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Abstract. We estimate stable rank for C∗-tensor products with the Jiang-Su algebra. We also estimate real
rank for them as well.

Introduction

Jiang and Su [4] first show that there exists a simple unital inductive limit of dimension
drop algebras such that it has a unique tracial state and the same K-theory as C. This re-
markable C∗-algebra of Jiang-Su (we call it Jiang-Su algebra) has played an important key
role in the classification program of Elliott for nuclear simple C∗-algebras (for instance, see
Toms [13] and [8] and also [5]). Also, the Jiang-Su algebra is regarded as an analogue to the
Cuntz algebra O∞ generated by countably infinite, mutually orthogonal isometries. Indeed,
K-theory of O∞ is the same as that of C, i.e., K0-group Z and K1-group trivial. It is shown
by Kirchberg that A⊗O∞ ∼= A for any purely infinite, separable unital nuclear C∗-algebra A

(so called O∞-absorbed (or absorbing) property) (see [11]), while it is shown by Jiang and Su
that a similar, Jiang-Su algebra absorbed property holds for separable unital simple AF alge-
bras and purely infinite, separable, unital nuclear C∗-algebras. On the other hand, it is shown
by Rørdam [10] that any simple unital finite C∗-algebra absorbing the Jiang-Su algebra has
stable rank 1, and the real rank zero for such C∗-algebras that are exact is determined in terms
of K-theory.

In this paper we consider stable rank and real rank for tensor products of (general) C∗-
algebras with the Jiang-Su algebra. It is found out that in those ranks point of view, the Jiang-
Su algebra is rather near to K the C∗-algebra of compact operators on an infinite dimensional
Hilbert space, which also has the same K-theory as C, however not always, and it is not
near to C in general. This point of view should be interesting. Since we deal with general C∗-
algebras, it is natural that sharpness of estimates for those ranks of them is not much expected.
In Section 1 we consider the stable rank case and do the real rank case in Section 2. We use
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some known results on these ranks, which are helpful for this research. Refer to Rieffel [9]
for stable rank for C∗-algebras and to Brown-Pedersen [3] for real rank.

1. Stable rank

The stable rank of a unital C∗-algebra A is defined to be the smallest positive integer
n = sr(A) such that any element of An (n-direct sum) is arbitrarily approximated by an
element (bj ) ∈ An such that Ab1 + Ab2 + · · · + Abn = A. For a non-unital C∗-algebra, its
stable rank is defined to be that of its unitization by C.

Similarly, the real rank of a unital C∗-algebra A is defined to be the smallest non-negative

integer n = RR(A) such that any self-adjoint element of An+1 is arbitrarily approximated by

a self-adjoint element (bj ) ∈ An+1 such that Ab1 +Ab2 +· · ·+Abn+1 = A. For a non-unital
C∗-algebra, its real rank is defined to be that of its unitization by C.

Recall from Jiang-Su [4] that there exists an infinite dimensional, simple unital inductive
limit of dimension drop algebras, that we denote it by Z , such that Z has a unique tracial
state, K0(Z) ∼= K0(C) ∼= Z and K1(Z) ∼= K1(C) ∼= 0, where a dimension drop algebra is a
C∗-algebra defined by

{f ∈ C([0, 1],Mm(C)) | f (0) ∈ Ml(C) ⊗ C1m/l, f (1) ∈ C1m/n ⊗ Mn(C)} ,

denoted by D[l,m, n], where C([0, 1],Mm(C)) is the C∗-algebra of m × m matrix algebra
Mm(C) valued continuous functions on the closed interval [0, 1], and l, n are positive integers
such that m = l × (m/l), m = n × (m/n) with m/l, m/n integers, and 1m/l, 1m/n are
(m/l) × (m/l) and (m/n) × (m/n) identity matrices respectively. Note that D[l,m, n] is
projectionless if and only if l and n are relatively prime, and if in addition m = ln, D[l,m, n]
is called prime. A prime dimension drop algebra has the same K-theory as C, and the Jiang-Su
algebra Z is an inductive limit of prime dimension drop algebras, i.e., Z = lim−→D[lj ,mj , nj ]
for some mj = lj nj .

THEOREM 1.1. Let A be a C∗-algebra. If sr(A) is finite, then

sr(A ⊗ Z) ≤ 2 .

Furthermore, if sr(A) = 1, K1(A) = 0, and RR(A) = 0, then

sr(A ⊗ Z) = 1 .

