve) - Lemna

Case ¥ - 2

Sub-case ¥ = 40 or 35

E
Arrangemant check list for C10u#4
D
A B C D & /
~C
3/1,2 5 5 —=23.2 A 3
3/2r,3,4r 5 —»27-31
3/4 5 .
[ 5 676 a3
s 6%6" wp.1y
3/5 5 . the only possibls %5¢ at A or C is 411
[ € 5 . -»23-4
U5 6T woress
5/6 . .
L6 6 . .. 2320
e %6767 ey
C1ou¥ 5 517n
Arrangement check list for C10u#5 A
A B C D & 35 X
3/1,2 5 5 —- 722 G
3/2¢,3,4r 5 - 1529
3/4 5 . .
[: 5 676 -wioas
5 L *E®R —e1sm6
3/5 .5 . the only possible L5+ at A or C is 411
6 5 . 1.7
U5 67 er1aa16 (uc-o;: one L4 can :- '::;:'g:m
ror-at:l '» % which is
ruhd out by case-hypothesis)
continued next page
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Proof of qpy (7,) - Lemaa

Case 1 =4

Sub-case ¥ = 4C or 35

Arrangement check list for C10u#3, fimished

A4 B Cc D
3/6 ..

. ..

s 6MRgTg T

e 67676

C10u#6: [ 1s 522n

T2

Arcangement

- 1-20

—» 2224

- 14-16

check list Tor C10u# 6

A
3/1yeenrd

3/2r,4r

3/5

© g

L4

i

D

% A
— 1525 p~-?

c
— 15244
the only vossibie L5+ at & or.C is 41
— 7-7T

- 14-14

- 5-6
- I4-14

104



Prqof of gy (Vy) - Lomma
Case 8= 3

In thiy case, the only L-situations which can be.attached to V are 401,...,
428, The only W5+ 18 411, If two L-situations aresattached to V then the distance
of the L-dischargtng Vs‘s (on the ring about V) must be at least three (since
otherwise the two L-shtuations would form a pair of wiath w$ § ‘which is ruled

out by cadse-Mypothesis).

Subncase V.= 70 {i.e,, [ = 401, 402, or 403)

Arrangemant check list ]f‘f\\
H
H A B C D E P AI Q \E
S/t s s 2 (a) 1\\//])
5/4 5 . 5 5 . ¢
s 6 5 5 if Ln—w7-2
it Lr— 7.27
EER A e I TR T
5 U S5 5 U it Lre 7.7
1f L = 401n or 402 —» CTLEIP
ROUR R U T dirfL- 4o 122
ir Ly ~» CTL#96
5/10,13 5 5 - 7-2
5/ 5 .05 . .

if fn—»7-2
iif!r-.%?!
5 U 5 6 6 -th‘ﬂn-olod
if Dr =103

if D n~® 261
B U L 6 U —»423atC> 1t Lr b 262
.  « i b 407 or 40205 CTLINO3
RoU U ~—2ifl = 403n—w
if 1 = 407r or ﬁ,axm
H ‘$T = 403r —p CTLBSS
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Praof of qy (V) - Leama
Case ¥ = 3
‘Sub-case ¥ = 70
Afrangement check list, continued

B ¢C D E F

5/11,contin. 5 u.s u . @
R U R U 6"% —» 2.6
o R v < it L« 4010 or 4074 —» CTLH103
L 2L e 40%n —w 1-2

it Lr ~» CTLHI00

5/12 5 . .5 .

110y -1
o+ 5 6 Ut Lo ow 914
Ln —e4-1

6 6 5 u =P
if Lr~®10eg

E5 6 v o5 v if L= 4010 or 402n — CTLHI02
R 6 U R U ~—=#ifl = 40in—»1.2

it Lo —» CTLYRIOI

£7 o 4iin e a0%s —» CTLEIOZ
RUo. R U, .\rl-ao,n—r 1-2
it Le —e CTL#10]

5 ¢ . 5 U
[ia U 8 L U -’("h) {#s defined on p. 10B)

5/14 5 . .

. T 1f Lo I2-6
R 676 . . if Lr—e12-7

R LY. . 676 =18
R XETSTéx 1f [n=® I2.10
Af Lrpi2-8

5/15 .5 5 5 .
1f In-w'7qp
6 5 5 5 . ® i Leve oo

u 5 5 5 U 1f L o= 401w 1123
—L’ if [« 402 = 2.12

it L e 40w 52-20



5/16

/18

recall Lemra
(5,1.,T2)

——
o

Proof of qy (V,) - Lemma

Case # = 3

Sub-case ¥ = 70

A

B

ERRC IR IRV

c

SRR IRV I

Arrangement check list contin\leda
D E F
.. == () (as derined on p. 108)
6 & 1f Ln—w9-6
itle-w7-21 ,
6 U if Ln—w CTL®IZY
6 o AT $ie to s cromiai
4f Ln —» CTL ‘|D9
6 v - {;r tr— CTL#IO}
U .
v oe? \i\\‘mh by Lemmaa (5,L,72), (5,1,11)
PR L= CTL#I0® ’
I if Ln —w CTL#108
if Lr —w CTLIIOG
5 .
5. —=(lc)
R u —~(lb)
B U 1t £ = 401 = 11.25
{;r I - 402.0r 405 —w CTL#105
5 U
R u -—» CTL#I06
.. = (ie)
. - (11b)
P — if Ln—® 10-5
66 if Lre 9-6
TeX6T 6 > 105

ENEENEE

L X 6M6Me = 12001



Proof of g (Vy) - Lemma
Case ¥ = 3
Subrcase ¥ = 70

Arrangement check list, finished

4 A B C D E F
5/19 e 5
if Cn - 7-21
6 6 5 . T lirtrags
U 6 L6 6 U if L = 401 ~» 10-21
l.. if T = 402 —w 32-24
af L = 403 ~» 32-25
if no L6 at C and none of the edges A-B, D-
is 6-6 then qm (V)% O since by Lemma (5,i,12)
the only possible T-discharging can be only T
5/20 e e e e .
6 6 6 6 6 —w 10-17
6 6 6 6 U
6™ 6T 6 6 6 U —> T across H-A by Lezma(5,L,T1)
x s I2-11
6 6 € 6 U 1mpossible since qTL(V)S o
@ 6 6 U

*"\a imposaidle since at most two T2-
uischarpings and one T1-discharging

: can go to V, by Lemma (5,L,72), and
thug qqy (V)€ 0

o
o
=

L - 401,402, or 403
one of 423,...,428 at B

L - 401,402, or 403
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Proof of q (Vy) - Leana

Case 1 = 3

Sub-case ¥ = 60 (i.e., [ = 411)

Arrangement check list H F
i A B C D E F A E
5/140.0y8 5 5 ~» 710 \\/.D
5/9 5 5 5 bec
5 6 5 5 . —wTe27
5 U 5 5 6  —w917
5 U 5 5 U
Eg U R R U - CTLHI
5/10, 83 5 5 - 7-97
s5/11 s
- 7-27
-» 8-1%
[ RSN A
~
1':." 12013
imposaible since qp (V)= 0
5/12
- 88
- 9-16

smpossible since qpy (V) = O

if 428 a¥ D —# 43-23
5 U U 5 U inpossible since qp (V) = 0

iif 423,424,425, or 427 at D=9 26-22
—



Proof of q,, (Vy) - Lensa
Case ¥ = 3
Sub-case v = 60

Arrangement check 1ist, continued

5/14 5 . .
T

R . . 6 —» I2-13

—> 12-24

R 676 66X —w 109

- 12.23
5/15 .05 5 5 . — 1.4
5/16 .5 5 ..
6 5 5 . . -» 8-8
[V - 613

6
U 9 5 v U impossible aince gy (V) = 0
4

sacall
Lemma(uvoor 50,T)

[U AR ' 2 ToHTr wecann S-Fep CT LWL
Yt Tk mi# aoress ki —p CTLRIB

s5/11 P

6 v, 5 B ~ 8-8
I:u 5 6 5 U
1f 424,4248085, or 407 ot B 26-22
v L 6 R U —Oi e

if 428 nt B —pp 47"

u 5 U 5 U 1mponanlesin-eqh(v)-g

5/18 -
6 5 - -8
U S 6 E @& - 9.4
U 5 b 6 Uw imposg:ble 'gxnca q,n-(\')s ¢

J 5 6 u .
recall Lema:

o
(60 or 50,72,T2) vy osou. .



Proof of qu (V,) ~ Leana
Case ¥ = 3
Sub-case ¥ = 60
Arrangement check list, finished

H A B C D E F

5/19 P
6 6 5 . . - 8-13
6 U 5 6 U iapossidle since qap (V) €0
6 U 5 U 6
rigaflm':e;.mma Lo ET2 6 U R U 6% —» 8-9
12,1, 72
6

U 5 U U=impossible since qums 0

[V 5 . U

5/20 RS
6 6 6 6 6 —® 10-19
recall Lonma
(60 or 50,77, 12) E 6 6 6 6 U
y 2.1
L TET 02T — 12-30
L”s?‘c“’s v >89
6 6 U . . dmpossidble since qp (V)€ 0
Sub-case ¥ = 40 (i.e,-L = 421,..,,428)
In this sub-case, no L5- or Lé-uischarging can go to V, and L4~
d13cthrmingg can go only from S-vertiges which do not have degree-5-

neighbors on the ring about V and are at a distance of at least thrae

(on the ning about V) from tho nearsot:other L-discharking Vs.

m
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Proof of qp (V) - Lemsa

Case # = 3

Sub-case v = 40

H A

5/14e0098 5 5
5/9 5

5 6

5 U

E5 u

R U
5/10,15 5
/11 5

5 6

5 v

R U

R U
5/12 5
‘5

5 6

[n 6T?

5/14 5
E >

5 .

5/15 5

6 5

2

5 5

¥y 5

5 5

5 5

R R

5

5

Tk

X 6™

P
5
5

6 5

[

5 5

5 5

R R

E

_Arrangoment check list
AI%
—(HJ.) \

(C11d see
p.114)

{1: Lnor La421r or 422r—» 7-27
. -

s

if £ e 423r =»27-240
— (lle), (as defained below)

if Lo —= CTL# NP
—’{u L - 421r, 422r, or 425r —» CTLMIE

gL~ 422 -
-39 or - 7-27
1f L« 423 = 22210

if Ln or L = 421r or 422r— 7-27
if T = 4247 — 27-24
MPo33 Rle 4 rre 124 24 C inpliks 241
ALing e
s

T 6 —»10-06

[ SRS

B
==

-'.-(ll_j_) (eritical subsclasses
see pp, 114,1159

~(lle)

e ¢ =(lg)

EN

1mposaible ance,qTL(V) <0

~(lle)
=(Ith)



5/16

5/17

5/18

5/19

s'l?
6’!‘2
6Me

13
Proof of qg (V) - Lenna
Case ¥ = 3

Sub-case = 40

Arrangement check list, finished

6
6

B c D E P
5 05 . .
5 05 . . — (&)

R OR 676 7% 6w 1o.26

R R 676" ¢ w1026

S .05 .
5.5.-(1I¢)

5 . 5 U 1;possible since qp (V) <0
S ...

(73]

5 .. .

1 6% 6™ T 6w rom2s

L MM ™6 —» 12229

L 6“6'”6“’5—'12-"}

5 . .

5 . . — 12-26

5 . . Ferp 12-26
we may assume by symmetry, that the T-discharg-
ings across D-E and t-F add, up to no -greater
value than the Badischargiigs across H-A and

A-8, Thus the Tedischargings acroas H-A and A-B
must add up to more than 20,

‘the T-dischargings across

,T2), they
. to more than 50. Thus the.
across C-D; D-E, and

Mp Yo more than 30.

T2Me o
Me™¢ 6 6 -w12-30

6% ¢ ¢ w1223
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e
Subscase gfi 40

RritichLoub-classes

Arrangement check 118t for C11d

B C D ]

5 hadiatd no L-dischargings can go
5 from A or B to V (by
o b - 9-14. sub-case hypothesis)
vos
[;u r —» CTL#¥IS
<
imp6ssible since q_”g(v)_ 0
Cl1e# 1t [ is 421n
" F
Arrangement cheak list ior Clle# 1 E
A < /
H A B C D E ¥
L
5/Vyauey 5 - 7.7 c

3 /00, &% 5 w917

-» 9-18

o
v ow

6 - 10-6

35 [___‘
u
E" L U R U  -»I212
5/6 [——
u
2

<

6 6 % 10-20-

6

6 6
1mpossiblo since gy (V) € 0

6 u .

v 6%6T —wrrer2

My ¢T96™ —wleat



15

Proof of qu(%) - Lemma
Case #& 3

Sub-case ¥ = 40

Cl1e#2: [ is 426n

H
Arrangement check list for Clie# 2 A E
H A B C D E 3NL.-D
5 - 7.7 <

~-» 9-18

o
PEECERCERC]

[: :
T2 M

=& 425r at B —» 29-2

impossible since qp (V)€ 0

Case

In this cass, no L-dischargings go to V, We have to consider all possible

rangoments of 5% wnd non-S-veriicea about ¥, We agree to denote the meighbors
of V in some cyclic order by A,B,C,U,E,F,G,H so that the reading (as a decimal
nuaber with "0" for ".") is maximal (as sompared with the 15 other possible

clockmise or counter-clockwise cyclic readings). We need not<. consider the

" "

arrangement in which V has only non-5-neighbors since by Lemmas

(12,72

?) and (T,72,T72,7), the only possjbiltties for T-dischargings amounting

o more than 60 across four consecutive edges are 612 67267 6726 and
6™ 6™ 6™ 6™ 6, an the ondy further possibilities for mors than 50 are
6TET M T T2 T2ex (T2 (T MR M (T2gM M T2
e X g™gMg (MR R (MM My, ein by
Lenmas . (72,12,72) and (7,72,72,T), no combination of two quadruplets of T-dis-
chargings is possiBle whick amounts to mora than 120,

It remains to comsider all possible arringements in whifh the degree of %

Ay 5. For this purposeg¥we use the 1ist of 7-digiv difrangessnts of p,46 for
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Proof of qgy (Vy)~ Lenas
Case # =0

the vertices B,C,D,E,F,G,B. We have to consider only those 7-digit arrazgements
which yield' cyclically maximal readings A,B,...,H with "5" for A, These 29
arrangements are marked by an asterisk on p. 46.

#e have to consider only those sub-arrangements (specifying "6" or "u" for

".") for which 30(number of 5's, ineluding A) + 20(nunber of 6-6-edges) > 120

Arrangeferft check list A

EEE—— B H

B ¢ p» E F G E / \
0

7/1,2,4,6,8 5 3 5 5 -7

¢ F
1/10 5 5 5 . 5 5 . E
[ 5 5 5 6 5 5 . -aT7-2
{5 5 5 U 5 5 U -wCcmLAMm
/12 S 5 5 .5 . .

. —-Te?

(e
e
o

DoV Y b b —eay

U —®CIL# g2

o
w
w

EN

5 5 5 U 5 U . -pcmLéan

/16 505 05 .. ..
5 5 5 6 6 6 6 —»10-3
5 5 5 6 6 6 U
[ 5 5 5 676 6 u-—eIze6
{5 S s fX6Ts y wis0
5 5 5 6 o u .
[5 S 5 66 U L epine
5 5 5 6 u 6 6 see above (reading from D to the laft
5.5 5 u 6 6 u
[:5 5 5 U 676 u-wiete



/11

/19

7/21

1/25

Arrangement chack 1ist, continued

c

W owmowmow»

Y Y v )

Proof of qn(ve) ~ Lemma

D

Case ¥ = 0O

[ERC Y RV BV

Y Y T T ey

-

[ R SN R IRV

F
5

[C N RV AV

NN

c

G
5

< o o

[C R N S R

A
) H

- 11.1

~SCTL# 84

~®CTL# 85

. .72

. .12

c

-7-2

-»CTL¥ 86

L .77

6

~-¥10-1

¥ 12.17

impossible since \.n_(v) =0
> b2k

91

-»9-%

117
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Proot of qeyfVe) - Lemna A
Case ¥ = 0 B ; H
Arrangement check list, conﬂn\udz C \ Q
B C D E P G & )‘E/F
1/30 5 5 . . . by symmetry, we need t consider
sn S 5 6 6 6 6 6 iy et e
s 5 5 6 6 6 6 U
[ 5 5 &§%6 s ® U --I26
{5 5 6%6M6™6 y w1210
5/3,4 5 5 6 6 6 U .
Es 5 6™6™6 U . —wlog
8/5 5 5 6 6 U 6 6
[5 5 66 u 6% w126
5/15 S 5 U 6 6 6 u
[s 5 U 6™6™6 |y w1212 scross E-P-G = 119
1734 5 5 5 .05 .
5 6-5 5 . 5 .ew1-3
PR L A d e ~
5 'l 5 5 6 5 U ~® CTL# 87 - cnm
5 U 5 5 u 5 6-»cber f ]
5 U 5 5 U 5 U ‘
LB <oy
/36 S . 05 5 . .« . “
s 6 5 5 ..l %"Cﬂ' 8
S U 5 5 6 6 6-wi0-2
£ v s s 676 b"iu T2 ~w CYL¥ 91
iz T1 —w CTLH 92
5 U 5 5 u 676 %me avove



1739

1/40

1/42

1/41

1/52

19

Proof of g (Vg) - Lemma

Arrangeaent checle list,

B
5

[CREVERV IRV

woaw w o ow

e

6
6

D
5

wowowow

R Y U R Rt

6
6

Case 80
contimd5

E P ¢ &
L5 ..

