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Abstract. We study the spectrum of the Finsler—Laplace operator for regular Hilbert
geometries, defined by convex sets with C? boundaries. We show that for an n-dimensional
geometry, the spectral gap is bounded above by (n — 1?2 /4, which we prove to be the infimum
of the essential spectrum. We also construct examples of convex sets with arbitrarily small

eigenvalues.
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1. Introduction. Hilbert geometries, introduced by David Hilbert to illustrate the
fourth of his 23 problems, are among the most simple and studied examples of Finsler ge-
ometries. They can be considered as a generalization of hyperbolic geometry in the context of
metric geometry, and a general and now well studied question is to understand if they inherit
the same geometric or analytic properties as the hyperbolic space; see for instance [6] for a
good overview.

In [3], the first author introduced and began to study a new generalization of the Laplace
operator to Finsler geometry. It thus gives another analytical tool to understand the differ-
ences between Hilbert geometries and the hyperbolic space. For the n-dimensional hyperbolic
space, the spectrum of the Laplace operator is known to be the interval [(n — 1)2/4, o). In
particular, it consists only of its essential part, and there is no eigenvalue below (n — 1)?/4
(see for example [14]). In this article, we will see that the bottom of the essential spectrum of
a regular n-dimensional Hilbert geometry is also (n — 1)?/4, however that, in contrast with
hyperbolic geometry, a lot of arbitrarily small eigenvalues could appear under the essential
spectrum.

1.1. Finsler and Hilbert metrics.

DEFINITION 1.1. Let M be a manifold. A Finsler metric on M is a continuous func-
tion F: TM — R™ thatis:

@)) Cc?, except on the zero section;

(2) positively homogeneous, that is, F(x, Av) = AF (x, v) for any A > 0;

(3) positive-definite, that is, F'(x, v) > 0 with equality iff v = 0;

(4) strongly convex, that is, (32F2/dv; dv f)i,j is positive-definite.

A Hilbert geometry is a metric space (C, d¢) where

e C is a properly convex open subset of the projective space RP"; properly convex
means that C contains no affine line; in other words, it appears as a relatively compact
open set in some affine chart.

e d¢ is a metric on C defined as follows (see Figure 1a): for x, y € C, let a and b be the
intersection points of the line (xy) with dC; then

1
de(x.y) = 5lInla:b:x:yll,

where [a : b : x : y]is the cross-ratio of the four points; if we identify the line (xy)

with R U {0}, it is defined by [a : b : x : y] = "ay}jlij“

When C is an ellipsoid, the Hilbert geometry of C gives the Klein—Beltrami model of hyper-
bolic space.

The Hilbert metric d¢ is generated by a field of norms Fy on C, ie., dc(x,y) =
inf fol F(c(t), ¢’ (1)) dt, where the infimum is taken over all C! curves ¢: [0, 1] —> C from
x to y. In an affine chart containing C as a relatively compact subset, the norm F(x, u) of a
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(A) de(x,y) =IIn[a:x:y:b]l/2 (B) Folx,u) = (1/lu” x|+ 1/lxu™]) [ul/2

FIGURE 1.

tangent vector u € 7,C is given by the formula

Fetowy = ( L4 1
X, u) = — ,
¢ 2 \Ju=x| |xuT|

where | - | is an arbitrary Euclidean metric on the affine chart, and u™ and u~ are the inter-
section points of the line x + R.u with the boundary 9C (see Figure 1b).

In general, a Hilbert geometry fails to be a Finsler space owing to regularity issues: the
regularity of F depends on the boundary of C, so F¢ does not necessarily satisfy the first and
fourth points of Definition 1.1. However, when C has a C? boundary with positive definite
Hessian (see Section 3.1), F¢ is a Finsler metric. In this case, the Hilbert geometry is called
regular and we can prove that its flag-curvature is constant equal to —1 ([16]).

1.2. Main results. The definition of the Finsler—Laplace operator is recalled in Sec-
tion 2.2. As for the Riemannian one, it is an unbounded elliptic operator on a Sobolev space
contained in the L? functions. As such, the Finsler Laplacian admits a spectrum which splits
into a discrete part, which, if non-empty, consists only of eigenvalues of finite multiplicity,
and the essential spectrum. In the case at hand, there will always be an essential spectrum as
we are considering non-compact manifolds.

In hyperbolic space, the spectrum of the Laplace—Beltrami operator is the interval
[(n — 1)2 /4, +oo) and, therefore, has no discrete part. In the case of regular Hilbert ge-
ometries, we prove the following:

THEOREM A. Let 11(C) be the bottom of the spectrum of the Finsler Laplacian of a
regular Hilbert geometry (C, dc). Then

(n—1)>%
1 .
Let us make some remarks about this theorem.

0 <210 <

e A study of spectral gaps in (regular and non-regular) Hilbert geometries was already
launched by the second author and Vernicos [10, 21]. The spectral gap they were
considering turns out to be associated, in the regular case, to the non-linear Laplacian
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introduced by Shen [20], and their techniques and difficulties differ from ours. In
particular, in [21], Vernicos proves that the spectral gap he considers is also less than
(n—1)2/4, but the difficulties for his proof appear only when considering non-regular
Hilbert metrics, contrary to ours.

e For regular Hilbert metrics the volume entropy is always equal to n — 1 ([11]). So,
Theorem A in particular tells us that the inequality 41, < /2, which is true for all
simply connected non-positively curved Riemannian manifolds, still holds for regular
Hilbert geometries.

e In [2] the first author proved that, for negatively curved Finsler manifolds, the in-
equality 41, < nh? holds, where n is the dimension of the manifold. For general
non-compact negatively curved Finsler manifolds, it is far from clear that the factor
n can be removed. In this article, we prove it for what we call asymptotically Rie-
mannian Finsler metrics of which Hilbert metrics are a nice set of examples. This
means that the Finsler metric gets arbitrarily close to Riemannian outside sufficiently
big compact sets (see Section 4).

Our second result shows that the difference between regular Hilbert geometry and hy-
perbolic geometry does not appear in the essential spectrum (or, at least, not in its infimum):

THEOREM B. The bottom of the essential spectrum inf o,45(C) of the Finsler Laplacian
of a regular Hilbert geometry (C, d¢) satisfies

(n—1?
—

Below (n — 1)?/4, the spectrum of the Laplace operator is thus entirely discrete. It is
then natural to ask if there is always an eigenvalue below (n — 1)?/4. We know that this does
not happen in the hyperbolic space and we make the following

inf 0,4, (C) =

CONJECTURE. Let (C, dc) be a regular Hilbert geometry. The equality 11 (C) = (n —
1)2/4 holds if and only if C is an ellipsoid.

We are not yet able to prove this conjecture, but we show the following:

THEOREM C. Lete > Q0and N € N. There exists a regular Hilbert geometry whose
first N eigenvalues are below ¢.

In particular, we can find a regular Hilbert geometry with as many eigenvalues below the
essential spectrum as we wish. As the flag curvature of regular Hilbert metrics is always equal
to —1, this gives examples of Finsler metrics of constant negative curvature with eigenvalues
as small as we wish.

Structure of this paper. In the preliminaries, we recall the construction of the Finsler
Laplacian and its basic properties. We also introduce the Legendre transform that will be an
important tool all along the article. In Section 3, we prove that regular Hilbert geometries
are asymptotically Riemannian, which is an interesting result in itself. In Section 4, we prove
Theorem A by showing that the inequality A; < h?/4 holds for asymptotically Riemannian
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metrics. After recalling a few results about the essential spectrum of weighted Laplacians,
we prove Theorem B in Section 5. We finally construct Hilbert metrics with arbitrarily many,
arbitrarily small eigenvalues in Section 6.

2. Preliminaries.

2.1. Topology on the set of Finsler metrics on a manifold. In all the text, we will
use the topology of uniform convergence on compact sets for Finsler metrics. Let M be a
smooth manifold. We say that a sequence of Finsler metrics (F;) on M converges to the
Finsler metric F if, for any compact subset K of M,

F(x,u)
F,(x,u)

In

lim sup
n=F00 (x.u)eTM|x

’

where T'M | is the restriction of the tangent bundle to K. This induces a topology on the set
of Finsler metrics on M, which is metrizable: a distance between F and F’ can be defined as

|

2.2. Finsler Laplacian. In this section, we briefly recall the definition of the Finsler
Laplacian we consider, which uses the formalism introduced by Foulon [16]. All the proofs
and details can be found in [2, 3].

