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STRONGLY RESONANT ROBIN PROBLEMS
WITH IDEFINITE AND UNBOUNDED POTENTIAL

NIKOLAOS S. PAPAGEORGIOU — GEORGE SMYRLIS

ABSTRACT. We consider a Robin boundary value problem driven by the
Laplacian plus an indefinite and unbounded potential. We assume that
the reaction term of the equation is resonant with respect to the principal
eigenvalue and the resonance is strong. Using primarily variational tools
we prove two multiplicity theorems producing respectively two and three
nontrivial smooth solutions.

1. Introduction

In a recent paper Papageorgiou—Smyrlis [23] studied semilinear resonant
Robin problems driven by the Laplacian plus an indefinite and unbounded poten-
tial. In [23] the resonance occurs asymptotically at +00 with respect to any non-
principal, nonnegative eigenvalue of the differential operator u — —Au + £(2)u
for all uw € H'(2) with Robin boundary condition and with £(-) being the in-
definite and unbounded potential function.

In the present paper we examine what happens when resonance occurs with
respect to the principal eigenvalue Xl. More precisely, we investigate the more
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interesting and more difficult case of “strong resonance”’ with respect to Xl.
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So, let © C RY be a bounded domain with a C2-boundary 02. We study
the following semilinear Robin problem:

—Au(2) + £(2)u(z) = Au(z) + g(z,u(z)) in Q,
(1.1) ou
on

In this problem & € L*(Q2) with s > N and so it is in general unbounded. Also
&(-) is in general indefinite, that is, £(-) is sign changing. In the reaction term

+B(z)u=0 on 0f).

(right-hand side of the equation), Xl € R is the first eigenvalue of the differential
operator u + —Au+&(2)u, u € HY(Q), with Robin boundary condition. In this
reaction term the perturbation g(-, -) is a Carathéodory function (that is, for
all z € R, z — ¢(z,x) is measurable and for almost all z € Q, x — g(z,x) is
continuous) such that

9(2, 7)

In the Robin boundary condition, 3 € W1>°(9Q) and 3(z) > 0 for all z € 9.
When 8 = 0 we recover the Neumann boundary value problem. This makes

— 0 as z — £oo uniformly for a.a. z € Q.

problem (1.1) resonant with respect to the principal eigenvalue Xl € R. In fact,
we assume that the resonance is “strong” in the sense that the perturbation
g(z, -) has a smaller rate of increase as  — +o0o0. More precisely, if G(z,z) =
foz g(z, 8) ds, then there exist functions G4 € L'(2) such that

g(z,z) >0 and G(z,2) = Gi(z) asz — too uniformly for a.a. z € .

In the terminology introduced by Landesman and Lazer [12], such problems
are called “strongly resonant” and are the most interesting class of resonant
problems, since as we will see in the sequel, exhibit a partial lack of compactness,
that is the energy (Euler) functional of the problem does not satisfy the C-
condition (the compactness condition) at all levels.

In the boundary condition g—z denotes the usual normal derivative of u(-),
hence g—z = (Du,n)gn~ for all u € H'(Q) with n(-) being the outward unit
normal on 9Q. Also the boundary coefficient 3(-) € W1>(99Q) and B(z) > 0
for all z € 9Q2. When 8 = 0 we recover the Neumann problem. So, our framework
here incorporates as a special case Neumann problems.

In the past resonant problems were studied primarily in the context of Dirich-
let problems with zero potential (that is, £ = 0) and not for strongly resonant
equations. We mention the works of Bartsch and Wang [5], Castro, Cossio and
Velez [6], Hofer [10], Liu and Li [13]. More recently, the study was extended
to resonant Neumann problems again with zero potential. In this direction we
mention the works of Gasinski and Papageorgiou [9], Motreanu, Motreanu and
Papageorgiou [15]. Equations with indefinite and unbounded potential were
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examined only very recently. We mention the papers of Kyritsi and Papageor-
giou [11], Papageorgiou and Papalini [17] (Dirichlet problems) and Papageorgiou
and Radulescu [18], [19], Papageorgiou and Smyrlis [22] (Neumann problems).
None of the aforementioned works deals with the case of strongly resonant equa-
tions.

