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ASYMPTOTICALLY ALMOST PERIODIC MOTIONS
IN IMPULSIVE SEMIDYNAMICAL SYSTEMS

EVERALDO M. BONOTTO — LUCIENE P. GIMENES — GINNARA M. SOUTO

ABSTRACT. Recursive properties on impulsive semidynamical systems are
considered. We obtain results about almost periodic motions and asymp-
totically almost periodic motions in the context of impulsive systems.
The concept of asymptotic almost periodic motions is introduced via time
reparametrizations. We also present asymptotic properties for impulsive
systems and for their associated discrete systems.

1. Introduction

The theory of impulsive differential equations is an important tool to des-
cribe the evolution of systems where the continuous development of a process
is interrupted by abrupt changes of state. An impulsive differential equation is
modeled by a system that encompasses a differential equation, which describes
the period of continuous variation of state, and additional conditions, which
describe the discontinuities of the solutions of the differential equation or of
their derivatives at the moments of impulses.

One of the branches of the theory of impulsive differential equations is the
theory of impulsive dynamical systems. In recent years, a significant progress
has been made in the study of discontinuous dynamical systems. Moreover,
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this theory found application in many fields such as physics, pharmacokinetics,
biotechnology, economics, chemical technology, population dynamics and others.
The reader may consult, for instance, [5], [6], [9]-[11], [17].

The concepts of almost periodic and asymptotically almost periodic func-
tions were introduced by Bohr in [2] and Fréchet in [18], respectively. Later,
these concepts were developed in the context of dynamical systems by Bhatia
and Szego in [1] and by Cheban in [12]. The existence of almost periodic and
asymptotically almost periodic solutions is one of the most attractive topics in
the qualitative theory of differential equations, see [12] and [19], for instance.

The goal of this paper is to consider almost periodic motions in the context of
impulsive semidynamical systems. We shall give sufficient conditions to obtain
the existence of asymptotic almost periodic motions in impulsive semidynamical
systems. Since almost periodicity of motions is deeply connected with stability,
we also investigate this connection on impulsive systems. The reader may consult
some results about almost periodic motions on impulsive systems in [11].

In the next lines, we describe the organization of this paper. Section 2 deals
with the basis of the theory of semidynamical systems with impulses. Section 3
concerns with the main results. This section is divided in four parts. In Subsec-
tion 3.1, we study some results about almost periodic motions. We show that
all almost periodic points are positively Poisson stable in impulsive systems, see
Theorem 3.9. In Subsection 3.2, we present the concepts of asymptotic almost
periodic, stationary, periodic, recurrent and Poisson stable motions using time
reparametrizations. Some topological properties for these motions are consid-
ered. We also use the concept of quasi stability of Zhukovskii for impulsive
systems to get asymptotic properties. In Subsection 3.3, we consider discrete
systems in the sense of Kaul, [21], which are naturally associated to impulsive
semidynamical systems. We study the concepts of almost periodicity and asymp-
totic almost periodicity for these systems. Asymptotic properties are obtained
relating impulsive systems and their associated discrete systems. Finally, in Sub-
section 3.4, we present sufficient conditions to obtain Zhukovskii quasi stability
via Lyapunov stability.

2. Preliminaries

Let (X,d) be a metric space, Ry be the set of non-negative real numbers,
Z4 be the set of non-negative integers and N = {1,2,...} be the set of natural
numbers. The triple (X, 7,R;) is called a continuous semidynamical system
on X if the mapping 7: X x Ry — X is continuous with n(x,0) = z and
m(m(z,t),s) =m(x,t+s), for all z € X and ¢,s > 0.

Along to this text, we shall denote the system (X, 7, R;) simply by (X, 7) and
we will call it as a semidynamical system, that is, dropping the word continuous.
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For every x € X, we consider the continuous mapping m,: R — X given by
7. (t) = w(x,t) and we call it the motion of x. The positive orbit of a point
x € X is given by 77 (z) = {n(z,t) : t € Ry }. We define

(A, A) = U {n(x,t):x € Aand t € A} and 7T (A)= U{7T+(1‘) cx € A},

where A C X and A C [0, +00).
For t > 0 and = € X, we write F(x,t) = {y € X : n(y,t) = x} and, for
A C [0,+00) and D C X, we define

F(D,A) = | J{F(x,t) : z € D and t € A}.

A point x € X is called an initial point, if F(x,t) = for all ¢ > 0.

An impulsive semidynamical system (X, m; M, T) consists of a semidynamical
system (X, 7), a nonempty closed subset M of X such that for every = € M,
there exists €, > 0 such that

F(z,(0,e,))NM =0 and =(z,(0,e,)) N M =10,

and a continuous function I: M — X whose action we explain below in the
description of the impulsive semitrajectory. The set M is called the impulsive
set and the function I is called the impulse function. Denote by M ¥ (x) the set
m(x, (0,400)) N M, z € X.

Consider the function ¢: X — (0, +o0] given by

s if m(x,s) € M and w(x,t) ¢ M for 0 <t < s,

& Has +oo if MF(z) = 0.

This function is well-defined as presented in [14]. Note that if M*(z) # 0
then ¢(x) represents the least positive time for which the trajectory of z € X
meets M. Thus for each x € X, we call w(z, ¢(z)) the impulsive point of x.

The impulsive semitrajectory of = in (X, m; M, I) is an X-valued function
T, defined on the subset [0,s) of Ry (s may be +00). The description of such
trajectory follows inductively as described in the following lines.

If M*(x) =0, then 7, (t) = m(z,t) for all ¢ € Ry and ¢(x) = +oco. However,
if M (x) # 0, then ¢(z) < +oo, n(z,¢(x)) = z1 € M and w(z,t) ¢ M for
0 <t < ¢(x). Then we define 7, on [0, #(x)] by

m(z,t) if 0<t<o(x),

melt) = o if t = ¢(x),

where 27 = I(z1). We denote z by .

Since ¢(z) < +o0, the process now continues from 27 onwards. If M+ (z]) =
0, then we define 7, (t) = w(27 ,t — ¢(x)), for ¢(x) <t < +o0, and ¢p(z]) = +oo.
When M*(z]) # 0, it follows that ¢(x]) < oo, m(x],¢(2])) = 22 € M and
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m(xf,t — ¢(x)) ¢ M, for ¢p(x) < t < ¢(x) + ¢(x]). Then we define 7, on
[6(2), ¢(x) + p(z])] by

2y _ LT = 0@) i 6() < ¢ < 0(e) + 0,

where x5 = I(x3), and so on. Notice that 7, is defined on each interval [t,,, t,11],
n
where tg = 0 and t,,11 = > d)(x:r), n=0,1,... Hence, 7, is defined on [0, t,,11].
i=0

The process above ends after a finite number of steps, whenever M Tlzf)=0
for some n. However, it continues infinitely if M (x}) # 0, n=1,2,..., and in

“+oo
this case 7, is defined on the interval [0, 7(z)), where T'(z) = > ¢(z).
i=0

The impulsive positive orbit of a point x € X is given by
at(x) = {F(x,t) : t € [0,T(x))}.

Analogously to the non-impulsive case, an impulsive semidynamical system
satisfies the following standard properties: 7(z,0) = z forall z € X and
7(7(z,t),s) = 7(z,t + s), for all ¢,s € [0,T(z)) such that t + s € [0,T(x)).
See [3] for a proof of it.

For details about the structure of these types of impulsive systems, the reader
may consult [3]-[7], [10], [14]-[17], [20]-[22].

2.1. Continuity of function ¢. In the previous section, we defined the
function ¢, see (2.1), which describes the times of meeting the impulsive set M.
In this section we discuss the continuity of this function. The reader may consult
[13] and [14] for more details.

Let (X, 7) be a semidynamical system. Any closed set S C X containing x
(z € X) is called a section or a A-section through x, with A > 0, if there exists
a closed set L C X such that:

(a) F(L,)A) = 5;

(b) F(L,[0,2X]) is a neighbourhood of z;

(¢) F(L,p)NF(L,v) =0, for 0 < p < v <2\

The set F(L,[0,2)]) is called a tube or a A-tube and the set L is called a bar.

Any tube F(L,[0,2)]) given by a section S through = € X such that
S C MNF(L,0,2)\)) is called a TC-tube on z. We say that a point x € M
fulfills the tube condition and we write TC, if there exists a TC-tube F(L, [0,2)])
through . In particular, if S = M N F(L,[0,2)]) we have a STC-tube on x and
we say that a point x € M fulfills the strong tube condition (we write STC), if
there exists a STC-tube F(L, [0,2A]) through z.

The following result concerns the continuity of ¢ which is accomplished out-
side of M.
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THEOREM 2.1 ([14, Theorem 3.8]). Consider an impulsive semidynamical
system (X, 7; M, I). Assume that no initial point in (X, ) belongs to the impul-
sive set M and that each element of M satisfies TC. Then ¢ is continuous in x
if and only if x ¢ M.

