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Abstract. Let S be an N¢ -graded algebra over a noetherian ring and a finitely generated N4 -graded S-module
M. This paper will study the relationship of filter-regular sequences of M to joint reductions and homogeneous
parameter systems. As an application, we show that any maximal filter-regular sequence is a joint reduction of
(St, ..., Sg) with respect to M, and any maximal strong-filter-regular sequence is a reduction of S4 with respect to
M. And we characterize the existence of parts of homogeneous parameter systems for M consisting of elements of
total degree 1 via strong-filter-regular sequences.

1. Introduction

Throughout this paper, let (A, m) be a noetherian local ring with maximal ideal m, in-
finite residue field k = A/m. Let S = P S(ny,...ng) be a finitely generated stan-

dard N?-graded algebra over A, i.e., S is generated over A by elements of total degree 1.
Let M =
My,..n0) = Sy,..nyM,....0) forall ny, ..., ng > 0. Set

Sty.ong)s S+ = Sny.ng)s Si = 80,....1,..0
@ (np,.sng)s O++ @ (n1,..,ng)> i ©,...,1,..,0)

ny+-+ng>0 ni,...ng>0

ny,...ng>0

oMa,,...ns) be a finitely generated N4 -graded S-module that satisfies

ny,...,lig >

St

foralli=1,...,d.

In this paper, we explore the relation of filter-regular sequences in multi-graded modules
with superficial sequences of ideals in local rings; joint reductions; and parts of homogeneous
parameter systems for M.

Filter-regular sequences were introduced by Stuckrad and Vogel in [12]. The theory of
these sequences became as an important tool to study some classes of singular rings and has
been continually developed (see e.g. [1, 5, 14, 22, 25]).

DEFINITION 1.1 (Definition 2.1). Let M be a finitely generated N¢-graded S-module.
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(i) Let S(1,1,..,1) be not contained in +/AnnM. A homogeneous element x € § is
called an Sy -filter-regular element with respect to M if (Opg : X)(n,,....n,) = O for

all large ny, ..., ng4.
(i) Let S; be not contained in ~/AnnM. A homogeneous element x € § is called an
S;-filter-regular element with respect to M if for ny, ..., nj—1,nij41,...,nqg > 0

there exists N € N such that (Ops : X)(ny,....5;,....ny) = O forallm; > N.

.....

We first study the relation of filter-regular sequences with joint reductions.

The concept of joint reductions of m-primary ideals was given by Rees in 1984 [10].
This important concept was extended to the set of arbitrary ideals by [2, 7, 9, 17, 19, 21]. In
the case of graded modules, we have the following notion.

DEFINITION 1.2 (Definition 3.1). Let 93 be a subset of U;lzl Si. Set Ry = RN S;
for 1 < i < d. Then A is called a joint reduction of (S1, ..., Sq) with respect to M if for all

. d
large integers n1, na, ..., na, M, 41, ng+1) = D im1 RO M 41,04 ... .ng+1)-

Then we obtain the following interesting result.

THEOREM 1.3 (Theorem 3.2). Let R be a subset of Ule Si. Then the following
statements hold.

(1) If R is a maximal S -filter-regular sequence with respect to M, then ‘R is a joint
reduction of (S1, ..., Sq) with respect to M.

(i1) If R is a maximal strong-filter-regular sequence with respect to M, then (*R) is a
reduction of S+ with respect to M.

As applications of Theorem 1.3 for joint reductions of ideals, we show that any maximal
weak-(F C)-sequence is a joint reduction (Corollary 3.5, Section 3); and in the case of m-
primary ideals, each maximal superficial sequence is also a joint reduction (Corollary 3.6,
Section 3).

It is well known that one of obstructions in studying graded modules is that these modules
often do not have homogeneous parameter systems. Using strong-filter-regular sequences, we
characterize the existence of parts of homogeneous parameter systems for M consisting of
elements of total degree 1 by the following theorem.

THEOREM 1.4 (Theorem4.1). Set &7 = {S1, ey Sic1y Sty e Sd}for 1<i<
d. Let ki, ky, ..., kg be non-negative integers with ki + ko + --- + kg = s < dim M. Then
the following statements are equivalent.

(i) Foranyl <i <d, dimg ﬁ < dimg % — ki forall  C &3,

(ii) There is a strong-filter-regular sequence x1, . . ., Xy with respect to M consisting of
k1 elements of S, ..., kq elements of Sq such that if y1, ..., yx, € S; is a subse-
quence of x1, ..., Xg, then dimg m = dimg % — ki forall 4 C &5

and 1 <i <d.Andx,...,Xx,is a part of a parameter system for M.
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(iii) There is a part of a parameter system xi, ..., xs for M consisting of k1 elements
of Si,...,kq elements of Sq such that if y1,...,y, € Si is a subsequence of
— —k - <i<
X1, ..., Xs, then dimg TR dimg M ki foralll C Grand1 <i <
d.

Theorem 1.4 yields interesting consequences such as the existence of homogeneous pa-
rameter ideals generated by elements of total degree 1 for N¢-graded modules over artinian
rings (Corollary 4.7; Corollary 4.8, Section 4) and different consequences and examples
(Corollary 4.2; Corollary 4.5; Example 4.4; Example 4.6).