Strongly resonant elliptic Dirichlet problems with zero potential (that is,
¢ = 0) were studied by Ambrosetti and Mancini [2], Arcoya and Costa [3],
Arcoya and Orsina [4], Costa and Silva [7], Lupo and Solimini [14]. With the
exception of Ambrosetti and Mancini [2], the other works prove existence results
under stronger conditions on the perturbation term g( -, - ). The works of Arcoya
and Orsina [4], Costa and Silva [7], Lupo and Solimini [14] deal with the case
of strong resonance with respect to the principal eigenvalue, while Arcoya and
Costa [3] consider the case of strong resonance at higher eigenvalues. Ambrosetti
and Mancini [2] prove a multiplicity result producing two solutions but under
more restrictive conditions on the perturbation term g(-, -).

Using variational methods based on the critical point theory together with
critical groups (Morse theory) in order to distinguish between critical points,
we prove two multiplicity theorems for problem (1.1) producing respectively two

and three nontrivial smooth solutions.

2. Mathematical background

Let X be a Banach space and X* its topological dual. By (-, -) we denote
the duality brackets for the pair (X*, X). Let ¢ € C'(X,R). We say that ¢
satisfies the “Cerami condition at the level set ¢ € R” (the “C. -condition” for
short), if the following is true:

“Every sequence {uy},>1 € X such that

o(up) = ¢ and (14 |jus]))¢ (un) = 0 in X* as n — oo,

admits a strongly convergent subsequence”.

If ¢ satisfies the C.-condition at every level ¢ € R, then we simply say that
¢ satisfies the “Cerami condition” (the “C-condition” for short).

The following topological notion, is a basic tool in the critical point theory.

DEFINITION 2.1. Let Y be a Hausdorff topological space and let Ey, E, D be
nonempty, closed subsets of Y with Ey C E. We say that the pair {Ey, E} is
linking with D in Y, if the following two conditions hold:

(a) EynND = @;

(b) Y(EYND #( forally e’ ={y € C(E,X) : v|g, = id|g, }-

Using this notion, we can prove the following minimax characterization of

critical values of a ¢ € C1(X,R) (see, for example Gasinski and Papageorgiou
[8, p.644]).
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THEOREM 2.2. If X is a Banach space, Ey, E, D are nonempty, closed subsets
of X such that the pair {Eo, E} is linking with D in X,p € C*(X)
sup ¢ < inf
E(])?‘P S mbe
¢ = inf sup p(v(u)) whereI' = {y € C(E,X) : ¥|g, = id|g, }
yer uck
and ¢ satisfies the C.-condition, then ¢ > i%fgo and c is a critical value of ¢
(that is, the set K¢, = {u € X : p(u) = ¢, ¢'(u) = 0} is nonempty). Moreover, if
c:i%fgo, then K& N D # ().

With suitable choices of the linking sets, from the above theorem we recover
as corollaries the mountain pass theorem, the saddle point theorem and the
generalized mountain pass theorem (see Gasinski and Papageorgiou [8]). For
future reference, we recall the mountain pass theorem.

THEOREM 2.3. If X is a Banach space, p € C1(X) satisfies the C-condition,
ug,u1 € X, r > 0 with ||ug — u|] >r >0,

max {p(uo), p(u1)} < inf [p(u) : [lu —uol| = r > 0] = m,,

c= ;161%012%)(1 o(v(t)), whereT ={y e C([0,1],X) : v(0) = ug, ¥(1) = u1 },

then ¢ > m,. and c is a critical value of . Moreover, if c = m,., then there exists
u € K such that ||[u — uo|| = 1.

REMARK 2.4. The mountain pass theorem (Theorem 2.3) results from The-
orem 2.1 by taking

Eo ={ug,u1}, EF={ueX:u=(1-1t)ug+tu,te]l0,1]}
and D = 0B, (ug) = {u € X : ||lu — up|| =r}.