2.2. Additional definitions and auxiliary results. Throughout this pa-
per, we shall assume the following conditions:

(H1) No initial point in (X, ) belongs to the impulsive set M and each ele-
ment of M satisfies STC, consequently ¢ is continuous on X \ M.
(H2) M NI(M)=0.
(H3) For each x € X, the motion 7(x,t) is defined for every ¢ > 0.
For each x € X, we denote the nth jump instant of x by ¢, (z), where
n—1
to(x) =0 and t,(z)= Z gb(zj), n=12 ...,
j=0
where j = .
Given A C X and A C [0, +00), we set T(A,A) = {7 (z,t) :z € A, t € A}.
If (A, t) C A for every t > 0, we say that A is positively T-invariant.
The positive limit set of a point € X in (X, 7; M, I) is given by

Lt(z) = {y € X : there is a sequence {\, }nen C Ry

such that A, 22% 400 and 7(z, Ay) 2 y}

It is well-known that LT (z)\ M is positively 7-invariant, see [10, Proposition 4.1].
A point z is called a stationary or rest point with respect to (X, m; M, T), if
m(x,t) =z for all ¢t > 0. If 7(xz,7) = x for some 7 > 0, then = will be called
m-periodic with respect to (X, 7; M, I).
Next, we mention some important results that will be very useful later on.

LEMMA 2.2 ([4, Corollary 3.9]). Let (X,m; M,I) be an impulsive semidyna-
mical system and x € X \ M. Suppose that {x,}nen is a sequence in X which

converges to x. Then, given t > 0, there is a sequence {€,}nen C Ry such that
n—4o0 n—+00  ~

en — 0 and 7(zp, t +&,) — 7(x,t).

LEMMA 2.3 ([4, Lemma 3.8]). Let (X, m; M, I) be an impulsive semidynamical

system, z ¢ M and {z,}nen be a sequence in X \ M such that z, notee,

Then if oy, 22E%0% 0 and an >0, for alln € N, we have T(zp, o) e,
We note that if ¢ > 0 is not a jump instant of a point x, that is, 7(x,t) # xj

for every j = 1,2,..., then the convergence in Lemma 2.2 does not depend on

the sequence {e,}nen. Thus, 7(zp,t) SimaiN m(x,t) whenever t # ty(z), for

every k =1,2,... We formalize this fact in the next lemma.
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LEMMA 24. Let (X,m;M,I) be an impulsive semidynamical system,
x € X\ M and {zy}neny C X be a sequence in X which converges to x. Given
t > 0 such that t # tp(x), k =1,2,..., and {\p}neny C Ry is a sequence with

n—-+oo n—+o00 ~

A — > t, then T(xp, Ay) ——— 7(z, ).

PROOF. If t = 0 the result follows by Lemma 2.3. Let k € {0,1,...} be such

that t5(z) <t < tr41(x). Since gb((xn)j) Do, (;S(x;r) for each j = 0,1,...,

and A\, oo, t, we may assume that A, € (tx(x,),tk+1(zy,)) for all n € N.

Then
T( Ty Ap) = 7'('((1‘7,);, An — ti(zn)) oo, Tr(asZ',t —tr(2)) =7(z,t). O

LEMMA 2.5. Let (X,m;M,I) be an impulsive semidynamical system,
x € X\ M and t > 0. Suppose that the sequence {\, }neny C Ry is such that

An > t, for every n € N, and A, Riman Ny If {zp}neny C X is a sequence which

converges to x then there is a sequence {Bn}nen C Ry such that B, Sl N
and
F (s An + Bn) 2525 F(a,t).
PROOF. If t # ty(x), for every k =1,2,..., then in virtue of Lemma 2.4, we
get the result. However, if ¢t = ¢;(x) for some k € {1,2,...}, then since A\, > ¢
for every n € N, we can write \,, =t + s, with s,, > 0 and s, ot ), Now,

since gf)((acn)j) noteo, (;S(;v;r) forall j =0,1,..., we have

tr(2n) =2 1 (2).
Define T,, = tx(xn) — tp(z), n =1,2,... Thus,
A =tp(zn) —Tn+8n, n=12,...

Taking 8, = |Tn|, n = 1,2,..., and using Lemma 2.3, we obtain

T(Lp, th(2n) — T + [Ty + 51)

n—-+o0o

LEMMA 2.6. Let (X,m;M,I) be an impulsive semidynamical system,
x € X\ M and t = ti(z), for some k € N. Let {\,}nen C Ry be a sequence
which converges to t and {xp}tneny C X be a sequence which converges to x.

a) If\, <t for alln € N then T(z,, A\y) =2 2.

(b) If Ay >t for all n € N then {T(xn, An)}nen poSssesses a subsequence

which converges in 7t (x).
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PROOF. (a) Since A\, < t for every n € N, there are a sequence {s,}nen C
[0, p((zn)i_,)) with s, === ¢(27_,) and ng € N such that A, = t_1(2,)+5,
for all n > ng. Then,

F(@ny ) = T(@2)F_ 1 80) 22 w(xdy, daid_y)) = .

(b) Following the proof of Lemma 2.5 for ¢ = tx (), if {s, — Ty }nen admits
a subsequence {s,, — Ty, een such that s,, —T,, > 0 for all £ € N then, using
Lemma 2.3, we have

_ . I+ —
7T(.I‘W,/\W) = W(W(l‘ne’tk(xm))a =Ty, + Snz) L 332_ €t ().

However, if {s, — Tp}nen admits a subsequence {s,,, — T, }ren such that
Smy — Tm, < 0 for all £ € N then we write A, = tp—1(Tm,) + qi)((xme)z_l) —
T, + Smys £ =1,2,... Note that qS((xml)'k"_l) —Tomy + 8m, > 0 for ¢ sufficiently
large. Then

T(@mgs Ame) =TT (T s i1 (m,))s S(@me )i 1) = Tong + 5my)
= %((xme)ﬁfp ¢((5EW)Z*1) =Ty + 8m,)

f—too =—
oo, 71'(30;71, ¢(xz71)) = € TH(x). O

LEMMA 2.7 ([5, Lemma 3.6]). Let A C X be non-empty and relatively com-
pact. Then the set T(A, |0, ¥]) is relatively compact in X for each £ > 0.

REMARK 2.8. Let y € M. By hypothesis (H1), M satisfies STC. Then there
is a STC-tube F(L,, [0,2),]) through y given by a section S,. Moreover, since
the tube is a neighbourhood of y, there is 7, > 0 such that

B(yany) - F(Lya [0’2)‘y])'

From now on, we shall denote H\Y) = F(L,, ()\,,2),]) N B(y,7,) and HY =
F(Ly,[0,A)]) N B(y,ny).

3. Main results

This section concerns with the main results and it is divided in four subsec-
tions. In Subsection 3.1, we present results about almost periodic motions. In
Subsection 3.2, we deal with asymptotically almost periodic motions. In Sub-
section 3.3, we study recursive properties for impulsive systems and for discrete
systems in the sense of Kaul. Finally, Subsection 3.4 deals with Lyapunov sta-
bility and Zhukovskii quasi stability.

3.1. Almost periodic motions. In [10], Bonotto and Jimenez developed
a study about almost periodic motions in impulsive systems.
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DEFINITION 3.1. A point x € X is said to be almost T-periodic if for every
e > 0, there exists T = T'(¢) > 0 such that for every o > 0, the interval [o, a+ T
contains a number 7, > 0 such that

(3.1) d(7(z,t + 7o), 7(z,t)) < e, forallt>0.
The set {74 : @ > 0} is called a family of almost period of x.

In [10, Lemma 4.22] it is proved that if € X is almost m-periodic, then
every point y € 77 (z) is also almost 7-periodic. We shall proof a more general

result.

THEOREM 3.2. Ifx € X is almost T-periodic, then every pointy € 7+ (x)\ M

is almost T-periodic. Moreover, if {14 : « > 0} is a family of almost period of x

then {14 : a« > 0} is also a family of almost period for each y € 7+ (x) \ M.

PrOOF. Let € > 0 be given. Since x € X is almost m-periodic, there is
T = T(g/3) > 0 such that for every o > 0, the interval [o,a + T] contains
a number 7, > 0 such that

(3.2) d(7(z,t), T(z,t + 70)) < %, for all ¢ > 0.
Let y € 7+ (x) \ M. Then there exists a sequence {Ay, }nen in Ry such that
Yn = 7~r(x, )\n) n——4oo

For each o > 0, we consider 7, € [, + T which satisfies (3.2). Let ¢ > 0 be

fixed and arbitrary. By Lemma 2.2 there is a sequence {&, }neny C Ry such that
n—-4o0o n—4o0o  ~

en — 0 and 7(yn,t + €,) ——— 7(y,t). Since t + 74 + &, > t + 74, for
every n € N, and t + 7 + €5, RSNy Tw, it follows by Lemma 2.5 that there
n——+00

exists a sequence {f, }nen C Ry such that 3, ————— 0 and

n—-+oo

T(Yn,t + Ta +En + Bn) —— T(y,t + T0)-

Moreover, since 7(y,t) ¢ M, it follows by Lemma 2.3, that

n—+oo. ~

T(Yn,t +&n + Brn) —— T(y, t).
Thus, there is ng € N such that, for all n > ny,

AT (Yn, t+en+8n), T(y,t)) < % and  d(T(yn, t+Taten+0n), T (Y, t+74)) < %

Define n, = €, + Bn, n € N. Then by the above inequalities and (3.2), we
have

d(7(y, 1), T(y, t + 7a)) < d(T(Y, 1), T(Yng» t + NMny))
—|—d(7~r(yn0, t+77n0), 7~T(ynov t+To+Mng ))+d(7~7(ynoa t+T7q +77n0)7 7~T(y» H‘Ta)) <eé&.