Let M be an n-dimensional smooth manifold. Let HM be the homogeneous bundle or
direction bundle, that is,

F(x,u)
F'(x,u)

In

1
d(F,F") = E —min{l, sup
— 2" (.0 eT Mg,

where (K,) is an exhausting family of compact subsets of M.

HM :=(TM ~ {0}) /R™ .

A point of HM is a pair consisting in a point x € M and a tangent direction & at x. We
denote by r: TM ~ {0} - HM and w: HM — M the canonical projections. The bundle
VHM = Kerdn C THM is called the vertical bundle.

Let F be a Finsler metric on M. As for a Riemannian space, the metric space (M, F)
is locally uniquely geodesic, the geodesics being defined through a second-order differential
equation. We assume in the sequel that the Finsler metric is complete. In this case, its geodesic
flow is well defined on the homogeneous bundle: given a point (x, §) in H M, there is a unique
unit-speed geodesic ¢ : R —> M passing at x with tangent direction £ at time O.

The Hilbert form of F is the 1-form A on H M defined, for (x,§) € HM,Z € T(x eyHM,
by

F(x,v+edn(Z))— F (x,v)
8 b

(1) A 6)(Z) ;= lim
e—0

where v € TyM is any vector such that r(x,v) = (x,&). This definition is independant
of v thanks to the fact that F is homogeneous. The Hilbert form contains all the necessary
information about the dynamics of the Finsler metric:



382 T. BARTHELME, B. COLBOIS, M. CRAMPON AND P. VEROVIC

THEOREM 2.1. The form A is a contact form: A A dA™ ™V is a volume form on HM.
Let X: HM — T HM be the Reeb field of A, that is, the only solution of

{A(X) =1

) ixdA=0.

The vector field X generates the geodesic flow of F.

We can now define the Finsler Laplacian. First we split the canonical volume A A d A" ™!
into a volume form on the manifold M and an angle form:

PROPOSITION 2.2. There exists a unique volume form 2F on M and an (n — 1)-form
af on HM , never zero on VHM, such that

(3) af Ar*QF = AndAYT,

and, forall x € M,

@ /T oF = volgaar(S" ).
M

REMARK 2.3. The volume form ﬁQF is the Holmes—Thompson volume form
(see for instance [8] or [1] for the definition). However, we will not need in this article any
specific knowledge about the Holmes—Thompson volume.

The Finsler Laplacian of a function is then obtained as an average with respect to a of
the second derivative in every direction:

DEFINITION 2.4. For f € C*(M), the Finsler-Laplace operator A¥ is defined by

n

F _
AT = VOlRucl (Sn_l)

f Ly@*fral, xeM,
H M

where Lx denotes the Lie derivative in the direction X.

This definition gives a second order elliptic differential operator, which is symmetric
with respect to the Holmes—-Thompson volume £27. The constant in front of the operator is
there in order to get back the usual Laplace—Beltrami operator when F is Riemannian.

The symbol of a second-order differential operator A is a symmetric bilinear form on the
co-tangent bundle that can be defined in the following way: Let & € T M, then the symbol
of the operator A at (x, §) is

0r(5,8) = A@H (%),

where p: M — Risa C? function such that ¢(x)=0andde, =&.

When the operator is elliptic, that is, when o, (€, §) > O for all non-zero &, the symbol
defines a dual Riemannian metric. Note that in local coordinates, the symbol is given by the
matrix of the coefficients in front of the second order derivatives.
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We denote by o7 the symbol of AF, as AF is elliptic, o ¥ is a dual Riemannian metric.

In our case, we can express of using the form af: For £1,& € T)M, we have
n
VOlEycl (Sn_l)

where ¢; € C°°(M) such that ¢;(x) = 0 and dg; , = &;. Note that, if we identify H M with
S¥ M, the unit tangent bundle for F, and that we consider o’ as a volume form on S* M
(instead of H M), we have this visually more agreeable formula:

of (&, 8) =

ol (&,8) = /H . Lx(m* o) Lx(m*¢2) ol

S — / £ WEW) of (v)
Volgucl (Sn_l) veSFM : ? ! .

Note that we can also see AF as a weighted Laplacian (introduced in [9, 12]), with
symbol o ¥ and weight given by the ratio between £ and the Riemannian volume associated
with o ¥'. Indeed, we have that, if a € C°° (M) is such that 2 = az.Q"F, where 2°" is the
Riemannian volume associated with o £, then for @ € C®(M):

1
ATo=Aa""9 - —(Vg, Va?).
a

The description of A in terms of a weighted Laplacian will come very handy for the study
of the essential spectrum in Section 5.
2.3. Energy and bottom of the spectrum. The Finsler Laplacian has a naturally
associated energy functional defined by
n

Lx (z*f)* A ndA™ ",
Volgucl (Sn_l) ,/HM | X (7T f)|

The Rayleigh quotient for F is then defined by

5) EF(f):=

EF(f)
6 RY =
©) ()= F—z g
Let H'(M) be the Sobolev space defined as the completion of Cg° (M), the space of
smooth functions with compact support, under the norm || f 1> = f uf 2F L EF ().
The bottom of the spectrum of —A¥, considered as a symmetric unbounded operator on
H'(M), is given by:

a = inf RE(p).
feH (M)

Note that, as the manifolds we are interested in this article are not compact, the spectrum has
no reason to be discrete. However, if there is a discrete spectrum below the essential one, then
the eigenvalues can be obtained from the Rayleigh quotient via the Min-Max principle:

THEOREM 2.5 (Min-Max principle). Suppose that M1, ..., A are the first k eigenval-
ues (counted with multiplicity) of — A and are all below the essential spectrum, then

A= i‘r}fsup{RF(u); u e Vi},

where V; runs over all the i-dimensional subspaces of H'(M).
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2.4. Cotangent point of view. We finish this preliminaries with the cotangent point
of view for Finsler metrics. This is fairly well-known and we refer to [2] for a more detailed
presentation.

2.4.1. Dual metric.

DEFINITION 2.6. Let F be a Finsler metric on a manifold M. The dual Finsler
(coymetric F*: T*M — R is defined, for (x, p) € T*M, by

F*(x, p) = sup{p(v); v € Ty M such that F(x,v) = 1}.

2.4.2. Legendre transform. The tool that allows us to switch from the tangent bundle
to the cotangent bundle is the Legendre transform associated with F.

DEFINITION 2.7. The Legendre transform Ly : TM — T*M associated with F is
defined by Lr(x, 0) = (x, 0) and, for (x,v) € TM ~ {0} and u € T\ M,

Lr(x,v)(u) = % %Fz(x, v+ 1u) L
As F? is positively 2-homogeneous, we have that L is positively 1-homogeneous, that
is, Lr(x, Av)(u) = ALp(x,v)(u) for A > 0. So we can project Lr to the homogeneous
bundle. Set H*M := T*M ~ {0}/R; and write £r: HM — H*M for the projection.
Considering directly £ r, instead of £, can sometimes be quite helpful.
The Legendre transform L links the Finsler metric F with its dual metric F*

F=F"oLfr.

So, in particular £ maps the unit tangent bundle of F' to the unit cotangent bundle of F*.
Moreover, the Legendre transform L is a diffeomorphism and the following diagram
commutes (see for instance [2]):

T*M ~ {0} = H*M

A

Lr lF

T A

For strongly convex smooth Finsler metrics, the Legendre transform can also be de-
scribed using convex geometry. The Legendre transform associated with a convex C C R”
sends a point x of C to the hyperplane supporting C at x, or equivalently, to the linear map
p € (R™)* such that p(x) = 1 and ker p is parallel to the supporting hyperplane.