5 6T ¢-w129
.o.s .
6T6 5 .
66 5 - 10.4
6®¢ 3 0 wOEFYY
6 6 6 6-e10-5
6 6 6 U
6M6%6 y w1a
6766 y wctL #94
v 6M6M¢ wi2-22
55 ..
5 5 . . eI
S 5 67 6-wIizg
5 ..
5 « . .=»D229
s 6726™6 1226
6 6 6 6 -»10-17
6 6 ¢

61267&611 6125

61‘26'“ ‘7261‘26

)

6

€

6

[

6

v

U - 12.33
U =»12-%0

6 ove (with direction

see 3 11
-0 irlg reversed)



1/62

/63

7/64

/66

1/10

/1

7”2

Proof of qTL(Ve) - Lemma

120

A
Case ¥ = 0 3 N
Arrangement check list, finished ‘\ _r‘
B C D E F G K \E/F
« 5 « 5 . 5 . imposalire.aince qﬁ(v) -0
E‘ 5 « 5 « . .
Los .5 666 wraab
s . .5 ..
[ s 66 5 6™ w06
6 6 6 6 6

~
[CIRCINT Y

6’1‘26?2
61‘26?1

6T2 5T26T1 6

126 wedp.34

6M6™M ™6™ 6 wro-3s

S .
5 6
5

5

66

66

STl SM6T26

6

6

6

6T 6T26™ ¢ w1223

o'”i’:'tatla.:z

5 6“61261.26".!2

6
6
6

6
6
6

y symmetriiewe may ns‘e 'thh
e Te

.

6 —w 1230
¢~ 12-7%

This finishes thm proof of the gy (Vy) - Lesna.
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Proof of the i VE) - Lenna,
Case $2:¢
———=

Sub-case ¥ > 110 (i,e,, L = 701,,..,718, 901,...,910)

(C=702) (ve1)

Critical subsclasgos

Cl2a#1¢: L 48 712 or 713

AfPangement check list tor C12a#1

-C
I 4 8 ¢ D NG
A

3Myennsd 5 —u.58:10
</ lrydr 5 -1
/5 L5 .

.5 6 =582

. 5 U no L5+ can be attached st D
rodll Lemna WM T 5y if T2#7n acrose I-A = 34.22
(6por 5067 if 911 acrase I-A—w1-3

. 5 U wmpossible since no L6 can be attached at B
576

oy

. . U  no LS5+ can be attached at D; thus imposaible (qH‘(O)



Proof of qp { a
Case ¢

Su¥-oase ¥ > 110

Ci2a®#21 € s 715
St

Arpangament check list for C12a# 2 I L)C
AR
I 4 B C D
31,2 5 5 4 —» 36-6
3/er 5 S —» 36-13
373 -5 1€ V5 addacent to 1 afit A — 1-3
.5 —»if Vo adjacent to 1 and A —w1-6
if 422n,476r,.
R . 1 if V5 adjecent to C and D~ 36-12
_L if 437 at C ~® 35-6
if 530 at C = 1-3
R . R L «“®a%3r or 434r at D=p 36-12
3/4 5 ..
5 6 6 13-4
Lse L%l ®411,4810,4915, 000, 495T 8t A~ 123

L4 .7 . L6 "impossible aince 0o L6 can be atiached at D

3/a0 .
6 8 5  —w36a10
P26y MK~ 9268,.0.,929m % C,D by Lemma(LyL) —p18e2

3/5 .5
e 5 . ~T2# T across I-A by Leuna(60or 50,% 5400
« 5 . LS+=»4a1r st D= 58-12
L5 —o §1f A412 at B —» 5414

it 49%...,49%, or 495 at B —w 36«1k

3/6 ..
E- + ¢ LS+—masirvat De® 58-12
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Proof of qn(v,,) - Lomaa
Case #2 6
Sup-case v > 110

Cl2ag 3 s 908,

Arrangement check 1ist for C12a#3

I & 8 €

-® 5p-33
-» 38-2

532 at 1 — 581

R imposible since no L5+ can be attacheu at B

— 441 at T = 58-51
if LS+ at D 441 at Uy -® 58-31
1f go L5+ at D or T e i3-S

Subicase.v = 110 and [ one of 921,...,925

Argangement check list

I A B C D

3/t 5 '=,sz)
3/2r,4r 5 = (l-’l.c)
355 s .
T26 1 6™ —® 411 at B by Loana(T2,1,72) —= 12-10

T2¢ 16 . w411 0r 491 at B > 2.10
.16 6126 if 411 at B=w 12-10
1f 491 at B = 12-20

LS 6™ [ 2N

impossible siffbe no L5 can be sttached.at B
T 6 L5 612 ‘/

3/6 . . . ispossible since ap (NS 0



A2

5/2r

5/

3/4r

3/5

3/6

124

Fraof of ay; (7,) - Lonsa

Sub.case ¥ = 110 and E 15" aps-of 926,...,9°5,

Case W26

Arrangenént check list

1

o

™

~A—
= W

o

A os
55

B
5 .
5.
5 4
5 U
5oy
R u
& .
5 .
LI
6 6
6 U
u .
6T
6™
.5
-5
.16
. L5

c

o

Lé

L

EN

L5+
16

6" 6 —w 441 at a-.i

D

18 T=926,...,930
IS AR

AF D= 991, ..,755 —~w 151

=(2d)
—~(128)
if T=926,,,.,930 —= 38-1
{11’ Lm991,...,955 =2 354
=(ns)

~ 441 at C we 35-28

—~(12¢e)

impossible since Gy (V)€ G by Lemma(5,L,T2)
no L6 can be attached at I

—» 44%.at I—e 55-22

w—p 141 at I and 491 at C =& 143
inpossible sinte no L5 can be attached ab &

™
—

411 attached st C ~w 14-25

—» 4218 at I —» 35-18

—»411 or 491r at n-oi“ L-926,...,930 = 36-7
1f L=931,...,935 ~» 35-6

12 L= 926 1930 —» 58-14

12 £2931,.0.4,935 —» 56-21

impossible since no L6 can be st I




3/1,2 5 5
3/2r .5 5 no- £5+ at B or
ET £ 5 5 ~- -
5/% P
L5+ . 5 —» 411 or 411 at A —w 1 }.
S . LSe = 11 0r 1418t C et T
/2 5 ..
ELS~ 66T —. 1t i e
5/4r 5

ETGTG L5+ e 411 2t C—® 1o,

3/5 .05
T2 T L - 50, T ¥
recall Lerma b L5+ 6 impoasible oy Lommalt. or 50, T £0 or 50p
(60 or 50,T) P,
€ L6 6'° ~® 411 at B and P7#7n across C. = 1-11
3/6 C - ampessole mee gt S

Sub-case ¥ - 90-or 85 (1.e., L < 721,,..,728)

In this sub-case, at least two of the veggices
4, B, C (sece dsawing to"the right) must be of defjges
5 since otherwise qq (V) would be not positive, {Fore

& positive qu (V) with only one Vg st A, B, or C we

wald Aave to aitach an L6 and twa T2 which is ruled
dut by Lemmas (60 or_50,T2,72) and (60 or 50,T,60 or 50).)
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S of

iy (7

Caze B2 o

subecaae ¥ s 4D sp

B2
A
" S . B w0 L5F can b attac a4 A, by Leama
[ * cr 50,.,60 or 30)
e . W% — 211 at C 1o

3ince oshurmize Qg ¢V) would be not vosiiive.
™

For a positive qu (V) with only two jivert

at 4, U, or C we would have to attach an !6 and

Le951...,
§7

ap L9 (ruled out by Lemma(blors0, . ,nVU or H0))

or an L5+, and & T (1mposs:ble by |entha(5,L)).

Thus the confifuration ®lass (17g) (ag vefineu

to the right) must occur,(See class check list.)

Sub-casev = 70- {i.e., L =729 or 730)

Thi¥ nub-case cannot occur singe q“(v) would be 7ot positive, If three
5-vertices. are attached to V (besides #hose belonging to [).then at most two L-
dischargmss (besides the one along the ¢ischarging edge of L) cowld go to V but
by Lemma(5,L), nome of them could Be L5+.°If two S-vertices are aviached then at
most one L5+ but mo T can g0 to W, or one T dut no L5+, The maximal q,,_(v) possiblet

with only one V. attached would be -10 (if an L6 and two T2 are attached),

5



PYAIPOR g

4/2ry...,57,Tr
4/8

recall Lemaa
(60 or 50,T)

a/9r

Prout of i (7T Lemaz

Caze W« b
Sygagcase v o= 12007 115

Arrargemant check list
I A B ¢ D E

5 - 6.0

5 - 15-18

€ 5 5 . - a7

Y 5 5 6 - Geu2

s s 474,878, or 475 at e 5571 4
o5 5 U _.eréux—-,au

1£-427 or S50 at. I L5310 or 813 w2-

u L 5 u 11433, ... g% 246 at Bes 7528
£ 437 at B —» 58-24

uf 431,...,400 at C ~e 35-28
if 461 at-Ce 1.°
1f 462 a¥ C=w2.2
1f 463 qt C—e 1.2

6 5 . ~» 38-17

U5 6 6 —75.25

v 5 . u impossidle since no L6 can be attached at'B
and 1o LS+ a® I

u.s 4 67 -LYf T247r across D-E =e 35-27

if TH#1 across D-E —» 35-8

. 5 6 =522
6 6-%5 U -~ 3826
Y.%, 1g U —e§if 491 atC—w59-a-
1f 621 at C— 122
qohpinued next page
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- Lemma

s oor M35

Arrangement check li:%, fin

4/10

T1# 1 across L-E —35-2C

f T2#7r across L-E —» 35-37
— Tir

x
P :mpos3ible since q,.{¥) £ 0

Sub-case, v = 110 o 105 (1,e., L= R20,...,835)

In thia nub-case, wa consader *irst the possability
that an a:.itional L5+ 13 attached to V so that one of
ine S-vertices wbich belong to L becomes L5- or Lé-

$rscharging to V. Theh a fenfiiuration of the class (13a)

antirs (see rawing to the right and the corréapondif@ L,~.M1 at ¥

class check list),

I - g2,
31826970
834,835

Second we consider the possibility thag a 72-°

dischBirsing joes to V aoross a 6-6 edge one-of whose

wefyices belongs to L. in this case a gontiguration

of the class, (13b) occurs (see drawing %o the right),

lea mr“by PRy
In the remainder of this sub-case, we assie that (5,5,72)) *

no configuration of one of the classes (13a), (13b) ooccdrs.

Arre Fement check list
1 A B c D E e
. I
PV 5 = (3¢) A 7D
¥ c

4/ .

. - (BJ-) no 15+ at¥l or B

(Seep.129) no Teacross I-A or™P-t
u
v oa(Be)

continued next page

5
6 5
5
L

w ooowow



£ 0f qp (7 )~ coan
Cane-¥ = =
Subwzane ¥ o« 30w 1.5
eck :13%, ip.inew _
Y = .
s
£

1 A B < I E

Arranggment ol

) 5 [ :‘(Iil‘.)
€ =(13%)

U5 . U azroseidle

<
ES

[— U 5 v 6
v e v 6% +3p03)20.a s.nce ne 1 ta

anta

4/10 . . . . imoossiole 3ince 4, (i€ O

1l sub-clasies

Civa: T is ei2

Arrangement check list for C17d

1 4 B c D E

s - -5
P - bu-s
6 6 —-14-3

. U 1mpossible since g (V)€ O

uo6
Eu 6 u 6™ —» 491 at Bew 557

c13¢#1: T is 831r, 832r, or 833r

Akl Aty
1f 532 at I =» 581
if Lat Iy
if 5330 at I —w 58-4
r —
T if L3¢ at B—w 441 nn——*}u
3



—v L5+ at B - d%1,,..,47%, or 495 at B~ IP-10

{1 a%an

no L can ve attacheu at I ginde 1Y one of 4’5...,&‘6 were

attached at I then a pair of width w=6 (as con-
sitered 1n Lemma(a) would be attache?, contradigs

I ting the case-hypothesis
B ~e L5+ At B-=>i41 at B - ‘5.5
C1if# 4: B is.8'Sn

if L at [ =»530r at I—% 2-1

Af Lhe at M—w 44t al B 3

-

Sub-casegl = 100 or 95 (i.e., L« 531,...,58%y 841,.

First we consider the possibility that an additional

L-532,

L5+ is attached tp V soithat one of the S-vertices which
belong to L becomes L5- qr L6-discharging to V. Then a 1

confignration of the class (13g) occurs (see drawing

to the right), The class (13g) has two critical sub-

classes which are treated next,

130



S13g#1 Y 15 578 or Si9n ana 411 13 attacheT at I

A:rangement check list tor C1 g#1

I A B C D &

5/1yeeent 5 - 53110
3/2r,4r 5 - 1.1
3/5 . 5 .
.8 6 - 58-12
6 5 v
ecall Lemma T26 5 U —»T2#n across A-B —p -3

(60 or 50,) o
6 L5+ U L4 —e4d1 at C —»24-14

U 5 U impossible simce 97‘;_(“” S0
5/6 ..
3 — -1

.. U imposaible since qm (V) <%0

C13g#2: L is 552 and one of 551, 552, 553 1s attached at I

Arranpement check list for Ciig# 2

I A B ¢ D E
5  —»58-1 E

E 5 . (]
LS+ . L 411 or 441 at C —» 1.2

. . impossible since qm (V) £ 0
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#roof of 4y (7,) - Leama
Case ¥ = 5

Jub-caie 7 = 17 or

" the remainter o this sub-cuse we assume t~at ro corfisuration of

2lass (1 g) occurs (i,e,, that e LT+ can ve attached at I or E),

Arrangement creck 113t T
—_— i~
T4 B3 C D & 1 \/ \' E
1y . = (13h) Al/A\>D
3 C
a/8 -5y .
6T o 5 - (13¢)

—» the L4 at B 13 of wiuth ? or 4 (no

j otuers car ve attached); thus the
o, L5 . L4 L4 at I quat oe of widath 5 (other-
wise a cortradiction aga.nst the
case-hypothesis would arise)y thus
the L4 at I and the V_ at C form a
configuration of the class (13h) ,
(271 defined above):

- R . z*\ L= 531,R41,,,,,843

e G0 I
T

6 Zo the L5+ at B 1s of widty '3 or 4; thus, by
case-hypothesis, the L4 at T aust be of
width 5; Yut then a configuration of
the class (15g) would oceur,

.16 . 66531 1418

. L5+ %

recall Lomma P

(60 or 50,72,12) e 66 Te =(By)

X as 6Tg 14§ Lo S3reatior 918t B e 1210
if D= 532,.,.,541=9 411 at B=p 1322

4/10 e

6T24T26M M2 —:}nposs&bll by Lemna(60 or 50,12,-1-2) »
T 843

since L would have to be 5.

u 676%6%6%6

impossible since qq (V)£ 0
14 676%76%6 d



.
Sub-caserv s 9C or 85 (i..., e
SR S

Arrangement cneck 113t

1 A B C I E
4/1,000,1 5 ‘=(|“‘)

a/e B X C
6 5 95 6 B

6 L5+ 6 6 —eAll oy Beewi-f

Ry o1y 676 1mo:a}"ﬂ.e by Liama (T2,1,12)
12
e 6 v 6 - g51r, 71.,854r, 5490, or 550m%
L— toy lnla(éOar 50,T,600r 50))

and 491 at B

- {-2}

s (by Lemma(TWT),
see p.13)