Since t was taken arbitrary, it shows that y € 7+(x) \ M is almost 7-periodic
with the same family of almost period {7, : @ > 0}. O
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Theorem 3.2 shows that all the points from 7+ (z) \ M are almost 7-periodic
provided that x is almost 7-periodic. In Theorem 3.3, we characterize the points

from 7t () N M.

THEOREM 3.3. Let x € X be almost T-periodic, y € 7+ () N M and {yn nen
C 7t () be a sequence such that y, RimancN y. In notations of Remark 2.8 we
have:

(a) If {yn}nen admits a subsequence {yn, }ren C HQ(y)

w-periodic. Moreover, y admits the same family of almost period of x.

, then y is almost

(b) If {yn}tnen admits a subsequence {yn, }ren C Hl(y), then I(y) is almost
m-periodic. Moreover, I(y) admits the same family of almost period of x.

PROOF. Let y € 7+ (z) N M. The proof of item (a) is similar to the proof of
Theorem 3.2.

Let us show that item (b) holds. Suppose without loss of generality that
{Yn}nen C Hl(y). Then ¢(yy,) 2% 0 and by continuity of I and 7, we obtain

Zn = T(Yny $(Yn)) 2% 1(y).

Since {zn}nen C 7T (x) \ M (see hypothesis (H2)), it follows by Theorem 3.2
that z;, is almost 7-periodic, for each n € N, with the same family of almost
period of z. Consequently, given ¢ > 0, there is T = T'(¢/3) > 0 such that for
every a > 0, we can find 7, € [a, @ + T'] which satisfies

(3.3)  d(F(zn,t), Tzt +Ta)) < % for all £ >0 and for all n € N.

Fix @ > 0 and take 7, € [a,a + T|. Now let ¢ > 0 be fixed and arbitrary.
Since I(y) ¢ M by hypothesis (H2), it follows from Lemma 2.2 that there exists

a sequence {ep}tneny C Ry such that e, 22H0 () and T(zn,t + €n) notoo,

7(I(y),t). Note that t+74+¢&, > t+7,, for every n € N, and t +7, +¢, notoo,
t 4+ 7. Thus, by Lemma 2.5, there exists a sequence {f, }neny C Ry such that

Bn 22H% 0 and
F(znot + Ta + €0 + Bn) o F(I(Y),t + o).
Also, since 7(I(y),t) ¢ M, it follows by Lemma 2.3, that
F(znst + €n + Bn) —25 F(I(y), 1).
Set n, = €, + Bn, n € N. We can choose ng € N such that

A(T(zn, t + ), T(1(y), 1)) < and  d(T(zn, t + 7o +0n), T(L(y), t + 74)) <

c
3’

W ™



142 E.M. BonoTTO — L.P. GIMENES — G.M. SOUTO

for all n > ng. In virtue of the above inequalities and (3.3), we have

d@(I(y), 1), 7(L(y),t + 7a)) < d(T(L(Y), 1), T(2ng, t + Nnoy))
+ d(T (209, t + Mg )s T(Zngs t + Ta + 1ny))

Since the above inequality holds for each 7, € [a,a +T] (o > 0) and ¢ > 0 was
taken arbitrary, I(y) is almost 7-periodic. O

REMARK 3.4. If x € X is m-periodic, then using the same arguments of the

proof of Theorem 3.2, we can prove that each point y € 7+ (x) \ M is 7T-periodic.

If y € 7+ (x) N M then y is T-periodic or I(y) is 7-periodic, its proof is analogous
to the proof of Theorem 3.3.

Definition 3.5 deals with the concept of relatively dense sets. This concept
is presented in Definition 3.11, Chapter III of [1].

DEFINITION 3.5. A set D C Ry is said to be relatively dense in R if there
is a number L > 0 such that DN [¢t,t + L] # 0 for all ¢ € Ry.

Next, we present a result which relates the concept of almost 7-periodic
motions with relatively dense sets.

LEMMA 3.6. A point x € X is almost w-periodic if and only if for everye > 0
the set

D(e) = {T € Ry : sup d(i(e,t +7),7(w,1)) < s}

is relatively dense in R4.

PROOF. Let 2 € X be almost 7-periodic and € > 0 be given. Then there is
T =T(g/2) > 0 such that for all & > 0, one can find 0 # 7, € [, + T such

that sup d(7(z,t + 7o), 7(z,t)) <e/2 <e. Thus, D(e) N[, + T] # B and the
teRy
set D(e) is relatively dense in Ry. The converse is straightforward. O

A point z € X is called 7-recurrent if for every € > 0 there exists T = T'(¢) >
0 such that for every ¢,s > 0, the interval [0,7] contains a number 7 > 0 such
that d(w(x,t),7(x,s+7)) < e. In [10, Theorem 4.23], the authors show that if a

point € X \ M is almost 7-periodic then it is 7-recurrent provided that 7+ (z)
is compact. However, if X is a complete metric space then %‘*‘7(1‘) is compact
provided x € X is almost 7-periodic, see Theorem 3.7 below. In conclusion, if
X is complete and z € X \ M is almost 7-periodic then z is T-recurrent, see

Corollary 3.8.

THEOREM 3.7. Let (X, m; M, I) be an impulsive system and X be a complete
metric space. If x € X is almost T-periodic then the set T+ (x) is compact.
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PrOOF. Let € > 0 and z € X be almost 7-periodic. From Lemma 3.6, the
set D(e/4) is relatively dense in Ry. Thus

(3.4) d(m(x,t + 1), 7(x,1)) <

)

I

for all t € Ry and 7 € D(g/4). Besides, we obtain

(3.5) d@(z,t+ 1), 7(z,t + 72))

<d@(z,t +11),7(x,t)) + d(T(x,t + 72),7(x,t)) <

)

IR

for all t € Ry and for all 7,75 € D(g/4).
Define o = inf{r : 7 € D(e/4)}. Then there is a sequence {7y, }neny C D(e/4)
such that 7, DT o and Tn > « for all n € N. Since 7(z, -) is continuous

from the right, we get

T(x, t +7p) nboo, T(x, t+ ).

Then, using (3.5), we obtain

(3.6) d(7(z,t+ ), 7(z,t+7)) <d@(x,t +a),7(z, t+ 7))

AR, ), Ryt 4 7)) < (R, b+ @), @ b+ 7)) + 5

for all ¢ € Ry and for all 7 € D(g/4). When n approaches to +o0 in (3.6), we
obtain

(3.7) d(@(z,t+a),7(x,t+7)) <=, forallt € Ry and for all 7 € D(Z)

DN ™

On the other hand, as D(e/4) is relatively dense in R4, there is L > 0 such
that D(e/4) N [t,t + L] # 0 for all ¢ € Ry. Let s > L, then one can choose
7s € D(e/4) N [s — L, s]. By (3.7) we have

d(7@(z,s),7(z,s — 7s + @) = d(T(x, (s — 75) + 75), 7 (x, (s = 75) + @) < ¢,
which implies that 7(x,s) € B(7(z, [o, L + @), ) for all s > L. Thus,
m(x,t) € B(7(z,[0,L + a]),e) C B(Qa,e), forallt>0,

where Q, = 7(z,[0,L + «]). Since @, is compact (Lemma 2.7), we get that

7t(x) is totally bounded and, as X is complete, we conclude that 7+(z) is
compact. O

COROLLARY 3.8. If X is complete and x € X \ M is almost T-periodic then

T 18 T-recurrent.

PRrROOF. The proof follows from Theorem 3.7 and [10, Theorem 4.23]. O
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Let us recall that a point € X is said to be positively Poisson -stable if
T € z+(x) For details, the reader may consult [8]. The next result says that if
x € X is almost 7-periodic then the positive orbit of x is dense in its positive
limit set. As a consequence of Theorem 3.9, we conclude that x is positively
Poisson m-stable.

THEOREM 3.9. If x € X is almost T-periodic, then Lt (x) = 7+(z). More-
over, x is positively Poisson m-stable.