This paper is divided into four sections. Section 2 is devoted to the discussion of filter-
regular sequences and strong-filter-regular sequences such as the universal existence of strong-
filter-regular sequences; the relationship of filter-regular sequences of multi-graded modules
with superficial sequences and weak-(FC)-sequences of ideals; and other properties that will
be used in this paper. Section 3 explores the relationship between maximal filter-regular
sequences and joint reductions and gives some applications for joint reductions of ideals. In
Section 4 we characterize the existence of parts of homogeneous parameter systems for M.
As an application we get some results in the case of artinian rings.

2. Filter-Regular Sequences

In this section, we will define the notion of filter-regular sequences and strong-filter-
regular sequences in multi-graded modules, and study some important properties of these
sequences.

n,) be a finitely generated standard N¢-
0 M,

generated N?-graded S-module. Then we have the following notions:

DEFINITION 2.1. Let S =€P,, 050
graded algebra over a noetherian local ring A and let M = @nl

.....

ng) be a finitely

e d >

.....

(i) Let S(1,1,..,1) be not contained in +/AnnM. A homogeneous element x € § is
called an Sy -filter-regular element with respect to M if (Opg : X)(n,,....n,) = O for
all large nq, ..., nq. Let x1, ..., x; be homogeneous elements in S. We call that
X1, ..., X; 18 an S44-filter-regular sequence with respect to M if x;; is an Sy -

filter-regular element with respect to M; = ﬁ foralli =0,...,r—1.

Xseens X
An S4 -filter-regular sequence xi, ..., x; with respect to M is called a maximal

Sy filter-regular sequence if S11,... 1) S ~/AnnM;.
(i) Let S; be not contained in +/AnnM. A homogeneous element x € S is called an ;-

filter-regular element with respect to M if forny, ..., nj_1,ni+1,...,nq > 0there
exists N € N such that (Op : X)(n,,...n;,...ng) = O foralln; > N. Let xy, ..., x
be homogeneous elements in S. We call that x1, ..., x; is a strong-filter-regular

sequence with respect to M if x; 11 is an §;-filter-regular element for some j with

respect to M; =ﬁforalli:0,...,t—l.
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A strong-filter-regular sequence xi, ..., x; with respect to M is called a maximal
strong-filter-regular sequence if S; € /AnnM, foralli =1,...,d.

REMARK 2.2. We have some following comments for filter-regular sequences.

(1) Sa.1,...,1) € vAnnM if and only if there exists u > O such that S¢,, ., M = 0.
Since S(u,...,u)M(ml ,,,,, mg) = M(m1+u ,,,,, Mmg+u) > it follows that S(l,l,...,l) C VAnnM
if and only if M,,,...n,) =0 forall ny,...,ng > 0. Then in this case, we get
Om : X)ny,...ng) € Mn,.,...ny) = 0 for all large ny, ..., ny. Hence any homoge-
neous element of § has the property as an S -filter-regular element.

If S; € ~/AnnM then S, ... 4;,....00)M = O for some a;. Hence

M(nl,‘.‘,ni+a,‘,‘.‘,nd) = S(O,‘.‘,ai,.‘.,O)M(nl,m,nd) =0

for all ny,...,ng. Thus Op : X)@ny,...n) S M,,...ny) = 0 for all n; > 0 and
forall ny,...,nj—1,ni41,...,ng > 0. In this case, any homogeneous element of
S carries the property of an S;-filter-regular element.

The above facts only obstruct and do not carry usefulness. That is why in
Definition 2.1, one has to exclude the cases that S 1,1y C AnnM and

S; € ~AnnM in defining Sy -filter-regular elements and S;-filter-regular ele-
ments, respectively.

(i) By [22], a homogeneous element x € § is an S;4-filter-regular element with re-
spect to M if and only if Op7 : x € Opr : S5,

(iii) One showed that if S(j,1,...1) is not contained in +/AnnM then for each i =
1,...,d, there exists an S;-filter-regular element x € S; with respect to M (see
[22, Proposition 2.2]).

Next, we show that the existence of strong-filter-regular sequences is universal by the
following proposition.

PROPOSITION 2.3. Assume that S; is not contained in ~/AnnM . Then there exists an
Si-filter-regular element y € S; with respect to M. And a homogeneous element x is an S;-
filter-regular element with respect to M if and only if Oy : x C Oy = S7°.

PROOF. Note that since M is noetherian, there exists a positive integer n such that
Op 0 S° =0y : S Foranyai,...,a;i—1,aiq1,...,aq > 0, set
/ .
M = [OM . Sln] m [ @ M(al,...,ai],ni,ai+],...,ad)i| .
n;>0

0y]-submodule of

..........