LAPLACIAN AND SPECTRAL GAP IN REGULAR HILBERT GEOMETRIES 385

2.4.3. Continuity of the Legendre transform. Let V be an n-dimensional real vector
space', with a fixed Euclidean structure whose norm we denote by Fy and see as a translation-
invariant Finsler metric on V.

Let AV denote the set of translation-invariant Finsler metrics on V. This is the same as
looking at the set of non-necessarily symmetric norms on V, whose unit sphere is C> with
positive definite Hessian.

The topology defined in Section 2.1 induces a topology on N which can be metrized in
the following easy way: Let HV = V ~ {0}/R* ~ $"~! be the set of rays from the origin. If
F, F’ € N, the ratio % is a well defined functionof HV: if & € HV, we have % &) = 5((‘;)),
where u is any vector of V' that projects to £. Define a metric on A/ by

dy(F, F'y = sup
EeHV

1 F
n—®)

We define a metric D on the set Homeo®(V) of positively 1-homogeneous homeomorphisms
of V by:
D(H,H') = sup Fo(H(u) — H'(u)) .
ueV, Fo(u)=1
Identifying HV with the unit Euclidean sphere $"~', we define a metric d on the set
Homeo(H V') of homeomorphisms of HV:

d(h,h")y = sup dg.—1(h(&),h'(£)).
EeHV

This distance is just the maximal Euclidean angle between the images.

For each F € N, the Legendre transform L is a positively 1-homogeneous homeo-
morphism of V and its “projection” £z a C!-diffeomorphism of HV. We thus have maps
L : F +—> Lp from N to Homeo®(V) and ¢ : F —> £ from N to Homeo(H V). The fol-
lowing lemma is immediate if we use the geometrical interpretation of the Legendre transform
that we recalled at the end of the previous section.

LEMMA 2.8. The map L is a continuous bijection from (N, dy) to (Homeo(V), D).
The map £ is continuous from (N, dys) to (Homeo(H V), d) but is not injective: Lr = L if
and only if F = AF' for some ) > 0.

PROOF. Letus explicit the continuity of £ at Fyy because this is all we need in this article;
the continuity elsewhere follows the exact same lines.

Let F € N such that dpr(Fp, F) < InC for some C > 1. We can see that d((;l o
£F,, 1d) < arccos Cc2.

Indeed, as dn/(Fo, F) < InC, the unit sphere Sg(1) for F in V is in between the spheres
of radius C~! and C for Fp, that we denote by So(C™1y and So(C). Let £ € HV. The map
E;l o £, sends & to a point &', such that the tangent space of Sr(1) at & is parallel to the
tangent space of Sp(C) at &. Figure 2 and simple trigonometry then yield the result. O

UIn this section, we should think of a Finsler manifold (M, F) with a fixed point x € M. We look at the tangent
space Ty M as an n-dimensional real vector space, provided with a non-necessarily symmetric norm F(x, -).
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e;llo NG,

FIGURE 2. Maximum angle between [;1 olp, (§)and §.

3. Behavior at infinity of regular Hilbert geometries. In what follows, (C, d¢) will
be a regular Hilbert geometry. We will see here that (C, d¢) is an asymptotically Riemannian
Finsler metric, that is, the space resembles a Riemannian manifold outside big compact sets:

DEFINITION 3.1. A Finsler metric F on a manifold M is called asymptotically Rie-
mannian if, for any C > 1, there exists a compact set K such that, for all x € M ~ K, there
exists a scalar product g, on T, M satisfying, for every non-zero vector v € Txy M,

o1 < F(x,v) <cC
N vgx(UaU)

REMARK 3.2. Note that, for this definition to be of any interest, M should be non-
compact.

3.1. Hessian of a codimension-one submanifold of the projective space. Consider
a codimension-one C? submanifold N of the projective space R P" (for instance the boundary
dC of a convex set C), and pick a point x € N. Choose an affine chart containing x and a
Euclidean metric on it. Let n be a unit normal vector to N at x for this metric, that is a unit
vector orthogonal to 7x N. Now, around x, we consider N as the graph of the function, defined
on some neighborhood U of x in Ty N:

Gy:uelUwr— Gy(u) R,

such that a neighborhood of x in N is the submanifold {# + G(u).n, u € U}. The Hessian
of G, at x is a bilinear form on the tangent space 7, N. If one chooses an orthonormal basis
(ui,...,up—1) of Ty N, then the matrix of this bilinear form is the (n — 1) x (n — 1) matrix
(BZG/auiE)uj) of the second-derivatives of G.

The definition of the Hessian obviously depends on the choice of the affine chart and of
the Euclidean metric. Nevertheless, there are two basic observations which we will use all
along this section.
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e The property of the Hessian of N at x to be positive, negative or definite, is indepen-
dent of the choice of the affine chart and the Euclidean metric. Hence, for example, it
is possible to talk about a convex subset of R P" whose boundary is C? with positive
definite Hessian.

e Let N/ be another codimension-one C2 submanifold of R P", which is tangent to N
at x. It makes sense to say that N and N’ have the same Hessian at x. Indeed, choose
an affine chart containing x, a Euclidean metric on it, a unit vector n normal to N
at x and an orthonormal basis (uy, ..., u,—1) of TxN = Ty N’. Call H, and H, the
Hessians of N and N’ at x. The fact that they are the same bilinear form on Ty N does
not depend on any of the previous choices.

3.2. Busemann functions, horospheres and horoballs. The Busemann function
based at x € dC is defined by

bx(z,y) = [}l_rgc dc(z, p) —dc(y, p) .

which, in some sense, measures the (signed) distance from z to y in C as seen from the point
x € dC. A particular expression for b is given by

by(z,y) = z_ljlfoodC(Z’ () —t,

where y is the geodesic leaving y at = 0 to x. When x is fixed, then b, is a surjective map
from C x C onto R. When z and y are fixed, then b (z, y) : 9C — R is bounded by a constant
C=0C(z,Yy).

The horosphere passing through z € C and based at x € 9C is the set

Hi(z) ={y €C; by(z,y) =0}.

H (z) is also the limit when p tends to x of the metric spheres S(p, d¢(p, z)) about p passing
through z. In some sense, the points on H, (z) are those which are as far from x as z is.

The (open) horoball H,(z) defined by z € C and based at x € dC is the “interior” of the
horosphere H, (z), that is, the set

H(z) ={y € C; bi(z,y) > 0}.

For example, if £ is an ellipsoid, then the horoballs of (£, dg¢) are also ellipsoids. We explain
this fact in the proof of the following lemma. This proof will introduce the main construction
which helps us in understanding the asymptotic behavior of Hilbert geometries.

LEMMA 3.3. Let (C,dc) be a regular Hilbert geometry.

e Forany x € 3C, the Busemann function by : C x C — R is a C? function.
o Letx € 3C, z € C. The set Hc(z) U {x} is a C* submanifold of R P", whose Hessian
at x is the same as the Hessian of 0C.

PROOF. The first point follows from the following description of the Busemann func-
tion b, (z, y), given by Benoist in [5]. Let z' and y’ be the intersection points of the lines (xz)
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and (xy) with dC, which are distinct from x. Let p be the intersection point of (y’z’) with
T, 0C. Then

1
by(z,y) = 3 In[(px) : (pz) : (p2) : (pY)],

where [(px) : (pz)) : (pz) : (py)] denotes the cross-ratio of the four lines (px), (pz’), (pz),
(py). All these constructions involve only the boundary of C, so the Busemann function has
the same regularity as dC. This first point implies that horospheres are C> submanifolds of C.

To prove the second point, we first consider the case of an ellipsoid £. The Hilbert
geometry (£, dg) is a model of the Riemannian hyperbolic space. We will exploit the fact
that, for any x € 9&, 9€ or any horosphere based at x is an orbit of a maximal parabolic
group of isometries fixing x. We have to prove that the Hessians are the same in all the
directions, so we can assume the dimension is 2.