4/10 tapossible since qp (W< O
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Pront of g, (¥.) - Leaza

Cae ¥ -5

Sub-caje ¥ = 80 or 75.and L = 861,...,6894

Arzangement check 1ist “/t\
&® A B C L ‘/ \| (3
4/ Tyeeny s 9 : & ('3‘)(”;:.:41 INYAYS
sud-classes
ars & 9. see p.155) :5 c
L5+ . LS+ . imoosable since by Lemaa(60or 50, . ,60.0¢ 50)
and sub-case hypotnesis, 551 or 552 had, to
be at C and 441 at Ay bus then qm (V) K 0
% . 5, 66w ar A Be st e w2016
it L. 861r,...,671r,
OF 875y0..4894 =$ 13-4
15 . L4 66 imposurble since the only i5 which can
Qe attached at A {3 .441; but Jd1r tozether wath the L4
at C would form a p#ir of wiath 5 and v>80, violating
ihe jub-cdee hypothesisy s.nih'ly' a41n and L = g78r
or 8ASr would violate the sub-case nypothesis (by cobt-
» aining 843),
L4 . 15+ 6 6 1mpossible since the L5+ at C had to be
411 or 441n and the L4 at A had to be of wadth 3 or 4
(sinco width 5 and v>80 13 ruled cut by sub-case hyp.)j
but then the L4 at A woulu be'part of a pair of width 5
and v>80 violating the sub-case nnath-sn (*h‘mﬁr
batng ~omp ! ~ted pither by tho ISe at & rs;}y u A41r at B
1 [ = a7Br or.88%r).
R . 16 6726411 at o, §ir £- 6 <y In =31
if L g61r,...,872r,
or 873, 94 = 1322
ar6 5 . 5
6 6 5

5
[:w

5
L

6 6 5 == 411 at $.(singe d41n at A ipd L= 87
r 885r would yield a col \ndlotiun
L-gauut the sub-case hypothesis)

if L=86in, .,,enno
o 873,.

if L=g61r,

894 — 13-2
L674T —» 13218

us it &
15+ = 411 at a-0q 2t T-e

1493, or 495
-29
1t 551 at D=9 1.2

o
e




4/10

Crsf#i:

Arvargement cnuck 1igt,

I A

ELé

L 13 ATOn

Arransoment check 119t nr C1 4 #1

Proof of y., (

Caze W«

jub-casa v = £ ar 7

. .mpotsiol

Len-ag

and 0,2,

1f Lo Fhtn, L, 7 ne W27
2f Lmphlr, L., 871,
OF B7%,... P4 g 14-5

L6 6 & 6% 411 at A-e

© ..o ameeaaible minee 4 (V) €0

Al jup-classes

c L i

9 b di VS

s et no Lot Ay Lemsa
(S TR

66" 6 impossible by Lemma(5,L,T2)

2

5



a/4c

a/ar

a/5

cigh
=
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Proof of ‘TL(V)). Lman

Casn B g

Sub-care Ve 80 or 7

2 s AT0r

Arcahizement, check JYat for

Ccr130# 2

A8 ¢ P

[: L4 L4 g" 6"

*sub-cane v = PO and T

E

- o

17206

”

- [4-15

SR TAITOSSY)

I & B C w

— s s 5
L 5 . L
5 K. Lo

La

.5 5
[Ls 6M6 1o ta I

-

5 .05 .
Eu . 6"

16 6™

ement check

liat
B

— -0

- -k

na L ean he atiached

1rponiible since the L'« at B.and D would form a
pare of wiath 5 and v>80 vioiating the sub-
case hypothesis.

=% i11 or 441 at D-e 1.2

no L can be attached at I

— ixf 401,400y 40,455, 0., 436 8t A=0 121

1f 437 at A-w 2.1
1f 401 at Dw 1.3
if 402 or 405 at De=p2-?

1mposnible since qp (VIS O (no [i cu\‘:)n
attached at I or

if 401 at D-» 1.3
if 402 or 403 at D 2-¥
no L can be attached at I
impossible siffice yiolating thé suk-case hypothesis

=% 411 at C and T2#7ri acrodg D-E by Lemnma(600r 50,T)
- -1
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Proof of ag (7,) =

‘
Case @ 2 °

sup-case v = £C and I - 01,

Arrangensst checi liat, :.nisnel

a/5r R R

L. L6 . 9 —® 441 at 1 and 111 ay Bee 1oU

5 . w5 . L ~» 44l at [ an: 441 r 2t Zem =70

L5 . LS.  —e 111 or 1i1 at o—e 1.

a/6 < N . § no can ove attasned at I

r— S e f6 L6 —e i
an 5 . « . Amposaible wince qp (V) <0
afre . € ]

ELS 3 Yo L6 —e 411 at 1e

4/8 . s 5 . impossible sinca 3, (V) € OG-0y wem.ag (5,1,70),

400 4 960 or 50t mpa suv-case hypotnesia

a7 . € . . 1mpossible since q W) € O by Lezmas
(60 or:50, . ,60 or 50), (6Q or 50,72,T2)

¢ 2
EL 6 6 L6 6 ° ~w 411 at C and T?#n acrosa v-E -® 1-11

4/10 © . . . .« mpossible since qp (V) < O

Sub-case v = 70 or 65 (i.e., [ = 56%,...,;620)

In this sub-case, we have to uﬂtsfde-r only those arrangements of 5- and
non-5-neighbors of V in which at least two 5-neighbors are attached to V Hesiides
the two vs's contained 1n L. Far otherwise qTL(V) would befhot positive. Lf only.
one ¥, were  attached @en it could discharge at alley 60 to V and in addat.
ion at most two T2-dischargingsgcould go to V.. Purthermore gn L4-discharging
could go from the bouskiary-Vg of L to V or, if £ = 620, another T1-dischatging
Gould go to V. This could result in qg (V)= but in no positive Harge. lo L6

oan be sttached to the boundary<Vg of any T and if an L5 is- attached thes omly
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Proof of qT,:(v{,) - Lomma
Chaa i =5
.. Gub-crye ¥ = 70 or 65
e Too adR R Bhaschaggins cowla #o to ¥, by Lemma(6Cor 50,T,600r 50)
(or ho V. g ¥slonilog 1o’ couln not be Lé-discharking)
L -#561%

Accangement check liat vees
620
I A B ¢ L E & *
an s o0 c o =(3w)
42 -———- s
—_ 5 ¢ (no L6 can Seghteehed
' at I%or E»
5, 5 % 6'{61' 1f H,....A#'» At x-vu-s
1f 476 on AN at I w161’
LA S L4, lmpo.\ﬂ|ble since the La's at A and C, by
Lemma (L,5,4), would for# s gair violating
the 3ub-case nypothesis
s R L5 ddtrat S—w j4-7
Le 5 R 6% 6 =s Lagagefif [om 62O 12T
Af [ = 620r—e1:a0
b4 v
recall L4 K L4 U L4 imposuible 3ince the Ld's at A and C woulkd
.,:m:z\ . form a pair violating the sub-case Hypo-
. theaia, b L3
Wil ) » By Leamafl.s,
e, dpc iy cth Liees o0 o san ye athapheu at E
LS S5 5
( > v & 9
La 5 L& 6 5 wmpossible sance the Ld'y at I and B would
form o pair violating the sub-case hyp.
L4 R 6 L5+ —» 411 at D=w 12-8
. L4 6 R 14 if 45344009435 8t Eupe 34-12
1f 456 or 437 at E —w 36-29
. 5 6 5 ..\.1r1:=620n-.15.17
1f T = 620r—w 13211



a/s

recall
Lenma
(600r 50,.,
600or 50)

4/6

)

Procf of qpp

Case ¥'= 5

Sub-case v = 70 or €5

Arrangement check list, iinishet
A B c b E
s 5 U8
4L U 2apoasiole 1.nve tnelgfa xt [ and B form
a sair viclating tbe tab-cuss 3 oothesis
R R U LS5 =—» 141 ot D=s
L4oLous imposaible sinee by Lemma (b,L/ and cub-owag
hypothes{¥,"nc pair of L4's can be attached
at Ayl
1f L= 620ne38-17
L4 K U L5 -» Iand £ are non-f 441 at BeYy g £r0r35-18
R LA U LS impossitle by Lemma (5,1, , ,£0:r 50} and sub-
case hypothuaid
5 5 U L6 1mpoasibie ince no 16 can be attached at D
$ 5 U L4 L4 1impossible by Lamma (L,L} and Jub-case
hypothas
59 . . 1mpossible since gy (V) < 0 by Lemn(),L"’l‘?)
s .5 .
La . 5 . impodsiole since the L4’y at 1 and A would
form & pair violatins the sub-cage hyp.
R . L6 6726411 at C and ToHIn—b 10-27
te . 16 6" 6 impossible by Lemma (5,L, . ,60 or 50)"
.o.o1 66 iapoasitle aince L had to be 620 and the
L's at A and C would form a pair
violating the sub-cane hypothesis
L6 . L& . 5 yupomsible since the twa L's at A and C
15 L5 L5 would form a pair violating the suba
. case bypothesis
5 .« . 5
2
5 6 L6 -~ 411 at D=» 12.22
™
L5+ 676 L5 g £ . 620 and 411 at A and at D= 13.6"'
6 L. L6
L5 5 . iupossible since qg (V) S O, by Lemsa(5,1,2)



Preof of qp

140

Vg) - 7 eans

Case # = 5

Sub-case v « 60 (1,e., L = 621)

In Liis sub-case we have to consiaef.only those arrmnfementh ¥4 which at

Tepast tao V.o are attaghed to V im addition to L since o¥nermse “TL(V) <0,

a/1,

4%

recall Lemma

(SyLy + 460 or 50)7

/5

a/6

recall ! enna
(60or 50,T,
tUor 50)

Ak

In thiA sub-case, we have

L o4

L

B c D
5 s
PR
s . L6
5.

. . 5
6Me 16
s 5 .
Sub-cas.

&eoungenont check 1ist

E

> 54-26

- it1az D AT
e 12 3cC
13pogsrble aince g (V) < 0

taposaible since qn (V) €0 by Lemss
or 50, . ,600r

—> 211 at A.and at E—® 14.6

por0ibla nince ap V) £ 0

v =50 (i.e., L= 622,...,624)

to consider only those arrangements in which at

least threc.¥;'s are attachod to V in addition %o L since otherwise q,r?_(v) would

be not positive, If only two Vs's were attached then their combined L-dischargings

could amount to at mast 120, but the value of 120 could be achieved only if the

'R

5's were at distance three (on the ring around V) by Lemma(60or 50,.. ,600r 50),

and 1n this case no T2-dischargang could wo to V by Lemma(60or 50, T ,600r 50).



2roof of pg(V,) - Lenza
Case ¥ = 5

Sub-case ¥ = 50

4/2 5 5 5 . :ble siden qp (V€ 0
473 5 9 . 5 impoasible amca.q.,.,_('l‘, S 0 by Lemma-

(S.Ih,,sﬂarsun

40 or 35 (i.ce, L= 631,...,690) .

ase v

This sub-case is imposaible since q,ﬁL(v) would not be positive. !f four vs's

are attached 3o V in adiiv«tyP™g [ then at mast two of them dhn be L-discharging

but no LS+ ig possible. If thres.NGnsecutive V's are attached then their cosbined

srscharging to V can be at most 110 and one T-discharming can 4 to V. If three

17¢ canrot exceed

non-consecutive Vs's sre attached then the combined diach

hardine:

140 and no P-di sible.. If only twe V.'s are gttached then oitfier

their combined dischargings can amount to 120 and one T-uischarging van go to V,
or, if the Vs's are consecutive, their dischargings aan amount to 80 and two

T-discharsings are possible.



Proof of ay (V.) - Lenza

Care ¥ - 4
—x

In this case, no boundarywVy of the L-gituation L is L-dischatewss to V

.

3.rco otherwise [ and the L-situation inducing the L-discharging from the %

ooundhry-vs would form a pair o! wiuth S or 6 violatimg the case-hypothesis.

Gub-case ¥ = 100 or 5 (1.8, § = a%1,...,437)

Arcanwement check list

LA B C D E F ( I ‘/—_\\F
172 55 =(
1 & Qn) A\Q,/ E
s/0 © .5 5 . 3¢ D
S 6 5 5 . —=(l#h) (ses next page)
Souos s —» (I%K) (sco pago 140)

c o

=(1ed)

r
c
N
<

Kou Lo v (%) (one of 433,...,07 st O
ouow o1 e =(1%)
v af £ = 4310 or 452n —w CTL# 147

R U R OR
l 10 L = 451r or 432r —w CTL# 146
16 L« 433n,...,45Tn —w CTL# 149

17 L e 433f,...,436r —» CTLH 148
ir L = 437r

8ee next page™

142



Proof of qn (V) -1 gig,
Cnae e 4 .
Sube T e 190 o j‘
Subscase ¥ = 170 or
Arramgement K U Ry B U ’
1f Toe g37r
= |-|
—CTL
. #¥|50
-~ 1-2 - 2-]

—-CTL
J X152
—~CTL. ’
#151
Arrangement check 1:st, continued

1 4 B C D E F =~
. T.NE-an

5/11 S5 . 5 . . .
s 6 5 . . —(lth) = )
s ouo9 o6 6 (ki)

6

5 U 5 6 U
6 U —»441 at A~ L= 431ror a32r— 54-7
6

pe 2(%y) a1 a0

U 5 U 676 impossidle (since '} at? implies

E 5 U 5 U . nol atC by cese-hypothesis
H { continued next page Yt



3/11, cont,

/1

5/14

5/1%

5/16

L

144

-
rroof gf qn(vg) - Lemma

Lub-cage Ve

Case Wi 2™

2

100 or 45

Arrgngepent checx”list, contenued

1

A

|

L5

B

U

Rt

P e R}

c

[E S )

[CRRC IR

D

[

L5+

c £ o o

E F

6™ 6 impossibile by Leama(5yLy12)
T\ Leasty...,an
6 - (l4k)

=
PR XU %é

U no L at D by case-hgpothesis

U = 411 4¥ A Laddiror 432r —w 1299

g 6-{;
325w 212

Fiégtaned on p. 145)

«
U 91, ,.vUnA-L it
e LW

U - (llfs-) (

it L-aur-o's.w
L 11,491, L AP et Ay > ‘;#_‘,‘ 25

6 S(les) .

NM)(ﬁ-A'm ar dﬁf .
iy

L 4310 or A¥2n

"%
- Al
6 a(vr)

U 1impessibdle sifge qg (V) &0

. st most one {fat B,C by case-hypothesis

6™ 6 supossible by Lemaa(5,L,T2)



Arran®Eganty T
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Proof of qq (V)= Lonaa

case ¥ &%a

Sub-case ¥ = 100 agf 4¢

U Lse

A B
.
6
65
6 L5
6 5
6 5
6 5
6 L5
3 R
u 9
U Le
e LS+
6 5
4
La
6 6
6
6

T4 1se 67

6’!26‘1'2.611

©

m

si'

. = Teiir oreglor s 13e07

.= (4s)
- (gs)

. at most ome L at 8,47since a pair would
vibate the cade-hypothesis; ‘no Léy

+ imooasible by Lemma(5,.,T2)

- {14s5)

. ) .