@ M(alw,ai_l,ni,ai+|w,ad) .

n;>0
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Hence by [22, Lemma 2.3], there exists a positive integer u; such that

/ /
M(alw,ai_l,ni,ai+|w,ad) = S0.... ”i—”iv-~-10)M(alw,ai_|,ui,ai+1,wad)

for all n; > u;. Consequently
(081 : 8N ay.oaiyniaistsonag) = SO,ni—uise.)LOM S N ar i1t i1 enatg)
for all n; > u;. From this fact follows that
(O : Sin](cllw,ai—l,ni,ﬂi+|w,ad) =0

forall n; > n +u;. Soforanyay,...,ai_1,ai+1,...,a4 > 0 we have

(01 SV ar, . ai—1.niaistsesag) =0
for all n; > 0. Now note that
Asss(M /0y : S°) ={P € AsssM | S; € P}.
Since k is an infinite field and [ [ = Assg(M /0y : S°) is finite, there exists y € Si\Upe1 P-
Then Oy : y € Oy : S;X’. Therefore, for ai, ..., ai—1, ai+1, ...,aqs > 0 we obtain
[0 2 Y)(ar,.aiyonisaissad) S 00 2 7Ny, aioynistisrsonag) =0

for all n; >> 0. Thus y is an S;-filter-regular element with respect to M.
Next, it has already been shown that if a homogeneous element x satisfies

OMZXEOM:S;)O

then x is an S;-filter-regular element with respect to M. Now assume that x is an S;-filter-
regular element with respect to M. We need to show that

Op :x C 0y Sl?o .
It is enough to prove that (Op @ X)w,,...v) S On : Slf’o for all vy, ..., vg. Indeed, for any
2 € (Op : X)y,...,u) then xSq,, . n,)2 = O0foreveryny, ..., ng. Hence

S;IZ C (Op : x)(vl,.‘.,v,-_l,n+vi,v,-+|,‘.‘,vd) =0

for all large n. It implies that z € Op : S7°. Hence Op @ x € Opr @ S7°. So x is an S;-filter-
regular element with respect to M if and only if

Op :x C 0y Sl?o . | |

REMARK 2.4. From Proposition 2.3, it follows that there is not any strong-filter-

regular sequence in Ul['i=1 S; if and only if Sy € +~/AnnM. In this case, My, ... »,) = 0 for

ni + --- 4+ ng > 0. Consequently, there is not any strong-filter-regular sequence in U?: 1 Si
ifand only if M, n,) =Oforallny +---+ng > 0.
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In the case that A is artinian, £4[M (o, ..,0,1;.,0,...,0)] is a polynomial for all n; >> 0. Denote
by P;(n;) the polynomial of £4[M(o,....0,n;,0,...,0)]-

Now, if we assign the degree —1 to the zero polynomial then we have the following
proposition.
PROPOSITION 2.5. Let A be an artinian ring. Then for each 1 <i < d, the length of

every maximal strong-filter-regular sequence in S; with respect to M is equal to deg P;(n;)+1.

PROOF. Note thatif x € S; is an S;-filter-regular element with respect to M, then

Lal(M/xM)q....0,n.0,...00] = €LalM,....0,n;,0,...00] — €aAlM(0,....0,n;—1,0,...,0)]

for all n; > 0 by [22, Remark 2.6]. On the other hand, it easily seen that P;(n;) = 0 if and

only if S; € +~/AnnM. Hence using the same argument as in the proof of [22, Proposition
3.3(iii)], we get the proof of this proposition. [ |

REMARK 2.6. Proposition 2.5 shows that if A is an artinian ring, then the set of
lengths of maximal strong-filter-regular sequences with respect to M is bounded above by

Zf:l deg P;(n;) +d.

Now, we study the relationship between filter-regular sequences and weak-(FC)-
sequences of ideals. This is a kind of variant of superficial sequences.

The author of [15] in 2000 characterized mixed multiplicities as the Hilbert-Samuel mul-
tiplicity by (FC)-sequences (see e.g. [2, 3, 7, 16, 17, 18, 19, 20, 24]).

DEFINITION 2.7 ([15]). Let N be a finitely generated A-module. Let I1, ..., I; be

ideals such that I = I;...1I; is not contained in ~/AnnN. An element x € A is called a
weak-(F C)- element of N with respect to (I, ..., 1) if there exists i € {1, ..., d} such that
x € I; and the following conditions are satisfied:

(1) x is an I-filter-regular element with respectto N, i.e., Oy : x C Oy : I°°.
i) xNOYV L™ 0 PN = ™ T LN forallng, . ng > 0.

Letx, ..., x; beasequencein A. Forany 0 <i < ¢, set N; = m Then xq, ..., x; 1S
called a weak-(F C)-sequence of N with respectto (11, . . ., 1) if x;+1 is a weak-(FC)-element
of N; with respectto (I, ..., Iz) foralli =0,...,t — 1.
A weak-(FC)-sequence x1, . . ., x; of N with respectto (11, ..., I) is called a maximal weak-
(FC)-sequence if I C /AnnN;.
Set
n ng
' 1, !

— . _ 1
S—Fh(lla---,ld,A)— @ m
ny,...,ng>0 "1 2 d
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and

'... 1IN
_ N 1 d
M_FII(II””’Id’N)_ @ I"]"FlI;Z,.-I;dN.