In the analysis of problem (1.1) we will use the Sobolev space H!(f2), the
Banach space C*(2) and the boundary Lebesgue spaces LI(9€2) (1 < g < o0).
In what follows by || - || we denote the norm of the Sobolev space H!(Q) defined
by

fall = (13 + |1DulE]/2  for all u e H ().

On 99 we consider the (N — 1)-dimensional Hausdorff (surface) measure
o(-). Using this measure, we can define in the usual way the Lebesgue spaces
L1(0€) (1 < g < 00). From the theory of Sobolev spaces, we know that there
exists a unique continuous linear operator vo: H*(2) — L?(99), known as the
“trace operator”, such that

Yo(u) = ulpg  for all w € HY(Q) N C(Q).

So, we understand the trace map as representing the “boundary values” of
a Sobolev function. We know that 7o is compact from H'() into L%(Q) for
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q€[1,2(N—-1)/(N —2))if N > 3 and into L(f2) for q € [1,+00) it N =1, 2.
Also, we have

imvyy = H/22(0Q) and kerryy = H ().

Next we recall some basic facts concerning the spectrum of the differential
operator u — Au + £(z)u with Robin boundary condition. So, we consider the
following linear eigenvalue problem:

—Au(z) + &(2)u(z) = Xu(z) in €,

0
a—z +B(z)u=0 on ON.
In what follows the below hypotheses will be in effect for the potential ()
and the boundary coefficient 5(-):
H(¢) € € L5(Q) with s > N.

H(B) B € WL>(99Q) and B(z) > 0 for all z € If.

We say that X € Ris an eigenvalue, if problem (2.1) admits a nontrivial

(2.1)

solution @ € H'(Q), called an eigenfunction corresponding to A Using the
spectral theorem for compact self-adjoint operators on a Hilbert space (see, for
example, Gasinski and Papageorgiou [8, p. 296], we can show that the spectrum of
(2.1) consists of a sequence {Xk} r>1 of distinct eigenvalues such that N — +00.
The first eigenvalue Xl € R, has the following properties:

° Xl is simple with eigenfunctions of constant sign,

(2.2) X\ = inf mj‘é cue HY(Q), u # o],

where v: H'(Q) — R is the C'-functional defined by
v(u) = ||Dul|3 +/ £(2)|ul*dz +/ B(2)|u|*do  for all u € H'(Q)
Q o0

(see Papageorgiou and Smyrlis [23]).

The infimum in (2.2) is realized on the one-dimensional eigenspace corre-
sponding to A; and denoted by E(Xl) Let @3 € HY(Q) be the L?-normalized
(that is, ||[u1]l2 = 1) positive eigenfunction corresponding to 1. Hypotheses
H(¢), H(B) and the regularity results of Wang [25] imply that @, € C'(Q).
Moreover, invoking the Harnack inequality (see Pucci and Serrin [24, p. 163]),

we have
(2.3) u1(z) >0 forall z € Q.

As a consequence of (2.5), we have the following simple lemma (see Papageorgiou
and Smyrlis [23]).
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LEMMA 2.5. If hypotheses H(E), H(B) hold, ¥ € L™ (Q), ¥(z) < M for almost
all z € Q and 9 £ A1, then there exists cg > 0 such that

y(u) — / 9(2)|u* dz > col|ul|*  for all u € H' ().
Q

Let E(Xl) be the eigenspace corresponding to the principal eigenvalue bY!
(that is, E(A1) = Ruy). We have the following variational characterization of
the second eigenvalue Ay (see Papageorgiou and Smyrlis [23]):

Xo = inf [Tgﬁl tu € E(;\\l)i-7 u#0].
2

We say that a Banach space X has the Kadec—Klee property, if the following
is true:

Up ~—u in X and ||un|| = [Jul| = wu,—wu inX.