: CEQ
s e (15) / L5 of ¥<4
. - (Iks)

6 ~»Caa31r or 452 = 15=10
6™ 6 impossible by Leama(5,,T2)

2 g% 2 (1at) (Lo d3tn or 43m e Tkt or

#3n across B-F, by Leama
(5 L,T1))

. =% L[a=431r or 432r —» 13-10
6 =® 291,492,493,495 at C,'L«431r,432r»12-10
H

6 5 —w411 at C—» 13.24

61212 ¢ impossible by Leama(5,L,T2)



PZAPPRRY:)
52Ty 000y Br

5/

s /or

20000

s/11

5/1r

5/12

146

Proof of Gy (Vy) - Lenma

dase 7.- ¢

Sub-case ¥ = €0 and L = 441

smmeseins B
A 9
AK€
5 5 —. 34-7 3~
5 5 w603 c
no L5+ at.A by Lemm
r—— 5 . 5 % . (60 or 50, .so or 50)
5 6 5 5 . =W
5 U 5 5 6 —wa21
S U 5 5 U inposgibie since qp (V) S O (since mo L
can be at C or D by sub-case hypoth,)
.5 5 e 5
6 5 5 . 5 —%34-15
U 5 5 6 5 =» 56-d
u 5 b U 5 impossidle since qTL(V) % 0 (since no L
cad be at C or E by sub-cage hyp,)
3
bl S .
5 6 5 . . =0
5 U 5 . . impossible since qq (V) £ 0 (#ince no
pair of L's can be ut A,C by case-hyp.)
.. 5 .05
.. 5 6 5 w3817
. . 5 U 5 mnol atE by sub-case hypothesis
E‘ 626 15 U R —washab Cww 56-26
5 + . 5 .
5 . . 5 6 w394
5 . . 5 U
Eu 6€%6 15 U w441 st Doy 5812
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Proof of qTL(V9) - Lompa
Case 1 = 4
i

Subscase L « 441, Arrangement clteck list finishea

1 A B C D E P

5/12r 5 P
6 5 L5 =e 5
U 5 6 & 5 —w78-26
5/14 5 impoasibla sinoe qu (%) < 0
5/14r 5 impossible since ‘qn(‘l) < 0 by Leuma

L,T2)

. ™ 54-15

N

>
~AA
@ ow»
LN
PRV

U 5 5 5 . inpossible sineWMy, 1V)X 0 sfnce omly

one L can be 8¥:8 D by Lemna(L,5,L)
and can8-hypotheais

5/16 5 5 . . imposcible sinee qn () X 0, by Lemma
(5,5,72
5/16r . 5 5 « no two T2-aisdlargings can go acroas
- and A<B, by Lemma(6Qjpr 50,72,T2)
L. 5 5 6 e B21
. - 5 5 U ispessidle since qu (V) < 0 sinoo no §
st s . s can be at D by sub-case hypothesis
b 5.6 5 . = s4-1k
6 5 U 5 . iopoasible since q,”‘(‘ﬂs 0 since pt
most one L can be at B, D (a pair
would violate the cese-hypothesis)
and no L6 can be #ttsched
U 5 . 5 . impossible since qn(ns 0, by Lemma
(60 or 50, . ,60 or 50)
5/18 S5 .,
ETe 15+ 67676 ~w 411 at Db 3414
5/18r e e e 54
E"&Ts’s L5+ . = 411 ab D = 38-25
5/19 e e5 e e
E1s’s 15+ 6T 6 =% 411 a8 C=p 135

5/20 « « « « 4 Aimpossidle since qn(v) <0



and oase-hypothesis. No 441 by a¥b-c:

%o ¥2 aeross I-A or E-P, by Lemma(5,L,T2).

5/1400098

5/9

5/10,1%

5/11

s/12

5/14

5/15

148

Propf of ‘n('s) - Leama

Cese ¥ = 4

’
Subzoase ¥ = 80 and L = 801, 802, or 803
Nq IS+ at A or E, by Lemma (%,L,.,60 or 50)

Arcangement cmeck list

I

A

c c o

[CIRC)

c D
5 5
5 5
5 5
5 5
R L4
5

5

5, .
.5
-5
6 5
5 5
i 5
5 5

6
v
u

bypothesis.

4
if L v 801 or 802r ~» 12«21
T Qif L - 802n —* 40-14
it L - g0 —»40-2

- 13.11
— 13-15
no L at C by sub-case hgpothesis
& (leu)
iu .L = 801 or 802 —» 12-30
if b= ROY —» 40

if L = 801 or 802n ~e 12-19
— 41 T -igQor —» 40-13
if L = 8u3 —w 40-4
impossible since qn (V) € O gince at

most sne L at.A, C, (a pair would
violate.the omse-hypothesis) and no LS+

—- 11215

—. 14213

impossible since qu(‘n <0

- 13-9

impossilile #ince qu(‘l) £ 0 since no
pair of L & st B, D by ease-hyp.



5/16

5/17

s5/e

5/19

5/20

149

Proof of qu (V) - Leana

Case W = 4

Sub-case L - 801,,,.,803
Arrangement check 1ist, finished
I o4 B C D E F
<5 5T 12 T = 801 or 80Zn —v 23

6 5 5 . . —94if L - 802r ~» 12-32
if £ - 803 =% 40-7

vos s impossible since qp (V) £ 0 since no

pair of L's at B, G by Leasa(L,L)
and case-hypothesis

55 . 12 T = 801 or g02r —» 12-32
6 5 6 5 . —=<qit L = 802n = 40-17
if L = 803 ~—» 40-8
6 5 u 5 imposaible since gp, (V) S O siace no L5+
at Bor D
uoo° % U 1mpossible since qu(v) < 0 by L
(0or 50,.,60ar 50)
L5 .
[:Tr -6 Te Tt 411 at By 17277
5 . .

[-sTs 15 66— Sgmtc— s

. .+« . . impossible since gpy (V)< ©
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Proof of qn(vg) - Lemaa

Case # = 4

Sub-case ¥ = 70 or €5

Arrangement check last

I A B C

5/1y...48 5 5
5/9 5 . 5
5 6
5 5 & 5
E 5 & 5
Be 65
€ 9 & 9
E 5 6 3
L5+ 6 %
5 u s
5/10,13 5 "
5/11 5 5
VAR
Lo+ L4
L5+ R
Lt . L
k4 & L6

E T g meatt at CL{“ Ledsty.

(i.e., L = 451,...,481)

m
=~
D E F 1 _\F
A 3
2 (I5a) NANA
(aritical ssb- 3
5 classes see
PP.153 1%4)
5 6
it L« 4%n,.. ., 4640 —=w 12-7
=5 6 UL L - 46r,... 4810 —» 15215
5 6 5 no pair of L's at C, Dy s-c hypd
5 6 35— 411 at A.L441 cannot occur by swb-
cass hypothesis)
Loio3y
5 & 6 =D a 465 —e 15211
5 U no pair of L's at C, D

(seep.1st
5. U=e 411 at A9 (1F Le 45T, g 62r -v(lib)
¥ Tm 465, 266 e, 48100 12216

5 impoaaible since qp (V)€ O sinen so L

&t A or C by sub-case hypothesis
(423 at A would imply 441 at A)
(recall Lemma(5,L,T2))

5 =(I5¢)(eratacal sub-class p. 1547

no pair of L5+'s at A, C by Lemma
(600r 50,.,600r 50) and case-hyp.

BN

6 . iupossible since 411 at A snd the pair

at A, € violates the case-hypothesis
v f!-m:u at A=l = 465 — 12-16
6766
1mpossible since the pair at A, C
violates the case-hypothesis

U . 672 6=w491 at C and deg(I) >5 (by sub-
case hypothbsis)—» L2 465-837-29

if Le 465,. .,Aqh-p.s
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Proof of q,n(vg) - Lemma

Case W = ¢
Sub-case v ¢ 78 or 65
La451r,
Arrangement check list, contifmed ee0yd63r

1 4 B ¢ D» E°7
5/12 5 5
5 6 & 5 6
v 6 & 5 6  ww 411 at A-.{

w
EN
EN

LS+ 6 —e411 @y Do (1f dag(}) a5 — 12.22

if deg(P) =5 «=w 13.2

AL - 265 w13-24

2 T2
L4 6776 14 M6 inpossivie vy Lomsa(T2,1,12)
5 6 6 5 U
©5¢ 6 6 L5+ U~ 411 at A and 497r,...,495¢ at D
> L- 465 — 15093

L4 676 L6 U —wiggdif>5 by Lemma(5,L,12); 491r at D
> =065 - 13.13

7 i 1 (1E Lads1r,
3 cobt U e 111 i,
B 11 Lmd65, 46

rd63r —» (ISh)
eydBin=wilaz

s 6 u 5
L5+ 6 U IS+ L ~e411 ab &, 491n,u.,,4970,4950 at Dew 36-29
L6 6 U L4 626 <pait at ;l{u—l.- 4650 = 14-11
it Lo 465r —» 6.19
L 6 u L6 6T 491n at D

} 626 — 401,402, or 405 at Ams 36-19

w
£
ES
<
N

6% e T 465> 15.15
5 U .5 6

o
e
=
o>
<
e
EN

Le U . LS5¢ 6 —w29®,497r,493r, or 495r at A, 417 8t D
~» 38-29
6=%491r at A and-L= 465 = 13-15

ou . 16 66 41 arp
lés o0 . 16 6Mgemssir,... 2630 -‘.A-—(ISb)

6'1'2




5/124cont,

5/14

815

recall Leémma

(5,1,12)

4 /16

5/17

152

Proof of ap (Vy) - Lemas

Case ¥ =4

Sub-case.v= 70 or 65

Arrangement check list, contimied’

-

L5+

6

B, F
Loy
676 —w Lo 465 <0 13215

v
¢ Lo 4650—1-3

U ~ 491r atih and at D-o{” Ladb5r1-6

’

G5 6wt at A and Le 465 —m TA-12

. no pair of L's at B, D (would violate
‘caseshypothesis)
1f Le 451, 1 46% = 12-9.

6
—l. 12 D m 465 —w 14.G

1f D= 466,...,481 — 1324

U —wdes{P)>5 by suv-case hypothesis
— =065 —» 1529

. no tatriof L'atat B, C by subesang hyp.

r 6 ==l = 165~ 14=1Q

. no_pakr of L5+is at &, D by case-ayp.

6 no iuscof Kege o L5 1y

5 6 —w411 atB 1f L= 491n, 0y, ,464n—12-1
if Lwadth, 4660,4..,
4gir —e 13-4
S 1, Lm 4917, 4500 30215
Ld U =411 at Bwdif Lusmor,, .., 46/ 935250
if L= 465, 46én,...,
anin —plfa?
T6T 6" 6eatt at B, L t65—w 1202
6“26”6—0:- 465 —w 14-11



Proof of 4 (V) - Lemaa

Case.® = ¢
Sub-case v = 70 or 65
Arrangement check :ist, finighed

1T Ao B ¢ Dp. E F

5/19 I—— P

recall Lomaas 66 . 5 . ™6 —mLases —w1s-11

(12,L,12), o o om

(600r 50,12,12) 6 66 L5+ 6 6 6 —eLw465 and 411 at C e 13-5

5/20 T+ . . . . 1mpossibdle since qq (V) <0
»

al sub-classes

c15a¥1: L = 4Sn

153

+
#rrangement check 1ist for C15a# 1 /E
A .
L~
B C D E F
3¢ ?
3/, 0eey S —- 4.2
"/ 5 —»6-20
3/ 5 .
b5 L e 100
U5 6 —e 5728
U S U lmpossible simce qy (V) <0
3/6
recall Lemaa ‘:u 67 6™ 6 Tmrnn2
(5,1,77)
Cisa#2: L= ashr
¥
Arrangement check 11si tor C15Ta#2 E
B C 1 E ‘A /
v 4D
L2 5 — 505 2 ) [
S no pair of Ls at A, B
ora 5 —35-33 by sub-case hypothesis
/5 5 . —»L5¢ at D —®ceg(f) = 6 —» 38-13

/6 .. 1impossible since qp (V) £ 0



5/6

3/1,0000d
5/2r,4r
3/5

3/6

154
Proof of qu (Vy) - Lemss
Case # ~ 4
Sub-case ¥ = 70 or 65
Critical sub-ofasses, finisheg
Le 4757

Arrpngement offogh list for C15a#3

B ¢ b E F

5 T 541
S — 1.0
5
6 5 —> 15215
& % U == L5+ at D —ea%1r,4u’r, or 4451 at 7-6
u o5 no L at B by sub-case nysothusis
Eu e 6™ w110

Arrangement check list ior Cifec

>
m

A B [ D £
5 — 6-0 3D

15 - Ge

)

6 5 . —ws7-9
u 5 6 —9-6
U 5 U mpossible since q (V)€ v a:ince wo L5+ can

be attacbed at E by aub-csse hypothesia

T if 4c1,...,407,451,.%.,460,364 at A~ 121
N . 1f 4b1,...,465 at A= 21
R 67676 L5 —witl at ©—p 14-8

L.
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Proof of qp (Vo) - Lemma

Case M.=4

Sub-case v = 60 (1.e., L = 491)

1 +
rry t chec
A < E
T A B C D E F /
3~
S/Myens 5 5 5 4
5/7r, irydr 5 5 5
5/5,147r,10,15 5 5
5/6 5 5 5 .
E 5 5 6 5 . — 12229
5 5 U 5 . impossible since qTL(V} €0 since no L at B
or D by 1ub-case hypothesis (427 at D
would 1moly 441)
5/6r .5 . -
€ 6 T .
© S U 9 5 imposgible sunce qq (V)€ O sincemo L at 8
D by 3uc-case hypothesis
ylyay U L6 . K L -—»4u1,402,0r 405 at E-» $8-19
A0 or 50"
P H s .. impoasible since qq (W& O since no pair of
L's at 4,B by oub-case hypothesis
s/ar . . . % 4% impossible since q,n_(v)s 0 tno parr of L's)
5/u 5 . 5 5 . nowair of L's at C,) by sub-case hypothesis
EL 5 5 'L Af A11,.421r, or 422r at A =% 1-3
1f 471 at A —»1-6  (423r would imply 441)
if 4720 at A=w 2-6
s far TS 5
6 5 5 & 65 —w1 =15
. 5 %5 U 5  impossible since qpy (V)€ 0 since mo L at
C or E by sub-case hypothesis
U '3 5 6 5 impossible since qp (V) €0 by Lemma(5,L,.,60

or 50)* and since no L at B by sub-case hypothesis



Proof of qp (Vy) - Lemaa
Case # = 4
Sub-casg ¥ = 60
Arrangement check list, continued

1 A B C D E F

5/11 ]: 5 5o . if 471, 4217, or 422r ay A ~e 1-3
recall
Lomns L. 5 . . —w<if 42in at A—e -6
(6Qor 50,72,72) if 422n at A-e2-5
5/11r . . 5 . 5 mogairof LS+'zatC, E
»
TeT6 L . L ampossidle since pair of L's violates,
the case nypothesis
2T, o

s/12 F 5 .5
L5+ o . 5 . ® 411,4%1%,...,495r az A~ 1.7

6 15 6 % mlar b e iite

5/12c P .
6 Lo+ . . e 111, AMr, ..., 405 AL B e 0410
S T S C N IR Sy

v

v oer P
5/14 9 .
[:Le 1616 e 411 nton e 1o
5/t4r . <
Erz T2 M T2 ¢
5/15 .05 5 5 . 2t most ond L at B ar B by wemma(l
anu aube-cose hypothesis
[:T 6 5 95 5 o : —-—12-10
5/16 . 5 S . .= mno3sible since qp (V)€ O by :emma
5/16r P (5,1,72)
5/11 « 5 . 5 . mnopairofli+'s at B, D
[TTs L5+ . 5 6T 118t Bes 100
iﬁ 5 . LS+ 6% =411t D g 1424



Proof of g (V) - Lomaa
Case ¥ = 4
Sub-case ¥ = 60

Arvangement -check list, finished

5/18 [ o 5 . . .

"6 L6 -6%26" 6™  impoarole by Lemaa(606F 50,T,600r 50)
5 /160 L0 s .

T ,.T1, T2 T2

6 6 "6 L6 6 imoossible since the T2-dischargil
across E-F would have to be TZV5r
by Lemma,THT (p,13) and would have
to be T2#7n by Lemma(T2,L,T2)

5719 . . 5 . . imposeible since q,,L(V)i 0 by Lemma
(60 or 50,T2,T2)

5/20 . . . . ...3mposuidle since qp (V) <O

PUNIEIE [ P

va¥tices are attachel. For it only one of 4,.
52 Vo tien qq (V) € 0 by Lemnaltuor 50,T2,7”

3 ~-3
Arcangement check liat no L5+ at A by Lemma
(600r 50, . ,60or 50)

T A By C D E F and case hypothesis

cn © 5 5 o« . 12an

5 o 5 = §if L=492,493,0r 495—= 38-22
1f L= 494 —'60-27

5 5 {1f L= 292,493, or 495—» 37-6

‘ if D= 495~ 60-24

5/ S 5 % . . nosair of L's at.A,C
Eu RoL 26726 — 15-1

5/6 S 5 . 5 . noopair of L's at'A,B
ES s . L5+ 6T6-411,tl>—o12-29

5/6r . 5 - 5 5 noopair of L's at D,E
[T 6 L5+ . 5 5 = 411 av 8 =0 152



578

5/8r

5/9
“5/9r

5/11

5/11¢c

5/10

5/12r

5/15

5/16
5/16r
5/117

158

Proof of qpy (Vy)- Lemaz

Case ¥ = 4

Sub-case %= 50

Arrangement check list, finished

i

I a4 B C
5 05 "L
s
E 5
T
5
E L4
5
E T2 T?s L4
[. i ”s
s .
. L& .
"6 5. 6"
126 Lé 6?7
e 14 6™
.5 5
.oss
.S
L5
[—2 6 L6 .
e e .