Let then £ be an ellipsoid in RP? and pick x € €. We can choose a projective basis
(e1, e2, e3) such that e = x, e» € T, d€ and the maximal parabolic group of isometries fixing
x is givenby P = {g; € SL(3, R), t € R} with

t(t—1)
1 U2
0 1 t
0 0 1

The boundary 9&, as well as any horosphere H based at x is the P-orbit of the point z =
e1 + ses for some s € R ~\ {0}, that is, an ellipse parametrized by

t(t_l)'st's]

t—[1+s

In the affine chart given by the intersection with the plane {(x1, x2, x3) € R3: x| = 1}, with
origin x and the induced Euclidean metric of R3, this is the curve

; t 1
—> S .
1 + t(tz—l) 1 + t(tz—l)

N N

By making the transformation t —— 1/t, this becomes the curve

. ( ¢ 12 )

C. |
12 1—1’ 12 1—r )’
st= St7

N

such that ¢(0) = x. But for ¢ around 0, we have up to order 2:
c(t) ~ (1 +1),26%).

This implies that the curvature of the curve ¢ at 0 is independent of s, and hence, that, for
ellipsoids, the Hessian of the horospheres are all the same at x.

Now, let (C, d¢) be a regular Hilbert geometry. Pick x € 9C, and z € C. Fix an affine
chart centered at x, containing C, and fix a Euclidean metric |- | on it such that |zx| = 1 and the
Hessian B, of dC at x is the restriction of the Euclidean scalar product to 7,,dC. Fix C > 1.
Consider the Euclidean spheres S and Sy, which are tangent to 9C at x and Hessians B and
B at the point x, seen as elements of GL(n — 1, R), satisfy B, = C B, and B;r =C B,
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(this does not depend on the Euclidean metric we use to compute them). For C close enough
to 1, the balls £, and £ whose boundaries are S} and S} contain the point z.

Leth; and h} be the hyperbolic metrics defined by the balls £, and £ There is some
neighborhood U of x in R", depending on C, such that, on U N £, we have

hi < Fe <h;.

Denote by H; (z), H," (z) and H,(z) the horoballs based at x passing through z for the Hilbert

geometries defined by £, £ and C respectively. The previous inequality implies that

H - (z)NU C Hy(z)NU C Hf (z)NU .

Now, by the result for ellipsoids, the Hessians B} (z) and By (z) at the point x of the bound-
aries of H(z) and H (z) also satisfy B_ (z) = CB, and B} (z) = C~!B,. This means the
horospheres H (z) and HF (z) are “almost” osculating for H,(z). Since C > 1 is arbitrary,
we see that the horosphere 7, (z) and dC have the same Hessians at x. O

3.3. Hilbert geometries are asymptotically Riemannian.

PROPOSITION 3.4. Let (C, dc) be a regular Hilbert geometry, fix a point o € C and a
constant C > 1. To each x € dC, we can associate a (non-complete) Riemannian hyperbolic
metric hy on C such that

(1) the map x — hy is continuous,

(2) the metric hy has the same geodesics as F¢ on C;

(3) thereis R = R(C) > 0 such that, for any x € dC and z € [ox) ~ B(o, R),

< Fe(z, ) <cC
hy(z, )

PROOF. We more or less repeat the construction used in Lemma 3.3. By choosing an
adapted affine chart, we look at C as a relatively compact subset of a Euclidean space R",
with norm | - |.

Let x € 9C. The Hessian of dC at x, computed with respect to the metric | - |, gives a
positive definite bilinear form B, on 7,dC, and the map x —— B is continuous. Define a
new Euclidean norm | - |, on R" by setting:

e the vector ox has norm 1: |ox|y = I;
e the restriction of the corresponding scalar product to 7, dC is By;
e T,dC and ox are orthogonal.

The map x —— | - |, is continuous. The sphere Sy of radius 1 for the norm | - |, with center
0, is tangent to C at x; in fact, it is an osculating sphere.

Let ¢ > 0, and consider the spheres S;” and S of respective radius 1 + ¢ and 1 — ¢
for | - |, whose boundaries are tangent to dC at x. Their centers are on the line (ox). Their
Hessians B, and B, seen as elements of GL(n — 1, R), at the point x satisfy B} = %Bx_
(and this does not depend on the Euclidean metric we use to compute them).

Now, let Ej be the smallest ellipsoid which contains C, has x in its boundary, and such that
S is a horosphere at x of the hyperbolic geometry defined by £F. In other words, it is



390 T. BARTHELME, B. COLBOIS, M. CRAMPON AND P. VEROVIC

the smallest ellipsoid which contains C, is tangent to dC at x, has its center on (ox) and the
Hessian of its boundary at x is the same as the Hessian of S;". Such an ellipsoid exists in
the projective space because locally around x, S; contains C. However, it might not be an
ellipsoid in the affine chart, but could for instance be a paraboloid or a hyperboloid.

In the same way, let £ be the largest horosphere at x of the Hilbert geometry defined by S,
which is contained in C. We also have that the Hessian of the boundary of £ at x is the same
as the Hessian of S.

Let h; and h} be the hyperbolic metrics defined by the ellipsoids £ and €. By definition,
we have that, on £,

hi < Fe <h;.
We will prove that, for ¢ small enough, the map x — h satisfies the desired properties.
The property (2) is obvious. To prove (1), we show the following
LEMMA 3.5. The maps x —> Sf are continuous.

PROOF. We show the continuity of x —— £ at a given point xo € dC, the same works
for x — & Choose a point p in &y, and letr € R such that & is the horoball

&y =12 €C; byy(0,2) > r}
in the hyperbolic geometry defined by S;g. For any § € R, let £ () be the (open) horoball
E. ) ={z€C; by(o,z) >r+6}

in the hyperbolic geometry defined by S;". For any § > 0, the maps x —> & (§) are
continuous, because of the continuity of the Busemann functions. Fix § > 0. The horoball
&}, (8) is entirely contained in C while the horoball £ (—3) has a nonempty intersection with
RP" ~ C. By continuity of x — £ (8), the same is true for £, (8) and £, (—46) for x in
some neighborhood of xo. By definition of £, this implies that £ (§) C £ C £ (=9) in
this neighborhood, hence the continuity of x — £ at xo. O
To prove the third point, we consider, for x € dC and u € R" . {0}, the function

h; (Or’ M)

hy (or,u)

few:r—

where o, is the point of [ox) such that dc(o,, 0) = r. The function f , is defined as soon as
r is big enough for o, to be in £, . Remark that fy , = fy ., forallu € R" ~ {0}, A # 0.
LEMMA 3.6. Foru € R.ox ~\ {0}, the function fy , is decreasing and tends to 1. For
u € T,dC ~ {0}, the function fy , is decreasing and tends to \/g
PROOF. We can choose another affine chart, with coordinates (¢, ..., f,—_1, s), so that

the boundary of £ is the parabola s = 1|2, where |¢|? = t12 + -+ tr%_l. In that chart, the
boundary of £ has to be an ellipsoid inside of 5;” , and the line (ox), which is an axis of
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aj 3= |t|2

>

X t

FIGURE 3. The ellipsoids & and £ in a well-chosen chart.

symmetry for both £F and £, is sent to the y-axis. The equation of £ is then given by

2 2
s 2s |t
o4 o,
a’? a + b?
for some a, b > 0.
Lets = s(r) = |oyx|. If u € R.ox ~ {0}, we have (see Figure 3)

_ alu| |ul
hx (Or,l/l): m, and hjc_(Or,l/l): Z
Hence 2
a
Seu(r) = m
which is decreasing and tends to 1.
If u € T, 0C, then (see Figure 3)
_ alul |ul
hi(op,u)=————— and hl(o,,u)=-—.
COr) = s Lorn =7
Hence
foul) = —2
T pla—s)

which is decreasing and tends to /a/(~/2b). Now, direct computations shows that in this
chart, B, = a/b* and B} =2, hence, fyu(r) converges to +/ By (BY) ' =/ %%i >1. O
As a consequence of this lemma, we see that there exists R > 0, depending on x and &,

such that for r > R, we have f, ,(r) < Jg#—s foru € TxdC ~. {0} oru € R.ox ~ {0}. Let
us define R(e, x) as the smallest R > 0 satisfying this property. Now, the continuity of the
functions x — hf (Lemma 3.5) implies that the function x — R(¢, x) is also continuous.
Hence, if we set

R(g) := sup R(e, x),
x€dC
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we have that for any x € dC and r > R(e), fru(r) < }%ﬁ + ¢ foru € T,dC ~. {0} or
u € R.ox ~ {0}. Now, each u € R" can be decomposed as u = u| + up with u; € 7,9C and
uy € R.ox. We remark that u1 and u, are orthogonal for hj as well as for h{, so that

b (or, u) = \/hE(or, un)? + bE (0, 12)2.