As a consequence of the parallelogram law, we see that every Hilbert space has
the Kadec—Klee property.
In what follows A € L(H'(Q), H}(Q)*) is the linear operator defined by

(A(u), hy = / (Du, Dh)gn dz  for all u,h € H'(Q).
Q

Also, by £ (Xk) we denote the eigenspace corresponding to the eigenvalue Xk e R,

k € N. We have the following orthogonal direct sum decomposition:

H'(Q) = P EO).
Moreover, for each k € N, E()\) is finite dimensional and E(X;) € C1(Q).
Finally, let us recall the definition of critical groups. So, let ¢ € C*(X,R)
and ¢ € R. We introduce the following sets:

o ={ueX:pu)<c} K,={ueX:¢(u) =0},
Kg={ue K,:p(u)=c}.

Let (Y7,Y2) be a topological pair such that Yo C Y3 C X. For every in-
teger k € No, by Hp(Y1,Y2) we denote the k''-singular homology group for
the topological pair (Y7,Y3) with integer coefficients. Recall that for & € —N;
Hi(Y1,Y3) = 0. Suppose that u € K¢ is isolated. Then the critical groups of ¢
at u € X are defined by

Crlp,u) = Hi(p°NU, o NU \ {u}) for all k € Ny,

with U a neighbuorhood of w such that K,Ne°NU = {u}. The excision property
of singular homology implies that this definition of critical groups is independent
of the choice of the neighbourhood U.
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If ug is an isolated local minimizer of ¢ € C*(X,R), then
Cr(p,uo) = dk,0Z for all k € Ny,

with Jy , being the Kronecker symbol, namely

0 ifk#r, )
Op,r = with r, k € Np.
1 ifk=nr,

3. Two nontrivial solutions

In this section, we prove a multiplicity theorem producing two nontrivial
smooth solutions for problem (1.1). To this end we impose the following condi-
tions on the perturbation g(-, - ):

(Hy) g: @xR — Ris a Carathéodory function such that g(z,0) = 0 for almost
all z € Q and
(i) for every p > 0, there exists a, € L>(€) such that

lg(z,2)] < ay(z) foraa. ze€ Qandall |z] < p;

(ii) if G(z,z) = forg(z,s) ds, then there exist functions Gy € L>®()
such that

g(z,2) =0, G(z,2) > G+L(2) asx — Foo,

uniformly for almost all z € 2, and

/ Gi(2)dz <0
Q

(i) G(z,2) < (A2 — A1)x2/2 for almost all z € €, for all z € R;
(iv) there exist functions 1,7 € L°°(2) such that
0<n(z) <n(z) foraa.zeQ, n#0,

n(z) < liminf 9(2, ) < lim sup 9(2,7)
220w 20 T

<7(z)
uniformly for almost all z € Q.

REMARK 3.1. Hypothesis (H;) (i) implies that the problem is strongly res-
onant with respect to A;. Hypotheses (H;) (i)—(ii) imply that

(3.1)  |G(z,2)] <ci(1+|z]?) fora.a. z€Q, for all z € R, with ¢; > 0.

Let ¢: H'(Q) — R be the energy (Euler) functional for problem (1.1) defined
by

) ~
gp(u):i'y(u)—%HuH%—/G(z,u)dz for all u € H*(Q).
Q



518 N.S. PAPAGEORGIOU — G. SMYRLIS

We know that ¢ € C'(H'(Q2)). As we already mentioned in the introduction,
the strong resonance implies the partial lack of compactness of ¢. This is evident
in the next proposition.

PROPOSITION 3.2. If hypotheses H(&), H(B), (H1) hold, then the functional
¢ satisfies the C.-condition at every level ¢ < — [, G+(2) dz.

PROOF. Let ¢ < — [, G+(z) dz and consider a sequence {u,}n>1 € H'(Q)
such that

(3.2) e(un) — ¢,
(3.3) (14 |Jun|))¢ (un) = 0 in HY(Q)* as n — oo.

CLAM. {up},>1 € HY(Q) is bounded.

Arguing by contradiction, suppose that the claim is not true. By passing to
a subsequence if necessary, we may assume that ||u,|| = oo.