D E P

. —nmpossible since qu (V) <0

55

5° inpossible-since qTL<!J).<_ 0 (no L5+ at A)

5

LGS+ — 411 BY° 8 —$ 13-15

677 6™ 6 imposaidle by Lemma(60or 50,12,72)

5 no pair of L5+'s at C,E by Lemna(60or 50,
., 600r 50) ind case-hyp.

. L6 -91I2-5
5.
172
L6 6 6 —w .11 at D —» 14218
-9

L6 ~® 411 at B and nt E=—b V2.6

LS+

b L4 w411 at B eep 14-74

6 L6 impossible By Lemma(T2,L,T2)

5 . imposaible since q‘l‘L(V)g 0 by Lemma

(5,112

. « == 21mpossible since qTL('U <o

5 » no pair of LS+ 5 at B, D

L4 W11 at B —» 10o0

6 676 —wat1 at D —p1ian
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Pgoef of “n(vg) - Leana

Case ¥ = 4

Sub-cat

40 wr 35 (i.e., L = 496,...9522)
¥ need to consider only those arrangements

in which at least two additional 5-vertices are

=
L
attached to V eince otherwise q, (V) would not -
= INI\/\F
be positive, A" > E
\ /
Arcangement check list S\C’D
Tt A 83 C D'E P-
51,2 s 5 5 5
T if Ln—e12.2
s < o
55,9 5 6 6 e trmi
g /4 5 5 8 . 5 . no pair of L's at A,C by Lemma(L,5,L) and
case-hypothesis
S 9% 5 . L5+ ~—ws 411 at E—w12-8
“° S . . 1mnpossible since q..L(V)s o
545 5 S . % 5 mpogsible since ""n.(” X 0 since no pain

af 1'n at A,B or at U,E by sub~ana=s hyp.
S 5 % . % . noouirofl'satA,B

[. S s L L5 67 6—w 411 at L‘j.{“‘ Ln=s12-29 -

1f Cre13-2

ST s 4 . . 5

[ 5t a6 L6 —+ 411 at E=p12-22
=/n 5 5 . . . impossidle since q,”’('v') <o
i E [ r {xt’ Ln—» 12216

e F s 6T 6 =™ a1 at AP if [r—e1515

50 S . % . 5 o wvair of L3+'s at A,C or at C,E

Ens. .5 . Liv =%411 at A and at E—e 151
PYARI 5 . 5 . . imposarble since qTL(V) < 0 {no pair of L5+":
VAN 5. 5.

Ens. 676 15+ 67 6—w.411 2t A and at D—d 136
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Proof of qp (Vy) - Lonma
Case # = 4
Sub-case v = 40 or 35
Arrangement Bweck 119t, finished

1 A.3 C.D E ,F

5/13 5 .. .05
[L6 T g 411 at A and at B — 5.5
5/15 - 5 5 5. . impoasible since gy (V) £ 0
5/16 <% 5 . .. impomaidble since 34 (V) <0,
5/17 .5 % . ampos.adls aince 4y (V) S O since mo

pair of L5+ g at-B D

Carp B = 5
In this case, any two L-situations attachod toV must be ut distance at least
three (of their L-tiischarring V.'a on'the “in¢ about V) 4ince utherwiss they

would form a pair violating the case-hypothesis.

Sibecaan oo 70 () S A, e, er
A-ringcesent check ligd
1
1 A B c D E PG

[N/ F
6100000 505 .5 = (tba) A\ |
6/9 S 5 .5 5 . 2L ,E

5 s cJ

6 5 = ‘__’ifﬁn-w-"'
if Lrewto-1)

s v w5 o5 6= (16d) (as werines on 5,161
[5 5 v 5 5 no L can* e attached ay a4B,D, or
I L = 40%n —a 122

it L = 401r or 402r —» CTL# 14
4f L « 405r —= CTL #9145

R RV R R U ‘I if £ = 401n or .£02n—» CTLF 14

6/10,12,14 5 5 5 if Ln —e12-2
L if Dr = 12-7
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Proof of ap (Vo) - Lesna
Case 174 3
Sub-cage v = 70
Arrangement check ligt, contimued

I A B C D E F G

6/11 5 5 . 5 . .
1 Lo —»12-2
5.5 6 5 . . it Lr —wi5-12
5 5 U S . . nolatAB ord (since 42%n at D

would 1mply 441 at D, violating
the case-hypothesis)

T,
13-
R R U R 6 6" 6—eLp—w13-10 £ o,
24 S 5 . . 5 . 402,403
P
s s .. os o6 w(l6d)
S % . . 5 U nolS+ can bo @tached
T R
E 5 6T6 5 U Wyt inTmT
1f Dr—e 12215
6/ic a0y .. . at lasst % T-discharings must go bo ¥

’

e e s i

1f Lr—wti-g

5 ° U & & 6 \mponxnm»nnmqmtv»s 0 since no v

L can be at A or B
/ . L o
e 5 s o 5 . =(l6b) Dyee con,
6/17 S S 5 . 5 402,403
.
S 6ty L5 - (Iéc) =
§ U 5 9 U 5 nol can be attaches at £,C,D, or F

M
=
e
=
=
e
=

-L.{” L = 401 or 402 ~w CTL# 143

af L = 403 —» 1-2

671 .5 5 L.
Al
s 6 5 o5 . . —=ftl6gy
5 U 5 5 3 IR if Ln—e12-10

if Dr—e 13215

”; impossible since gy (V)€ 0
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Proof of qTL(V9) - Lomma
Case # |3
Sub-case v = 70

Arrangement check list contgfed

I A4 8 ¢ v 8 F G
6/19 5 5 .05
5605 s . —=(l6g)
5 U 5 . 5 . mouvarao-C
[s‘ w5 L5 o — (i6d)
6/20 5 . D
[ S 6 5 . . 5 —w(ibc
%5 Ut amedi s e gy 080
6/21 5 . 5 . .
s o0y L L L e (e
L'%‘ Uos e mpenole mve g (i
£ < -
[3‘ . 5 5 6
. Cow oy
B/ P
[— 56 e 5 s 6
H S 6% 6 L6 6 U  impusuioly dinee igdfrE o
5 U 6 LE 6 TG"“é—vaH at, U odnd Ln—p 15"
6/21 E .o
[ S . . . 5 & = (g}
%-: L.t U mpernnlb e i (D) 0
6/25 S . . . . 5 ikeosuible s.hee ag (N0
6/26 5 . .. .
I:, 672666 g Lo fiat

e/z 505 5 5 . =(lee)
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Proof of ap ( /,)) - Lenma
Case ¥ = 3
- -
Submcase ¥ = 70

(=] L= 401,
Anpangement check list, finishes 402, 403

A B C L E & G
5

1
6428 S 5 . .
6 05 9 5 . . —e16n

—»ln—»17-10

=
o
EN
ES

6/74 . 5 ° . Th
£ 5 L ber . o= (16f)

Ut oL 6 L e 1f Dy —w 15-12
12 Ly e 1ot

6l .
ES(B S5 .. . — (1607

E—+ 481,402,403 at Cotp 15233

.ooue . B . w411 at B (g,

et ;
Y SIS PR] ».tn..,{“:"“”"5

LoL6 . . 5 . —e411 at B-e(16s,

66 & % 6T6—w1s.10

o I if Ln—w 12-22

b . kb . . . w4l at c"iﬂ'ﬂr*ﬂ}é’

A
E. 6 7 . . . -s411 at Bw(16g)

. L6 . . . imosmble since ag (W 0,

bk . . . . . . inpcuslhlcs)nce,q“.,'(v)<0



has a Vg - noighbor on the ring about V by oub-cese hyp.

6/1,
6/9

6/10,
6/11

6/14

617

6/18

6/1%

6/20

164
Proof of “u“’g) - Lemaa

Case ¥ = 3

Sub-cade ¥ = €0 (1.e., T = 411)

No L-discharging can go to V from a S-vertex which A

Arcangement check 11ist —
I A4 B C D E ¢ 0
veeyf 5 5 9 - 10-8
5 5 L 5 5
E K R . R,R 6. =222
12,14 - 5 9 5 —» 12-16
5 5 5 ..
s & 6 5, . — 10p20
{s 5 U 5 . . 1mpossible since qnu,s © by
weman (60 or 50,72,%2) and sihge no
L can ba aviuchod wkgh,s, or U
é E S SR S
So% . e
E’» .5 | - 14-17
[‘, P A LERC
9 . Y5 . 5 1@possible since qpy (V)= 0
oL s mios81ble aince o 17} £ 0 by
o Leoma (600r 50,12,77)
s - . 5
E S . 6 . 5 . —a M1at Tt
5 .+ 5 . L6 . —m 11 at-o—e1i.6
5 « 5 . . 5
Ej . L6 . . 5 w211 8t C=w05-1



6/21

6/22

6/24

recall Leama
(72,L,77)
6/5

O/

6/ n

bt0

6/

165
Proof of qp (Vy) - Lemma
Case # = 3
Sub-case v = 60
Arrangement check list, continued

I A4 B C D E F G

[5 . L6 . . ce T® 411 at C—¥ 1321
[5 . 5.e5 .
. k¢
57 6%s 5 5 6
5 . .5 . L -
L. .-
5 6 & L6 6 6 — 155
Ls . B . L6 . —& 411 at E —»15-6
5 - . - - 5 mpossibls since g (V) <0
- © - - impossible since gq (V) <O

S6 s s s 8 —e qn0p

. oo

o 545 . 16 . w4t at E-—w13-6

6 5 5 . 5 67 =%12.22

3 — 2.2

6 5 . L6 . . —»411 at D —p13-18

—» 411 at B —e 13-&

L

L

{

Loy

{’E CE L e
“f

o
EN
(RN

6 - 13-24
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Proof of qu (Vo) - Lenna
Case ¥ - 3
Sub-case ¥ = 60
Arrangement check list, fidished

1 B C D E F G

6/33 5 .+ . . .
l(.;;,’xl.:'ml;m‘ Le . . . . ~—» 411 at B —» 1326
6/34 . . 5 5 . . |1impossible since gp (V) £ 0y
Leana(60or 50,12,12)
6/55 P
Es 6 L6 6 6 6 e 411 at C=® 135
6/36 .+« « .« . amposoible since gy (V) So

Sub-case v = 40 (1,e., L« 421,...,428)

In this sub-case, no L5+ can be attachod to V.

An L4 requir -y two non-9 neighbors of the L-dis- I N F
AL

chargang Vg on the ring about V. Any pair of Li's \ \

must bive Lotlsstarens 7 % et Uslane st I\ E

C

least threo on the rink about V. Uonsequently, we

have to consider only those arrangoments in which at least three additionszl Vs‘s
are attached to V. For at most 7 T-wischargins can yo to Vi if precisely one Vg
is attached (in addition to the one in [) then at most 5 T-discharpings can goj
1f two adjacent Vs‘s are attached, then at most 4 T-dischargings can goj if two
non-adjacent }!5': are attached, then at most 3 T-dischargings can go to V,

Furthermore, 1f deg(A)= 5 then [ ig non-roflectod or 18 421r or 4025 V.6,

in every case deg(l) = b; (L= 424r woulu 2mply that 441 oceurs, violating the

case-hypothes1s) Likewige, 1t deg(A) = aog(F) =5 then ceg(l) = deg(G) =6,



Proof of g, (V,) - Lemna
TL 9

Case # = 3

Sub-case % = 40

Arrangegent check ligt

I A B C p E P

5 5 5

6/5,7,10,12,14 5 5™ 5

6/6 5 % S5 . 5,
[ 5 9 . L4 6
6/8 5 5 5 . - .
6/9 5 9 .5 5 .
6/11 5 5 . 5 . .
6/1% 5 5 . . 5.
6/16 5. 5 5 5 .
&/17 s . 5 5 . 9
“/1n P
619 5. 2 5 .
6,20 5 . 5 . .0
6,07 N
E 6 5 5 S 5 6
6/28 5 %, 5% . .

T2

T

G

—12-2

167

if Ln —» 12-16
if Lr —e 12

—+ 421 or 472 8t
1mpossible since
impossible sinee
impossible since
inpossible since
impogsible aince
imposaible since
impos1ble sinoe
impossible aince
impossible since

imposaihla aince

B 13-13
ap V) % 0
ap, (V) <0
(V) S0
ap (N €0
ap (N &
)y <o

0

A
ap, (V) €0

ag (V) <0
ap (V) <0

ag (D<o

L =421 or 422 —» 13-7

impossible since

Lemma(T2,L,T2)

impossible since

(N S0y

(RS )

In thi, case, if V 1s the number of V5—nainhbol’s of Vand if v>0, then ab-Host

8-V P-lischarsines can go to V; moreover, 1f the V degrae-§ neighbora of V

are not comsecutive (on the ring about V) then at most 7-v T-dischargings can

4o ™ V. ¥rom this 1t follows that v must be at least 5, ad if V= 3 then the 3

Vg-neighbors of V must ba consecutivey bt in the latter case, the (at zost 5) T-
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Proof of "’n’.“’s’ - Lepaa
Case %= 0
dischargings can amount ‘to at most 90 so that q“(v) £ 0, Thus we have ¥ 2 4,

If ve 4 then the 4 Vs-n-ighbnrs of V must be consecutive and three T2% and one T1-

discharging must go to V. Then W5 ooours, ¢ 3 A T

From now on we may assume that v 2 5. At least two / \
of the Vg-neighbors of V ars adjacent to each other and D'\ /.H
thus the configuration drawnst the right occurs. We may E\F/Q.
assume that the reacing A,B, I is maximal (as

com

od with all possible cyclia permutations and reflections). Thus we have to
conaider for the degrees of C,D,...,I only those 7-digit arrangements whieh are
magked in the List on p.46 with an asterisk or with a4 dagger (and which have at

least threo entries "5 ")

Arrangement check list
¢ D E F G H I

T/1,2,4,6,8 5 5 5 5 121

10 g v B 2 F
[ s 5 5 6 5 —10a

5
%5 5 5 U 5 .5 U= cmHby
/12 5 05 5 5
[5 5 5 5 676 w17
1/16 5 5 5
[ 505 5 666 . w151
%5 S 5 6% 676 —wtaa
11T 5 5 . 5 5 S5 . =117
1/19 S 5 . 5 5 . .
[.5 5 .5 5 66w
1721 5 5 . 5 . 5 . impossible since ag (V) =0
/23 505 . 5 .. .
I:s 5 . 05 6MgT¢ yyy,



Proof of 33""‘9) - Lenma

Case ¥ = 0

Arrangemént check list, finmished

c‘'v»’s P

1/26 5 5
L. .
1/%3 5 .
L

1/34

1/36 [5 .
5 .

1/3
1/40

1/44 [5 .
5 6

/97
1/58
Hal

1/62

This “anishes the

6%¢
5 s
5 s
5 5
5 5
5 5
5 .
5 .
. 5
T?,é 5
5 .
. b

¢ B 1
5.
5 8726
5

5 €76
L5 .
LS
5 . -
.5
5 .

. 6T26
55 .
5. .
. 5 .