PROOF. It is clear that L*(z) C 7+ (x). Let us show that 7+ (z) C LT (x).
Let € > 0 and p € 7+ (x), then there is a sequence {\,}nen C Ry such that
(2, An) notoo, p. Take ng € N such that

€
27

Since x is almost 7-periodic, one can conclude that 7(z, A,) is almost 7-

d(T(x, A\n),p) < n > ng.

periodic for each n € N with the same family of almost period of x, see Theo-
rem 3.2. Then, there are T > 0 and 7, € [n,n + T], n € N, such that

A (@, A+ T0), T (@, An)) < g for all n € N.
Thus, for all n > ng, we get

d(T@ (2, A + 70),p) < d(T (2, A + 7o), T (2, An)) + d(T (2, An), p) <&

AS A 4 7 2252 400, we have pE z+(x) and the proof is complete. O

3.2. Asymptotically almost periodic motions. In [12], the author pre-
sents a study of asymptotic stability in the sense of Poisson for dynamical systems
(in particular, asymptotic almost periodic motions). He shows various results
of asymptotic periodicity and asymptotic almost periodicity using Lyapunov
stability. In this section, we present some generalizations for these results to the
impulsive case. In order to do that we use the concept of Zhukovskii stability
once that it permits lapse of time. For this purpose, we introduce the notion of

time reparametrization.

DEFINITION 3.10. A function h: Ry — Ry is called a time reparametrization
if h is a homeomorphism and h(0) = 0.

DEFINITION 3.11. A point x € X is called asymptotically 7-stationary (resp.
asymptotically T-periodic, asymptotically almost T-periodic, asymptotically -
recurrent, asymptotically Poisson T-stable) if there exist a stationary (resp. 7-
periodic, almost 7-periodic, 7T-recurrent, positively Poisson 7-stable) point p € X
and a reparametrization h, such that

(3.8) lim d(F(z,t), 7(p, hy(t))) = 0.

t——+oo
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REMARK 3.12. If h is a time reparametrization, then the inverse h~! is also
a time reparametrization. Choosing s = h(¢), t € R, one can write

d(7(x,1), 7 (y, h(t))) = d(7 (@, h ™' (5)), 7 (y, 5))-

The next result says that if x possesses an asymptotic property then each
point from its positive orbit also possesses this property.

LEMMA 3.13. If z € X is asymptotically almost T-periodic (resp. asymptoti-
cally T-stationary, asymptotically T-periodic), then every point y € T (x) is also
asymptotically almost T-periodic (resp., asymptotically T-stationary, asymptoti-

cally T-periodic).

PrROOF. Suppose that x € X is asymptotically almost m-periodic. Then,
there exist an almost 7-periodic point p € X and a time reparametrization
hp: Ry — R4 such that
(3.9) lim_d(7(z,t), 7(p, hy(t))) = 0.

t——+oo

Let y € 71 (), then y = 7(z, s) for some s € Ry. Note that ¢ = T(p, hy(s))
is almost 7-periodic, see Theorem 3.2. Consider the function g,: Ry — Ry
defined by

gy(t) = hp(t+s) — hy(s), forallteRy.

It is clear that g,(0) = 0 and g, is a continuous function possessing a contin-
uous inverse function given by g, ' (t) = h, ' (t + hy(s)) — s. Then g, is a time
reparametrization. Moreover,

d(@(y,t),7(q, 94(t))) = d(T(x,t 4 5), T(p, hp(s) + hy(t + 5) = hy(s)))
= d(F(x,t + 8), 7 (p, hp(t + 5))) =50,

where the convergence follows by (3.9). Therefore, y € 71 (z) is asymptotically
almost m-periodic. The other cases are analogous. O

THEOREM 3.14. Let (X, m; M, I) be an impulsive system and X be a complete
metric space. If x € X is asymptotically almost w-periodic, then:

(a) 7+ (x) is compact;
(b) LT (x) coincides with the closure of an almost T-periodic orbit.

PROOF. First, we show that (a) holds. Let € X be asymptotically almost
m-periodic and € > 0. Then there are an almost m-periodic point p € X, a time
reparametrization hy,: Ry — R4 and o > 0 such that

(3.10) A (2, 1), 7 (p, hy(t))) < Z, for all ¢ > t,.

It shows that 7(x, [tg, +00)) C B(7+(p),e/4).
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According to Theorem 3.7, we have that 7t(p) is compact because X is

complete. Thus, there are py,...,pr € 7+ (p) such that

(3.11) ) CB(pl,Z> U...UB(pk,Z).

B(%ﬂ“(@j) CB(pl,;> U...UB(pk,;).

Let h,(to) = n. By Theorem 3.9, there is A; > 7 such that

Consequently,

d(m(p, Aj),pj) < Z, for each j =1,...,k.

Then, using (3.11), we get

() C B(%(p, A, ;) U...U B(%(p, M), ;)

For each j = 1,...,k, let s; > to (because A; > 1) be such that hy(s;) = A;.
From (3.10) we have

d(7(x,55), 7(p, Aj)) = d(T(x, 55), T (D, hp(s5))) <

We claim that 7(x, [tg, +00)) C B(7(z,51),e) U...UB(7(z, s),e). Indeed,
let a € 7(x,[to, +00)), then there is jo € {1,...,k} such that d(a,p,,) < /2.
Thus,

] ™

d(av %({E, Sjo)) < d(a‘vpjo) + d(pjm %(pa )‘jo)) + d(ﬁ'(p7 )‘jo)v %(.’E, Sjo)) <e.

This shows that 7(z, [tg, +00)) is totally bounded and therefore, it is compact
since X is complete. By Lemma 2.7, the set 7(x,[0,t0]) is compact. Hence,

7+ (x) is compact.
Now, let us show that assertion (b) holds. It is enough to show that L*(z) =

7+ (p), where p is the almost 7-periodic point found above. Let ¢ € 7+(p). By

Theorem 3.9, we have ¢ € L*(p). Then there is a sequence {s, }nen C Ry with

n—-+oo n—-+oo

Sp ——— 400 such that 7(p, s,,) ——— ¢. Since

d(T(x, hy  (sn)),q) < d(@ (2, by (5n)), T, 50)) + d(T (P, 5n), q)

and z is asymptotically almost m-periodic, we have

A7 (x, by (s0)), 4) ~—25% 0.
But h; ' (sn) = +00 as n — +00, which implies that ¢ € L*(z). Thus 7+ (p) C
Lt ().
On the other hand, take ¢ € L™ (z). Then there is a sequence {\,, }nen C Ry

such that A, 2= 40 and (2, A\n) 22F% 4. By compactness of 7+ (p), the
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sequence {7(p, hp(An))}nen admits a convergent subsequence. We may assume

without loss of generality that lirf T(p, hp(An)) =y € T (p). As
n—-+00

A7 (2, An), y) < d(@(@, An), T(p, hp(An))) + (T (p, hp(An)), y)

and z is asymptotically almost m-periodic, we have
A7 (x, M), y) —2525 0.

Thus, by uniqueness, we have ¢ = y € 71 (p) which implies that Z"’(m) C 7t (p).
Consequently, Lt (z) = 7+ (p) and assertion (b) is proved. O

Now, we intend to give sufficient conditions for a point to be asymptotically
almost 7-periodic and asymptotically 7-periodic. Before that, we recall the
definition of Zhukovskii quasi m-stability which will be useful in the sequel. The
reader may consult [17] where this concept was introduced for impulsive systems.

DEFINITION 3.15. A point € X \ M is called Zhukovskii quasi 7-stable with
respect to the set A C X, if for every € > 0 there is 6 = §(x,€) > 0 such that if
d(z,y) < d for y € A, then one can find a time reparametrization h, such that

d(m(x,t),7(y, hy(t))) <e, forallt>0.
A subset B C X\ M is Zhukovskii quasi T-stable with respect to the set A C X,

if each point z € B is Zhukovskii quasi m-stable with respect to A.

THEOREM 3.16. Let x € X \ M satisfy the following conditions:

(a) 7+ (x) is compact;
(b) L*(z)\ M is Zhukovskii quasi T-stable with respect to the set 71 (x);
(¢) LT (x) coincides with the closure of an almost T-periodic orbit.

Then x is asymptotically almost T-periodic.

PROOF. Let € > 0 be given. By condition (c), there exists an almost 7-
periodic point p € X such that L*(z) = 7+ (p). Thus, there are T = T(g) > 0
and 7, € [n,n + T] such that

(3.12) d(@(p,t + 1), 7(p, 1)) < %, for all ¢ > 0 and for all n € N.
According to condition (a), we may assume that 7(z, 7,) 0, 4. Since
n—-+4oo

T 22F% 450, one can conclude that ¢ € Lt (z) = 7+ (p).

Case 1. g € Tt (p) \ M.

By Theorem 3.2, the point ¢ is almost 7-periodic with the same family of
almost period of p. Then

(3.13) d(7(q,t +1),7(q,t)) < =, forallt>0 and for all n € N.

| ™
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Since ¢ € L*(z) \ M, it follows by (b) that there is & = §(q,£/2) > 0 such that
if y € 7" (x) and d(q,y) < 4, one can find a time reparametrization h,, such that

A7 (y, hy (1)), 7(q, 1)) < g for all ¢ > 0.