Nlyenny ng>0 "1

Then S is a finitely generated standard multi-graded algebra over A/l and M is a finitely
generated multi-graded S-module.

Assume that x € [; is a weak-(FC)-element of N with respect to (11, ..., Iz) and x* is
theimage of x in S; = (Fy, (11, ..., Ig; A));. Then by [25, Proposition 4.5(i)], x* is an S 4 =
Fy, (I, ..., 1g; A)44-filter-regular element of M. Note that / = Iy ... I; € /Annua N if and
only if

Sa.1....1) € +/Anng M.

We immediately get the following result.

PROPOSITION 2.8. Letxy,...,X; beasequence in U?:l liand x}, ..., x; the images
ofx1,...,xtin Ule Si, respectively. Then if x1, ..., x; is a weak-(F C)-sequence of N with
respect to (I, ..., 1), xik, ..., x} is an Sy -filter-regular sequence with respect to M. In
this case, x1, ..., x; is a maximal weak-(F C)-sequence of N with respect to (I, ..., 1) if
and only if x{, ..., x;" is a maximal S -filter-regular sequence with respect to M.

The notion of superficial elements goes back to P. Samuel [26]. The classical theory of
superficial elements is an important tool in local algebra and has been continually developed
(seee.g. [4,6, 11, 13]).

DEFINITION 2.9. Let N be a finitely generated A-module. Let Iy, ..., Iy be ideals
such that I = Iy ... I; is not contained in /Anns N. An element x is called an I;-superficial
element of N with respect to (11, ..., Iz) if x € I; and there exists a non-negative integer ¢
such that

apt N sy (I N = TN

for all n; > c and for all non-negative integers ny, ..., nj—1, Bi+1, ..., nq.

Letx, ..., x; beasequencein A. Forany 0 <i < ¢, set N; = ﬁ Then xy, ..., x; 1S
called a superficial sequence of N with respect to (11, ..., 1z) if x;41 is a superficial element
of N; with respectto (I1,...,Iy) foralli =0,...,¢t — 1. A superficial sequence xi, ..., x;

of N with respect to (11, ..., Iy) is called a maximal superficial sequence if I C /Anng N;
(see [11)).

Now we need to prove that if Iy, ..., I; are m-primary and x is an [;-superficial ele-
ment of N with respect to (/1, ..., I;), then x is a weak-(F C)-element of N with respect to
(I, ..., 1z). Indeed, by [4, Lemma 17.2.4],

1

DN x = Oy :x)+ 10 LT LN
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for all ny, ..., ng > 0. Multiplying the last equation by x yields

I LN (N =gt !

1

n
- IJN

forny,...,ng > 0. Hence x satisfies the condition (ii) of a weak-(F C)- element of N with
respectto (I, ..., Iz). By [4, Lemma 17.2.4], we have

Oy :x) (I 1N =0

for ny,...,ng > 0. Hence Oy : x C Oy : I®. So x is an [-filter-regular element with
respect to N, i.e., x satisfies the condition (i) of a weak-(F C)- element of N with respect to
(I1,...,1z). Thus x is a weak-(F C)- element of N with respect to (I, ..., Iz). Note that a
superficial sequence xi, . .., x, of N with respectto (11, ..., Iz) is a maximal superficial se-
quence if and only if I € /AnnN,,. Therefore x1, ..., x,, is a maximal superficial sequence
of N with respect to (11, ..., Iy) if and only if xq, ..., x, is also a maximal weak-(FC)
sequence of N with respect to (11, ..., Ig).
This fact yields the following.

PROPOSITION 2.10. Let Iy,...,1; be m-primary ideals. Assume that x1, ..., X; is
a supetficial sequence of N with respect to (I1, ..., 1z). Then x1, ..., x; is a weak-(FC)-
sequence of N with respect to (I1, ..., I3). In this case, x1, ..., x; is a maximal superficial
sequence of N with respectto (11, ..., Ig) if and only if x1, ..., x; is a maximal weak-(F C)-
sequence of N with respectto (11, ..., Ig).

Then as an immediate consequence of Proposition 2.8 and Proposition 2.10, we have the
following result.

PROPOSITION 2.11. LetIy,..., Iz be m-primary ideals. Assume that x1, ..., x; is a
sequence in U;l:l Iy and x{, ..., x; the images of x1, ..., x; in U?:l Si, respectively. Then if
X1, ..., Xt is a superficial sequence of N with respect to (I, ..., Ig), xf, oo xfisan Sy -
filter-regular sequence with respect to M. In this case, x1, ..., Xy is a maximal superficial
sequence of N with respect to (I, ..., 1g) if and only if x{, ..., x;" is a maximal S -filter-
regular sequence with respect to M.

REMARK 2.12. Letly,..., I; be m-primary ideals. Assume that x is an /;-superficial
element of N with respect to (11, ..., Iz) and x* the image of x in S;. Then x* is an Sy -
filter-regular element with respect to M by Proposition 2.11. Hence

Ayttt Ny (V1 LN = T N
forall ny, ..., ng > 0. And by [22, Proposition 2.5], this is equivalent to

x*e S\ U P.