For r > R(¢g), we have

h{ (or, hy (or, u1)? + hy (0, u2)? /1
Foulr) = i(or u) :\/ i(or u1)2+ i(or uz)2 < +e fe ue R {0).
hy (or, u) hy (or, u1)= + hy (0r, u2) l—e¢

That means that for any x € dC and z € [ox) such that d¢ (0, z) > R(g), we have

F, . ho(z,- 1
1< i(z’)gi(z’)</+£+5
hy(z,-) hy(z,-) l—¢

This proves the property (3). O

So we get that Hilbert geometries are asymptotically Riemannian:

COROLLARY 3.7. Let (C,dc) be a regular Hilbert geometry and o € C a base point.
For any C > 1, there exists R > 0 and a continuous Riemannian metric g on C ~. B(o, R)
such that C~' /g < Fe < C /3.

PROOF. Take the metric ¢ given for z € C \. B(o, R) by 9z = h;+, where 7t =
[oz) N AC, and h,+ is given by the last lemma. O

We will need the following version of Proposition 3.4 in Section 5:

COROLLARY 3.8. Let (C,d¢) be a regular Hilbert geometry. To each x € dC, we can
associate a (non-complete) Riemannian hyperbolic metric hy defined on an open neighbor-
hood Oy of [ox) which satisfies the following properties.

(1) The map x — hy is continuous.

(2) We have |, cyc Ox =C.

(3) The metric hy has the same geodesics as Fc on Oy.

4) Let C > 1 and

Fo(z, -
LIX(C)z{zeOX; o1 ¢ fe )<C}.

hX(Z7 ) N

There exists R = R(C) such that, for any x € 9C, the intersection of U, (C) with
C . B(o, R) is an open neighborhood of [ox) in C ~. B(o, R). In particular, we have
C~ B(0,R) C U cycUr(O).

PROOF. We use the objects introduced in the proof of Proposition 3.4. We let hy be
the metric defined by the osculating sphere S, at x whose center is o. This is a metric on
Oy = & NC, which is an open neighborhood of [ox). It is immediate that &, and O, satisfy
the first three points. For the fourth one, pick ¢ > 0 and consider the ellipsoids £ and £
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which depend on . Remark that, as &, C Sy C £ and &7 C C C &, we always have

h;_(za ) < FC(Z7 ) < h;(z7 )
h;(z, ) b hX(Z7 ) h h;_(z7 ) ,

forallz € £ .
Now, we proved above that there is some R(¢) > 0 such that, for all z € [ox)

B(o, R(¢)),
hi(z,") I+e¢
R Vi—eTe

Hence the intersection of the set U, ( }%ﬁ + 28) with C \ B(o, R(¢)) is an open
neighborhood of [ox) in C ~ B(o, R(¢)). Since ¢ > 0 is arbitrary, this proves the fourth
point. O

REMARK 3.9. Note that the metric hy in this Corollary is different from the one in
Proposition 3.4. In particular, the metric h, of the Corollary is independent of C.

4. Bottom of the spectrum for asymptotically Riemannian metrics. Let F be a
C? Finsler metric on a manifold M. Let 2% be the Holmes—Thompson volume for F. The
volume entropy h of F is defined by

1
h::limsup—ln/ ef.
R— 400 BF (R)

In this section, we will show the following result about asymptotically Riemannian Finsler

manifolds (see Definition 3.1)

THEOREM 4.1. Let F be an asymptotically Riemannian C* Finsler metric on an n-
manifold M. Let h be the volume entropy of F and Ay be the bottom of the spectrum of the
Finsler Laplacian —AF. Then,

A < W24,

The idea of the proof of Theorem 4.1 follows the Riemannian one: we show that we can
choose s such that the function e ~¢(9-*) has a Rayleigh quotient as close as we wish to 72 /4.
The difficulty is in the control of the Rayleigh quotient. In Section 4.1 we show how we can
manage to control the Rayleigh quotient by controlling the symbol of the Finsler Laplacian.

As we proved that regular Hilbert geometries are asymptotically Riemannian (Corol-
lary 3.7), and we know that the volume entropy is n — 1 ([11]), we deduce the upper bound in
Theorem A:

COROLLARY 4.2. Let (C,dc) be a regular Hilbert geometry. Let Ay be the bottom of
the spectrum of the Finsler Laplacian —A¢. Then

=D

A
! 4
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Note that, for generic asymptotically Riemannian Finsler metrics, we do not always have
A1 > 0, even when the volume entropy is positive. Indeed, there exists examples of Riemann-
ian metrics on the universal cover of a manifold such that the volume entropy is positive and
A1 = O (for instance the solvmanifold described in [7]). However, in the case of regular
Hilbert metrics, this is not possible as the next lemma asserts, which gives the lower bound of
Theorem A.

LEMMA 4.3. Let (C,dc) be a regular Hilbert geometry. Let L1 be the bottom of the
spectrum of the Finsler Laplacian —A¥¢. Then 11 > 0.

PROOF. By [11], we know that a regular Hilbert metric is bi-Lipschitz equivalent to the
hyperbolic space, so, by [4, Theorem 4] (that we recall below) and the Min-Max principle,
we deduce that the 11 of F¢ is bounded below by C~!(n — 1), where C > 1 is a constant
depending on n and the bi-Lipschitz control. O

THEOREM 4.4 (Barthelmé—Colbois [4]). Let F and Fy be two Finsler metrics on an
n-manifold M. Suppose that there exists C > 1 such that, for any (x,v) € TM ~ {0},
-1 < F(x,v) _
= Fo(x,v) T
Let Cy and C; be the quasi-reversibility constants of F and Fy respectively. Then, there exists
a constant K > 1, depending on C, Cy, Ca and n, such that, for any f € H! (M),

F
k_ ET) _ ok
T ER(S) T
Note that in [4] this Theorem is stated for M compact, but stays true for non-compact
manifolds without any change to the proof.

4.1. Control of the symbol for pointwise bi-Lipschitz metrics. In this section we
prove that, given a bi-Lipschitz control of a Finsler metric by a Riemannian one, we can
control the symbol of the Finsler Laplacian by the dual Riemannian metric. Note that this
result is not as clear as in Riemannian geometry, as the symbol of the Finsler Laplacian a
priori depends on derivatives of the Finsler metric.

PROPOSITION 4.5. Let F be a Finsler metric on an n-manifold M, x € M, and g, a
scalar product on Ty M. Suppose that there exists C > 1 such that, for all v € T, M ~ {0},

F(x,v)

cl< ——L<cC.
vgx(UaU)

Then there exists a constant C' > 1, depending only on C and n, such that, for all p € XM,
1 ¢ or(p, p) <cC.
95 (P, p)
Furthermore,
Cliinl c'(C,n)=1.
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In [4] the first two authors gave a proof of the existence of a C’ satisfying the inequality,
but not the limit condition. Hence, we reproduce the proof with an extra care to ensure this
second condition.

Let us fix a C2 Riemannian metric Fy on M such that Fy(x, -) = -1l g, - Let Xo and X
be the geodesic vector fields associated with Fy and F respectively. There exists a function
m: HM — (0, 400) and a vertical vector field Y: HM — VHM suchthat X = mXg+ Y
withm = Fy/F.

Before going on to the proof, we start by stating some results that we will need (the
proofs are quite elementary and can be found in [4]):

LEMMA 4.6. Let F and Fy be two Finsler metrics on M, X and X the associated
geodesic vector fields. Let m: HM —> R be the functionm = Fo/F and u: M — R be
defined by

-1 F*\" 1 *
wix) = (volEucl(S"_l)) / <F_(:‘) (6;()) oo, xeM.
HiM
Then X = mXo + Y for some vertical vector field Y € VHM, 2F = u2%0 and
F 1 Fg "o * Fo
alier= o (FrEr©) (er o tr) alls).
LEMMA 4.7. Let F and Fy be two Finsler metrics on an n-manifold M. Suppose that
for some x € M, there exists C > 1 such that, for any v € Ty M ~ {0},
! < F(x,v) <
Fo(x,v)
Then for any v € TxyM ~ {0}, & € H, M, we have

™ < e o
F§(x,v)

8 C" < plx) <C",

) ' <mx, &) < C.