By the convergence 7(x,7,) fooo, q, we may choose ng € N for which

d(T(x,Tny),q) < 0. Consequently, we may find a time reparametrization hg
such that

(3.14) d(T(x, Ty + ho(t)),7(g,t)) < =, forallt>0.

| ™

Let us define hy: Ry — Ry by

(3.15) h(t) = ho(t — Tny) + Tny i £ > Ty,
! if 1 € [0, 7n)-

Note that hg is a time reparametrization. Using (3.13) and (3.14), we have

d(%((b, hq(t))7 %(q7t)) = d(%(.’li, hO(t - Tno) + Tn0)7 7“{((]7 t))
< d(%(x’ Tno + ho(t - Tno))a %(qa [ Tno)) + d(%(q’ l— Tno)’ %(qa t)) <ég,

for all ¢ > 7,,. Hence, z is asymptotically almost 7-periodic.

Case 2. g e Tt (p)N M.
Since M satisfies STC, in notation of Remark 2.8 we write
H" = F(Lyy (A, 20) N Blg.mg)  and Hy? = F(Lg, 0,Aq]) N B(g,1,)-

Now, we need to consider the cases when {7(x,7,)}neny admits a subsequence

in H? and when {7(z,7,)}nen admits a subsequence in H{?. For that, we

shall consider the cases {7 (z,7,,)}nen C HQ(q) and {7 (z, 7) fnen C Hl(q).

Subcase 2.1. {7(x,Tn)}nen C Héq).

By Theorem 3.3, the point ¢ is almost 7-periodic with the same family of
almost period of p. Then, for the € > 0 given before, we have

(3.16) A (gt + 1), 7(q, 1)) < % for all ¢ > 0 and for all n € N.

Set § = 7(q,s) for some s € (0,¢(q)). By the tube condition we have
T2, 7 + 8) ~2F2% F(q,s) = G, that is, g € LT (z) \ M. Moreover, defining
t, = Tn + s, it follows by condition (b), there is n; € N such that one can find

a time reparametrization h; such that
(3.17) AF (2, tn, + (), 7(T 1) < g for all £ > 0.
Suppose that t > t,,, = 7,, + s. From (3.16), we obtain

(3.18) d(7(q;t = tn,),7(q,1)) = d(7(q,t — 7, ), W(q, 1)) <

| ™
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Let hq: Ry — R be given by

Pt —tn,) +tn, ift>tn,,
(3.19) oty = ¢ 10T ) Hl T8>
t if t € [0,tn,].

Then, h, is a time reparametrization. Using (3.17) and (3.18), we get

d(7(x, hy(t), 7(q,t)) = d(T (2, ha(t = tny) + tn,), T(g 1))
< d(T(z,tn, +hi(t —tn,)), 7(@t —tn,)) +d(T(G,t — tn,),7(q,1)) <&,
for all t > t,,,. Hence, x is asymptotically almost 7-periodic.
Subcase 2.2. {7(x,Tn)}nen C H{q).

In virtue of Theorem 3.3, the point I(g) is almost 7-periodic with the same
family of almost period of p. Then, for the € > 0 given before, we have

(3.20)  d(F(I(q),t + 1), 7(I(q),1)) < g for all t > 0 and for all n € N.

n—-+oo

Let y, = 7(x,7,) and 2z, = T(Yn, ®(yn)), for n € N. Note that y, ——— ¢,
n—-+oo
¢(yn) ——— 0 and

Zn = T (Y 0(Yn)) = L (Yns () ~—5 I(n(q,0)) = I(q).

Thus I(q) € LT (x) \ M. Moreover, since 7, DTH | 50, we can choose ng € N

such that ¢(y,) < 7, for every n > ns. By condition (b), there are ng € N with
n3 > no and a time reparametrization hs such that

(3.21) A7 (2ny, b3 (1)), 7(1(q), 1)) < % for all ¢ > 0.
Define h[(q)l ]R+ — R_;,_ by

ha(t — Tng) + Tng + P(Yng) it t > Tpy,

(3.22) hi(g)(t) = 4t + ¢(Yns) if £ € ((Yns); ),
2t if t € [0, ¢(yns)]-
Then hp(, is a time reparametrization and using (3.20), (3.21) and (3.22) we
have
A7 ) (), (1), 1)) = 7, Byt~ 7o) + 7oy + 6(u,). 7(1(0). 1)
= d(7(zny, ha(t — 7ny)), 7(1(q), 1))
S AT (205, ha(t = Tny)), T(L(q) 5t = Tng))

+d(7(I(q), t = 7n;), 7(I(q), 1)) <,

for all t > 7,,,. Therefore, = is asymptotically almost 7-periodic and the result
is proved. O

COROLLARY 3.17. Let x € X \ M satisfy the following conditions:
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(a) 7t (x) is compact;

(b) LT (z)\ M is Zhukouvskii quasi T-stable with respect to the set T+ (x);
c) LT (z) coincides with the closure of a T-periodic orbit.
x

Then x is asymptotically T-periodic.

PrOOF. Using the same arguments as in the proof of Theorem 3.16, we get
the result. O

Next we present a result which gives us conditions for a set to be Zhukovskii
quasi 7-stable. In [17], this result was presented for a restricted system where
the phase space is X \ M. Thus, our result generalizes [17, Theorem 3.4].

THEOREM 3.18. Let (X,m; M, I) be an impulsive system and x € X \ M.
Suppose that T = sup ¢(a:;:) < +00 and the following assumptions hold:
k>1

(a) d(I(p), I(q)) < Mid(p,q) for all p,q € M and d(n(p, d(p)), 7(q, $(q))) <
Aad(p, q) for all p,q € T+ (x) \ M, where A1, Ao > 0 and Ay < 1;

(b) [6(p1) — d(ai)] < |é(p) — é(q)| for all p,q € T+(x) \ M;
(c) 7t (x) is compact.

Then every subset A in 7t (x) \ M is Zhukovskit quasi T-stable with respect to
7 (z).

PROOF. Let ¢ > 0 be given and z € 7t (z) \ M. Since 7 is uniformly

continuous on K = 7+ (z) x [0,T], there is §; = §1(K,€) > 0, 01 < ¢, such that
if y e 7 (x), t1,t2 € [0,T] and max{d(y, 2), [t1 — t2|} < &1, then

(3.23) d(m(z,t1), 7y, t2)) < €.

Now, since ¢ is continuous on X \ M, there is 6 = §(z,d1) > 0, 6 < J;, such
that if y € X and d(y, z) < § then

(3.24) 6(y) — d(2)] < d1.
Thus, if d(y, z) < 4, it follows by conditions (a), (b) and (3.24) that

d(zf,yf) < Mdad(z,y) <0 = |o(=) — oy < |é(2) — d(y)| < b1,
where z; = 7(z,6(2)), y1 = 7(y, o)), 21 = I(21) and y = I(y1). Using the
principle of induction, if d(z,y) < § then d(z;,y,}) <, and therefore,

|¢(Z:)_¢(y;z‘—)|<6lv for alln:O,l,...

Define the time reparametrization h,: Ry — R by
¢(Yn)
¢(zn)
Thus, if t € [ty (2),tnt1(2)), n=0,1,..., we have

(e, 70y (0) = (n(a ot = e (S (0 1,(9)) )

()

hy(t) = tn(y) + (t—tn(2)) ift€ [ta(2) tar1(2)), n=0,1,2,...

<
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If d(z,y) < & then d(z},yF) <6 for all n =0,1,..., consequently,

¢(Yn)
¢(zh)
and by (3.23), we obtain d(7(z,t),7(y, hy(t))) < e. Since t > 0 was taken

t—tn(z) - (t = tn(2))| <lo(23) — Gy )| < 01,

arbitrary, we may conclude that every point z € A C 7+ (z) \ M is Zhukovskil
quasi T-stable with respect to the set 77 (x) and the proof is complete. O

COROLLARY 3.19. Let (X, m; M, I) be an impulsive system satisfying condi-
tions (a) and (b) of Theorem 3.18, X be complete and x € X \ M be asymp-
totically almost T-periodic. If ¢(z}) < 400 for all k € N then Lt (z) \ M is
Zhukovskii quasi T-stable with respect to 7T (x).

PROOF. By Theorem 3.14, the set 7+ (z) is compact. Thus {z} : k € N}
is compact. By the compactness of {z} : k € N}, hypothesis (H2) and, since
{z Yken C I(M), we have {z} : k € N}NM = () and therefore, sup ¢(z}) < +00

k>1

because ¢ is uniformly continuous on compact sets K C X\ M. The result follows
from Theorem 3.18. (|

EXAMPLE 3.20. Consider the impulsive semidynamical system (R?,7; M, I),
where (R2,7) is a continuous semidynamical system given by

m((z,y),t) = (z +t,y), (z,y) € R*andt>0,

M = {(z,y) € R? : x = 2} and I: M — X is given by I(x,y) = (1,y/2),
(z,y) € M. Note that the impulse operator I satisfies

1
d(I(p)vl(q)) S 5 d(pa Q)7 for all p,q € M.

It is easy to see that if (z,y) € R? and x < 2 then

(b(%y) =2—z and 7T((x7y),gb(x,y)) = (27y)

We claim that the point (1,1) is asymptotically 7-periodic. In fact, it is
enough to show that the conditions of Corollary 3.17 are satisfied.