PeAsss M /(0p:55%)
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3. Filter-Regular Sequences and Joint Reductions

In this section, we explore the relationship between maximal filter-regular sequences and
reductions.

The concept of joint reductions of m-primary ideals was given by Rees in 1984 [10]. And
he proved that mixed multiplicities of m-primary ideals are multiplicities of ideals generated
by joint reductions. This concept was extended to the set of arbitrary ideals by [7, 9, 17, 19].
In the case of graded modules, we have the following.

n,) be a finitely generated standard N¢-

.....

DEFINITION 3.1. Let S =D, . ,,05m

graded algebra over a noetherian local ring A and let M = @nl 1g>0 My,.....ny) be afinitely

generated Nd-graded S-module. Let R be a subset of U:»lzl Si. Set |®; = M S; for all
i=1,...,dand (¥) = Os. Then R is called a joint reduction of (S, ..., Sq) with respect to
M if
d
My, 11, ng+1) = Z(mi)M(Vll+1,~~Jli~~,nd+1) for all large integers ny, na, ..., ng .
i=1
Recall that an ideal J is called a reduction of an ideal T with respect to A-module N if
J S Zand I"'N = JI"N for all large n by [8].
Then the relationship between maximal filter-regular sequences and reductions is stated
by the following theorem.

THEOREM 3.2. Let R be a subset of Uld:l Si. Then the following statements hold.

(1) If R is a maximal Sy -filter-regular sequence with respect to M, then SR is a joint
reduction of (81, ..., Sq) with respect to M.

(1) If R is a maximal strong-filter-regular sequence with respect to M, then (|R) is a
reduction of S+ with respect to M.

PROOF. SetfR; = R[S foralli = 1,...,d. Assume that R is a maximal S;-
filter-regular sequence with respect to M. Then we have

Sa.1,...1) S VAm[M/(R)M].

Hence by Remark 2.2(ii), [M/(R)M (s, ,....n,) = O for all large ny, ..., ng. From this it fol-
lows that

i=1
for all large integers n1, na, ..., ng. Thus, R is a joint reduction of (Si, ..., Sy) with respect
to M. We have (i). Now, if R is a maximal strong-filter-regular sequence with respect to M,
then it follows that there is not any strong-filter-regular sequence in Uflzl S; with respect to
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M /(R)M . Hence by Remark 2.4, [M /(R)M ],
equivalent to

ng) =0forallny +---+ngs > 0. Thisis

,,,,,

d

i=1

for all ny 4 --- 4+ ng > 0. Here we assign that M(,, . 1
shows that

,,,,,

S_V:_M = Z M(nl ,,,,, ng)

nytetng>n

and

d
|:(m) Z M(m ..... n,{):| = Z(mi)M(ml,...,m,-—l,...,md)

ny4---4ng>n (my,..., mq) i=1
forall m; 4+ ---+mg >n+ 1. Hence we have

QR)SIM =R Y M.y

ni+-+ng=n

Il
]
| —|
M-~

E

A
=
2
E

L

| I—

.....

mi+--+mg>n+1 i=l1

n+1
= Z Mm,....mg) = Sy M
my+--+mg>n+1

for all n > 0. Thus, (¥R) is a reduction of S with respect to M. So we get (ii). |

By the proof of Theorem 3.2(ii), we immediately obtain the following corollary.
COROLLARY 3.3. (fR) is a reduction of S+ with respect to M if and only if

d

i=1
Now, we consider joint reductions of ideals I, . .., Iz with respect to N.

DEFINITION 3.4 ([21]). LetIy,..., I; beideals of A and N an A-module. Let ‘R be
a subset of U;lzl Ii. SetR; =R\ [ fori =1,...,d and (¥) = 04. Then R is called a joint
reduction of (I, ..., I;) with respect to N if

d
Ilnl-‘rl . I:}d+1N — Z(mi)lfll+l . Inz . I;d-‘rlN

i
i=1

for all large integers ny, ny, ..., ng.



FILTER-REGULAR SEQUENCES OF MULTI-GRADED MODULES 449

Recall that S = Fy, (11, ..., Ig; A) and M = Fy (11, ..., Ig; N). Now for each x € [,
denote by x* the image of x in S; = (Fy, (11, ..., Iz; A))j. Now, assume that x1, ..., x; is a
maximal weak-(FC)-sequence of N with respectto (11, ..., Iz) then x;‘, ..., x/ is a maximal
S 4 -filter-regular sequence with respect to M by Proposition 2.8. Set

R={x1,..., 5} mi=9‘{mb
foralli=1,...,d and
R ={xf, ... 57k R =RS

foralli =1,...,d. By Theorem 3.2(i), i* is a joint reduction of (Sy, ..., Sz) with respect
to M. Hence

i=1

for all large integers n1, ny, ..., ng. From this it follows that

d
Ilnl"rl . I;d-‘rlN — Z(mi)lf”-'_l . Inz . I;d“rlN + I{'ll+21512+1 . I;d-‘rlN

i
i=1

for all large integers n1, na, ..., ng. Therefore,

d
II”IJrl "'I:;HIN = Z(mi)ll’““ s ---I;‘HIN
i=1
for all large integers n1, na, ..., ng by Nakayama’s lemma. Thus, fR is a joint reduction of
(I, ..., 1) with respect to N.