Let yn = upn/||unll, n > 1. Then ||y,|| = 1, for all n > 1 and so we may
assume that

(3.4) Yn ——y in HY(Q) and vy, —y in L*(Q) and in L?*(99).

From (3.2) we see that we can find M; > 0 such that

1 P\
iv(un)—?lﬂunﬂg—/ Glzup)dz < My  forallneN
Q
1 /):1 2 /G(z,un) M1
3.5 = — n) — — |lunlls — dz < for all n € N.
( ) 27(y ) 2 ||y ||2 O ||un||2 ||un||2

From (3.1) we see that {G(-,u,(+))/||un|]*}n>1 € L*(R) is uniformly integrable.
So, from the Dunford—Pettis theorem, by passing to a subsequence if necessary
and using hypothesis (H;) (ii), we have

G(- un(-))

(3.6) Tun ]

50 in LY(Q).

So, if in (3.5) we pass to the limit as n — oo and use (3.4) and (3.6), then we
obtain

() < MllyllE = (W) = Mllyl3 (see (2.2))
N with 9 € R.

If 9 =0, then y = 0. From (3.3) we have

(3.7) ’<A(un),h>+/(g(z)Xl)unhdz

Q
< _enllhll

+ ﬂzunhda—/gz,un hdz| < —————
oo s B
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for all h € H* (), with &, — 0F,

(38) = \<A<yn>,h> + [ (€)= Rwans

9(2; un) enl|h]|
+ B(Z)ynhdo'—/ hdz) < — o
20 o llunll (L4 [[un|)unll

In (3.8) we choose h = y,, € H'(Q), pass to the limit as n — co and use the fact
that y = 0. Then

|[Dynll2 =0 = yo —0 in H(Q) (see (3.4)),

which contradicts the fact that ||y,|| =1 for all n € N. So, ¥ # 0. To fix things
assume that ¥ > 0 (the reasoning is similar if ¢ < 0). Because of (2.3) we have

(3.9 Up(z) = +oo  for all z € Q.
From (3.2) we see that given € > 0, we can find ng = ng(e) € N such that

o(up) <c+e for all n > ny,
1 1 )
(3.10) = i'y(un) - ?HunHQ— G(z,up)dz < c+¢e for all n > ny.
Q
From (2.2) we have
Alunl2 < Y(un) for all n € N,

= f/ﬂa(z,un)dzsws (see (3.10)),

(3.11) = —/G+(z)dz§c—|—5
Q

(see (3.9), hypothesis (H;) (ii) and use Fatou’s lemma). Since € > 0 is arbitrary,
we let ¢ — 0. From (3.11) we have

—/ Gi(2)dz <c¢,

Q

a contradiction to the choice of the level ¢. This proves the claim.
Because of Claim, we may assume that

(3.12) Up —u in HY(Q) and w, —u in L*(Q) and in L?(09Q).

In (3.7) we choose h = u, —u € H(Q), pass to the limit as n — oo and
use (3.12). Then

lim (A(up),unp —u)y =0 = ||Dunplla = ||Dul|2

n—oo

= u, —u in HY(Q) (by the Kadec-Klee property),

= ¢ satisfies the C.-condition. O
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Now we can prove our first multiplicity theorem producing two nontrivial
smooth solutions.

THEOREM 3.3. If hypotheses H(E), H(B), (Hy) hold, then problem (1.1) ad-
mits at least two nontrivial solutions ug,u € C1(£2).

PrOOF. Hypothesis (H;) (iv) implies that given ¢ > 0, we can find § =
d(e) > 0 such that

(3.13) G(z,x) > = (n(z) —e)z? for a.a. z € Q, all |z| < 4.

DN | =

Recall that 4, € C1(Q2) and 4y (z) > 0 for all z €  (see (2.3)). So, we can find
t € (0,1) small such that

(3.14) tuy(z) € [0,6] for all z € Q.
Then we have
o(ta) = tQ[ (@) = 0] — /G (z,ti1)dz  (recall that |[@]]2 = 1)
/ G(z,tuy)d
(3.15) < 5 {5 - /Qn( 2)a? dz} (recall that |||z =1

and see (3.13),(3.14)).