At first, we note that 7(1,1) is a compact set. If p,q € 7+(1,1) \ M
then [¢(py") — é(af )| = 0 < |o(p) — ¢(a)l, d(7(p, ¢(p)), 7(q, ¥(a))) < d(p,q) and
¢((1,1)}) =1 for all k = 1,2,... By Theorem 3.18, L*(1,1) \ M is Zhukovskii
quasi 7-stable with respect to the set 7+(1,1).

Now, it is not difficult to see that L*(1,1) = [1,2] x {0}. Clearly, (1,0)
is 7-periodic and 7+ (1,0) = [1,2] x {0} = L*(1,1). Hence, the conditions of
Corollary 3.17 are satisfied and hence (1,1) is asymptotically 7-periodic.

THEOREM 3.21. Let x € X \ M be asymptotically T-periodic. Then there is
T > 0 such that {7(z,n7) : n € N} is relatively compact in X.



152 E.M. BonoTTO — L.P. GIMENES — G.M. SOUTO

PROOF. Since z € X \ M is asymptotically 7-periodic, there exist p € X,
m-periodic with period 7 > 0, and a time reparametrization h,: Ry — R4

satisfying

Jim_d((, 1), 7 (p, hy (1)) = 0.
In particular,
(3.25) lim d(7(z,n7),7(p, hy(n7))) = 0.

For each n €N, there are k, €N and r,, € [0, 7) such that h,(nT)=k,7 + 5.
We may assume without loss of the generality that r, oo, ro € [0,7].
Since 7(p, hyp(nT)) = T(p, ), by Lemmas 2.4 and 2.6, {7(p, hp(n7))}nen ad-
mits a convergent subsequence in X. Using (3.25), we obtain that the sequence

{7 (x,n7) }nen possesses a convergent subsequence in X. O

The next result provides sufficient conditions to obtain the converse of The-
orem 3.21.

THEOREM 3.22. Suppose that (X, 7; M, I) satisfies conditions (a) and (b) of
Theorem 3.18, x € X \ M and sup ¢(z}) < +oc. If the sequence {7(x,nT)}nen
E>1

converges in X \ M, for some T > 0, then x is asymptotically T-periodic.

PROOF. In order to show this result, we will show that the conditions of
Corollary 3.17 are satisfied. Let p € X \ M be such that 7(x, n7) D2ES

Firstly, let us prove that 7+ (z) is compact. Indeed, let {y,}nen C 71 (2)
be an arbitrary sequence. Then there is a sequence {t,}n,en C R4 such that
Yn = (x, ty,), for every n € N.

If {t,}nen admits a convergent subsequence then {y,},en also admits one.
n——+4oo

Now, if t,, ——— +o00, then for each n € N there are a, € N and b,, € [0,7)
such that ¢, = a,7 + b,. We may assume that b, notoo, by € [0,7]. Since

anT 24 +00, by 22H by and m(x, anT) notoo, p, it follows that the

sequence {Yn}tnen (Yn = T(T(x,an7),bn), n = 1,2,...) admits a convergent

subsequence in 71 (z), see Lemmas 2.4 and 2.6. Thus, 7+ (z) is compact.
According to Theorem 3.18, L*(z) \ M is Zhukovskii quasi 7-stable with
respect to the set 71 (z).
Now, we need to prove that Z"’(x) is the closure of a T-periodic orbit. Recall
that p = ngrfoo m(x,nT).
Since p ¢ M, it follows by Lemma 2.2, that there is a sequence {&,, }nen C Ry
n—+oo

with ¢,, ——— 0 such that

F(7 (2, nT), T+ £n) 2222 F(p, 7).

On the other hand, using Lemma 2.3, we get

n—4+oo ~

7(7(z,nT), 7+ ) =7(7(x, (n+ 1)7),8,,) —— T(p,0) = p.
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By the uniqueness of limit, we get p = 7(p, 7), that is, p is 7T-periodic.

We claim that L*(z) = 7+ (p) = 7(p, [0, 7). Indeed, if ¢ € L*(z), then there
is a sequence {7, }nen C Ry such that 7, DA, 4 oo and (2, Th) 2t
There are k, € N and r, € [0,7) such that 7, = k,7 + r,, n € N. Using

Lemmas 2.4 and 2.6, we may assume (we take a subsequence if necessary) that

7, 7n) = T(F(@, knT), 1)~ g € 7(p, [0, 7))

On the other hand, let ¢ € 7(p, [0, 7]), then there is a sequence {s,}nen C
[0,7] such that ¢ = liIE 7(p, sn). We may assume without loss of generali-
n—-+oo
ty that s, s ocNPYE [0,7]. If so # tx(p), for every k = 1,2,..., then by
Lemma 2.4, we get ¢ = 7(p, s9). Let t,, = nT + s, thus ¢, s NN and,
using Lemma 2.4, again we have

m(x, ty) = 7(7(x,nT), S0) noeo, 7(p,s0) = q.

Then, ¢ € Lt (z).
Now, if sg = tx(p) for some k € N, then looking at the proof of Lemma 2.6
and taking in account that 7(z, nr) RimascN p, we get that either

~ ~ i~ + ~
T(x,tn) = T(F(z,n7T), 50) % 7 (p, 50) = P =¢q

or
(2, t) = F(7(z,n7), 50) = pi = .

In both of cases, we have ¢ € L*(z). Hence, LT (x) = 7(p,[0,7]). By Corol-

lary 3.17 we have x is asymptotically 7-periodic. O

COROLLARY 3.23. Suppose that (X, 7; M, I) satisfies conditions (a) and (b)
of Theorem 3.18, x € X \ M and ¢(z}) < +oo for all k € N. If the sequence
{7(z,n7)}nen converges in X \ M, for some 7 > 0, then x is asymptotically
w-periodic.

PROOF. By the proof of Theorem 3.22 we have that 7+ (x) is compact. Thus
{z} : k € N} is compact. By the compactness of {z; : k € N}, hypothesis (H2)
and, since {z} }ren C I(M), we have {z; : k€ N} N M = () and therefore,

sup ¢(x$) < 400 because ¢ is uniformly continuous on compact sets K C X\ M.
E>1

The result follows from Theorem 3.22. O

We finish this section presenting necessary and sufficient conditions for a point
to be asymptotically m-stationary.

THEOREM 3.24. Let (X, m; M, I) be an impulsive system. Then x € X is

asymptotically T-stationary if and only if the sequence {T(x,t,)}nen converges

in X, where t, = >, 1/k, n € N.
k=1
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PROOF. First, we suppose that x is asymptotically 7-stationary. Then, there
is a stationary point p € X such that
(3.26) lim d(7(x,t),p) = 0.

t—+oo

Since t, = 3. 1/k 222 400, it follows from (3.26) that {7 (z,t,)}nen con-
k=1
verges to p € X.

n
Conversely, suppose that 7(x, t,,) oo, p € X, wheret, = > 1/k,neN.
k=1
Let {sn}nen C Ry be an arbitrary sequence such that s, n7H0 1 0. There
are ng € N and a sequence {my, }neny C N such that t,,, < s, < tm, +1, for all

n > ng. Note that 0 < s, — tyn, < tm,+1 — tm, = 1/(my, + 1) for n > ng.

Case 1. p & M. In this case we have

~ ~ i~ L —+
Tz, 8n) = T(T(T,tm,, )y S — tm,, ) ——— p,

n——+4oo

since T(z, tm, ) —— p and (Sp, — tm,,) R

0. Since {sp }nen is arbitrary,
we have
lim d(7(z,t),p) =0.

t——+o0

If 0 < s < ¢(p) then, by Lemma 2.4, we get
p= t£+moo m(x,t+s) =7n(p,s) =7(p,s).
Hence, p is stationary and x is asymptotically 7-stationary.

Case 2. p € M. By hypothesis (H1), the set M satisfies STC. Using
Remark 2.8, we may write Hl(p) = F(Lyp, (Ap,2)\,]) N B(p,np) and Hép) =
F(Lp,[0,Xp]) N B(p,mp). We may assume that {7(z, tm,, ) tnen C H{p). In fact,

suppose that there is a subsequence {mp, }ren such that 7(z,t,, ) € H2(p) for

all k € N. Let {rg}ren C Ry be an arbitrary sequence such that rj Lman RPN

As we did before, we may assume that b, < Tk < tm,, +1 for all £ € N. Then

m(z,r) = T(7 (2, tmy, )Tk — tm, ) Aot e M.

Since {ry}ren is arbitrary, we have , ligl d(7(z,t),p) = 0. This shows that p is
— 1+
stationary since

p= kgrlloo (2,8 + tm,, ) = 7(p, s)
for all s € [0,¢(p)). But p € M and it contradicts the definition of an impulsive

system.