Then we get the following result which is a generalization of [19, Theorem 3.4] and [7,
Theorem 2.9].

COROLLARY 3.5. Ifxi,...,x: is a maximal weak-(F C)-sequence of N with respect
to (I, ..., 1g) then {x1, ..., x:} is a joint reduction of (I, . .., Iz) with respect to N.
In the case that [y, . . ., I; are m-primary ideals then from Proposition 2.10 and Corollary

3.5, we immediately get the following result.

COROLLARY 3.6. Letly,..., 1I; be m-primary ideals of A. Assume that x1, ..., X; is
a maximal superficial sequence of N with respect to (I1, ..., 1g). Then {x1, ..., x;} is a joint
reduction of (I1, ..., 1) with respectto N.

4. Filter-Regular Sequences and Parameter Systems

In this section, we characterize the existence of parts of homogeneous parameter systems
for M consisting of elements of total degree 1 via the relationship between strong-filter-regular
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sequences and parts of homogeneous parameter systems.
The main result of this section is the following theorem.

THEOREM 4.1. Let S = P
graded algebra over a noetherian local ring (A, m) and let M = @nl,...,ndzo M,....ny) be

ng=0S(n1,...ng) be a finitely generated standard N4-

a finitely generated Nd-graded S-module. Let k1, ka, ..., kq be non-negative integers with
ki+ky+---+ks=s5 <dimM. Set (J) = O0s and

S;=1{S1, -, Si—1, Si+1, ..., Sa}
forall 1 <i <d. Then the following statements are equivalent.

(i) Foranyl <i <d, dimg ﬁ < dimg % — ki forall {4 C .

(ii) There is a strong-filter-regular sequence x1, . . ., Xy with respect to M consisting of
ki elements of S1, ..., kq elements of Sq such that if y1, ..., yx, € S; is a subse-
quence of x1, ..., Xs, then

di M di
1mg = dimg — Ki
ALYty )M wm
forallld C Grand1 <i <d.Andx1, ..., xs is a part of a parameter system for
M.

(iii) There is a part of a parameter system xi, ..., xs for M consisting of k1 elements
of St,...,kq elements of Sq such that if y1,...,y, € S; is a subsequence of
X1,...,Xs, then

M
dimg dimg i

Wyt )M WM
Jorall d C Grand1 <i <d.

PROOF. (i)=(ii): Setky + ky + - - - + kg = 5. The proof is by induction on s that there

exists a strong-filter-regular sequence x1, ..., Xy with respect to M consisting of k| elements
of 81, ..., kg elements of Sy such thatif y, ..., y, € S; is a subsequence of x1, . .., x, then
M
dims = dims — Kj
L yis . k)M whm
forall{ C G;and 1 <i < d. And x1, ..., x; is a part of a parameter system for M. The

result is true for s = 0. Assume the result fors — 1 > 0. Since s > 0, there exists 1 <v <d
such that k, > 0. Then we have

M
di —— < di —k di
M som =M wom T T T om
for all i C Gg. Set
M
U=Asss———— ={P € AsssM | S,  P}.

O = 85°)
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And for any 4 C G5, set

\% PcA M | di M CohtP
= SS 1m = (0] .
. Seom T @M

Since

. M . M
dimg —— < dimg ——,

Sy & P forany P € Vyrandall  C &5. Put G = (Ugcg, Va) JU. Then S, € P for any
P € G. Since k is an infinite field and G is finite, there exists

xes,\[JP.

PeG

Because x ¢ |Jpcy P, x is an S,-filter-regular element with respect to M. And since x ¢
U pev, P, it follows that

M
dimg —— =di -1
oM T @M
for all { C &5. In particular, [ = ¢ then we get
M M
dimg — = dimg ——— =di —1l=dimgM —1.
1mg M mg (@,x)M img (@)M img

Hence x is a parameter element for M. Set M = M /xM and
hi=ki,....hy_1 =ky—1,hy =ky — 1, hyy1 = kyt1, ..., ha = kq.
Then hy +---+ hg = s — 1. Now, we need to show that
dimg —— < dimg —— — h;
&, SHmM WM
forall { C G;and 1 <i <d. Indeed, fori # v, let C &;. If S, € U then we have

M M M
dimgs ———= =dimg ————— <dimg ——— —k; = dimg —— — ;.
L, SHM &L SoM m hm

If S, ¢ Uthen YU {S;} C S3. Hence

dimg ——— =dimg — =dimg — — 1
S QL SHM SAL S M S AL SHM

< dimg

ki — 1 = dimg i

M
M oM

. M
Zdlms—_—hl’.

WM
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Fori = v,

dimg ——— = dimg ————
W, SHOM &L SyyM

M
< dimg —2— _ g, = dimg — 2 +1—k
=dms gy T Ams g R

M M
=dimg —— + 1 — k, = dimg —— — h,
M WM

for all 4 C G5, Consequently dimg dimg — h; for all U C &; and

M M
&L SHM ~ WM
Il <i<d.