Note that the result was stated in [4] for a uniform bi-Lipschitz control (that is, C was
supposed not to depend on x € M), but the proof stays exactly the same in this case of
pointwise bi-Lipschitz control.

PROOF OF PROPOSITION 4.5. Let p € T;*M ~ {0} be fixed. Let [I-lgz be the norm on
T M dual to the scalar product g,. We suppose that || [l = 1. Let¢: M — R be a smooth
function such that ¢ (x) = 0 and d¢, = p. Then the norm of p for the symbol metric o is
n

=—" Lx7*¢) ol .
VOlEuCl (Sn_]) /I;XM( X ¢) o

Let us write ¢, := n (vVolgucl (S"_l))_l.
Let Fy be a C? Riemannian metric such that Fy(x, ) = [I-llg,- Let Xo and X be the
geodesic vector fields associated with Fy and F respectively. There exists m: M — R and

2
Pl
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Y: HM — V HM such that X = mXo + Y, so, using Lemma 4.6 and the change of variable
formula, we get

2 2 « \2 (-1 [ i (F " Fo

Iple=en | m(Lxro) (5 otr) |wt (Frotn)
2 2 F* n
=cn/ (mOEEI OEFO) (LXo”*‘ﬁOE;l OEFO) T <_0°€F0> ol
H M F*
Now, using Lemma 4.7, we have that
2

112, < cuC+? /H (Lxrooti otr) on

2 —2n—2
1PI2, > e C 2 f

* -1 2 F
(LXOJT ¢oly OEFO) a0,
H M

That means we have

(L7 o Lg )l w)
IPIG, 2n+2/sfoM P

2 ~
||P||UF0 /FO p(u)zolFO(M)
Sy M

But, by continuity of £ (Lemma 2.8), we have E;l oL F,(u) = u+e(u) with Fo(e(u)) < e(C),
where C —— ¢(C) is a continuous function such that £(0) = 0. This gives

P(L7 o L)) = (p(u) + ple))? < p)® + ple@))* + 12pu) p(e(w))|
and |p(e(w))| < e(O)llpll, 7 - So we get, using the Cauchy-Schwarz inequality,

1/2

)

The same set of computations also gives the lower bound. O

ol c2n+2 1/2
ol < ((1+e<C>>upu2F0+2< Ir p(u)zaﬁ)(u)) [y, pe@afow
1012 TP o 570y 5o

< CMF2(1 4 26(0)) .

4.2. Aj and volume entropy. We prove here Theorem 4.1. Let o be a base point on
M. For any x € M, define p(x) := d(o, x), with d the Finslerian distance.

CLAIM 4.8. Foranys € R such that2s > h, we have e ¢ 12 (M, .QF).
PROOF. This fact is straightforward, just using the definition of the volume entropy. O

Choose C > 1. As F is asymptotically Riemannian, there exists a compact subset K¢ of
M and, for any x € M ~ K¢, a scalar product g, on 7, M such that, for any v € T, M ~ {0},
F(x,v)

cl< ——L<cC.
vgx(UaU)
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Now let R(C) > 0 such that the Finslerian metric ball B (0, R(C)) C M, of center o
and radius R(C), contains K¢. Set

o) = e RO if x € BF (0, R(C))
T e it x e M~ BF (0, R(C)).
We will start by giving an upper bound on the energy of fc. Let |||, be the norm given by
the symbol of F'. We have
n
Volgual (8"~1) Jum

Hence, if we set Uc := M ~. BF (0, R(C)),

Ef(fo) = (Lxn*f)?Anda™" = fMudfuf,Fsz .

EF(fo) = / s2 e} pe™ P27 ().

Uc

Now, by Proposition 4.5, there exists C’ > 1 such that, for any x € Uc,
ldpxllsr < C'lidpxllgr < CC'lidpxllFs

where the last inequality holds because a C-bi-Lipschitz control of two Finsler metrics implies
a C-bi-Lipschitz control of their dual metrics (see for instance [4]).
By definition,

ldpxll F+ x = sup{dpx(v);v € LM, F(x,v) =1} =1,

because p is the distance function of F'.
So we have obtained that

EF(fo) < SZCZC’Z/ e QF (1.
Uc

We also have that
/ fe@)?2f(x)= f e FROQF ()
M BF (0,R(C))
+ / e—2Sp(x)QF(x) 2 / e—2Sp(x)QF(x) .
Uc Uc

Therefore,
EF(fC) s2c2c/2 fUC e—2sp(x)QF(x)
fM fc(x)z.QF(x) = fUc e—ZSp(x)_QF(x)

R"(fe) = = s2C2c”.
This is true for any s > h/2 and any C > 1. Since limc_, 1 C’ = 1, we get

h2
am= inf  RF(H<—.
fel2(M,QF) 4

This finishes the proof of Theorem 4.1.
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4.3. Dirichlet spectrum. By a slight modification of the above proof, we can show
that the same bound holds for the first Dirichlet eigenvalue of an asymptotically Riemannian
manifold M from which we removed a compact set K, provided that we know that the func-
tion e =" )/2 is not in L*>(M). For a general (asymptotically) Riemannian manifold, this is
probably not true. But it is true for example on the universal cover of a compact negatively
curved Riemannian manifold: in this case, Margulis [17, 18] proved that, when R goes to
infinity, the area of the sphere of radius R is equivalent to Ce"R . for some constant C > 0,
which allows to conclude. We will see below that this argument also applies to regular Hilbert
geometries.

Recall that if K is a compact sub-manifold of M of the same dimension, the Dirichlet
spectrum on M ~. K is the spectrum of the operator —Af seen on the space obtained by
completion of C§°(M ~ K), the space of smooth functions with compact supportin M \ K,
under the norm given by the sum of the L?-norm and the energy. The first eigenvalue can still
be obtained via the infimum of the Rayleigh quotient.

COROLLARY 4.9. Let (M, F) be an asymptotically Riemannian manifold and K a
compact sub-manifold of M of the same dimension. Let .1(M ~ K) be the bottom of the
Dirichlet spectrum of —AF on M ~. K. Let o € M and p(x) := d(o, x). If the function
x —> e "PM/2 s not in LE(M), then

h2
MM\ K) <

PROOF. We use the same notations as above: Let C > 1, and R(C) be such that, outside
of B(o, R(C)), F is C-bi-Lipschitz to a Riemannian metric. By choosing a larger R(C) if
necessary, we can assume that K C B(o, R(C)). Now, we just need to modify our previously
defined test function f¢ so that it is zero on d K, and show that the Rayleigh quotient is still
as close to h2/4 as we want.

Let fc be a function such that

f(x)__o if x € 9K
T e 0™ if x e M~ BF (0, R(C)),

and, furthermore,
/ ldfcll?r 2F < 1.
BF(o,R(C))\K

Such a function exists if R(C) is large enough.
Hence, if we set again Uc := M ~ BF (0, R(C)), we obtain as above that

EF(fC) <1 +S2C2C/2/ e~ 25p(x) .QF()C).
Uc
Thus,
1

22 2
[y e 2P0 QF (x) +s7CTCT.

R (fo) <
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Now, as x —> e /2 is not in L2(M), 2s can be taken close enough to &, so that
fuy € 2P ) 2F (x) becomes arbitrarily large. Finally, as C can be taken arbitrarily close to 1
and lim¢c_.1 C'(C) = 1, we obtain that

h2
inf RF (fc) < T

which ends the proof. O

Using this, we can now prove the corresponding result about regular Hilbert geometries,
which will be useful to compute the bottom of the essential spectrum in the next section.