Then, let us assume {7(x,tm, ) nen C Hl(p). In this case, we may also sup-

pose that t,, < s, — &(T(x,tm,)) < tm,+1, for all m > ng, since
d(T(z,tm,)) 22F% 0. Consequently,
1

0 < sn—tm, = O@(@,tm,)) < tm,+1 = tm, = m. + 1
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Since
F(@y b+ (T (@, tm,))) 2 I(p)  and [sy — b, — (T (2, 1, )]~ 0,
we have

(@, 80) = FF@, i, + OF (@, )y 80— b,y — OF(@, b)) == 1(p),
Since {s,}nen is arbitrary, we have . ligl d(7(z,t),I(p)) = 0. Hence, I(p) is
—+o00
stationary and x is asymptotically m-stationary. Therefore, the result is proved.[]

3.3. Discrete dynamical systems in the sense of Kaul: almost pe-
riodic and asymptotically almost periodic motions. In [21], the author
considers an impulsive semidynamical system (,7), where  C X is an open
set in a metric space X and the continuous impulse function I is defined on the
boundary 052 of © in X and takes values in 2. Kaul defines a discrete dynamical
system associated to the impulsive semidynamical system (€2, 7) and presents a
study of Lyapunov stability and recursive properties in (£2,7) by relating them
to the corresponding discrete system, see [21] and [22].

Following Kaul’s ideas we also may define a discrete system associated to
a given impulsive system (X, m; M, I) as follows. Let H = {x € (M) : ¢(z;}) <
+oo for all n =0,1,...}. Now, define the mapping g: H — H by

(3.27) 9(x) = (2, ¢(2)) = I(n(z, ¢(2))) = I(21) = a7,
for every x € H. Note that g is a continuous function on H,
P@) =z and ¢"'(2) = g(g" () = o,

foreach k =0,1,...,and z € H. The pair (H, g) is called the discrete dynamical
system associated to the system (X, m; M, I) in the sense of Kaul.

DEFINITION 3.25. A point « € X is called almost 7-periodic by time repara-
metrization, if given € > 0, there is a number T'= T'(¢) > 0 such that for every
a > 0, the interval [a, @ + T contains a number 7, > 0 and one can obtain
a time reparametrization h, such that

(3.28) d(7T(z, ho(t) + 7)., 7(x,t)) <e, forallt>0.

DEFINITION 3.26. Let 0 > 0. A time o-reparametrization is a time reparame-
trization h: Ry — Ry such that |h(t) —t| <o forallt e Ry. fO0<h(t)—t <o
for all t € Ry, we say that h is a positive time o-reparametrization.

DEFINITION 3.27. A point « € X is called almost w-periodic by time o-
reparametrization, if given ¢ > 0, there is a number T = T(¢) > 0 such
that for every a > 0, the interval [o,ax + T] contains a number 7, > 0 and
one can obtain a time o-reparametrization h, such that (3.28) holds. A point
x € X is called almost w-periodic by a positive time o-reparametrization, if the
reparametrization h, is a positive time o-reparametrization.
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The next lemma shows that every point from a positive orbit 7+ () is almost
m-periodic by time o-reparametrization provided x has this positive property.

LEMMA 3.28. Let 0 > 0 and x € X be almost T-periodic by a positive time
o-reparametrization. Then every point y € 7+ (z) is almost T-periodic by time
o-reparametrization.

PROOF. Let € > 0 be given. Since x € X is almost 7-periodic by a positive
time o-reparametrization, there is T = T'(¢) > 0 such that for every a > 0,
the interval [, @ + T contains a number 7, > 0 and one can find a time o-
reparametrization h, such that

d(7(z, ho(t) + 7)., 7(x,t)) <e, forallt>0.

Take y € 71 (x), then y = 7(z, s) for some s > 0. Let Ts = T + o. For each
a > 0 consider the number 7, > 0 and the function h,: Ry — Ry chosen above
and define

To =Ta+ha(s) —s and Hy(t) = ho(t + ) — ha(s), forallt>0.

Then 75 € [a,a + Ts), Ho: Ry — Ry is a time reparametrization and for all
t > 0 we have
—0 < Hy(t) =t =hao(t+5) —ha(s) =t = (ha(t+3) — (t+5)) — (ha(s) —s) < 0.

Thus H,, is a time o-reparametrization and
d(@(y, t),7(y, Ha(t) + 73))
=d(7(z,s+t),7(z, 5+ ha(t + 5) — ha(s) + Ta + ha(s) — s))
=d(m(x,s +t),T(z,ha(t+3)+7a)) <&
for all £ > 0. The proof is complete. O

The concept of almost periodicity for discrete systems was introduced in [21].
Let us consider g: H — H as defined in (3.27).

DEFINITION 3.29. A point x € H is said to be almost g-periodic if, given
e > 0, there is N; > 0 such that for each n; € Z,, the interval [nq,ny + N
contains a number m,,, € Z, such that

d(g"(z),g" T (2)) = d(x;t,x;q_mnl) <e, forallneZy.

In the next result, we present sufficient conditions for a point to be almost
m-periodic by time reparametrization provided this point is almost g-periodic in
its associated discrete system (H, g).

THEOREM 3.30. Let (X, m; M,I) be an impulsive system and (H,g) be its

associated discrete system in the sense of Kaul. If x € H is a point almost g-

periodic, gt (x) "M = 0 and g+ (z) is compact, then x is almost T-periodic by
time reparametrization.



ASYMPTOTICALLY ALMOST PERIODIC MOTIONS 157

PROOF. Let € > 0 be given. Since g+ () is compact and g+ (x) N M = (), we

have T' = sup qﬁ(x;r) < +00 because ¢ is uniformly continuous on the compact
k>0

set gt (x). The mapping 7 is uniformly continuous on g+ (z) x [0, 7], then there
is € (0,¢) such that if y,z € gt (x) and t1,t2 € [0,T] satisfying max{d(y, z),
|t1 — t2|} < 5, then

(3.29) d(m(y,t1),7(z,t2)) < €.

By the uniform continuity of ¢ on g*(z), one can obtain §; € (0,0) such that
if y,z € g*(z) with d(y, z) < 1, then [p(y) — #(2)] <.
By hypothesis, x € H is almost g-periodic. For §; > 0 chosen above, there is

Ny € Z4 such that for each m € Z, the interval [m, m + Ny] contains a number
N € Z4 such that

d(g" (), g" " (2)) = d(zy, 2 ,,,,) <01, forallneZ,.

Let Th = (No + 1)T. We claim that T3 satisfies Definition 3.25. Indeed, given
a > 0, there is k € Z4 such that tx(x) < a < tgy1(x). Thus there is ny €
[k 4+ 1,k + 1+ No]NZy such that

d(z) b, )< 8, forallneZ,.

nUntng
Let 7o = ty, (z). Then 7, € [o,  + T1] because

k+No
o < b1 () <ty () = To < trg14n, () =t (2 Z plxh) < a+ (No+1)T.

Now, we define the time reparametrization h,: Ry — Ry by
o(xi)
If t = t,(x), n € Zy, we have

ha(t) :tn((E:k)-‘r (t—tn(l')), le [tn(x)7tn+1(m))v nzovla”'

d(7(2,1), T(2, ha(t) + 7a)) = d(zy, T2, ta(ay,) + tn,(2)))
—d(a}, ) <6 <e.

If t € (tn (), tns1(x)), n € Zy, we have

d(”(l?t)? ((l’ha(t) Oé))
=d| n(z — X T\ X 7(1:77‘ nk) — T

Since d(x;" < 47 and

¢(x:1r+nk)
(o)

n ) n+nk)

t—tn(z) —

(t - tn@:))\ < l6(at) — olatin )] <6,



158 E.M. BonoTTO — L.P. GIMENES — G.M. SOUTO

we conclude by (3.29) that d(7(x,t), 7(x, ho(t) + Ta)) < €. Hence,
d(7(z,t), 7 (z, ha(t) +74)) <e, forallt>D0. O

DEFINITION 3.31. A point « € H is called strongly almost g-periodic if, given
e > 0, there is N7 > 0 such that for each n; € Z,, the interval [ny,n + Ny]
contains a number m,,, € Z, such that

d(x};, zh y<e and |tgp(z) —tp(z)

n+mn, n+mny

1)| <e, forallnkeZ,.

THEOREM 3.32. Let (X, m; M,I) be an impulsive system and (H,g) be its
associated discrete system in the sense of Kaul. If x € H is a point strongly

almost g-periodic, gt(z) N M = 0 and g*(z) is compact, then for every e > 0,
the point x is almost T-periodic by time e-reparametrization.

PROOF. Let € > 0 be given. Using the proof of Theorem 3.30, we need just
to note that if ¢ € [t, (), th41(2)), n=10,1,..., then

¢>($:{+nk) _ T _
“ol) (t —tn(z)) —t

< max{|tn(xj;k) - tn(£)|v ‘thrl(ij_k) - tn+1(x)|} <g,

where we have used the second condition of Definition 3.31. Therefore, x is

|ha(t) —t] = tn(x:;c) +

almost m-periodic by time e-reparametrization. O

DEFINITION 3.33. A point x € H is said to be asymptotically almost g-pe-
riodic if there is an almost g-periodic point p € H such that

(3.30) Jim  d(g"(2), 9" (p)) = 0.

