ORDERING ON A SEMISIMPLE LIE GROUP
AND CHARACTER VALUES

BY
LAURENT CLOZEL

1. Introduction

We first recall some results of Kostant in [1]. Let G be a connected, semi-
simple, real Lie group, g its Lie algebra. Let G be the set of all equivalence
classes of irreducible finite-dimensional representations of G. Let g =T @
a @ n be an Iwasawa decomposition of g, G = KAN the associated decomposi-
tion of G. An element 4 of G is called hyperbolic if h = exp (x), with x € g such
that ad (x) is R-diagonalizable. In this case, one shows that % is conjugate in G
to an element of 4; or, equivalently, x is conjugate under the action of Ad (G)
to an element of a.

The ordering between hyperbolic elements is defined in the following manner:
Let W = W(g, a) be the Weyl group. For x € qa, let a(x) be the convex hull of
the orbit of x under W. Then x < y (x, y € a) iff x € a(y). This ordering is
transported, by using the exponential isomorphism, to 4 and then to the set of
all hyperbolic elements: let 4, k& be hyperbolic, respectively conjugate to the
elements a and b of 4; then weset i < kiffa < b. (For the consistency of this
definition see [1].)

For 1€ G, let m, be a representation of the class A: we define the (non-
normalized) character y, on G by y,;(x) = Tr (n,(x)). Then the following the-
orem holds (Kostant [1, part 6, Theorem 6.1].

THEOREM. Let f, g be two hyperbolic elements of G, f < g. Then for all
re G, () < 1(9)-

We shall prove the following converse, in the case where g is a normal real
form of its complexification gc, i.e., when a¢ = a + ia is a Cartan subalgebra
of g¢ (see [2, p. 6]).

THEOREM. Let G be a real semisimple connected Lie group; assume that § is a

normal real form of gc. Let f, g € G be two hyperbolic elements. If x,(f) <
x:(9) for all e G, then f < g.

We shall use a sequence of lemmas. Let a, be the adherence of the funda-
mental Weyl chamber in a. Using the properties of conjugacy, we see that it is
enough to consider the case f = exp (x), g = exp (»), for x, y in a,. In fact
we first contend that x and y are in the Weyl chamber (a,)°, interior of a,.

We define a preorder relation on a, denoted «, by x « y (x, y € a) iff for all
A€ G, x; (exp (X)) < x; (exp ().
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Using the Killing duality, denoted { , ), we identify a with its (real) dual;
we can identify an element 1 of G with the associated representation of g, and
this one to its highest weight, considered as being in a—thus in fact Ae a,.

LemMmA 1. Let xe(a,)’ AeG. Then y; (exp (tx)) ~ o+ €Xp (2{4, X))
(the equivalence is between two functions of t).

Proof. Let {a;,,i = 1,...,r} be the simple roots in a; let IT, be the set of
weights of the representation A. Then

xa (exp (tx)) = exp (t<A, X)) + ¥ my , exp (t<p, X))
pelld, p#2
for certain integers m; ,. If p e I1;, p # A, we know that p = 1 — ¥I_; nu,,
with the integers n; not all zero. But by definition of the Weyl chamber,
{az xy > 0 for all xe(a,)’ i=1,...,r. Thus it is clear that {p, x) <
{4, x> for all p e I1,, p # A; the comparison of the exponentials then proves
Lemma 1.

Now we use Wey!l’s formula giving the formula for y;:
ZGEW det (0') exp <O’(A =+ P), x>
Xa (exp (%)) =
’ Lo ew det (0) exp <a(p), x)

with p = $ ¥,.0 « = X5-; 4;, 4; the fundamental dominant weights.
We know that the denominator D(x) is given by

D) = T det (o) exp olp), x) = [] (22 — e~@2)

a>0

from which we deduce that for all x € (a,)°, D(x) > 0, and the quotient in
Weyl’s formula makes sense. (For these results see [3, pp. 138-139].)

LemMMA 2. Let x, y € (a,)°, such that x <« y, Then nx < ny, for allne N
such that (n — 1)p € G.

Proof. By Weyl’s formula and the hypothesis on x and y,
) 2 det (0) exp {o(4 + p), x) _ X det (o) exp {a(4 + p), W
2 det () exp {a(p), x> 2. det (o) exp <a(p), y>
forall A e G.

Let n € N be such that (n — 1)p € G, whence nl + (n — 1)p € G. Replacing
Aby (A + (n — 1)p) in (*), we get

(%) 2 det (0) exp o(A + p), nxy _ X det () exp <o(4 + p), ny>
Y det (o) exp <o(p), x> 2. det (o) exp <a(p), ¥>
for all A e G,
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whence finally, rearranging,

%1 (exp (nx)) < C(n, x, y)x; (exp (ny)) for all A € G,
with
2. det (o) exp {a(p), x> X det (o) exp {a(p), ny>
2. det (0) exp {a(p), nx) % det (o) exp {o(p), ny)
(thus C does not depend on 1).
We want to prove that in fact x, (exp (nx)) < x, (exp (ny)). This is clear

because of the following lemma (it is here that we use the non-normalization of
the characters).

Cn, x,y) =

LemmA 3. Let f, g € G. If there exists a constant C > 0 such that y,(f) <
Cx;(9) for all A € G then y,(f) < x.(g)forall ) e G. (C can be taken equal to 1.)

Proof. Evident because of the complete reducibility and of the formula
Xa* Xu = Xagy (consider ygm,, m — 00).
The Lemma 2 is so completely proved.

COROLLARY OF LEMMA 2. Let x, y € (a,)°. Then exp (x) « exp (y) implies
exp (x) < exp ().

Proof. Let a, be the cone generated by the simple roots in a. Then it is easy
to see that x € ais in q,, if and only if {4;, x) = Oforalli = 1,..., r. More-
over [1, Lemma 3.3, p. 429], an element x of a, is in a(y) if and only if y —
xea, Let{,i=1,...,r} bethe fundamental weights. We know that there
exists K € N such that KA, € G for all i. Let u; = KA;, and J = N be the set of
integers defined by Lemma 2. (J is infinite.)

For all n € J, nx « ny by Lemma 2, whence y,, (exp (nx)) < yx,, (exp (ny)).
But, if we let n — oo in J, we have by Lemma 1,

X, (€Xp (1)) ~ exp (n{y;, XD), ¥, (€xp (1y)) ~ exp (nu;, ¥))

as functions of n, whence {u;, x> < {p;, y>; therefore {A;, y — x) = 0 for
alli,ie.,y — x € a,. So x € a(y), whence exp (x) < exp (), which proves the
corollary.

By conjugation, we see that the theorem is proved for all the regular elements
of a; we conclude by using the evident continuity of the order <.

REFERENCES

1. B. KOSTANT, On convexity, the Weyl group and the Iwasawa decomposition, Ann. Sci. Ecole
Norm. Sup., 4e série, t.6 (1973), pp. 413-455.

2. G. WARNER, Harmonic analysis on semi-simple Lie groups, Springer-Verlag, New York,
1972.

3. J. E. HUMPHREYS, Introduction to Lie algebras and representation theory, Springer-Verlag,
New York, 1972.

EcoLE NORMALE SUPERIEURE
Paris