By induction, there exists a strong-filter-regular sequence x, . . ., x; with respect to M
consisting of /1 elements of Sy, ..., hg elements of Sy and if y1,..., yp, € S; is a subse-

quence of xp, ..., x5 then

: M M
dimg — = dimg
(Lla )’l, cee }’h,)M

wMm

forall il C Grand 1 <i < d. And x2, ..., x, is a part of a parameter system for M. 1t is
a plain fact that x = x, x2, ..., x; is a strong-filter-regular sequence consisting of k1 = hj
elements of Sy, ... ,ky—1 = hy—1 elements of S,_1, k, = hy + 1 elements of Sy, ky+1 = hyt1
elements of Syt1,..., kg = hg elements of S;. Next we need to prove that for any i and
21, ..., 2k € S;is asubsequence of xy, ..., x,, then

dimg ———  — = dim
SWzt, ..M s

wm
forall i C Grand 1 <i < d. Indeed, consider the following cases:

The case that i # v : Then in this case, k; = h;. Let U C &;.
If S, € Y then since x € S,

. M . M
dimg ———— =dimg —
(L["Zl""’zki)M (L["Zl""’zhi)M
di M h di M
=dim — — h; =dimg —— — k; .
S (ﬂ)M i S (ﬂ)M i
If S, ¢ U then 3 C S3. Hence
di k 1 <di M 1
im — ki — img ———mM—— —
Swom T =TS WL oM
. M . M
< dimg di

=damg —————
(LL,vala"‘aZk,')M (ﬂ,Zl...,Zk,-)M
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ki=dim5 ki—l.

=dim5 — hl' =

L T — -
WM (W 0)M M

: M T M )
So dimg (ST dimg 577 — ki
The case that i = v : In this case, x = z1 and k, = h, + 1. We get

. M . M
dimg =dimg —
Wz, oo )M Wz, 2 )M
di M h di M +1—k
=dim — — hy, =dimg —— -
S (ﬂ)M v S(ﬂ)M v
M
=di 1 —ky =dimg —— —ky,
ms G om T = dms gy R
for all { C &g. Therefore
M
dimg —————— =dim —k;
YWzt )M Sapm

forall { C Grand 1 <i < d. Now observe that since x = x1 is a parameter element for M
and xp, ..., xy is a part of a parameter system for M /xM, x1, ..., x5 is a part of a parameter
system for M. The induction is complete. We get (i)=>(ii). (ii))=-(iii) is obvious. (iii)=-(i):
By (iii) we have dimg m = dimg % —k; forall i C Grand 1 <i < d. Hence

M M
dimg —— < di =dimg —— — k;
M som = Wy M~ T oM
forall i C Grand 1 <i <d. So (iii)=(i) is proved. |

COROLLARY 4.2. Let S be a finitely generated standard N -graded algebra over a
noetherian local ring (A, m) and let M be a finitely generated N%-graded S-module. Set

S() = 05 and s = dims M — dimA M(() ,,,,, 0) and
. M . M
ki =dimg ——— —dimg ——
So, ..., Si—-)M (So,....S)M
forany 1 <i <d. Assume that
M M
ki <min{ dimg —— —dimg—— |J #U C &;
; _mm{ img WM img RTRAY] |0 £ C ,}

forany 1 <i <d.Thenk) + ---+ kq = s and the following conditions are equivalent:
(i) ki < dimg M — dimg ﬁforall 1<i<d.

(ii) There is a strong-filter-regular sequence with respect to M consisting of k1 elements

of St, ..., kq elements of Sg. And this sequence is a part of a parameter system for
M.
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(iii) There is a part of a homogeneous parameter system for M consisting of k1 elements
of St1, ..., kyq elements of Sy.

PROOF.  Since k; = dimg m—H— —
yeees 0 —

-+ kg = dimg M — dimg m = dimg M — dimy M(O,_,_,O) = s. (i)=(i): By (i),

forany 1 < i < d, kj +

M M
forany 1 < i < d, we have dimg ———— < dimg —— — k; for all { C &;. Hence
W, SHM WM

(i)=(i1) is immediate from (i)=>(ii) of Theorem 4.1. And (ii)=>(iii) is obvious. (iii)=(i):
Assume that x1,...,xs € U —1 Si is a part of a parameter system for M consisting of k;
elements of S, ..., kd elements of S; and z1, ..., 2k € S; is a subsequence of x1, ..., x;,
then dims 5 < dims =757 = dims M —k;. Thus, k; < dims M —dims ¢ forall

1<ic<d. |

In particular, if d = 1 then since

M M
dimg —— — dimg ———— = dimg M — dimg
SoM (So, S1)M SHM

=dimg M — dimy My,

we have the following.

COROLLARY 4.3. Let S = @nzo Sn be a finitely generated standard N-graded al-
gebra over a noetherian local ring (A, m) and let M = @, My be a finitely generated
N-graded S-module. Set s = dimg M — dimg My. Then there is_at most s parameter elements
for M contained in S;.