From hypothesis (H;) (iv) and (2.3) it follows that

/ n(2)us dz = p > 0.
Q

So, choosing € € (0, ), from (3.15) we have

(3.16) p(tuy) < 0.

From (2.2) we know that v(u) > :\\1||u|\§ for all u € H'(Q). Also, hypotheses
(Hy) (i)—(ii) imply that we can find M > 0 such that

|G(z,2)] < M for aa. z€Q, all z € R.

Hence ¢ is bounded below by —M|Q|y (here by |- |y we denote the Lebesque
measure on RY). Therefore —oo < m = inf [p(u) : u € H(Q)] < 0 (see (3.16)).
Since m < 0 < — [, G+(z) dz, from Proposition 3.2 it follows that  satisfies the
C,n-condition. Then invoking Theorem 5.2.10, p. 650, of Gasinski and Papage-
orgiou [8], we can find ug € H'(Q) such that

p(uo) = inf [p(u) : u € H'(Q)] =m < 0= p(0)
(317) = Ug 75 0, wupe€ KW'
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From (3.17) we have

(A(up), h) Jr/g{(z)uohder/ B(z)ugh do

o0

= X1/ uohdz+/ 9(z, uo)hdz for all h € H'(Q)
Q Q

= —Aug(2) +£(2)up(z) = Xluo(z) +g(z,u0(z)) foraa. z€Q,

ou
(3.18) (‘3773 + B(z)ug =0 on 0N
(see Papageorgiou—Radulescu [20], [21]). Hypotheses H; (i), (ii), (iv) imply that
(3.19) lg(z,2)| < colz| fora.a. z€Q, all z € R and some ¢z > 0.
We define

9(z:u0(2) uo(2) # 0
) 9

0 if up(z) =0.

We have ((-) € L>®(Q) (see (3.19)).
We rewrite (3.18) as follows:

—Aug(z) = k(2)up(z) for a.a. z €

0

% + B(z)up =0 on 0f,
with k(-) = (A + C(-)+&(-)) € L*(R) (see hypothesis H(E)). Invoking
Lemma 5.1 of Wang [25], we have ug € L*(€2). Then the Calderon-Zygmund
estimates (see Lemma 5.2 of Wang [25]) imply

— N
ug € W*5(Q) = up € CH*(Q) witha=1-— < >0
(by the Sobolev embedding theorem).
We consider the orthogonal direct sum decomposition H*(Q2) = E(\;) ® V

of the Sobolev space H!(Q) with E(:\\l) =Ru; and V = E(:\\l)L =& E(Xl)

i>2
Let w € V. Then
1 ¥
o) = 570) = 3 llllp ~ [ Glewds
Q

1 DY .
23 ~y(u) — 5 [|lull3 (see hypothesis (Hy) (iii))
>0 (see Section 2)

(3.20) = ir‘}fgo =0.
On the other hand, if > 0 is small enough, then

(3.21) T=sup [p(u) :u € B, N E(Xl)] <0 (see (3.16))
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with B, = {u € HY(Q) : ||u]| < r}. We assume that
(3.22) K, ={0,uo}

(or otherwise we already have a second nontrivial smooth solution and so we are
done) and consider the following set of maps:

(3.23) T ={yeCBNEMN), H'(Q) :vlyp npa, = id},
with B, = {u € H'(Q) : |Ju]| = r}. We have
(3.24) m = p(up) = inf ¢ < 0 = ¢(0).

Let h(t,u) be the deformation map postulated by the second deformation
theorem for the values b = 0 and a = m (see Gasinski and Papageorgiou [8]
(p. 268)). Because of (3.22) and (3.24), we have ¢™ = {ug} and so

(3.25) h(1,u) = ug for all u € ¢°\ {0}.
If ||u|| = r/2, then
r [Jul]

(since 2||u|| = r, see (3.21), (3.25)). Therefore the map v, : B, NE(\) — H'(Q)
defined by

Ug if ||ul| <

Yo (u) = h<2(r —NJul]) ru

r
57
e r
ro ] full

if >
) il > 5
is continuous. Moreover, if ||u|| = r (that is, if u € 8B, N E();)), then
(3.26) = 7 € (see (3.23)).