PROOF. We assume that A is unital. If A is non-unital, we replace it in the statement
with its unitization A+ by C, which unchanges stable rank. Since Z = lim−→D[lj ,mj , nj ] for

some mj = lj nj , we consider the stable rank for C∗-tensor products A ⊗ D[lj ,mj , nj ], each
of which can be viewed as a continuous field C∗-algebra on [0, 1] with its fibers given by
A⊗Mlj (C)⊗ C1nj at 0, A⊗Mmj (C) on the open interval (0, 1), and A⊗Mnj (C)⊗ C1lj at
1, where 1xj is the xj × xj identity matrix. Using a nice and helpful result of [7], we obtain
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sr(A ⊗ D[lj ,mj , nj ]) ≤ max{sr(A ⊗ Mlj (C) ⊗ C([0, 1])) ,

sr(A ⊗ Mmj (C) ⊗ C([0, 1])), sr(A ⊗ Mnj (C) ⊗ C([0, 1]))} .

Furthermore, it follows from [9, Theorem 6.1] that

sr(Mxj (C) ⊗ A ⊗ C([0, 1])) = �(sr(A ⊗ C([0, 1])) − 1)/xj	 + 1 ,

where �y	 is the smallest integer ≥ y. Since sr(A ⊗ C([0, 1])) ≤ sr(A) + 1 < ∞ by [9,
Corollary 7.2] or [6], and the integers lj ,mj , nj are taken large enough in inductive steps, we
then get

sr(A ⊗ D[lj ,mj , nj ]) ≤ 2 .

By [9, Theorem 5.1], we obtain sr(A ⊗ Z) ≤ 2.
It is shown in [6, Theorem 4.3] that the conditions K1(A) = 0, sr(A) = 1, and RR(A) =

0 imply sr(A ⊗ C([0, 1])) = 1. If so,

sr(Mxj (C) ⊗ A ⊗ C([0, 1])) = 1 ,

which implies sr(A ⊗ D[lj ,mj , nj ]) = 1. Hence sr(A ⊗ Z) = 1. �

REMARK. Let K be the C∗-algebra of compact operators on an infinite dimensional,
separable Hilbert space. It is obtained by [9, Theorems 3.6 and 6.4] that

sr(A ⊗ K) ≤ 2

for any C∗-algebra A, and sr(A ⊗ K) = 1 if and only if sr(A) = 1.
The following estimate:

sr(A ⊗ Z) ≤ 2

for a C∗-algebra A is not always true (cf. [13]). In fact, it is shown in [4, Corollary 2.13] that
if B is a purely infinite, simple unital nuclear C∗-algebra, then B ∼= B ⊗ Z . In this case, we
have

sr(B ⊗ Z) = sr(B) = ∞ .

It is also known that a purely infinite, separable simple C∗-algebra is either unital or stable
(Zhang’s dichotomy). If A is such a stable one, then sr(A ⊗ Z) ≤ 2.

Also, it is shown in [4, Corollary 6.3] that if A is a unital simple AF algebra, then
A ∼= A ⊗ Z . Then

sr(A ⊗ Z) = sr(A) = 1

and K1(A) = 0 and RR(A) = 0.
By [6, Proposition 5.2], the condition sr(A ⊗C([0, 1])) = 1 implies K1(A) and sr(A) =

1, but RR(A) may not be zero.
On the other hand, we always have

sr(A ⊗ O∞) = ∞ = sr(O∞)
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for any unital C∗-algebra A (see [9, Proposition 6.5]).
As a note, since A ⊗ C ∼= A for any C∗-algebra A, we always have sr(A ⊗ C) = sr(A).

For Z-absorbed C∗-algebra A, we have sr(A ⊗ Z) = sr(A).

COROLLARY 1.2. The Jiang-Su algebra has stable rank 1.

PROOF. Note that C ⊗ Z ∼= Z and sr(C) = 1, K1(C) = 0, and RR(C) = 0. Hence
sr(Z) = sr(C ⊗ Z) = 1. �

Slightly generally,

THEOREM 1.3. Let A be a C∗-algebra and D be an inductive limit of dimension drop
algebras D[lj ,mj , nj ] such that lj ,mj , nj go to ∞ in inductive steps. If sr(A) is finite, then

sr(A ⊗ D) ≤ 2 .

Furthermore, if sr(A) = 1, K1(A) = 0, and RR(A) = 0, then

sr(A ⊗ D) = 1 .

In particular, D has stable rank 1.