COROLLARY 4.10. Let (C,d¢) be a regular Hilbert geometry and K be a compact
subset of C with smooth boundary. Let 11(C ~ K) be the bottom of the Dirichlet spectrum of
—Afe onC ~ K. Then
(n—1)°
—

PROOF. Leto € C and p(x) := dc(o, x). Thanks to Corollary 4.9, we only have to
show that the function x —> e~ #~DPX)/2 jg not in L2(C, 227¢).

In [11], the second and fourth authors gave a precise evaluation of the volume form of a regular
Hilbert geometry. Their computations imply in particular that there exists some constant C >
0 such that, for any measurable function f : [0, +00) — R,

rMECNK) <

+o0
/f opRfc>cC Fr)e" DRar .
0

(See the proof of Theorem 3.1 in [11]. The computations are done for the Busemann—Haus-
dorff volume, but the ratio between Busemann—Hausdorff and Holmes—Thompson volumes is
uniformly bounded, with bounds depending only on the dimension (see for instance [8]), so
their result applies.)

The conclusion is immediate:

+00

/e—(n—l)P(X)QFC(x) > C/ dr = +00.
0

a

5. Bottom of the essential spectrum. Coming back to regular Hilbert geometries,
we will now study the essential spectrum and prove Theorem B.

THEOREM 5.1. Let (C,dp) be a regular Hilbert geometry. Let o.5s(F¢) be the essen-
tial spectrum of —Afc. Then

(n—1)2
—

So, if the A| of a regular Hilbert geometry is strictly less than (n — 1)2/4, then it is a true
eigenvalue, contrary to the hyperbolic case where the A is just the infimum of the spectrum.

inf oegs(Fe) =
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Note that, in the next section, we will construct examples of Hilbert geometries with an
eigenvalue strictly smaller than (n—1)2/4. Indeed, we will construct examples with arbitrarily
many, arbitrarily small eigenvalues.

To prove our result on the essential spectrum, we will use the Cheeger inequality for
weighted Laplacians and control the Cheeger constant in regular Hilbert geometries using
Corollaries 3.7 and 3.8.

5.1. Cheeger constant, weighted Laplacians and essential spectrum. If F is a
Finsler metric on a manifold M, then A” is a weighted Laplacian with symbol o/ and sym-
metric with respect to the volume 227 (see [3]). Hence, we have the following lower bound
for the first eigenvalue of — A’

PROPOSITION 5.2 (Cheeger Inequality). Let M be a non-compact manifold and F a

. . F . . .
Finsler metric on M. Let d vol°  be the volume form of the Riemannian metric dual to o,
F . . F
dArea®  the associated area elementand yv: M — R the function such that 2F = udVol® .

Set

F

x)d Area’

hhoeger (M) 1= inf { Jop () o }
[, dVol

where the infimum is taken over all compact domains D with smooth boundary.

If 11 is the bottom of the spectrum of —A¥ on M, then
.2 2
4r 2 hgheeger(M) .
We do not provide the proof as it is the exact same as for the traditional Cheeger inequal-
ity (see for instance [19]). To study the essential spectrum, we also need the decomposition
principle of Donnelly and Li, which states that the essential spectrum is independent of the

behavior of the operator on any compact subset. This principle is usually stated for weighted
Laplacians, but we rephrase it in the Finsler setting:

PROPOSITION 5.3 (Decomposition principle of Donnelly and Li [15]). Let M be a
non-compact manifold and F a Finsler metric on M. Let M' be a compact sub-manifold
of M of the same dimension. Then

Oess(M, F) = 0p5s(M M/v F).
In particular,

himeger(M ~ M')? < 4infoyss(F) .

We also have the following known result. As we did not find any reference, we provide
a proof.

LEMMA 5.4. Let {M} be an increasing family of compact sub-manifolds of M of the
same dimension, such that \U; Ml( =M. Then

info,5(M, F) = lim A (M ~ M|, F),
1—> 00

where }1(M ~. M!, F) denotes the Dirichlet spectrum of M ~. M.
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PROOF. Let us write )J'l = A1(M ~ M/, F). By the Decomposition principle, we have
that, for all 7, )J'l < infoess (M, F). We suppose that )J'l < infoegs (M, F), otherwise we are
done. Let A = lim;_, o )Ji, which exists because, as { M} is increasing, the sequence {)Ji} is
nondecreasing. To prove that A is in the essential spectrum, we are going to show that, for any
& > 0, there exists a family of functions f; € L?(M), with disjoint supports, such that

I=AF fi = afill < ellfill,

where ||-|| denotes the L2-norm with respect to 27
Let & > 0. As 1] is an eigenvalue with finite multiplicity of —AFon M~ M!, we can
find a function f; € L>(M ~ M /) with compact support such that

I=AFfi =M fill < el fill.

Up to taking a subsequence, we can suppose that supp f; C M/ |, so that suppfi C M/ ; ~\

M. Hence, for any i # j, we have supp f; N supp f; = . So, for i large enough,

I=AFfi = afill <H=AFfi =25 fil + 1= 251141 < 26l £l
This gives a part of Theorem 5.1.

COROLLARY 5.5. Let (C,d¢) be a regular Hilbert geometry. Then

inf o5 (Fo) < (n — 1)%/4.

PROOF. Pick o € C. Then Corollary 4.10 gives that, forany i > 1, 11 (C \ B(0,1)) <
(n — 1)?/4. The previous lemma allows us to conclude the proof. O

5.2. Essential spectrum of regular Hilbert geometries. The next few lemmas will
allow us to prove the inequality infoess(Fe) > (n — 1)?/4 and thus conclude the proof of

Theorem 5.1. Denote by o the symbol of —Af¢, by hghfeger the weighted Cheeger constant

associated with o and £27¢ and by hcheeger the traditional Cheeger constant for the Riemann-
ian metric dual to o.
Let o € C be fixed and K a relatively compact open subset of C.

LEMMA 5.6. Forany C > 1, there exists a constant R = R(C) > 0 and a constant
C1 = Ci(C) > 1 such that, on C ~. B(o, R), we have:

*

' < — < Ci.

3

Furthermore, Cy tends to 1 as C tends to 1.

PROOF. Let C > 1. According to Corollary 3.7, there exists R = R(C) > 0 and a
Riemannian metric ¢ on C ~. B(o, R) such that C‘lg < F02 < Cg. By Proposition 4.5,
there exists a constant C’ = C’(C,n) > 1 such that (C’C)_IFC2 <o* < C’CFC2 on all of
C ~ B(o, R). Finally, still according to Proposition 4.5, C’C tends to 1 when C tends to 1, so
we can set C; = C'C. O
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LEMMA 5.7. Forany C > 1, there exists a constant R = R(C) > 0 and a constant
Cyr = Co(C) > 1 such that

hg}lsezeger (C N B(o, R)) = Cz_thheeger (C N B(o, R)) .

Furthermore, Co tends to 1 as C tends to 1.
PROOF. Let C > 1. By Lemma 5.6, there exist constants R = R(C) > 0 and C; >
1 such that, on C \. B(o, R), we have Cl_lFC2 < o* < Cchz. Let w: M — R be the

function such that 2F = ud volo" . By Lemma 4.7, we have Cl_” < u(x) < CY for any
x € C ~ B(o, R). So we get that, for any compact domain D in C . B(o, R) with smooth
boundary,

c" / dArea® < / ju(x)dArea® < C7 / (x)dArea®”
oD oD oD

c;" / dVol” < / efc ey / dVol’.
D D D

Therefore, setting C» = C 12" gives the claim. O

LEMMA 5.8. Forany C > 1, there exists a constant R = R(C) > 0 and a constant
C3 = C3(C) = 1 such that

hcheeger (C~ B(o. R)) > C5'(n — 1).
Furthermore, C3 tends to 1 as C tends to 1.

PROOF. LetC > 1. Let R = R(C) > 0, U(C) and hy, x € 9C, be given by Corol-
lary 3.8. Let D be a compact domain in C \. B(o, R) with smooth boundary.

For each x € 9C, let K, be a family of open cones with vertex o such that, for any
x € 3C, Kx N D C Uy (C) and U, cyc Ky covers D. Such a family exists because U, cycly
openly covers C \. B(o, R). Remark that the boundary of K, is a union of geodesics of Fg,
which are also geodesics of h,.