From the second deformation theorem, we know that the deformation h(-,u) is
¢-decreasing. Hence from (3.21) and (3.24) it follows that

(3.27) ©(v«(u)) <0 forallue B, N E(Xl)

The pair (B, N E(Xl),ﬁBT N E(Xl)) and V link in H'(Q) (see Gasinski and
Papageorgiou (8], Example 5.2.3 (b), p.642). Hence

v(B, NEM\))NV #0 for ally € I' (see Definition 1)
= sup [p(y(u)) :u € B, N E(Xl)] >0 forallyeD (see (3.20))
= sup [p(7.(u)) 1 u € B, NE(\1)] >0 (see (3.26)).

But this contradicts (3.27). So, (3.22) is not true and there exists u € K,
u & {0,up}. Then @ is the second nontrivial solution of (1.1). Moreover, as we
did for ug, we show that u € C1(9Q). O
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4. Three nontrivial solutions

In this section, we prove a second multiplicity theorem for problem (1.1),
producing at least three nontrivial smooth solutions. To this end, we need to
impose the following conditions on the perturbation g(-, -).

(Hz) g: @xR — Ris a Carathéodory function such that g(z,0) = 0 for almost
all z € Q and
(i) for every p > 0, there exists a, € L>(€) such that

lg(2z,2)] < ay(z) foraa. ze€ Qandall |z| < p;

(ii) if G(z,2) = [; g(2,s)ds, then there exist functions G+ € L*°(Q)
such that [, G4(2)dz > 0 and

g(z,z) =0, G(z,x) = Gi(z) asx— oo

uniformly for almost all z € Q;
(iii) there exist constants 17— < 0 < 74 such that

/ Ga(z) < / Gz, nathy) dz

(iv) G(z,z) < ()\2 - Al)x2/2 for almost all z € Q and all z € R;
(v) there exist functions 9,9 € L*>°(£2) such that

J(z) <¥(z) <0 fora.a. 2€Q, 9 #0,

1/9\(2) < liminf 9z z) < limsup 9, ) < 9Y(z) uniformly for a.a. z € Q.

z—0 X z—0 xT
Reasoning as in the proof of Proposition 3.2, we can have the following result.

PROPOSITION 4.1. If hypotheses H(B), H(E) and (Hz) hold, then the func-
tional ¢ satisfies the C.-condition for all ¢ # — [, G+(z)dz.

Using this proposition, we can have a second multiplicity theorem for problem
(1.1) producing at least three nontrivial smooth solutions.

THEOREM 4.2. If hypotheses H(E), H(B), (Hz) hold, then problem (1.1) ad-
mits at least three nontrivial solutions u,u_,y € C1(9).

PROOF. As before we consider the following orthogonal direct sum decom-

position:

H'(Q) =EM)eV with V=EM"*=@EN)

i>2

We introduce the following two open sets:

Up={tu1+v:t>0,veV} and U_={tu1+v:t<0,veV}.
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Note that (see hypothesis (Hy) (iii))

entth) = — | G(z,nz1)dz < — [ Gi(2)dz <0,
Q Q

(4.1) = infp <0.
Uy

On the other hand, hypothesis (Hz) (iv) implies that
(4.2) 1‘r}f p=0

(see the proof of Theorem 3.3).
We introduce the functional o4 : H'(Q) = R = RU {+occ} defined by
o(u) ifuelUyg,
Py (u) = .