- 13.7

~»13-9

impossible

—-13-1
1mpossible

impossible

1329
mpossible
impossible
impoasible

{jmpossible

nrovf ot the g, (V,) - Lenna,
'Y 4

since

Qg (V)

since qn(v)

since

since
since
aince

since

ap, (V)

ag (M
aq, (V)
Ay, (N

am, (V)

<

<

o o

© o o o

169
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Proof of thel Yio

Now we shall use the Upper Bouna Lemmu for d(V,) and 1ts Cerollary, s proved
in Seotion 3 of the paper. Since by hypothesis, (see p.79) our triangulation &
satisfies a1l the Lemmas on L- and T-dischargings which have been proved for 4%,
the Uppor Bound Lemma and 1ts corollaries hold alse for &, with our vertex V in
Place of V.o Recall that by hypothesis, V is qq -positave, ap (V) > 0. For

the case of k= 10, we need another corollary df the Upper Bound Leama,

Coroliary 2 of the Upper Bound Lemma, (Notation as in the proof of the

Upper Bound Lemma), If thn configuration ot Fimure 13 doos not occur
and if
W, (g,

there are two indices £ and m (1§ £ < m< k) such that o' '+ ¢

or it

vol® . ol 5o

thape are threa inficos £, my n (1S £ <m<nSk) suchothat ¢

than
ety L S I L 2

Praof. ™his follows trom (5.%) and (°.4) (swc 3ection § of the paper) since

3t o {5 on antegral multiple of 10,

We apply the Upper Boupd Lemma and 1ts corol.aries to our qp-positive vertex
V of degres k= 10, We aenote the neighbors of V in counter-tluckwise oruer by A,

Byeesyd and their contrabution values by o(A),...,o(J) whare uge the defimition

of the contribution values as given in the-prool of the Upper Bound Lemma with

a- v ) s K o061 e of L, ) - T For the

o ana

“"partial contribition ®alues” and ¢{?) (as uefined in the proof of the

Upper Bound Lemm

we use tag corresponding motation ¢ (A)y...y0, () and ¢, (A),
teiny Oy (9)s Since gd¥).e 229 - and agy (V) = q %) +WN> 0, we have 84V) a0,

Thus the ineqwklitfdgelipd) (3¢, (3.5), and (3.5¢) GivelFthe following,
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Proof of qy (V,,) - Lemma

Introduction,  tinished

Régtrictiong for t

v _of de

neighbors of

W vzs

(i) If the configuration of Fiture 13 does not occur then
-

(r¥1) If the configuratiom ot Figure 13 does Mot ocour
and if' at least ons of tho.pon-5 neighborg of V hai W < 20 then
vZ 6.

(1v)  If the configurgtion of Figure 1% does Bot ocour and if thare Are
w0 non-5 neighbors of V-ihe oun of,whosa c-values 13 < 30 or
thrds woms3 heighbors of V the suz of whose c-values ic < 50 thenm

vz .

Ml we sl teegt Ve spe ol

4 that the eantisgration of Figure 13
necurs (with pivot identified to V). After thatywewmay mssume that the configurat-
10n of Figure 13 does not osour and hence V2 5. lext we shall 4reat the spacial

case that thé configuration of Fapure.10(£) occum (with pivot laentified to V),

For the roll wing cases we may then assume that the confiruration of Figure 12(f)

#ves not occur and henes that the hypothesis oft Lemma(5,L,.,L,5) cannot be fulfilled

d we treat the case/VZ 8, fourth the case ¥ = 7, Than we are left with the

cnse V = 6 or 5. This last case ig again partitioned into cases WZ 6, =5, fa g,
L}

5, and W= O (wWiere it 15 easy to se: that the case W= O actually cannot oceur),
4 turiher partigfon into sub-cases is made accosding to the value v {as in the
previgus proofs for k= 8 and k= 9). In.many of the sub-cases it is easy to show
that the restrjction (iv) holds for ¥ which then contradicts the case-hypothesis

(and thus proves VI the sub-uase actually cannot occur).
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4/9r

470

Proof of q(V, ) - Lenkst

Casp $

T2 (i,e,, the configuration of Figure 13 odours
with pivpt identified to V)

Arrm!-ﬂt check list

‘A B
5
- 5
.05
.5
Do
.5
. L6
L3+
. 5
6™

c »
5

5

5 .

5 .

L4 .

6™ ¢

n“b

s

5

Lé

£
- 15-6
— 15-14 J
I3 A\~ N

~D
L6 —» 411 at B = 15-16 C

L5 —» 441 at E=e 41-6
La-e $3f £31r at J - 15-79
iP 437r at J -» 2-1
-

impossible by Lemma(S,L,.,60 or 50)°

15+ impossible by Lemma(60or 50, T ,600r 50)
L6 == 411 at B~ 15-16

1l at & —ei5-in
5.
L5+ P18 441 at 5 —w 41-6

ud

Ld ~» 431 At J and 411 at & —» 15-16

1possible since qp, (V) € 0
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POt of gy (V,4) - Leama
o

Case 5,L,.,L,5 li.e., the configuration of Fisure 12(f)
- . occurs with pivot identified to V)

Arrangement theck list
s

J A B ¢ D E

/1000y 5 - 15-5
ANery ...y Tr 5 -~ 15-11
4/8 L5 s .
& 5 5 ~» 152200
w5 5 6 - 15-17
v 5 U
v 5 5 U - 437 at J = 2.1
R U,L4 5

v e §if 457 Oor 434 at B ~®15-33
Af 435,000,437 8t B —w 2-1.

Re U R L4 U L&A= 433 or 434 at C—p 15-33 7

4 )
6 5 . s 1570
v 5 Y [3 - 15-17
us oL
Ea LU L6 . “u e impossible by Lemma(5,L,.,60 or 50)"

4/9r .o.5 .
C .5 6 1517
Lo.sTu
l’{_u- 66 5 U w431 at I LN
i Ve 6™6 16 U 4mpassivle since no L6 can be dttachwd at C
L Lae 676 15 U .Léw81in at C,E by Lemma(5.L,.y600r 50) sl
14 .X. L6 U Li. impossible by Lemna(5,L,.,60 or 50)
6«6 15 v impossiblé since mo L6 can be atisched at &
R 6%6 15 v

Llr 441 at C=® 41-6
ano impossible sinoe ‘ﬂ."’ F
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Proof of qTL(v‘O) puma

Case v 2 8
—_——=

A J\I
Arcangement check lisf 3 \,H
® v B ¥ & & . J (4 v &
DEF
5 % 8 5 95 ~» 15-1 F
o ¢ (resaing
s s 5 5 5 s A,. ., cyclically
maxizal )
5 5 9 5 6 5 5 w1543
5 % 5 S U 5 5
1f 453 or 434 at P~ 41-11
505 5 MU 5 s L€ 455,...,457 at F—w 41-19
R R R R U L4 5 U‘i:r 433 or 434 at H —» 42-9
A2 475,...,457 at H - 411
S5 5 5 5 5
5 5 9 6 5 % 5 153
S s 5 U 5 5 5 U
if 443 or 434 at E —e 4111
Lo v i“ 43500000437 &% Bew 41219
BB R U L4 5 5 U§if 435 or 438 atce 429
Af 435,...,437 at G—e 41-1
5 5 5 5 5 5
5 5 6 5 5 5 5 -» 15-5
5 5 vV 5 5 5 5 U
Af 433,...,435 at D= 41-11
M U5 5 5 5 U™PUir 436 or 437 at D = 41-22



Proof of qu(v,‘O;- Lezza

Case v = 7 J
e A1
ArrangenerM check: list b3 \ a
4 B ¢ p & F o5 lulyo g (A /IG
el
5 5 5 s 5 5 5 . D F

(rea:ng Ayar.,d

5% 5.5 5 5 . s . cyclically, maxiza. )
5 5 5 5 5,5 6 5 . . -wi15-l
5 5 5 5 5 5 U™ 6 6 —e15.
l-.s S 5 5 5«5 W 5 .. no.6can be atzacnéc at i
L4 R R R R L4 U E§ . %, —wdlir at H by _emma (5,.,.,600r50)"
N 21-19
5 5 5 5 5 . 5 5 . .
5 5 5 5 5 S 5 6 6~ww5-d
[: s 5 5 5 5 . 5 5 .X.
L4 R R R L4 . L4 L4 . %\ :mpossible by Letma(5,L,.,L,5)
and case-hypothesis
5 5 5 5 5 6 5 . 5 —®Y53
5 5 5 5 5 U 5.. 5 U
5 5 5 5 5 U L9+ . 5 U =»441n at G —»41-19
14 R R R L& U L& . L4 U
T R R R L4 U L& 6 L4 U =wthe L4 s at E and G foraa pair bf

We 5—p 834 or 835 at E,C=—® 41-19

if 532 at G—w 41-19
if 533 or 535,...,541 at C—p 411

5 5 5 5 . 5 5 5 . .
[gs5ss.sssea~15-1s

unn’nnuuuuu{

5 5 5 5 . 5 5,5 .%. ispaesidle since qp (V) 0 by Leams

(5yLy.,L,5) and case-hypothesis

continued HExi. page



Proof of q. (V. ;- lenma
AT

Case § = 7

Ar-angemert check iitt, ‘:nished

“

[CIN

L4

B C b E F & H [ J
5 5 5 . 5 5 . 5 .
5 % 5 6 5 5 . 5 ,-w135
5 % v 5 5 L5
1 43%,...,435 at D—w41-11
DMV TS e 5 00 436 or 477 at Des2-25
S5 R U La 5 . 5 _gHif 433,m.435 at Fe 429
At 436 of 437 at F=—w f1-9
5 % R U R 5 . L5 Uf 411 at 1 —%15-9
if 441n at T —w 41-3
1£-441r at, TP 42-1
&5 5 55 . 5 .
5 % 6 5 5 5 \ DN e U
505 U 9 s 5. 5
1f 433,..,435 at Cew 41-26
MBIV 5 5 Y Yt 456 or 477 at Cowat-22
S R U R 5 L4 . L6 . 1mrossible by Lelmt(ﬁ.L,’.“O.
or 50)
R R U R R L& ., L5 =447 at [ =P 41}
5 5 5 5 . 5 5 . ispossible sinoe gy (V) £ 0

by Legma(5,4,.,L,5) and
case-hypothesis



3 q“\/' o3z

Case v = 6 or 5

Case v = 60r® 7 a7

We have ¢, [F) = ¢ (d) = 5 (see Purure 14)
and ¢ (F) = ¢ (H) = 5, thus c(¥) +c(d) = 20,

Thus, by pestriction (¥v) (sen page 171), V2 7,

Hence this case 33 impospible,

Chse v = 6or 5, Rt
B B AL L

Sub-cdse 7 = 150 o1

o1)

We have ¢ (G) = 5, ¢ (G) = 10, and thus
¢(G) = 15, and, by Restriction (1i1), V& 6.
Thus we have to consider only those asran;o-

ments in which precisely two Vg's occur,

Arrangement check list
J A B ¢ D E

4/4,5,6 5 -
5 —» 41-25.
5 5
L4 L4 5 imposnible by Lemma(5,L,.,.,5) and case-
hypothesis
5, 18 6726

impossible by Lemna(3,1,T2) and case-
hypothesia
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Sase'v = b oor 5, B

Sub-casesv = 140 ang L = 901

#e hava v considerionly those arrangements in J

wh.ch procizely one or

&/
arn

4/

two V.

5 occur, A/ D
B C

Areangement chgck list

J

A

8 ¢
5

5
€ 5
v 5
uos
u L5
s 5

612
STI

5

—>15.5

-y 159

Ihfpsaable by Feapa(S,i,T2) and case-hyp.
~»441 at A —w 63
—»15-06
moossible sance qpy (V) €0 by Lemma(5,L ,.,60

smpossadle since ag (V) S 0 by Lemaa(5,L, 2]
whd case-hyp,

1mpossible since qg (V) L0 by '-mna(g.l.,'rz)
and ecase-hyp,
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Proof of qp (¥, ) -.ezra

Case v = For 5, 7. ¢

Sub-case V.= 10ana T« 902, 0-, or 104

Je have c (F) = 10 and ¢, (F) £ 5 by Lemse
(5yLyay=p5), ant thud By Restriction (11i), v €.

Thus we have to consider,only those arrangementa in
’

which preciaely o

& occur.

e

men® check list

3 A

4/4 5
4/ar .
a/5 5
L5+

5

La

4/5c .
a/e 5

c D E

. = impossible ainse

j (5yLy0y2y5)y
5

.. =% 1lor A1 at A K6

L('/;s 0 by Leamas

L,T2) ant case-nypothesis

L6 . Li-w 11 at Cow 100

5 — impossible stnce gy V)£ 0 by Lesmas
(

- oo et ©
R G e AT A}

L5 —e 441 at T~ £1-10



Proof of

Caga v =6or5, W6

Sub-case v = 140 and L = §.5,...,910

We have e (F) = 10 and ¢, (P) & 5 by Lemma(5piye,li5),

Bnd thua by Rosteic

ton (1::), v Z 6, Thus we have to

consiier only those arrangements which provide precisely

two
angement check
J A 83 C v &
a/4 s 95 Jmossible s.nce qu(V)§ 0 by Lemmas
(5,LyeyLy5) and (5,.,72)
ars 5 95 . .
Ea . L5+ . Lis —= aiir at E =411 or 4415 at G = 1-20
a/6 5 . . 5 *inpoasible ‘mince "ITL(V;S O by-iemmad
(‘ 14e5)
a/8 .5 5 .
Esf .5 5 . —y 141 at J —»
Sub-cane v oo 170 or 218 'ane Le 711,000,715, o

We have ¢ () = ¢ (H) « ¢ (¥ =5
and ¢ (F) € 10, and thus c(H) + c(F) £ 25,
Thus, by Restriction @v), v 2 7 which

contraaicts the case-hypothesis. Thus thid

sub-cace 15 impossible.

18¢



Proof of i, (V
S

1w

Case v e ort, Bao

Sub-case Vo= 1.0 an
, J
win (Lo, A

~angezent

#2 navh c(G) = 15 ana thus, by e

v 2 6, %us a2 have “o consider only \/E
3N7D
[

whicn orovite preciiely threa /'y,

ar? 3 by lemma
1/2r . 545 s
/3 Ef BT
S5 . Lt 411 or A6 at L o ia
a/ic D

Le . 4 impo3iible oy iwmial ,.,.,60 cr S0)7

. C R R
N Jf 402 or 40% at D e o€

wub-case ¥ 5 115 and L

o have ¢ (F) €10, ¢, (F) = 0,
c,(E) = 0, o, (E) € 15, and thus
¢(E) + o(F) £ 25, Thus this sub-case is

1mposaible since by Restriction (iv), v 7.

Sub-case v = 100sand L = 720

¥e have ¢, (H)= 5, ¢, (H)= 0 (see Figure’14),
and c(P) = 20, thus c(H) + c(F) = 25, Thus this

sub-case is impossible by Restriction (i¥).




Proof of 9, (V, ) - emna

Cage v e 6 ors, §e

10

e

Sube-case v = 120 or 115 (:.e,, [y= 811,812,813, or $30)

¥e nave o(R) = 15 ant thugy by

atmictipn (211), V2 6. Thua we nave
to conslic’ only.theas arangepents whicn

orovi e peacianly then Vo'a,

oA LB ¢ E P~
21,6, [ X — al-1
S/ar,br,Tr 59 —> 11-10
</ i S . % 5 . immoanible mince qu (V) € 0 by Leamas
! (5,14041,5), (5,1,72)
e S
. il £ . L+ =& 11 or !47n at - 9
R 73 L couibte by Lomaa 79,0,0,0.5)
KAl & c . 5 - )
LYal . 5% 5 ymooasible synce qpy {V} &0 by Lemaps

5,8y 031559, (5,L,T2)

182



Proof of qm ("m’ - omma

Case v = 6 or

3ub-case 7 « 110 an: © = 320 or @

We have'c () = 10, Mo:wove- ¢  (F) & § 3ince J (3
E

o T2-dizchacsmn can g0 across B-F by Lemea(s, 7
no L5+ can ro from E by Lewna (5,L,.,6¢ cr 50)° ~—D

and sub-caso hypothesia and no L4 can go rrem I af

deg(D) = 5, by Lemma(S, ,.,L,5). Thua, by Restriction {:1:,, v 2 € an.i we heve to

consiier only those arranements Wnice proviie orecisely three V. 5.

Arranpezent check lagt

183

5/4 5 5 9 . . -1 211
5/6 5 € . .5 . mnossible sinc- 3. (V! € O by .emnas
(Syepayiy%)y (5,1,72), and (3,1,.,60 .
or 50)
S/ S5 . -5 —~» 15-20
5/9 S . 9 .5 . 1mposs.ble since «,n(v/ SV by Leueas
(5,%4.,60 or 50,7, (5,1,72)

=10 s . 8 . s na Lo st B Uy L Telgay
ana suu-cusa hypoihemis |

L4 . L6 . L4 —®i11 at C —e 15-70

5/15 -5 9

. imuoszible since q..L(\') < 0 by Lemma ,
(5,1,72}




2 6 an. we have to consiger only those arranzements

184

Proof ot 4,3{'.