EXAMPLE 4.4. Let I be an ideal of positive height in a noetherian local ring (A, m).
Denote by R(I) = €, I"t" the Rees algebra and G(I) = @PO(I”/I”“) the associated
graded ring of A with regpect to /. Sincedim R(I)—dim A = 1, there is at most one parameter
element for R(/) contained in /¢t by Corollary 4.3. And since dimG(I) — dim(A/I) =
dim A—dim(A/I), there is at most dim A —dim(A /) parameter elements for G (1) contained
in 7/1? by Corollary 4.3.

Now, if choose k; = min {dims iy — dims by | 4 C &7} forall 1 <i < d,
then as an immediate consequence of Theorem 4.1, we have the following consequence.

COROLLARY 4.5. Let S be a finitely generated standard N%-graded algebra over a
noetherian local ring (A, m) and let M be a finitely generated N%-graded S-module. Set
k; = min { dimg ﬁ — dimg ﬁ | Y C (‘57} forany 1 <i <d. Then there is a strong-
filter-regular sequence with respect to M consisting of k| elements of Sy, . .., kg elements of
S4. And this sequence is a part of a parameter system for M.

EXAMPLE 4.6. Assume thatdimA > 0; J, Iy, ..., Iz (d > 1) are m-primary ideals.

nd
Denote by Fy(Iy,...,15; A) = @nl g0 JI} Iy ,,d the d-graded fiber cone of A with
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respectto J, I, ..., Ig. SetS = F;(I1, ..., Iz; A); S; = S(()’___, 1,..00 =1;/J1; and
HA/_/
6';52 {S],...,S,'_1,S,'+1,...,Sd} foralll <i <d.

Then dimS = dim A 4+ d — 1 (see [23]). Since (S_S,) =F;(yy, ..., Li-1, ligr, ..., 1g; A) and
d > 1,dim g5 =dimA+d —2.SodimS — dim §5 = 1 forall 1 <i < d. Now, assume
that there exists a parameter system for S consisting of (dim A 4+ d — 1) elements of U:»lzl Si.
If dim A > 1 then there exists i such that S; contains two parameter elements x, y. In this
case,

1 =dimS — dim > dimS — dim 2.

S oy

This contradiction shows that if dim A > 1, then there does not exist a homogeneous param-
eter ideal for S generated by elements of total degree 1. However, since

S
1 = min { dimg — — dimg

S *
) w&ﬂ”cg}

for any 1 < i < d, there exists a part of a parameter system for S consisting of 1 element
of S1, ..., 1 element of S; by Corollary 4.5(ii). Thus, in this case, there is a homogeneous
parameter ideal for S generated by homogeneous elements of total degree 1 if and only if
dimA = 1.

COROLLARY 4.7. Let (A, m) be an artinian local ring. Let S be a finitely generated
standard N®-graded algebra over A and let M be a finitely generated N%-graded S-module.
Set So = Og and

. M . M
kl' = dlms —_— — dlms —
So, ..., Si-1)M (So, ..., SOM

forany 1 <i <d. Assume that

kifmin{dimg IQ#HCGS;}

M ) M
——— —dimg ———
Wwm o, SHM
forany 1 < i < d. Then there is a parameter system for M consisting of k| elements of
S1. ..., kq elements of Sy if and only if ki < dimg M — dimg % foralll <i <d.

PROOF. Since A is an artinian ring,

d

i=1

M . M

T dimg 7} — dimg M .
(So, .. Sict)M (So, ..., )M

Hence the proof follows from Corollary 4.2. |
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COROLLARY 4.8. Let (A, m) be an artinian local ring. Let S be a finitely generated

standard N®-graded algebra over A and let M be a finitely generated N -graded S-module.
Set So = Os and

. M . M
kl‘ = dlms —_—_— — dlms — =
(So, ..., Si—-)M (So,....S)M
forall1 <i <d.Assume that
k; < min {di M di M |0 #£UC S
; < min j{dimg —— — dimg —— -
= S WM S W sHM ’

forany 1 <i < d. Then there is a maximal strong-filter-regular sequence SR with respect to
M consisting of k1 elements of S1, ..., kq elements of Sq if and only if

ki < dimg M — di
i = dimg 1mg (S,')M

forall1 <i <d.And in this case, R is a parameter system for M.

PROOF. The “if” part: By Corollary 4.2, there is a strong-filter-regular sequence with
respect to M consisting of k; elements of Si, ..., ks elements of S;. And this sequence is
a part of a parameter system for M. Since k; + --- + k4 = dimg M, this sequence is a
parameter system for M. Hence it is a maximal strong-filter-regular sequence. The “only if”
part: Assume that R is a maximal strong-filter-regular sequence with respect to M consisting
of ky elements of Sy, ..., kg elements of S;. By Theorem 3.2(ii), ({R) is a reduction of S+
with respect to M. Set dimg M = s. Since | R |= s, R is a parameter system for M. Thus,
ki < dimg M — dimg ¥ forall 1 <i < d by Corollary 4.7. [
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