DEFINITION 3.34. A point z € X is called asymptotically almost 7-periodic by
time reparametrization, if there are an almost w-periodic by time reparametriza-
tion point p and a reparametrization h, such that

Jim_ (R (e 1), 7 (p. hy (1)) = .

Next, we present sufficient conditions for a point in H to be asymptotically

almost m-periodic by time reparametrization.

THEOREM 3.35. Let (X, m; M, I) be an impulsive system and (H,g) be its
associated discrete system in the sense of Kaul. Suppose that X is a com-
plete metric space. If x € H is a point asymptotically almost g-periodic and
{z }nen is convergent in H, then x is asymptotically almost T-periodic by time
reparametrization.

PRroOF. By hypothesis, there exists an almost g-periodic point p € H such
that

(3.31) lim d(g"(z),9"(p)) = 0.

n—-+oo
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Since {z;} } ey converges in H, we have that g*(z) is compact and gt (z)NM =0
(9t (z) C H C I(M) and we have hypothesis (H2)). Now, using (3.31), we obtain
that gt (p) is compact and gt(p) N M = (). Hence, by Theorem 3.30, the point
p is almost T-periodic by time reparametrization.

Let € > 0 be given. By the uniform continuity of 7 on (¢ (z)Ug*(p)) x [0, T7,

there is 6 € (0,¢) such that if y, 2z € g7 () U gt (p) and ¢1,¢2 € [0,T] satisfying
max{d(y, z), [t1 — t2|} < d, then

(3.32) d(m(y,t1), (2, t2)) < e.

Let lim 27 = lim p! = 2z € H. By the continuity of ¢ at z, there is

n—-+oo n—-+oo

91 € (0,6) such that if d(y, z) < 1 then |¢p(y) — ¢(z)| < 6/2. Let ny € N be such
that d(z;},2) < §; and d(p;}, z) < §; for all n > n;.
By (3.31), there is no € N, ny > nq, such that

d(@,;,py) = d(g"(x),9"(p)) < 61, for all n > ny.

Now, we define a time reparametrization h,: Ry — Ry by

o(pt)
o(ai)

If t = t,(z) for n > ny, we have

hy(t) =t (p) + (t—to(@)), tE€ [ta(@) tusi(z)), n=0,1,...

A (@, 1), 7 (p, hy(1))) = (. pf) < 81 <.

If t € (tn(x),thr1(x)), for n > no, we have

Ao, ). 7 ) = o (n(o = a1, 2 (0 0,00 ) )

Since d(z;},p}) < §; and

= talo) = S (0 0, 0)| < o) - 007

< 6(z}) — 62 + 16() — )| < 3,
for n > ng, we may conclude by (3.32) that

d(7(z,t),7(p, hp(t))) <e, forallt>t,,(z).

Therefore, x is asymptotically almost 7-periodic by time reparametrization. [

3.4. Lyapunov stability and Zhukovskil quasi stability. In this last
subsection, we present sufficient conditions to obtain Zhukovskii quasi stability
via Lyapunov stability. The concept of Lyapunov stability for discrete systems
in the sense of Kaul was introduced in [22] as presented below.



160 E.M. BonoTTO — L.P. GIMENES — G.M. SOUTO

DEFINITION 3.36. A point « € H is called Lyapunov g-stable with respect to
aset P C H if x € P and, given £ > 0, there exists § > 0 such that if d(z, p) < &
with p € P, then

d(g"(z),g"(p)) =d(z},pt) <e, foralnelZ,.

A subset A C H is called Lyapunov g-stable with respect to P ¢ H if A C P
and each point x € A is Lyapunov g-stable with respect to P C H.

If A C X is a set such that ¢(a) < +oo for every a € A, then we may define

A= 7@, 6(x)).
r€EA
Note that A C I(M). If q&(a}') < +ooforall j=0,1,..., and for all a € A, then
ACH.

LEMMA 3.37. If B C X is positively T-invariant then B \ M is positively

T-invariant.

PROOF. Let b € B\ M and t > 0. Then there exists a sequence {2, }nen C B

such that z,, 2= b. By Lemma 2.2, there is a sequence {e, }nen C Ry such

n—-+o0o n—

that &, ——— 0 and 7(x,,, t+&,) oo, 7(b,t). Since {7 (xpn, t+epn) tnen C B,
we have 7(b,t) € B\ M as we have hypothesis (H2). O

THEOREM 3.38. Let (X, m; M, I) be an impulsive system and (H,g) be its
associated discrete system in the sense of Kaul, where H is a closed set. Let
A/ BC X\ M, AC B and B be a relatively compact positively T-invariant set.
Suppose that ¢p(b) < +oo for all b € B\ M. If A is Lyapunov g-stable with
respect to E, then any set O C A\ M is Zhukovskii quasi 7-stable with respect
to B\ M.

PROOF. Let O C A\ M, z € O be fixed and note that ¢(z) < +oo by
hypothesis. Since B is compact and H is closed, we have B compact and BNM =
0. Note that B C H because B is positively 7-invariant. The continuity of ¢ on
the compactness of the set B U {z} implies that

T= sup ¢(a)<+oo.
acBU{z}

Let € > 0 be given. Using the uniform continuity of 7 in B x [0,T], one
can obtain §; € (0,¢) such that for each y,2z € B and t;,t, € [0,7T] satisfying
max{d(y, ), |t1 — t2|} < d1 we have

(3.33) d(m(y,t1), m(z,t2)) < €.
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Note that ¢ is uniformly continuous on the compact B. Thus there is d2 € (0,67)
such that if y, z € B and d(y, z) < 8, then

(3.34) 6(y) — d(2)] < d1.

By the Lyapunov g-stability of 2] € A with respect to E, there is d3 € (0, d2)
such that if p € B with d(z7,p) < d5 then

(3.35) d(g"(x]),g"(p)) < 62, forallneZ,.

Since 7 is continuous in X x Ry, I is continuous in M and ¢ is continuous in
X\ M one can find &, € (0,d3) such that if y € B\ M with d(z,y) < d4 then

(i, yf) = d(I(n(z, ¢(x))), I(n(y, $(y)))) < J5.
Consequently, by (3.35), we have
(3.36) d(z},yt) < 62, forallneZ,.

Since B is positively 7-invariant, we have that B\ M is positively 7-invariant,
see Lemma 3.37. Thus, x,},y,5 € B for all n € N, where y € B \ M. Then if
y € B\ M with d(x,y) < d4 it follows by (3.36) and (3.34) that

(3.37) lp(zt) — o(yh)| < 01, for every n € Z.

For y € B\ M such that d(z,y) < §4 we define the time reparametrization
h,yi R+ — R+ by

o(yny)
o)
If t =t,(z), n € N, we have

hy(t) = tn(y) +

(t—tu(x)), tE€ [tn(x),tht1(x)), n=0,1,...

d(F (@, 1), 7y, by (1)) = d(a}, ) < 62 < e.

If t € (tn(2), tht1(z)), n € N, we have

wﬂ%mﬂ%@w»—dQ@;ttmmw(y

Since z}, yt € E, d(zf,yt) < 62 < 81 (see (3.36)) and
¢(Yn)
¢(an)
(see (3.37)), we conclude by (3.33) that d(7(x,t), 7(y, hy(t))) < e. Thus, every

point 2 € O C A\ M is Zhukovskil quasi 7-stable with respect to the set B\ M
and the proof is complete. O

P—m@w» &—u@ﬂ<wwm—wwn<&
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COROLLARY 3.39. Let (X,m; M,I) be an impulsive system and (H,g) be its
associated discrete system in the sense of Kaul, where H is a closed set. Let
x € X\ M, 7+(x) be compact, ¢p(x;f) < +oo for all n € Zy and {x;} }nen be
convergent in H. If g*(x7) is Lyapunov g-stable with respect to itself, then any

set O C 7t (x) \ M is Zhukovskii quasi T-stable with respect ©+(x) \ M.

PROOF. It is enough to note that ¢(y) < +oo for all y € 7+ (z) \ M. In fact,
since
FH@)\ M =7 (2) U (LT () \ M)
and ¢(y) < +oo for all y € 7F(z), we need to show that ¢(y) < +oo for all
y € LT(z)\ M. Let y € Lt (z)\ M then there is a sequence {s,, }nen in Ry such

n—-+oo n——+oo

that s,, ———— 400 and 7(z,s,) ———— y. For each n € N there is k,, € Z;
such that t, (x) < s, < tg,+1(x). Then

(X, 8p) = W(xzn,sn —tg,) and &(7(x,s,)) = qb(a:;rn) — ($n — i, (z)).
Thus
(3.38) O(T(x,50)) < ¢z ), forallneN.

Since {z;} }en is convergent in H, we may write 111;1_1 x} = z € H. Then, using
n—-+0oo

the continuity of ¢ in X \ M as n — +o0 in (3.38), we get ¢(y) < ¢(z). Now,
since z € H, we have ¢(z) < +oo. Hence, ¢(y) < +oo for all y € LT(z) \ M.
The result follows by Theorem 3.38. (|
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