Case v = 6 o

ub-cnge ¥ = 110 or 105 ans = - ©°1,,,,,82b, 814, or B35

Wa have ¢(4) = 15 anu thus, by Peatriction (111),

TS
tch prov:te vreciudly three V. 's.
wnich p e sily 5'e A< SE
e
Ariangement check 113t 3 C D
J A B C.D E ¥
4 /4 5 5 5 . . == iovossidle since g (V) %60 by Lemu#(5,L,T2)
5/dr . 5 5 5
5/6 [5 5 .5 . recal! Lemma(5,.,.,600r 5&)* and sub-case hyp.
R & . L6 64?’ - A11 At D ~p 15-10
5/6r 5 . 8 5 mvossible since q,,.L(V) 0 by Louma
- (5,Ly.,60 or 50)° axn+ uo-case hypothesis
L il . 5
E% 5 66 L6 —wan at E=p 15-16
5M7r 5 . . 5 5  impossible sinve g (V) € O by Lemma(s,L,72)
9,4 5 . 5 5 . lmpossible since yq (¥ } € U by Leams
(B,L...L.s)
5/9r PR S impossiole since ag (V) £ 0 by Lemmas
(5,Ly.4Ly5), £5,Ly.,60 or 50)"
5/10 5 . 5 . 5
L4 . L5+ . 5  impossible by Lemma (5,L,.,60 ar 50)*
d sub-case hypojesi
L4 .. L4 . L6 —w4llatE 1r L - 821, 52‘5,01125.41-?1
-L 1t L - 822,,824,,0r 826~ 6-11
if [ = 834 or 835=@ 6-11
B . 15+ . LS+ impossible by Lemma(60or 50y . ,600r 50)
5/15 5 5 5 . impossible since qp (V) € O by Lemna

(4L, .4 5;5)
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Proof of g, (V) - Lemza

Case v =6ors, =5

Sub-case ¥ = 170 an: L =°8%8,...,577

¥e have ¢, (G) = 10. Noreover, ¢,,(G)€ 5 since
no L5+ cah Ao from F to V by Lemma (5,L,.,60C.
or 50)° and swh-case hypotnesis, and if

deg(E) = 5 toen no L4 can go Irom F to V by

Lemma(5,L,.,1,5). Thus by Restriction (::1),
v 2 6 and we have to consider only inuse arrangezenis wi.ch proviqé sxactly

three V.'s..
5

Arcangs % cneck list

J A 3 C L B F

5/4 5 5 5 . . izpossible yince qu (V) % 0 by Lemmag
20020y (54LyayL,S, (5,0,.,60 or 50)°

and sub-case hypotbesis

5/ar .. 5 5 9 impogatdle ince qq (V) €0

5/6 5 5 . 5 . imposaible mince an (V)€ 0

5/6¢ . 5 . 5 5 1mnossible mince q. (V) £ 0

5/ S 5 . . 5 lapesnidleo since qn (N €O

5/1e. S . . 5 5  i;oosstlle sihee qp (Vi€ 0

5/9 5 . 5 5 . mposmible aince gy (V) So

5Ar .5 5 .+ 5  impossible since 4y (V)€ 0

5/1Q 5 . 5 . 5 1nmpossible since qn(v)ﬁ °

5/15 . 5 5 5 .  impossible sinow qp (V)R A
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Proof of ay, f7.c. - Leama

Caze v=6or5, Bes

Sub-case ¥ = 100 ard L - 241, 842, or 843

#e have to consiler only those arrangements

ehich okovile.precisely whiree ur four J A..A F
Arrangement chock liat A N )) E
~~D
J A B C 1V E F 3
5 9 & 8 1f T« 841 or 842 —® 15-9
L 1f T = 943w 1mposaible s.nce gy (KK O
by teymas (%73,72), (5,L,.,60 6r 50)*
and sub-case hypothasis
5 535 5
1f L = A4in ~—w 1221
"5 5 & . L5+ ~w411 or Ji1n at & S5 L . aion —b 611
12 Lr —p 1-20
L4 5 La . L4 = L = BAlr or 842r by Lemma (5,L,.,600r*50)"
Latsaso
s/ 5 ¢ 9 03033108 3ince qy (V)€ 0 by Lempafs,1;92)
Gy 5 5 . 5 8 impossible since qu\v) K 0 by Lemmas
(545y441,5)5 (5,1,.,60 or 50)°
5/6 5 5 5 . imoosuible since q.n'(v)‘ O by Lemmae
(5,L,.,60 or 50)*, (6Qor 50,7,600r 50}
s/1 5 S . . 5  impossibdle since qn('l)s 0 by Leamas
(5, s.9600r 50)+, (5,L,12),
(60 or 50,.,60 or 50)
5/ 5 . 5 5 1apossible since qp, (V)& 0
/10 5 . 5 . 5
’ E if Ln < 1-20
Lse . 5 . 5 =eallor 441T A Qi £ . patr — 1-21

if T « 842r =& 6-11
5/15 .5 5 5 . impossible since qn(v)s [



Ae.nave
Restrict.on

hyoothe.

We nave c(5)

v 2 6. hus ae nave tu cons

ments which provide precisely tnrae V.'s,
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Sub-casd ¥ = WU ang I -

e(s) = 10 ana o(¥) € 19, thus oy

(iv), v 7 contrauicting tas caie-

B35 N1 JUN-CAAR L4 1TP h.

Sub-case ¥ = T00 or o and Lo 7 L. fuh

£ ¥ inc thus oy Bastriciion (..1, T A

only thois anr:

5 © A /. € C sy Lomana
(600r %0, . ,600r 501,
ar i autesn
5 s .9 bee u.;“(.yﬁun
5 .« 9% 9
5 .. 5 5 -imosdible since qnﬂws 0 by Leama,
(5449460 or 50)* and jub cnsa hypothesis
5 5 5 . impossable since gy (V) £ 0 by Lemm:(S,L,.,

60 or 50) and sub-case hypothesis
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A

o v s Boor R

2. oMy, 9540, 5097,
or 550r

oup-cwne Vv L

sel) = 10 un1 tnus by Rostr

m (iidl,

: #e nave. to cohs:

9gis iffoae arrang -

v s peeecanly foup 7.'a, MWt din

casarty 1t oLenit cne of tne 3
(4

S0l w e tee cazey noldh, 1) es(d, s ep(iy s 4 oara

suus ty Lanmal”,5L,.,50 o0 ¢ Tani suu-case hsoatnesia, no L-dischars.ng goes from

A o ip vhug o(J) 471C, (2) dep(D) = iog(B) = 5 an: tnus a.thewe an R- or an

charcing goes trom E to Vp tnus c(#) € 19 In sach case 1t foliows by

@rrgc.etion (Lv) taat v ¥ 7 contmanieting the rane-nypotnesint Thus this sub-

cife 1 acunable.

Lub-case 7w 80 or 75 and, L =.87%,...,894

o omave o(d) = 10 ane thus b, Mestmiction (ii1),
v . "™hus e nave to ocnaifer only ihose a¥eange- T !‘
.
- wn - selv foue ¥ 'u in Py .
¥

ancin 0f tno3e arrancements we have 1eg(A) = deg(B) = § Al\ /E

-
(£ g be oylectad-or non-raflectes) ant thus we 2C D
nave e.ther an R- or an ld4-diseharging from A to V, Thus
) € 19 ant by Restrictton (iv), V2 7 oting the y is.

Thus thls sub-case 1s impoasible,

Sub-case v <@ d L = 551,...,691, or 861,...,872
3utoga2 S o

LE-951,...,555 | Le561,.4.,617 L-619,619 La=6200r. La621,...,624
: or 632um.mab91 or 651 861,...,872
by Lemmag and
[- see Figure n]_ cas sub-ease hyp.
a
(4] «s
(25 c~20 il csis

D O

v N v v

In mvery case, we have by Restriction (iv), vZ7. Thus this sub-case is impossibd!



Proof of 3y (7. - ionza

Case v = & or

LI

In th:s case, no Lydischariing car 2. ©707M A ooun.a’ ge

>tnerwise a p#ir o! .-situations would vioiate

Sudb-case V= WO or 95 (1,e., [ - 411 @,
e,

In th:3 sub-casé, noiS+ can fo from

Fog A to ¥ by remma (5,L), (%,L,.,60 L

ar 50)7; no Ld car yo from A o V :f
deg(B) = 5 and no L4 car xo frap F to V ¢7
1t dog(E) = 5 by Lemses (5ula5he Galuoriysly D
no T2-discharing can o acages J-A or F.G

by Lemma(9,L,

bas a c-vale € 15 and-Thus by Restriction (111), V2 6. Thus we nave in comsider

only those arrangemen®s. whjch proviie precisely thres V. 'a,

Arcangement check list

veotneais,

c D

T2). -Camggquently, the nom-5 vertex of L which 13 anjacent to V

aince
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sqpadiie i & 4 Vi€ O

. 16 676" 6w L - a31n or 452n and 419 at D=e15-10

= 4370 or 432n and 411 et Ew15-16

3bTe since qp (V) § 0
. osa1b1® since atnNEo

Mo L o 4310 or 432n and 411 at E~e15-16

J A R Cc D E P oG

6/8 5 5 5 . . .

6/ 5 5 .9 .
L. .

6/33 5 05 . . 05 .
[n s 66 16 6™ 6

6/14 55 . . .5

6/18 5 .05 5 .

6/19 5 .05 .05 .
Eu . L& . L6

6/20 s .5 . . 5

6 14 . 16 676

s R . 16 676
continued next page

Ahe p-ir at

wiolates the sub-casq hypo
Le Gal-iiﬂpngl}amd“n
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Proof of qqy (¥, o) - Lemma
Casev=-6or5, H=2
Sub-case v = 90 or 85
Avrangemmt chsery11dy, finished

J A B C D E F G

6700 5 . . 5 5 . {dlvossitle sirike qp (V1€ 0O
(7R < 5 5 5 . .  ispossible singe qn (€0
LYl .55 . s . impossibie since q,,.L(V) £o0

80 and L = 441

fe have c(h) = 9, c(J) € 20, and thus by 3 H
Restriction (1v), v 2 7 contradicting the &

case-hypothesis. Thus this sub-case is impossible.

Sub-case v £ 80 and [ » 801, 802, or 803

In this sub-case, no L5+ can go from A or F

to V by Lemma (5,L,.,60 or 50)%¢ no L4 can

go from A to V if*&%(B) = 5 and no L4 can go

>
ol

from Fito V if deg(k) = S by Lemma(S,L,.,L,5); t\-— E

. cD

Lo s gl e weruas $4A U Mt Ly

Lemma(5,!,T2diuGonsequently c(G) € 15 an!t thus by Restrictien (1ii), v2 6.

Thus we have to consider only those arrgngements which provide precisely four Vg's.

Arrangement ghieok lisi

J A B C D E F G

6/4 5 5 5 5 . . =155

6/6 5 5 5 . 5 . impossible since gn V) €0
6/1 5 5 5 . . 5 impossible since qp (V) €0
6/9 5 5 . 5 5 .  impossidle sinoe qp (V) €0
6/10 5 5 . 5 . 5 impossible since qp (V) <o
6/12 5 5 . . 5 5 impossible since qy (V) €0

oontinued next page



Proof of qg (V,4) - Lenma
Case v = 6or5 B4
Sub-case L = 8u1, 802, or 8¢}
Arrangement check 11ot, 'injahed

J A B C D E F G

5/16 5 . 5 5 9 . iapcssidle since 4y (V) €0
6/11 S . 5 5 . 5 1mpossidle since qp (V) €0
6721 .5 5.5 % imposaible aince qp (V) £ 0

sub-case v < 80 and T ¢ 465

=S

Laath,...,522
PRI
In both casea, we rave by sdeatriction (3v), vZ7. [hus this sub-cace is impossible
-case ¥ = 70 and § - 465
No LS+ can go from F to V by Lemma  (5,1,.,60 J ﬁ
or SF; no L4 san ko Frem Fote VAF 4g(E) £ 5 A ¥

by Lemma(5,l,.,L,5); no T2 can go across F- by i\_/‘E
Lamna(5,L,T2), Consequently, c(G)& 15. ¥o Rave also <D
o(J) % 15. By Restriction (1), vZ 6, Thus we have to considbr only those
arrangements which provide precisely foun vs's and o(8) = a(J) = 15 (since
otherwise by Restriction (iv), VBuUld be2 7)., Thwa ‘weiifust have either a ™
across F-G,or an L4 at F and deg(E) > 5; further we Wnap have an L5+ at A (a
T2 aoross J-A and an L5+ at B would also yield o(J) = 15 but this is impossible sina
1t does not allow for four V,-neighbors of V outside L). Thus we have one of the
following two cases.

J A B c D B F G

L+ . 5 5 5 67 —wallat A-wnoL at C=®qy (V) € 0w inpiss.

L+ . 5 5 . W



In this case,

Case v = 6 on5, a3 o

Proof of a(

Vyo) = Lenma

any two Vo'a whach L-aischargs €8,V pust be at a distance of

at least threa (on the ring about V) since otherwise a pair of L-situationd

192

would viclate the case-hypothesis. Thuo at moot threc L-ddscharginggoan go to V.

In this sub-case, 'no T2-discharging can go.

Sub-cage v = 70  (1,e., T = 401, 402, o?‘)

accoms J-p or G-H by Lemma(5,L,72).,No0 L

d1charrigg can o from A or G to V, Thus s

it Ln

then o(l) 4 15y and 1f £ r®then

c(J) € 15, Thugs by Restriction (14i), v2 6

and we have to consider only those arrangeffents

which peovide pracisely four V,'s.

1/12

7/14

1/15
1/19
7/21
/22
1/24
1/25
va

5 5
L..
5 5
5 5
5 5
5 5
5 5
5 5
5 %

oontinued next page

wn

[CERVIERN

5

cement check list

61‘2

5
L6

H

tmrossible since 4, (W& 0 by
Lemma(5,1572)

6™ 6w Lnand 411 at § ~»15-10

67 6oL ang 411 at P =®15-16

5

impossible since gn(v) <0
impossible. sinve qﬁW) <
ispossidle since qp (V) <0
impossible simce qp (V) €70
impossitfle dinvé qn(v) <0

impossible since q.‘nl:) L0




Proof of “'rx.(vu)) - lenma
Case veb6ors, Ba3
Sub-case v = 70
Arrangement chack list, timished

J A B C D EBE F G H

1/33 5 . 5 5 5 . . imposs.ole since qp (V) <0
1/3%4 S . % 5 . 5 . 1mpoisible since q, (V) € 0
.
1/35 S . 9 5 . . 5 invosaibie since qp (V) <O
1/31 5 .« 5 . 5 5 . ispossible since g (V) €0
1/38 5 5 5 . 5 1mpoasitle aince 4o (V) <0
1/43 5 . S 5 5 . impossidle aince qp (V) <O
1/54 -5 5 5 5 . . imposaible since qm (V) < ©
o
1/55 .5 55 5 . mpobsidle sinon gg (V) €0
1/51 .5 5 . 5 5 .  mposmible since qp (V) <0
Sub-case v = 60  (i.e,, L = 411)
In this sub-case, no L-discharging can go
trom a V; to V if the V, is adjacent to another 3 H
degrae-5 neighbor of V, No Ledischarging can go A ‘&"
'3\ F
from A or G to V. \
S E
Ndw suppose that ¥ = 5. Then by Restriction (ii1), cHy

every non-5 neighbor of V must Wave a c-valug of 20,
In order to abtain o(H) = o(J) = 20 we must have T-dischargings aeross both J-A
and G-Ey thus deg(A) = deg(C) =

Now, in order to obtain c(A) = 20, we must

have either afother T-@ischarging across A-¥ or an L-discharging from B to Vy
thus one of B, C is a non-5 vertex. Consoquently, since v = 5, D, E, and F are
'5'.. Thus o,,(G) =40 and o(G) £ 15 whioh violat
¥V = 5 is impossible.

the above condition. Thus

It remains to ider all those whioh provide pretisely
five V's (outaide of L on the ring about V).



Proof of qTL(V'O) - Lemma

Case v = 6or 5, =03

Sub-gase v = 60

Arrangement check “1ist

J A B C D E F

/86,7 s 5 5 05
1/10 s 5 5 . 5°5§
/1 5 5 5 . 5 .
T/1% 5 5 5% .+ . 5
1/17 5 5 . 5 5 5
118 5 5 . 5 5 .
7/20 5 S 5 . S
7/0 5 .05 5 5 5
T/80 5 . 5 5 5 .
1755 . 5 5 5 5 5
E”s 555 5 5

Sub-case ¥ = 40
In this gub-casge, no L5+ can go to V.
Thus we have c(H) £ 15, c(J) § 15 and hence
by Restriction (iii), v2Z 6.