EXAMPLE 1.4. Let ⊗∞C(T) be the infinite tensor product of C(T) the C∗-algebra of
continuous functions on the torus T. This is an inductive limit of tensor products ⊗nC(T)

(n ≥ 1). There exists a canonical quotient map from ⊗∞C(T) to ⊗nC(T) ∼= C(Tn) for
any n ≥ 1. Since sr(C(Tn)) = �n/2� + 1, where �y� means the largest integer ≤ y, by [9,
Theorem 4.3], we have sr(⊗∞C(T)) = ∞. Since

(⊗∞C(T)) ⊗ Z ∼= lim−→(⊗nC(T)) ⊗ Z ∼= lim−→C(Tn) ⊗ Z ,

we obtain

sr((⊗∞C(T)) ⊗ Z) ≤ 2

while sr(⊗∞C(T)) = ∞.

By the same way as above,

PROPOSITION 1.5. Let ⊗∞Aj be an infinite tensor product of C∗-algebras Aj such
that each ⊗nAj has stable rank finite. Then

sr((⊗∞Aj ) ⊗ Z) ≤ 2 .

More generally, if B is an inductive limit of C∗-algebras with stable rank finite, then

sr(B ⊗ Z) ≤ 2 .

REMARK. We can take B as (certain) AH algebras, i.e., inductive limits of homoge-
neous C∗-algebras (with stable rank finite). See Lin [5] for AH algebras and their classifica-
tion theorems.
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2. Real rank

At this moment, the following is the best:

THEOREM 2.1. Let A be a C∗-algebra. Then

RR(A ⊗ Z) ≤ RR(Cb((0, 1),A)) ,

where Cb((0, 1),A) is the C∗-algebra of bounded continuous A-valued functions on the open
interval (0, 1).

Also, using another estimate, if sr(A) and sr(Cb((0, 1),A) are finite, then

RR(A ⊗ Z) ≤ 3 .

If sr(A) = 1 and sr(Cb((0, 1),A)) = 1, then

RR(A ⊗ Z) ≤ 1 .

If A is commutative, then RR(A ⊗ Z) ≤ 1.

Furthermore, the Jiang-Su algebra Z can be replaced with an inductive limit of dimen-
sion drop algebras D[lj ,mj , nj ], where in the second, third, and fourth estimates above,
lj ,mj , nj go to ∞ in inductive steps.

PROOF. We assume that A is unital. If A is non-unital, we replace it in the statement
with its unitization A+ by C, which unchanges real rank. Since Z = lim−→D[lj ,mj , nj ] for

some mj = lj nj , we consider the real rank for C∗-tensor products A ⊗ D[lj ,mj , nj ], each
of which can be viewed as a continuous field C∗-algebra on [0, 1] with its fibers given by
A ⊗ Mlj (C) ⊗ C1nj at 0, A ⊗ Mmj (C) on the open interval (0, 1), and A ⊗ Mnj (C) ⊗ C1lj

at 1. Furthermore, we consider the following exact sequence:

0 → C0((0, 1),A ⊗ Mmj (C)) → A ⊗ D[lj ,mj , nj ]
→ (A ⊗ Mlj (C)) ⊕ (A ⊗ Mnj (C)) → 0 .

Using a nice and helpful result of [6, Proposition 1.6], we obtain

RR(A ⊗ D[lj ,mj , nj ]) ≤ max{RR(M(C0((0, 1),A ⊗ Mmj (C)))) ,

RR(A ⊗ Mlj (C)), RR(A ⊗ Mnj (C))} ,

where M(C0((0, 1),A ⊗ Mmj (C))) is the multiplier algebra of C0((0, 1),A ⊗ Mmj (C)), and

note that A ⊗ D[lj ,mj , nj ] can be viewed as the pullback C∗-algebra associated with the
above exact sequence, involving the multiplier algebra. Moreover, it follows by [1] that

M(C0((0, 1),A ⊗ Mmj (C))) ∼= Cb((0, 1),A ⊗ Mmj (C)) ,

which is the C∗-algebra of bounded continuous A ⊗ Mmj (C) valued functions on (0, 1).

This is also identified with Cb((0, 1),A) ⊗ Mmj (C). Note that for a C∗-algebra B, we have
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M(Mk(B)) ∼= Mk(M(B)) for any k ≥ 1, which is easily deduced from the strict topology
argument ([14, p. 50]). Using a result of [12] we obtain

RR(A ⊗ Mk(C)) ≤ RR(A)

for any k ≥ 1 and

RR(Cb((0, 1),A) ⊗ Mmj (C)) ≤ RR(Cb((0, 1),A)) .

Also, we have RR(Cb((0, 1),A)) ≥ RR(A). Therefore, the first estimate in the statement is
obtained.