400 otherwise.
Evidently ¢, is lower semicontinuous and bounded below (see hypotheses (Hs)
(i)—(ii)). Invoking the extended Ekeland variational principle (see, for example,
Gasinski and Papageorgiou [8, Theorem 4.6.33, p.598]), we can find a sequence
{tn}n>1 C Us such that

(4.3) @1 (un) = p(un) L inf oy,

(44) @alu) = 0(ua) € @aly) + e el for al y € (),

Let h € H'(Q) and choose t € (0,1) small enough such that u, +th € U,. Since
¢+lz, = ¢l from (4.4) we have

Il plun £ th) = o(un)
n(1+[lunll) — t
[|A]] / 1
= —————————— < {(¢'(uy),h) foralln e Nandall h e H(Q).
W+ ) < 0 .

Using Lemma 5.1.38, p. 639 of Gasinski and Papageorgiou [8], we can find u, €
HY(Q)* with ||u}|| <1 such that

<1;:L,h> < (14 |Junl) (@ (un), h) forallm € N, all h € H' (),

u*

= (L [l (un) =~ =0 in H'(Q)*
= up = Ug in H'(Q) (see Proposition 4.1)
and a+ S U+

= (uy) =infp, =infe (see (4.3)).
Uyt
Suppose that iy € OU;. Then uy € V and so ¢(uy) > 0 (see (4.2)), which
contradicts (4.1). Therefore i € Uy and so Uy is a local minimizer of the
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functional ¢ (recall that <p+\ﬁ+ = gp\ﬁ+). Then @y € K, is a solution of prob-
lem (1.1) and as in the proof of Theorem 3.3 we show that 7, € C1(f).
Similarly, using the functional

o (u) = o(u) ifuelU_,

+00  otherwise,

and working as above, we obtain u_ € C!(Q) a second nontrivial solution of
problem (1.1) which is also a local minimizer of the functional ¢. Without loss
of generality, we may assume that ¢(u_) < ¢(u4) (the reasoning is similar if the
opposite inequality holds). We assume that K, is finite or otherwise we already
have an infinity of nontrivial smooth solutions (recall K, C C*(2), see the proof
of Theorem 3.3) and so we are done. Because 1y € C1(Q) is a local minimizer
of ¢, we can find p € (0,1) small enough such that

(4.5) p(i-) < p(y) <inf [p(u) : [Ju— gl = p] =m]

(see Aizicovici, Papageorgiou and Staicu [1], proof of Proposition 29). Let

I={yeC(0,1],H(Q):7(0) =tu_,v(1) =1y}, c= inf max e(y(t)).

Note that for every v € I' we have

Y[0,1)NV #0 = ¢>0 (see (4.2))
(4.6) = ¢ satisfies the C.-condition

(see hypothesis (Hs) (ii)). Because of (4.5) and (4.6), we can apply Theorem 2.2
and obtain y € H'(Q) such that

(4.7) 7€ K,CC'(Q) and m;r < ¢ = ¢(p).

From (4.5) and (4.7) it is clear that § # 4. Also, since § € C*(Q) is a critical
point of ¢ of mountain pass type, we have

(see Motreanu, Motreanu and Papageorgiou [16, Corollary 6.81, p. 168].
On the other hand, hypothesis (Hy) (v) implies that given £ > 0, we can find
d = d(e) > 0 such that

(4.9) G(z,2) < = (V(2) +e)x? fora.a. z € Q and all |z| < 6.

N =
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So, if u € C1(Q2) with l[ull 1) < 9, then

1 A
o) = 5900) = Pl = [ Gz
Q
1 1 ~ 9 € 9
> L) — 5 [ ot o) dz — S [Jul? (see (49)
Q

1
(4.10) > 3 (ca —&)||ul? for some cg > 0
(see Lemma 2.5). Choosing ¢ € (0, c2) from (4.10) we infer that

u=0 1is a local C*(Q)-minimizer of ¢

= u=0 isalocal H'(Q)-minimizer of ¢

(see Papageorgiou and Radulescu [20, Proposition 3])

(4.11) = Ci(p,0) = di,0Z for all k € No.

Comparing (4.8) and (4.11), we conclude that 7 # 0. So, ¥ € C'*(Q) is the third
nontrivial smooth solution of problem (1.1). O
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