Now suppose that ¥ =,6. Then, because of

Restriotion (iv¥, we must have c(H) = o(J) = 15.

by H
e
G H > N
—15.0 € DE
. iwpossible since qq (V)
5 1mposaible since g (V)
5 impossible since qp (V)
impossible since quﬂv)
5 inpossible since qq (V)
5 18posaible since qp (V)
. impossible since gy (V)
5 1@possible since qqy (V)
672 g 15416
(ice., T

But this requires T2-dischargings to go across both

J-A and G-H (3tnce mb L-discharging can go from A or G to V), which is imv.

by Lemma(T2,L,T2), Thus this sub-case is impossible,

Case V= 6or5 #=0
—_——

<0
<o
<0
<o
<0
%0
<0

<0

This case is imposmible since at most 9-V T-dischargings can g# %o V and

thus qp (VS 0.

Thts finishes the Wroof of 1he Ay (V)< Lemna, [ ]

194

.1ible



195

Priof ef the gn(v Lemwma.

We dpply the Upper Bound lemma tor. J(vlk) (33 provea i Section 7 of the paper)
to ur gy -poaitive vertex V of iekree k = '11. smem’e(w = «300 gnd

ap V) = a (V) + HV) >0, we tave &(V) > 300, Thus the ineqwaiities (371)-amd

(5.2) glve-us the followins reatgictions fo- tha nuber ¥ of sepre-Tieichbors of

28] v2e.

(11) 1If the confrmuration ¢f Fi,u 21! aoes not oecur thon

V2

ocouly

Case 5,L,77  ({ile,, the confimuratfon. ?‘m

w.th pivot idpadified te %y

For the vektices A, B,...,Z, we have

%o consider only thoMa a-wagwements.wn:ch

provide at Loaat four V.'s

Arcahgement ghecx list
« My oo Lo ox

s/ 5 5 5 S 5 w158
5/2 5 5 5 5 ,
[x R R L& . L6—ispogsidle by Lemms(5,L,.,60 or 50)*
5/2r . 5 5 § 5 -="imposaible sinece qu(v)s o
5 > 0 ™ 1mpossidleince qq (W€ 0
/3 5 .05 5 57 w
5/5 5 5 . 5 5= impossibleminee qp (V)€ 0



Proof of qm(‘/“) - Lemma

",
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Case "not 5,L!T2" (i.2,, the conffguration of Yigure 1

does nok oacur)

In $uis case we have ¥Z 9 by Restriction (II). A K 3
#o aonofe e nei AWRRRRG! V in consecutive orler 3 -‘v \ T
el
by &, By...,K 30 thatsi corpesponding ¢ "\‘H
reaiink is maximal (among the 72 poseible readings > \\/I&
which can be obtnimed by cyclic permutations and E F
reflectiona).
Arr 0 pok _list
A4 % ¢ » B F G H I J K
5 5 5 5 5 % 5 5 —p15-34
5 5 5 5 5 5 95 5 5
5 5 5 8 5 5 5 6 5 5 . ~wi5-35

5 5 % 5 5 5 5 U 5 5 U imposnibla sinceqn (V) <0

by Lemmu(5,L,.,1,5)

5 5 5 5 5 % 5 5 5 .
5 5 & 5 5 5 6 5 5 5 ,-w15-P
5 5 5 5 5 5 M 5 5 5

by Demma(5,Ly .y La5)
5 5 5 5 5 . 5 5 5 5 .
5 5 5 5 5 6 5 5 5 5 .-pi5e35

5 5 5 5 % U 5 5 § 5 U 1mlliN|-incnqn(V)<0

by Lempa(5,L,.,k,5).

This finishes the proof of the "n.(vﬂ)' Leana.and finishds the proof

of the q,m(vk) - Lonpa.

U tepospidle since gy (V) <O
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(10) Proof of the Jelenma. Many CTL-3ituations (H# TR AT A 1y ie g £, 83 g B
49,.4.,54,56,65,69,70,72,61, 94,999 111, 112, T8, 10719, 125, 0005 127,135,125,

437,138,141,145,150,151, and 152) are 4o be rogarda

8.8ingle configurations
rather thar confipurhtion-classes add the corresponuins S-sitfifiéns oceur aa
sub-configurations of Yhe drawings im*Tablc 4. In ghese cmses, thc numbess of the
S-bituations are writtew at the corresponding places in the ¢hack list pp. C 104,
ceey €199,

In soversl other CILesitumtioms (## 5,9,90,47,48,55, ayn 66) adhe vectex
with degresapoaifiaation ™." sust be spccified more in dotai) as ¥6 " or "U " ®f
in order to obtain a configuration which confns some S-situation a0 a ayb-
configuration, These cases are also treate§ on pp. & 194,..,C 199:whore the

two S-situatiows (one af them corresponding to "6 " ani the other to "U") are
joined by a brace.
In oase of CTL# 3 it is necessary to-spoeify for some outside vertices

"§", M6", or "U" in order to eblain some roquired S3sitwation as i aub-

configuration. This is done in detsil on p. € 200, In case of @TL# 4, aome
must be speoifded "5" or "6 ", see p, C 201.

The remaining CTL-situations are treated as codfiguration-classes on pp. C 202
4444210 where the parameter ranges over the sel of L-situstions as speoified 1
Table 4. The only 2-patameter olasses are CTL# 4@ and 122, In Boma of the 1=
parameter classes .(## 71’,'101',»‘02,10)‘};_*&9,132) the ""'“\'I‘Q\'y is used in Tabled
in such a way that inithe oldles chedk #ints it must be apq@¥¥idd ‘mord in dptail
n\L}( "y(—\’ in order to obtairqonfimiradens yhich contain the required S
situations as suWdoonfigikationy. B

This finishes the proof of-the DiadnprlingLheores for p(’) .g, a)’u..
a



Bvery planar map is fowr colorxvle
Part I3: reducidility
Supplement: The reducers and the
n-decreased extensions of the configurations
ot U and some reaarks

(a) o imwersion reducibility of the gonfigurations ot U,

Poz the contigurations of the unavoiaable setT , as preseMted in Part 13
of the paper,

eatablish the following proper

of,
(1) If C is a confimucat:eniof U of ring size n and containing precisely
wertices then §<.n < 14 and n¥n £ 28,

(11) If C is & configuration of U then C 13 D-reducible or 1s C-reducibie

with a fine reaucer (as defined in Section 3 of

rt 11 of the paper),
(111) If C is a configuration of Wi

extension of C which is obtained from C by.adding preciwely one vertex,

Luen \71 IR %Y

M-ulo8 2 b and oneWol the foliowing two cases gpplies.
(111.8) C, contains n confisuration, say C}, of U so #hat the ring size
of C) ia wot greater them the ring size St €, (:4%may ba, that .C
(111,%) C, 13 Dereducible oy C-reducible with a fine reducer
and if C, is%an n-decresspd extension of C, which is ebtained
from 0' by adding preciscly one vertex, then C contains a

confignration of U which iv of no greater ring size tms C,

Property (1) is casily establishod by ocuntimg, In Section () of thio
supplamont the numoers of cenfisurations in  with parwedlar n- dnd m-valucs
are given,

Property (ii) 18 #tablished by the machime comoutations described in

Seation 2 of Part II of the paper. For sll those configurations of W which are

and if 6 1is An n.décredsed

-c,)
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not D-reducible andeof ring-size n2 11 the C-reducers are presented in
Seetion (B) of this supploment.

Property (fii) is established in Section (Y) of this ségplement.
For ald but 55 confizurations ot U, Cases(11i.a) applies for every n-deeressed
extension C, which is obtained by adding precisely ome vertex. For each configar-
ation € the number of "first generation" n-uecrersed extensions (1,e,, n-
decreased extonsions which are obtained by adiing precisely one vertex to C) is
equal to the number of 1-legger outer seators of C (a 1-legger vertax of C lies

at precisely one 1-legger outer sector, but an articulatlon wertex of C lies at

precisely two 1-legger outer sectorsy the vertex to be added to C in order to obtain
an n-decreasec extension-must have at lcast three neighbors in 8 and thus must

be a vorthx on the ring about C which 13 adjacent to at least one 1-legger or
articulation vertex of C, see Section 5 of Part II of the paper and in partiocular,
Figure A) This numbar 13 between zero and five fonall configurations in U .

For each (first genoration) n-decressed extenaion C, we give in Section (Y) the
nuaber of the cowfiguration C. of U whidh is. contsined in C, (and of rio greater
mng-size than 0 ), The 55 cases in which such a configuration C does not exist
wie axplicitsly dramn. In all but ¥) of these cases, the D-redusibility ef C,
follows immediately from the eorollary to Lemma I {see Section 3 of Part II of

the papar), In the 19 romaining cases, a machine computation for C‘ has \been

carried ouly in these cases we have €iven®C, the seme nusber ag C (the configuration
of which it is an extension), followed:by an asterik, Al but three of

these sonfi urations are D-roducidle. For the three D-irreduvible configurationms,
22.7%, 29-2%, and 53-31% the C-raducers are presented at the and of the table

in Section (B) of this supplement. Mureover, in all 55 cases the first gemeration

n-decreased extensions of C| (which are "second gererat "

of C) are taken care of by giving the numbers of sub-comfigurations of Y .
Note that it is practitally much more comwenien® to establish Property (iii)

than it would be to explicitelywconsider a1l n-decreased extensions (of



arbitrarily high generation) of all configurations of U.

Now we claim the following.

Iamersion

lucibility of tl

configurations im As % consequence of
Properties (1), (ii), and (1ii) above and of the Theorem proved in Section 3
of Part II of the paper, no configuration of Y, can be immersed irto a minimal

five-chromatic planar triangulation.
Proof, We need the following.

Corollary to_ the Theorem (g. 498 of the paper), Let C be a configuration

which contains precisely m vertices and is of ring-size n so that n § 14 and

that

n+ng 28, and let c'(‘).....C‘(p) be all n-cecressed extensicns of C, Suppos
(a) C 13 D-reducible or is C-reducidble with’e fine reiucer, and that
(b) mone of Ciy),. .,c‘(p) can be 1zmersed into a mimoal five-chromstic
triangulation,

Then C cannot be imdersed into a minimal five-chrumatic triangulation,

The proof of the corollary 1s obtainc? “rom the p

vof of the

cren (as
given on pp, 498 to 503 of the paper) by weiating caragravhs (!! and (2) end
all references to tha inuuctiom hypothesis (2), (Note that the nypothesis of
the corollary 1s stronger than the hypcthesis o: *he theorem ana taus mo

induction om n is necessaryy otherwise the proof remaing Verbally the same,)

Now 1ot UFbe the set which consints of the configuraticns of U and-of il

tHose rirst generation n-decreased extensiens of configurations of U

r which

Case (11i.b) (p. 198) applies. We mpruve by :n:uction on r tas

C 15 a con-

fruration of URof rinr-size n then C casnol be imnersel ‘nto & m

imal five-

chromatic triangulation.

s UX

have ring-sizes 2 6 and if ne 6 then C hks ro n-dccreaseu extensions. Thus,

Noto that because of Prooerties (1) ana (111), all conf{ urat

if nw 6 then C fulfills the hypothesis of the above comoilary and cannot be
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immersed into a minimal five-chromatic triangulation.

From now on we assume n > 6 and we assume by induction that no conffgtiration
of Whenose cing-size ia smaller than n con be imnersed into a minimal #De-
chramatic triangulation. It remains to prove that C cannot be immersed in#d a
minimal™iveschromatic triangulation,

We craim that no n-decreased extension of C can be immarsed into & minimal
five-chromatic triangulation., For if 0?13 an n-decreased sxtension of C then
there 13 a. first Reneration n-decreased extemsion, say 01. of C such that either
C,=Cy or C, is an n-decrsased extension cf C,, In every case there is an immersion

C,~C, (whicn respects the degreq-specifications). But because of Property (111),

C, containi a confimuration, say C', of U whose rins-size is smaller tham m, i.e.,

thare id an immersion f':

'4c|: how shipucoe that there is an immersion £:C,— 28
of C, into a planar triangulation A (whikh respects the degree-specifications), Then
the comporite masoiny; f'et e £ 14 an Wmmcralon of C' into & (which respects the

doy

pocitications), But By lnuuction hypothesis, C' cannot be immersed into
a mimm? (lyeecWromatic triumulation, Thus C' annct Le immarsed into a minimal
tite-chromutic t-iansulatiqn as asnerted. Thus C tulfills Hypothesis (k) of the
above corol'ary, But the other hypotheses of the corollary are fulfilled because
of @roperties (i), (31), and ¥it1). Thus C cannot be immersed into a m¥nimal
fiveschromatic triangulation and the proof of the immersion recucidility is

finisnea. W
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On the following 15 pages the reducers are presented

(8) The ceducer

for those configurations of W which are not D-reducible and are of ring size

11 or grester, Also presented are the reducers for the three ccnfigurations
22-7#, 29-2%, and 53-31% which do not belong tou but are requireWpd¥or the
immersion reducibility of the corresponding configuratiens 22-7, 29-2, and 52

of . For an expldnation of the diagrams see p. 504 of tne paper.
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(y) _The n-decreased exidnsions. O(n the following 30 pages the first

generation n-decreasec extendions of the confisuratzons of W are treated.
Contigurations of U which do not have any 1-legrer cuter sectora-need not be

considered, If a confimuration C of W'ins more than one ‘-leager outes gector

then its 1-legwer outnr sectors are treate 1in clocksise srier (zon#yr arounl
the confiuration), beginning with that 1-legzer outer sector which 23 an the
highest position in the drawing.in the U-tabley 1f twa 1 Verrer cuter sectors

e lert one et tnem.

are 1n equally high pos:ticns tnon we begin aith o

larrer

If a 1-lescer outer asctor of C 13 mob consesutisessitn anstne: 1
outer sector then 1t correaponug one-to-one o the n-cecreaied exienaidn of C

by aidine a vo o Coat th Mmi o whe lep, 11 Lo ely twn

ahieh 13 .

LT C oAre eoraecubl.ve ‘ren theg 3. gevoer . O

1-lepper outer nector

n-iroreaged extensivas ot C which are obtaines gy wivuns a Vo oo a ¥, egpscvively
Lo € at toe common end Lt tne two decd, [0 4 den Telosdes oules sActurd are

CONABCULLYA Lhen TRy Correspund Lo 1ue Lnhn ne1asteised eXtenat.na ff 0 sbich

v Al the common enn

ara bruines by alding a Vo, a

ar AV, reopectively,

’
. . o~ . :

DUt v, evary feat oRofATE R B (Cru gl etters,en of D oocnd g

aome s mtouaton of uaf neyrenter sfnpioize, lnothese grien we nave nded
the numb s of the sugentonfiyiations i iar the number f © w.ep an wrrow “zch
C 1o mach ome of 1ty extensicna, Tie {rurb s ot the sub-confiewraliin .t ghel

medncrente  oabensiun which cutresponds to therSiTyt ‘alescer sectur g wertian

in the.highegt pgaitinn, then ®ke others fo.low palow in wrder, it two ~xtensions

colressond Lo two conaecut ve recturs inaw the cne obimines by adding a V. 3n
4sted above he one obtaimad by wifing a Vg an. the tws entriea are joined by

awn rom C to she pair of extendioha!; likewise

£ brace.(ani only one atrow 19

or triplaty of congmeutive T-lesper ,octdri.
1f not evary firat gererafion n-iedreaces extenaton ef C.¢ontains a gonfisuratic

of W o1.n0 greater rins-size then both € and tno «xcaptional extension(s) are



wxplicitely drawn and the Mrst yeneration n-decreaged axtensions of the
exceptional extension(s) are alao treaterd. In the drawings, tha 1-lepsger outer

9cctors are inlicated by Jaushe: lines.

‘13 only ona case (9o-7) 1n whach a confizuration of W has morc than

plional n-tecreascd axtensiv there ara neveral cuses in which

tmo nrintant contipuraticns of U have tho same exceptional n-decreased
axtens.on, Mumbors are - sen enky to those

which quiral michine' Computations, 1,

any  =reaucible confivuration of W.
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