Now, by compactness of D, there exist xq, ..., x; € dC such that U; K, openly covers
D. By choosing the cones K, to be smaller if necessary, we can assume that the domain D
is partitioned into U ¢; <k (Ky; N D).

CLAIM 5.9. Forany 1 < i <k, we have
Area™i (Kx,. N 8D)
Vol™i (K, N D)

PROOF OF CLAIM 5.9. Since we are in the hyperbolic setting, we can prove the claim
by a direct computation. We fix polar coordinates (r, p), where r is given by the (hyper-
bolic) distance to o, the vertex of K,,. In this coordinates, we have div (d/dr) = (n —
1) coshr/sinhr > (n — 1). Hence,

B] a
(n — DVoI™i (Ky, N D) < f div <—) dVol™i = / hy, <—, n> dArea™i
Ky;ND ar 3(K+,ND) ar

zMm-1).
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where the last equality is given by the divergence formula, writing 7 for the normal vector.
Now, as the boundary of K, N D are made of geodesics of h,, outside of 9D, we have that
hy, (8/9r,11) = 0on Ky, ~ dD. So, we obtain

3
(n — Vol™i (Ky, N D) < f hy, (—, n) d Area™:
3(K;,ND) dar

a
= / hy, <—, n> d Area™
KD ar

g/ dArea™ = Area™ (Kx,. N BD) ,
Ky,N3D

which proves the claim. O

Forall 1 <i < k holds C_lhxl. < Fg < Chy, on Uy, (C). As in Lemma 5.6, there exists
a constant C| := C}(C) such that, on Uy, (C),

Ci'hy, <o* < Cihy,, 1<i<k,

and, furthermore, lim¢ .1 C{(C) = 1.
Hence, for any domain U in Uy, (C), and in particular for K, N D, we have

Ci_("_l)/ d Area™i é/ dArea’ < Ci”_lf dArea™i |
U AU U

c" / dVol™i < / dVol” < C}! / dVol™i .
U U U
So, thanks to Claim 5.9, we get

Area’ (Ky; N 9D)

> C/—Zn—l n—1.
Vol® (Ky, N D) v

Setting C3 := Cizn“, we have

k k
Area’ (D) = ZArea”(KxiﬂaD) > n—1) ZVO]”(KxiﬂD) =C; ' (n—1)Vol’ (D) .

i=1 i=1
Finally, C3 tends to 1 when C tends to 1, because it is the case for Ci. O
We can complete the

PROOF OF THEOREM 5.1. It remains to show that the infimum of the essential spec-
trum is greater than (n — 1)%/4. Let C > 1. Combining Proposition 5.3 with Lemmas 5.7
and 5.8, we see that

4inf oess (F) = (C2(C)C3(C) > (n — 1)?
for some C2(C), C3(C) > 1. When C goes to 1, C2(C) and C3(C) also tend to 1, hence

4infoess(F) = (n — 1)2. O
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6. Small eigenvalues. The Hilbert geometries of simplices is a very simple one:

PROPOSITION 6.1 ([13]). The Hilbert geometry defined by a simplex of RP" is iso-
metric to a normed vector space of dimension n.

In this section, we construct, by taking C2-approximations of simplices, properly convex
sets with arbitrarily many, arbitrarily small eigenvalues.

THEOREM 6.2. Lete > Qand N € N. There exists a regular Hilbert geometry (C, dc)
such that the N first eigenvalues of —AFc are below «.

Let S, be a family of simplices in R" converging in the Hausdorff distance to a simplex
Soo and such that, for all m, Soo C Sy. Let Cp, be a family of convex subsets of R" defining
regular Hilbert geometries such that, for all m, Soc C C,, C Sp,. For simplicity, we write F,
instead of F, and F instead of Fs . We write 2% for the Holmes—Thompson volume of
Foo.

LEMMA 6.3. Let K be a compact set in Seo. Let [l 2 Soo — R be the function such
that 2Fn = Mm.QFOQ. For any n > 1, there exists M = M(K,n) € N such that, for any
x,y € Kandm > M, we have

0~ s, (x,y) <dg, (x,y) < ds,(x,)
and
Nt < (x) <.
PROOF. As Soo C Cyy C Si, we have, forany x € Soo andm € N,
Fs, (x,) < Fe, (x,) < Fs(x,).

As S, converges to Soo when m tends to infinity, the ratio Ff,, /Fs, , defined on H S, con-
verges uniformly on compact subsets of H Sy to 1. This is enough to conclude the proof.

Denote by B, (x, R) the open metric ball of radius R > 0 centered at x for C,,, 0 < m <
0o. For given R > 0, m € N and x € S, we define the function fg », x: Cn — R by

1 if y € B,(x, R)
JRmx(Y) = {(R+1)—dc,(x,y) if y € By(x, R+ 1)~ B,(x,R)
0 if yeCy~Bu(x,R+1).

LEMMA 6.4. Lete > 0. Let R > 0 be chosen so that (R + 1) — R") /R" < ¢/(8n).
Let x € Seo and K be a compact set in So containing By, (x, R + 1) for all m big enough.
There exists M € N, depending on K and &, such that, for allm > M,

RFm (fR,m,x) < 8/2 .
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PROOF. We write X,, for the generator of the geodesic flow of F,,, on HC,,. Let us start
by giving a first bound on R (fg m.x):
2 -1
n Jug, Lx, 7 froms)” AT A (dAT)”
VOlguc ($7~1) me fZQFm

2 n—1
n fH<Bm(x,R+1)\m) (Lx,7* fRomx)” Afm A (dAFM)

"~ volgya (§71) JB e rny 282
§2Fm

R (fRoma) =

nme(x,RH)\Bm(x,R)

< O Fn

me(x,R)

So all we have to do now is give an upper bound of me(x,R+1)\Bm(x,R) 27 and a lower
bound of | B, (x.R) 2% 5o that their ratio is as small as we wish for large values of R and m.
Let n > 1 be such that

" (1= ") < e/4,
<D
By Lemma 6.3, there exists M € N, depending on K and ¢, such that, for all m > M,
0" s, (x,y) < dg, (x.y) < ds,(x, ).
Hence, for m > M, we have By (x, R) C By (x, R) C Boo(x, nR), and
Bn(x,R+1) N Bn(x,R) C Boo(x,n(R+ 1)) \ Boo(x, R).

The second part of Lemma 6.3 gives then

/ Qfn n/ 2Fe,
By (x,R+1)~ By (x,R) Boo (x,n(R+1))NBoo(x,R)

/ Qfn >yt f QF
B, (x,R) Boo(x,R)

Now, since the Hilbert geometry (S, ds,,) is isometric to a normed vector space (Proposi-
tion 6.1), it is easy to compute volumes: there is some C > 0 such that

/ 2" = Cvolgua(8"™") (" (R +1)" = R") |
Boo (x,n(R+1))\ Boo(x, R)

/ QF> = Cvolgga(S*HR".
Bso(x,R)

Finally, we get

(R + 1)" — R" _ (R+1D"—R"
RO (from) < P —————— =" (L =™ + ———— ) <&/2,
where the last inequality is obtained thanks to our assumptions on R and 7. O

We can now finish the
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PROOF OF THEOREM 6.2. Lete > Oand N € N. Choose R > 0 as in Lemma 6.4
and points x1, ..., xy in S so that the ds__-distance between each pair of points is at least
2R + 3. Then pick a compact set K C So containing all the balls B, (x;, R 4+ 1) for m big
enough. Such a compact set exists: for instance, take a compact set which contains the balls
Boso(xi, R 4 3); then, for m big enough, we have By, (x;, R + 1) C Boso(xi, R + 3).

By Lemma 6.4, there exists M < N, such that for m > M, the functions fg m x,,
1 <i < N, are such that

RFm (fR,m,xi) < 8/2 .
Furthermore, the x; are sufficiently apart so that the functions fr ,, have disjoint support.
The Min-Max principle (Theorem 2.5) allows us to conclude that there are at least N eigen-
values below ¢. O
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