On the other hand, it is shown by [3, Proposition 1.2] that

RR(B) ≤ 2 sr(B) − 1

for any C∗-algebra B. Using this estimate we have

RR(A ⊗ Mk(C)) ≤ 2 sr(A ⊗ Mk(C)) − 1 ,

RR(Cb((0, 1),A) ⊗ Mmj (C)) ≤ 2 sr(Cb((0, 1),A) ⊗ Mmj (C)) − 1 .

If sr(A) and sr(Cb((0, 1),A)) are finite, we can estimate as

sr(A ⊗ Mk(C)) ≤ 2 , sr(Cb((0, 1),A) ⊗ Mmj (C)) ≤ 2

for k,mj large enough, as before. Therefore, we then obtain RR(A ⊗ D[lj ,mj , nj ]) ≤ 3,
which implies RR(A ⊗ Z) ≤ 3.

If sr(A) = 1 and sr(Cb((0, 1),A)) = 1, then

sr(A ⊗ Mk(C)) = 1 , sr(Cb((0, 1),A) ⊗ Mmj (C)) = 1 .

Then RR(A ⊗ D[lj ,mj , nj ]) ≤ 1. Therefore, RR(A ⊗ Z) ≤ 1.

If A is commutative, then A ∼= C(X) for a compact Hausdorff space X. It is shown in
[2] that

RR(C(X) ⊗ Mn(C)) = �dim X/(2n − 1)	 .

Therefore, RR(A ⊗ D[lj ,mj , nj ]) ≤ 1 for lj ,mj , nj large enough. Hence, RR(A ⊗ Z)

≤ 1. �

REMARK. Those estimates that we obtained this time might be better improved when
we know more about real rank estimates that have been unknown. It would be preferable to
replace the conditions on stable rank with other ones on real rank.

It is shown in [2] that

RR(A ⊗ K) ≤ 1

for any C∗-algebra A. On the other hand, it is shown in [3] that if RR(A) = 0, then RR(A ⊗
K) = 0.
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As a note, we always have

RR(A ⊗ D[lj ,mj , nj ]) ≥ 1

for any C∗-algebra A by using [6, Proposition 5.1] and considering quotients. However, if A

is a unital simple AF algebra, then A ⊗ Z ∼= A. Hence,

RR(A ⊗ Z) = RR(A) = 0 .

Also, if B is a purely infinite, simple unital nuclear C∗-algebra, then B ⊗ Z ∼= B. Thus,

RR(B ⊗ Z) = RR(B) = 0

by [3, Proposition 3.9].

COROLLARY 2.2. The Jiang-Su algebra has real rank 1.

PROOF. We have shown that RR(Z) ≤ 1. Since Z is an inductive limit of projectionless
dimension drop algebras, it also has no nontrivial projections. It follows that RR(Z) ≥ 1. �

As a note,

LEMMA 2.3. Let A be a C∗-algebra. Then we obtain

RR(Cb((0, 1),A)) ≤ RR(A) + 1 .

PROOF. We always have Cb((0, 1)) ⊗ A ⊂ Cb((0, 1),A) (see [1]). This inclusion is
strict, but it is deduced from [6] that

RR(Cb((0, 1)) ⊗ A) ≤ RR(Cb((0, 1))) + RR(A) = 1 + RR(A) ,

where Cb((0, 1)) ∼= C(β(0, 1)) and dim β(0, 1) = dim(0, 1) = 1, where β(0, 1) is the

Stone-Čech compactification of (0, 1). Furthermore, since any element of Cb((0, 1),A) can

be locally approximated by elements of the tensor product Cb((0, 1)) ⊗ A, it is not hard
to see that Cb((0, 1),A) is an inductive limit of C∗-algebras of the form Cb((s, t),A) for
0 ≤ s < t ≤ 1, where the intervals (s, t) are disjoint in each inductive step and each |s − t|
goes to 0. Therefore, we obtain the conclusion. �

Using the same argument for stable rank,

LEMMA 2.4. Let A be a C∗-algebra. Then we obtain

sr(Cb((0, 1),A)) ≤ sr(A) + 1 .

A part of Theorem 2.1 can be rewritten as:

COROLLARY 2.5. Let A be a C∗-algebra. Then

RR(A ⊗ Z) ≤ RR(A) + 1 .

Also, if sr(A) is finite, then RR(A ⊗ Z) ≤ 3.

Furthermore, if B is an inductive limit of C∗-algebras with stable rank finite,

RR(B ⊗ Z) ≤ 3 .
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